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Introduction

The present paper is a supplement to an earlier one [Sc] on the nonlinear
prediction of continuous, stationary processes. In order to describe its content
we briefly recall §6 of [Sc]. To this end, let f,, teR (R=reals) be a continuous
stationary process on a probability space (@2, B, u), (f,eL,(Q, ). Let B(f,,
s=0) be the Borel field induced by the functions f,, s<0. For geL,(Q, ) let
E(B(f,, s=0)/g) be the conditional expectation of g with respect to B(f,, s<0).
The purpose of §6 was to answer the following question: I} if f,, teR is a de-
terministic process, and if for a particular we€ we know the past f,(w), t <0, is
it then possible to reconstruct the future f(w), t>0 in terms of the past alone?
The affirmative answer consisted in the following. A doubly infinite sequence
of formulas A; (w), (m,n=1,2,...,7>0, weQ) was constructed with the proper-
ties: 1) A4}, (w) depends only on the finitely many values f(w), i=—1k27™,
0=k<mn2" 2) for almost all weQ the following holds for almost all 7>0:
Ff(cu)—hm A; () exists and lim Ei(w)=f(w). It was stated but not proved

that for an arbitrary process 2) has to be replaced by: 2*) for almost all w the
following holds for almost all ©>0: hm A;, (0)=F (w) exists and lim Fiw)
=E(B(f,,s<0)/f) (). "

In the first, preparatory part of the present paper we prove 2*). The second
and main part of the paper has its root in the following observation. As is seen
from 2%), an iterated double limit is involved in the computation of
E(B(f,,s<0)/f) (w), which forces a computer to run infinitely often into the
past. The important problem arises as to whether one can find another com-
putational schema which computes E(B(f,, s <0)/f,) (w) with the aid of a single
passage to the limit. In [Or], D. Ornstein solves precisely this problem for the
case of a discrete, ergodic process f,, neZ (Z=integers), having as range the
set {0, 1}. He describes an algorithm which computes E(B(f,,n<0)/f,) (w) with
the aid of a single passage to the limit. In the second part we show that the
method of Ornstein can be combined with the formulas obtained in the first
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part in order to obtain an algorithm of the above kind for continuous, sta-
tionary processes f,,t€R, which are required to be bounded but which are
otherwise arbitrary. The extension of Ornstein’s method is not completely
straightforward, but depends on a finer analysis of his construction. The difficul-
ty is thereby rather the arbitrary range than the continuous time. As a particu-
larity, we mention that a value is effectively determined for the crucial constant
B whose existence is stated in Lemma 5 of [Or].

Chapter I: Formulas for Conditional Expectations

§ 1. Summary of Notions

We briefly summarize those notions from [Sc], which will be used throughout
the sequel. A flow is a quadruple (@2, B, S,,teR, 1) with B a Borel field over Q,
# a probability measure on B, and S,, teR a measure preserving automor-
phism group on Q, such that the mapping (w,t)— S,(w) is measurable; Q is a
compact metric space and B is induced by the topology. We put w,=S,(w).
With feL,(Q, u) we associate the stationary process f,, teR given by f,(w)
=f(w,). In the present chapter, use is made of the ergodic decomposition
theory of Krylov-Bogoljubov (see [N-S7); for reasons of place we have to refer
to [Sc], §2 for a summary of those of its properties which we need. The no-
tation is the same as in [Sc]. Thus U, is the set of transitive points. With each
weU, there is associated an invariant ergodic Borel measure y, having prop-
erties 1)-6) listed in §2 of [Sc]. Likewise there is for each teR a correspond-
ing set U% of transitive points; for each weU% there is a Borel measure i,
having properties 1)-6') listed in §2 of [Sc]. We need the index sets Iy
={—1k2 N 0<k<N2" keZ}, and for —1<j<ky (where ky= ZN) we intro-
duce the numbers o by: a) o, = —N—-2"N b) if —1<j<k, then o, —of =2"N,
c) ock =N. With feL (£, p) we associate the function fV given by: d) f N(a))
=o  iff f(a))< —N, ¢ if 05j<ky then fNw)=of iff of <flw)<al,,, )
fMwy=o iff N<f(w). Since the two maps f—f» and f—f, commute with
each other we are entitled to introduce the abbreviation f¥ for (f¥), (=(f)Y).
We shall use repeatedly the Borel fields 8B, =B(f}", icl), B_=B(f,,s<0)
and B° =B(f;,ie| ) I) (where B(f;,iel) is the smallest Borel field with respect
N

to which all f,, iel are measurable). If B is any one of these Borel fields,
E: (B'/h) is the conditional expectation of he L,(€, u) with respect to B’ and the
measure u, while E_(B'/h) is the conditional expectation with respect to B’

and the measure u,,. Finally we write (4) | fdu in place {fdp.
A
§ 2. Formulas for Conditional Expectations
Henceforth a flow (Q,%B, S,,teR, u) and an feL,(Q, u) are given in a fixed way.

In order to prove statement 2*) mentioned in the introduction we recall a few
expressions used in §6 of [Sc]. 4, is the 2n-place function defined as follows:
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A (Xqs ooy Xy Visenyy=1 iff x;=y, for i=1,...,n and =0 otherwise. If J
={i,,...,1,} is a finite set of reals, if o;, ieJ and f,,ieJ are finite sets of reals
indexed by the elements of J we simply write 4(x;, §;,i€J) instead of 4 (o, ,

o0, By e Bi) Let Ay,4,,... be the possibly empty list of nonzero eigen-
Values of the flow. A 7eR is called noncritical if T4, +2nm for k=1, meZ.
Finally, the following expressions are important in our considerations. For w,
{eQ we set:

o) Hy(w,)=A(f(o), [X0),iely) £,

p) H (o, )= A(fM(@), ), iel}y).
Accordlng to Lemmas 12, 13 in [Sc] the following holds:

y) the limits

Al (w)=lim N~ le w_p)
and

B: (cu)—th 1ZH o, 0_,)

exist for almost all w, and B} (w)+0 for almost all w.
This gives rise to the difinition:

8) Filw) —hm (ZHOT(» w_,.) (ZH w, w_pr) ) if A% (w), Bi(w) both

exist and B (w )4:0 and Fj,(w)=0 otherwise.

From &) we obtain: &) F(w)=A%(w)Bi,(w)~ ! for almost all w. According
to Theorem 4 and Corollary 3 in [Sc] the following holds:

*) if f,, teR is deterministic and >0 then lim Fj(w)=f(w,) for almost all
.

Our first aim is to prove the following generalisation of *):

Theorem 1. Assume ©>0. Then lim F5(w)= E(B*/f,) (w) for almost all w.
M

We split the proof into a few simple lemmas, from which the theorem easily
follows.

Lemma 1. The limit g(w)=1im F,(w) exists and is finite for almost all .
M

Proof. The proof is very similar to the proof of Theorem 4 in [Sc] and will be
kept short. Let L be the set of w’s such that lim Fy(w) exists and is finite.
M

According to 1)-6') in §2 of [Sc] and since L is measurable, it suffices to
show: 1) ui (L)=1 for almost all weU%. Now let E' = U5 be a set of measure 1 such
that weE' implies feL,(Q, u%) (§2, [Sc]). According to Lemma 12 in [Sc] there
is for every M a set E,, € E' with u(E,,)=1 such that weE,, implies: 2) F({)=E

w

(By/f)&) for i-almost all & From 2) we infer: 3) if weE” =) E,, then Fi(£)
M

=E; (8B3,/f.) (&) for pi-almost all & (M=1,2,...). Now assume weE". Since B*

is the smallest Borel field containing all Bj,, and since Bj, =B}, ,, we infer

from 3) and the martingale theorem: 4) lim F(&)=EL(B* /f) (&) for ul-almost
M

all ¢. Since f and thus f. are in L,(Q, y) for weE", 4) implies pl(L)=1. As
w(E")=1, the lemma follows. []
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Our next aim is to show that g=1im Fj, is in L,(€, u). To this end we need
the M

Lemma 2. Fix 1>0. Let G20 be measurable and assume: 1) GeL,(Q, u%) for
almost all weUy,2) there is a ¢eL(Q,p), =0, such that [GduS <¢ almost
everywhere. Then GeL (@, ) and [Gdu={du[Gd L,

Proof. Put Gy(w)=G(w) if G(w)=N, Gy(w)=N otherwise. Evidently we have:
1) faufGydul, < [dufGdus, <00 and lim [duf Gydut,={dufGdys,. Accord-
N

ing to decomposition theory (§2 in [Sc]) the following holds:
2) fdufGydu:, =[Gydu. From assumption 2 of the lemma on the other
hand we get [du|Gydu’, <[ pdy, which, together with 2) implies:
3) [Gdu=lim {Gydu<[pdu. Thus GeL,(, u). By combining 1)-3) we ob-
N

tain [Gdu={du[Gdy:,, which proves the lemma. []
Lemma 3, g=1lim Fy; belongs to L,(, p) and {(g|*du<[|f1*dp.

Proof. The proof of Lemma 1 shows that g has the following property: 1) for
almost all weU;, g(&)=E; (B /)& for ui-almost all & Now let EcU; be a
subset with u(E)=1 such that 1) holds for weE and in addition feL,(Q, u’).
Now assume wekE. Since E} (8" /f,) is the projection of f onto the subspace
L,(B", u) of all B° -measurable functions in L,(Q, u%), we get: 3) flgl®du,
SIAPdus=[1f17dus,. But [If12du=[duf|f1*dys, according to properties
1')-6') in §2 of [Sc], whence [|g|*du <[] f12du follows from Lemma2. [J

We can now proceed to the proof of Theorem 1:

Proof of Theorem 1. Let y, be the characteristic function of the set 4 e B".
Since y,g€L,(Q, 1) by Lemma 3, we have: 1) (4) fgdu=[du [y ,gdus,. As noted
in the proof of Lemma 1, for almost all w the equation g(¢)=E"(B° /f.) (&)
holds for uf-almost all & From this and 1) we get: 2) (A) [gdu={du|dyE
(B /f)dut,=fdufy,f.dus,=(A) | f.du. Since AcB° was arbitrary, this implies
g=E(B*_/f,) almost everywhere, which proves the theorem. [

Corollary 1. Theorem I remains true if E(B"_/f) is replaced by E(B _/f.).

Proof. This follows from Lemma 8 in [Sc], according to which E(B"/f)
=E(B_/f) holds almost everywhere. []
By a straightforward Fubini argument we infer from Corollary 1:

Corollary 2. For almost all w, lim Fy(w)=E(B_/f,)(w) holds for almost all
>0, M

§3. A Generalisation

We conclude with a remark which will be of importance in the next chapter.
Let f,gel,(Q, 1) and set

Hy(f,g/w, O)=A4(fi(o), f;_0),iel}) g(),
HY(f /o, )= 4(f{w), £, iel}y).
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A straightforward inspection of §6 in [Sc] shows that the arguments used
there can be taken over literally in order to obtain generalisations of the re-
sults in §6 of [Sc], in which the conditional expectations E(B" /f), EL(BL/f).
E_(B},/f.) are replaced by the conditional expectations E(B" /g.), E;(B},/g.)
and E (B}/g,) respectively, whereby the Borel fields B° , B}, are as before
defined in terms of f according to the deﬁnitions in § 1. We have in particular:

) the limits A}W(f,g/a))—th 1ZH (f.g/w,w_,) and By(f/w)=

limN“le“(f/w,co ) exist almost everywhere and again B} (f/w)=+0
N G

~pt

for almost all w.
This gives rise to the definition:

w1
) Fylfg/e)=lim (2 HE (80,0, (ZH (flono_p)) if A8/,

B (flw) both exist and B, (f/w) %0, and Fi(f, g/w)=0 otherwise.
The generalisation of Lemma 12, b) in [Sc] eg. states:

*) for almost all we U} we have Fy(f, g/{)=EL(B},/g.) ({) for u;-almost all
{.

Likewise, an inspection of the proof of Theorem 1 and its corollaries shows
that they can be used without change in order to prove corresponding gener-
alisations. Thus the generalisation of Theorem 1 now states:

Theorem 1*. Assume 1>0. Then lim Fy(f, g/w)=E(B*. /g)(w) for almost all w.
M

We omit the evident reformulations of all lemmas and theorems proved so
far; we will refer to them simply as the corresponding f, g-generalisation.

Chapter II: Guessing Schemes
§ 1. Preliminary Remarks

If a computer has to compute E(B_/f.} (w) on the basis of Corollary 1 then it
has to evaluate a double limit of the form lim lm Gi;y(w), where G} y(w) is
M N

given by the expression on the right hand side in clause 8) of Chap.1, §2. Thus

the computer is forced to run infinitely often into the past, which is impossible.

The question arises if we can find integers M,, N, with M,,N,— o0 as i— o0,

such that lim G,y (w)=1lim lim Gj;y(w). Thereby, M;, N; should depend only
i M N

on a finite portion f(w,), sel}, of the past (for some suitable L;). Such an algo-
rithm has been described by a student of D. Ornstein, D.H. Bailey, in his un-
published thesis [Ba], and, in a different way, by D. Ornstein in [Or]; it is the
latter paper which serves as basis for what follows. The processes to which the
algorithms in [Ba] and [Or] apply are ergodic, discrete time processes whose
range consists of the two elements 0,1. Our aim is to generalize Ornstein’s
method to continuous processes f,, te R with arbitrary range but subject to the
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condition | f} £ K almost everywhere for some K. With the exception of the last
paragraph we make

Assumption 1. The flow (2, B, S,, teR, p) is ergodic.

The nonergodic case can easily be reduced to the ergodic case by means of
a standard decomposition argument, to be described in the last paragraph. By
Lemma 9 in [Sc] and Assumption 1 it follows that the discrete system (€2, B, S,
p) is ergodic for all 10 except at most denumerably many. Since subsets
Lg R ={t/t>0} of measure zero do not count, we impose

Assumption 2. >0 is such that the discrete system {2, B, S_, ) is ergodic.

A number of lemmas and statements in [Or] carry over to the present case
without change in their proofs; we will cite them without proof. However, the
proofs of our counterparts of Lemmas 3, 5 in [Or] require a finer analysis;
these proofs are given in detail.

§ 2. Guessing Schemes

Our first aim is to formulate our form of Ornstein’s algorithm, or “guessing
scheme”, as it is called in [Or], and state the main result. Assume fel (€, p),
let L,m=0 be integers and put J7 ={—kt2""0Zk=SL2™ keZ}. With we,
L, m and t>0 we associate the function whose domain is the index set Jj,, and
whose value for ieJf, is f™wy) (with f™ as in §1, Chap.I). This function is
completely determined by L,m, 7, w and f and will be denoted by WL, m/w);
the dependence on f is supressed since f is kept fixed. W.(L, m/w) is our coun-
terpart of the “word” or “string” used in [Or]. We say that W.{d, m/w) occurs
at (place) p in W(L,m/w) if p+d< L and if f™(w,_,)=f"(w) for ieJ}, (where
peZ, 0<p<L); likewise we speak of an occurrence at p. Next, let in addition
to £, a further function heL,(2, p) be given. We need three auxiliary functions
0., Z,, D depending on f, h, whose definition is as follows:

a) o (L, m, p/w)=1 if W(m,m/w) occurs at p in W(L,m/w), and =0 other-
wise,

L-m
b) Zt(L9 m,/ﬁ/m) = 2 Gt(LS m, P/@) k(&) - I}t)n
p=1
L—m
o) D(L,m/w)y =) o(L,m,p/w)=number of occurrences of W(m,m/w) in
WAL m/w). =0

Definition 1. For L>m we set g,(L,m/hjw)=Z (L,m/hjw)D (L,m/w)y~* if
D (L,m/w)+0, and =0 otherwise

The functions g, in Definitibn 1 are our counterparts of the functions g in
[Or]. An important notion associated with them is given by

Definition 2. Let N=1, Kz0 be integers and assume ¢>0. An integer
L>0 is called (N, K, ¢)-acceptable with respect to w,h and the se-
quence K=ny<m<..<ny=L if: a) |g(n;i/h/o)—g(n,s/hw)se for
noZign; _,ngs=ssn,_y, 1), t=N, b) for ngSm=n; ; the word Wm, m/w)
occurs at least ni , many times in the word W(n;,m/w) (that is
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D (n;, m/w)=n7_,). We call L (N, K, ¢)-acceptable with respect to w, h if there is
a sequence ny, ..., 1y with the above properties.

Remark. The small difference between Definition 2 and the definition of eé-ac-
ceptability in [Or] will be justified later and has no bearing on the proofs of
the lemmas in the next paragraph.

The notion of acceptability now leads immediately to the central notion of
“guessing scheme”, introduced in [Or]. In order to describe it, let g, k
=1,2,... be a sequence such that g,>¢,,, >0 and lim ¢,=0. This sequence is

k

arbitrary but fixed in the sequel.

Definition 3. Let f,heL,(©, 1) be given. With every  and every integer L>0
we associate a number Ai(f, h/w) as follows. Let N;, L;, j=1,...,k be the well
determined, possibly empty sequence of pairs of mtegers such that: 1) L, is the
smallest E<L such that L is (N, N, &,}-acceptable for some N and N, is the
smallest such N, 2) L;,, is the smallest I with L,<L<L such that L is
(N, N,¢;, )-acceptable for some N>N,; and N,,, is the smallest such N, 3)
there is no L with Lk<L<L such that L is (N, N, g )-acceptable for some
N>N,.. I N, L,j=1,....k satisfying 1)-3) exist we put Aj(f, h/w)
=g (L, Nk/h/a;) 0therw1se we put AL(f, hfew)=0.
One of the main results is

Theorem 2. Let fe L,(Q, 1) be essentially bounded (| f| £K almost everywhere for
some K). Then lim A}(f,f/ew)=E(B"/f.) (w) for almost all w.
L

The rest of the paper is devoted to the proof of a generalisation of Theorem
2, which contains Theorem 2 as a corollary.

§ 3. Some Preparatory Lemmas

Before passing to the proof of Theorem 2 we collect those lemmas from [Or]
which carry over without changes in proof. To this end, f,helL,(f, ) are fixed;
although fully used only in the next paragraph we impose already now on A the

Assumption 3. There is a K such that |h(w)| £ K for all w.
M

In the following Bj,, B" ,B_ are always the Borel fields B(f¥, iel%),
B( fleU I%) and B( f ,8=<0) respectively. We denote by aj{w) the atom in

By wh1ch contains . Since by assumption the flow (2, B,S,,teR, u) and the
dlscrete system (€2, B, S,, u) are ergodic, it follows that for almost all @ the
measure 4 and the individual measures pf,, y,, coincide: p=pi =p,. By Lem-
mas 12, 13 in [Sc] and the remarks in §3 of Chap. I, this implies the exis-
tence of a set M,<Q (kept fixed in the sequel) of measure 1 such that weM,
has the propemes

1) th ! ZH fihjo,0_,)=(aj(w) {hdu,

2) th 12H (f/ow, o _, )= p@i o)), (with HY(f,h/), HYL(f)) as in §3 of
Chap. I)
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3) wlai(w)+0 for M=12,.

Now (a(w)) [h dp m(aj(w) ™", as a function of w, is just a version of the
conditional probability E(B;,/h, ), and will henceforth be identified with it.
Thus if weM, then:

N

N _
4 lim . (b0, (z HY(f oo, 0 )) — E(B,/h) ().

By the martingale theorem we can assume without loss of generality that
weM, satisfies in addition:
5) hmE(% 2/h) (w)=E(B"/h,) ().

From 1)-5), from the definition of the functions D,, g, in the last paragraph
and since (Q, B, S,, p) is ergodic, one casily infers:

Lemmad. If weM,, then: 1) th D.(L, mjw)=p(a} () +0, 2) 11m gL, m/h/w)
=E(B; /h,) (w), 3) hm 11m gr(L m/hjw)=E(B"_/h,)(w).
The routine proof is omltted

Lemma 5. Assume weM . Then there is a sequence N;, L;,j=1,2,... of integers
>0 with N;<N,,,, L,<L;,, such that L; is (N}, ]VJ,SJ) -acceptable with respect
to w and h.

The proof, based on Lemma 4, is the same as the proof of Lemma 2 in [Or]
and thus omitted. Besides the notion of acceptability there is another impor-
tant notion in [Or] which is described by

Definition 4. Assume weM,. Let L, N,K be integers >0; let «, AeR satisfy
O<a<1and 2>0. A) L is said to be A—(N, K, «),-bad with respect to w, h and
the sequence K=n,<n; <...<ny=Lif:

1) g.(n;, m/hjw)—E(B;, /h )(w)>a whenever no=<m=n;,_, and 15j<N, 2)
the word W.(m,m/w) occurs at least An;,_;a~? many times in the word
W,(n;, m/w) whenever no<m<n;_ ;. B) L is said to be 1—(N, K, «)_-bad with
respect to w, h and K=n,<n, <...<ny=Lif:

1*) E(B;,/h)(w)—g.(n;, m/h/(u)>oc whenever no<m=n; ; and 1<jsN,

2) the same as 2) in A).

Remarks. We shall say that L is A— (N, K, «) .-bad with respect to w, h if it is
so with respect to some sequence ng, ..., ny. Most of the time we have to con-
sider the case A=1. We will therefore say that L is (N,K,a) -bad if L is
1—(N, K, o),-bad.

There are two lemmas in [Or] summarizing the properties of (N, K, a),-
badness which carry over to the present situation.

Lemma 6. Assume >0 and weM,,. Then one of the following alternatives hold:
1) lim A% (f, h/w)=E(B" /h)(w), 2) there is an a>0 and a sequence N, L, j
L

=1,2,... with Ny<N;,,, L;<L;,, such that L; is {—(N;, N oc)+-bad with re-
spect to h, , 3) there is an «>0 and a sequence N L,j=1, 2 . such that L; is
&—(N;, N;, ®) _-bad with respect to w, h.

The proof based on the definition of A}(f,h/w) and on Lemma5 is the
same as the proof of Lemma 2 in [Or] and omitted. As to the last of the
preparatory lemmas, let L be (N, K,a),-bad with respect to w,h and some
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sequence K=ny<...<ny=L. Then n; is (j, K, ») ,-bad with respect to w,h and
the sequence ny, ..., n;. Thus there is a smallest n;<n; such that n; is (, K, o), -
bad with respect to w, h. One easily verifies n;_; <n). An analoguous statement
holds of course for (N, K, «)_-badness. The properties of the numbers n; are
described by

Lemma 7. A) Let L be (N, K, «)_ -bad with respect to w,h. For j=1,2,...,N let
n; be the smallest integer such that n} is (j, K, o) .-bad with respect to w, h. Then
ny is (N, K, o) _-bad with respect to w, h and the sequence K=n,<...<ny.

B) Likewise with (N, K, o) _-badness.

The proof is the same as the proof of the corresponding Lemma 4 in [Or]
and omitted. In order to have a simple expression at hand we introduce.

Definition 5. Let L be (N, K, o).-bad with respect to w, h. The sequence ny=K,
ny, ..., ny associated with o according to Lemma7 is called the canonical se-
quence of w with respect to N, K, .

§ 4. Proof of Theorem 2

We now proceed to the proof of Theorem 2. It is based on two lemmas, the
first corresponding to Lemma 5 in [Or], and the second to Lemma 3 in [Or].
Once these lemmas are proved, Theorem 2 easily follows. In order to formulate
the first of these lemmas it is convenient to introduce.

Definition 6. Let M >m>0 be integers, b an atom from B;, and aeR such that
O<a<1. A) By F*(M,a,b/h) we denote the set of we M, for which there is an
I with mzI<M such that: 1) g.(,m/hj/w)—E(B:/h)(w)>0, 2) the word
W, (m,m/w) occurs at least ma =2 many times in the word W,(I, m/w). B) By
F~(M,o,b/h) we denote the set of weM, for which there is an [ with .
mE 1< M such that: 1) E(BE /h ) (@) —g.(I, m/hjw) >a, 2) the same as 2) in A).

The basic lemma concerning the sets F*, F~ is:

Lemma 8. Assume 0<o<%; put f=1—a+20> Assume 0<h<1. Then:
1) p(F (M, 0, b/h) < Bu(b), 2) w(F~(M, o, b/h)) = Bu(b).

Remark. The constant f§ does not depend on M, b, h; use of this will be made
later.

Proof. We split the proof into three steps, S1-S3, the first of which is rather
routine and hence kept short.

S1. Assume weM,, let L>m>0 be integers. We say that W,.(m, m/w) occurs
positively at p in W.(L,m/w) if there is an integer ! with m=</<M such that:
1) p+I=£L, 2) WAm,m/w) occurs at p in W(L,m/w), 3) g.(I,m/hj/w_,)—E(B, /h,)
(w)>0,4) W,(m,m/w) (=W, m,m/w_,)) occurs at least mo~? many times in
the part W, (I, m/w_,,) of W,(L,m/w). We call the occurrence in question nega-
tive if 1), 2), 4) remain true while 3) is replaced by 3*) E(B/h)(w)—g.
(L, m/hje_,)>a. Now let A*(L,m/h/w) (resp. A~(L,m/h/w)) be the number of
positive (resp. negative) occurrences of W.(m, m/w) in W,(L,m/w); let, as in §2,
D,(L, m/w) be the number of occurrences of W,(m, m/w) in W,(L, m/w). Finally put
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0~ (L, m/hjw)y=A=(L,m/hjw) D (L,m/w)~*. It then follows from a standard ap-
plication of the ergodic theorem that there is a set M, =M, with u(M,)=1
such that weM, implies: I) lim Q*(L,m/hjw)=u(F*(M, o, b/h)) u(b)~*, II) lim

L L

Q (L, m/hjw)=u(F~ (M, a,b/h)) u(b)~* (1u(b)%0 since weM,). In order to prove
the lemma we take an arbitrary but fixed weM, and try to estimate
Q* (L, m/hj/w). We thereby treat clauses 1), 2) of the lemma separately.

52. In order to prove 1) we fix a 6>0. According to SI and Lemma 4 there
is an L, such that L= L, implies: ) |Q ¥ (L, m/h/w)— p(F (M, o, b/h)) ui{b) 1 <6,
B) lg.(L,m/hje)— E(BL /h ) (w)| £6. We take an L>L, arbitrary but fixed. We
now proceed as in [Or] and split the word W (L, m/w) into blocks S, ..., Sy as
follows. A block §; is determined by integers p;, [;=0 such that:

1) p;+1;<p;., for j<N, 2) W, (m, m/w) occurs positively at p; in W (L, m/w)
with p;, [; satistying 1)-4) in S1, 3) p,,, is the first integer p> p;+I; such that
W (m,m/w) occurs positively at p in W, (L,m/w), 4} p, is the first integer p=0
such that W,(m,m/w) occurs positively at p in W,{L,m/w), 5) there is no p>py
+1Iy such that W.(m,m/w) occurs positively at p in W.(L,m/w). With each
block S; we associate the numbers: a) A;=Z (I, mh/w_, ) (with Z_ as in §2),
b) D;=number of p’s with p;=p, p+m=p,+{; such that W, (m,m/w) occurs at
p in W(L,m/w), ¢) B;=number of p’s with p,<p, p+m=p;+I; such that
W.{(m, m/w) occurs positively at p in WL, m/w). We also set: d) D, =D (L, m/w)
(with D, as in § 2). We now proceed to the bookkeeping. By f) at the beginning
of S2 we have: 1) gL, m/h/w)SE(B;/h)(w)+6. Now gL ,mh/w)=Z,
(L,m/hjw) D *. Since 0Sh=1 we also have ) A,<Z (L, m/h/w), which implies
i) (3, 4) D' SE(B;/h)(w)+6. Now let m; be the number of p such that: *)
p;spsp;+L;<p+m, **¥) W(m,m/w) occurs positively at p. Evidently m;<m
and Z(Bj+mj)=A+(L, m/h/w)="Total number of positive occurrences. Thus:
iil) Q*(L,m/hjw)=3 (B;+m)D <> A)D'sup(B;+m) A" According to
the definition of positive occurrence we have: ’

iv) 4;Z(E(B}/h)(@)+®)D;. Since D;=B; and D, Zma~*>ma~? this
yields: v) sup(B;+m ) A7 P (14 0?) (E(Bg/h,) (w)+ o) ~*. By combining ii), i), v)

J

with «) at the beginning of S2 we find:

vi) W(F* (M, «, b/h) p(b)*— 3 S(E(B}/h)w)+ )1+’ )E(B;,/h ) w)+a)~"
Since >0 was arbitrary and 0 S E(B./h @) <1 this implies:

vil) p(FH (M, o, b/ up) ' (1 +o) (1 + ) 1 <1—x+20% Thus 1) of the
lemma holds.

S3. It remains to prove clause 2) of the lemma. To start with, we take as in
S2 a 6>0 and an L, such that Lz L, implies:

%) 1Q (L, m/hjw)— p(F ~(M, o, b/h)) p(b)~'| <6,
B) |g.(L, m/hjw)— E(B;/h,) (w)| £6.

An L=L, is kept fixed. Next we split the word W,/(L,m/w) into blocks
Sy, ..., Sy in the same way as in step S2. Each block S; is described by integers
p;» 1;=20, which satisfy a list of clauses 1)-5') which are the same as 1)-5) in
step S2 with the following exceptions: the term “occurs positively” is replaced
by “occurs negatively” and the numbers p;, [; are required to satisfy 1), 2), 3%),
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4} in step S1. The bookkeeping which we apply to W(L,m/w} now deviates in
minor respects from that in S2. The numbers 4;, D;, D, introduced in S2
retain their meaning, while B; is now the number of p with p;<p, p+m=p,;+/;
such that W (m,m/w) occurs negatively at p in W, (L, m/w). In order to arrive
at a first inequality, let E; be the set of p with p;<p, p+m=p;+I; such that
W.(m, m/w) oceurs at p. Let S be the set of p>>0 such that W, (m, m/w) occurs at
p and such that p does not satisfy an inequality p;+1=p, p+m=p;+1,. Evi-
dently SNE; contains at most p; and if W/(m, m/a)) occurrs at p then
peSu U E;. Now put C;=Y h(w_(,_;), peS and C,=number of elements in

S. Slnce D; is the number of elements in E;, this implies: ¢ L+ (D;—1)ED;.
Since O<h<1 we also have C,<C,, thch implies: a) {ZD yD;t 1
+Q.1)D;t—C, D;". On the other hand, C; is evidently related to the num-

bers A; according to: b) C, +) A;=Z (L,m/hjw). From clause f) at the be-
ginning of this step we find g (L, m/h/w)Z E(B}/h,)(w)—06. Since g (L, m/h/w)
=Z (L,m/hjo)D;* we infer from this and b): ¢) C,Dp'=E(BL/h,)(w)~5
-4 ADL !. On the other hand, according to the definition of S-block (claus-
es 1)-5) above) and the notion of negative occurrence we also have
g, m/hjo_, VS E(B,/h)(w)-o, which 1mplles d) 4;<(E(B,/h,) (w)—) D;. By
combining ¢} with d} we get: e) C, Dy Z(E(me/h Yw)—98)— (E(QST /h, )(a))
—a)(3° D)D" By combining a) with e) and observing that Zl is the
number of blocks, we obtain:
f) A—(E@®;/h)(0)—o) (3. D) Di* S1+ND;' ~(E(B},/h,) (@)—9).

Now D,zmo "% according to the definition of blocks and negative occurrence,
thus ) D;2Nma~? and therefore ND;PSN( D)~ ' <m'a?<o? follows.
From thlS and since ) B;<) D;, we infer from f):

g) O B) D' £(1—E(BL/h) (w)+6+a®) (1—(E(BL/h,) (w)— )~

As in step S2, the total number of negative occurrences 4~ (L, m/h/w) is equal
to Z(B +my) for some m; with 0<m;<m. On the other hand, since
D; >moc‘2>m o2 accordmg to the defmmon of negative occurrence, we have
(Zm ID; 1~<~(Zm J(O.D)~*<o’. Finally, by clause «) at the begmnmg of this
step we also have pu(F (M, o, b/h) u(b) ' —6<3(B;+m)D. By combining
these facts with inequality g) and by taking care of the fact that §>0 was
arbitrary, we obtain:

h) u(F = (M, o, b/h)) u(b) ™!
<(1—E(®B}/h,) (w)+a®) (1+a—E(B}/h) (@) " +o?.
Now aZE(B./h){(w)=1, since we are concerned with negative occurrences,
and since 0<h=1. Using these facts and the condition 0<a <% imposed on o

by the lemma, one easily recognizes that the right hand side of inequality h) is
always <1 -—a+2a2 This proves clause 2) and hence the whole lemma. [

Evidently F*(M, o, b/RYS F*(M + 1,2, b/h) and likewise with F—. Since f in
lemma does not depend on M we get the
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Corollary. If 0 <a <% then p(| ) F*(M, o, b/R) < B u(b), with f=1—oa+20%
hri
Notation. We put F* (e, b/h)=| ) F*(M, «, b/h), F~(a, b/h)= { F~(M,a,b/h).
i M

We now come to the counterpart of Lemma3 in [Or]. In order to for-
mulate it we need

Definition 7. We denote by S*(N, K, o/h) (resp. S™(N, K, o/h)) the set of weM,
with the property: there is an L>K such that L is (N, K, o) -bad (resp.
(N, K, &) _-bad) with respect to w, h.

Prior to state Lemma 9, we recall that B(f™) is the smallest Borel field with
respect to which f™ is measurable; f™ is thereby the function associated with f
according to d), e), f) in § 1, Chapt. I. We then have

Lemma9. Let hel,(Q, ) and the integer my>0 satisfy: a) 0Shgl, b) h is
B(f™)-measurable. Assume K 2m, and 0<a 4. Then:

a) w(S*(N, K, a/h) S A", b) u(S~(N, K, a/h)) < B, where f=1—a+20>

Proof. 1t suffices to discuss a); b) is treated in exactly the same way. Thus
assume a) to hold for N; we prove a) for N+ 1. We proceed in three steps S1-
83,

S1. We start with an observation. Let ¢ be B(f¥)-measurable for some M,
and let w, ' belong to the same atom from B:. Then one easily verifies: 1)
o(w)=o(w) for all iel},. Next consider an weS* (N, K, a/h). By definition of
S* there is an L>K such that L is (N, K, a)_ -bad with respect to w and h.
With @ we associate its canonical sequence n, ..., ny (K=ny, nys L) accord-
ing to Lemma 7 and Definition 5. Let b(w) be the atom from B} which con-
tains w. We claim: 2) if w’eM,nb(w) then w'eS*(N, K, a/h) and b(w)=b(w").
In order to see this we first note that h and f? are B(f™¥)-measurable, pro-
vided p£ny. By Remark 1) this implies h{w,)="h(w}) and fP(w;)=fP(w)) for all
iel; and p<ny. Now g,(, p/h/w) and g (, p/h/w') depend only on h{w), f7(w,)
iel', and h(w), fP(«}), icli, respectively, provided p<I/<ny. Therefore
g.(, p/hjw)y=g.(,p/hjw) for all |, p with K<p<I<ny. From this fact however,
clause 2) easily follows.

§2. Next let J be the collection of atoms bel | B}, of the form b=b(w) for
M

some weST(N, K,a/h); that is, beJ iff there is an weS™(N, K, a/h) with as-
sociated canonical sequence ny, ..., ny such that b=>b(w) is the atom from B}

containing w. From 2) in S1 we infer: 3) two atoms b,b’eJ are either disjoint
or coincide, 4) Mon({Jb)=S*(N,K,a/h). Since u(My)=1, 3), 4) imply: 5)
J

u() b)=Y p®)=u(S*(N, K, a/h)). Now assume beJ, say beB;, for some m. Let
7 7

C(b) be the set of web such that: a) there is an /=m such that g (I, m/h/w)
—E(B:/h,) (w)>a, b) W,(m,m/w) occurs at least ma~2 often in W,(I,m/w). Ac-
cording to the last lemma we have: 6) uW(Ch)=<Pub), B=1—a+20>
Moreover, if b+b' (b,b'eJ) then COH)NCEH)=0. Thus: 7)
%(Lj) C(b))é(; u®) BB u(S™(N, K, a/h)).
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$3. By 7) the induction step from N to N+1 is accomplished if we can
show: *) ST(N+1,K,a/h) < U C(b). Thus take an weST(N+1,K, a/h) and let
J

Ry, ..., Ny, Ny, be its canonical sequence with respect to N+1,K, o; ng, ..., ny
is then the canonical sequence of @ with respect to N, K, a according to Lem-
ma 7 and Definition 5. But this implies web and beJ for some be®B;  and in
addition: 8) weC(b). This proves *) and thus the induction step. Since the
induction basis N=1 1is treated in exactly the same way, the lemma
follows. [

We now come to the main result, which contains Theorem 2 as a corollary.

Theorem 3. Let heL,(Q, u) be bounded, say —A<h=<B, where A=0, B>0. As-
sume that there is a sequence h,eL,(Q, u), m=1,2, ..., such that: 1) h,, is B(f™)-
measurable, 2) —A<h,<B, 3) limsup|h,(&)—h(E)}=0. Then lim AL(f, h/w)
=E(B° /h)(w) for almost all 0. ™ ¢ L

Proof. Without loss of generality we assume Bz 1. We proceed in three steps.

S1. Let 0<a<% be given. We introduce the functions h'=(A4+ B) ' (h+ A),
h,=(A+B)” (hm+A) which have the properties: a) 0Sh'<1, b) 0<h, <1, ¢) h;,
is B(f™)-measurable, d) lim sup |h'(&)—h,,(£)|=0. According to the last lemma

mo ¢

WSt (m,m,o/h, )< P, where B=1—oa+2a? Therefore u( U S*(m,m,afh, ))

m=M

<p1—p). Thus u ( ﬁ @ St (m,m, oc/h;n))zo. Likewise, ( N U

N=1m=N N=1m=N

S~ (m,m, oc/h;n)> =0. Now let S be the set

U {ﬂ US““mm(Zk) Yhi yu ﬂ U ~(m,m, (2k)~ 1/h’)}
k=4 {(N=1m=N N=1m=

Evidently, u(S)=0. The theorem is proved if we can show: I) if A}(f, h/w), L
=1,2,... does not converge against E(B° /h,) (w) for an weM,, then weS.

S2. Before proceeding to the proof of I) we need two properties of the
notion of A-badness (Definition 4). In order to state the first, let ¢, yeL,(R, 1)
with 0<¢, ¥ <1 be arbitrary but fixed for the moment. For weM, we then
have:

1) |E(B;/¢.) (0)— E(B,/¢.) (w)lésgph//(f%wé)l for all mz0. This in-

equality follows immediately from our representation of E(B./¢.); E(B./v,)
given in §3 of this chapter and the fact that p(af,(w)+0 for weM,. In the
same way we infer from the definition of g: 2) |z, p/o/w)

~g,(l,p/¢/w)lésgplw(é)—!#(é)l- Now assume «>0, s%plqo(é%w(é)lée and o

—2¢>%a. From 1), 2) and the definition of A-badness (Definition 4) one easily
infers the first property: 3) if L is i—(N, K, ) .-bad with respect to w, ¢ and
the sequence n,, ..., ny then L is $4—(N, K, $a),-bad with respect 10 w, ¢ and
the same sequence. In order to state the second property, assume that for some
Az1l, L is A—(N,K,a) -bad with respect to weM,, h and the sequence
ng,...,ny. Thus g (n;, m/hjw)—E(B, /h)(@)>a for npSm=n; i, j=1,...,N. A
straightforward calculation based on the definition of g, and the fact that (4
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+B) W' — A=h then yields the inequality:
4) g.(n;, m/l'/w)— E(B; /1) (0)>(A+B) " (o — AD (nj, mfw) ™).

Now D, (n;,m/w) is the number of occurrences of W (m, m/w) in W,(n;, m/w)
which is by assumption glnj_loc‘ngoc‘z. We thus find:

5) g.(n,, m/k/w)— E(B; /h) (0)>(4+B) " (a—Aa* K).

From 5) and the definition of A-badness we now immediately infer the second
property: 6) if a— Ao K ' >3a then L is £A(4+B)"*—(N, K, a(4+B)™),-
bad with respect to w, " and ny,...,ny. The situation is simpler if L is 4
—(N, K, a)_-bad with respect to h. Without assumption on K we find: 6*) L is
AMA+B)~2—(N,K,a(4+B)~!)_-bad with respect to w,” and n,, ..., ny.

S§3. We now come to the proof of I) in S1. Let weM, and assume that
A5 (fihjw), L=1,2, ... does not converge to E(B*_/h,) (w). By Lemma 6 there is a
sequence L;, N;, j=1,2,... with N;<N,,, L,<L;,, and an «>0 such that ei-
ther L; is 64(4+B)’—(N,, N, o) ,-bad with respect to w, h for j=1,2, ... or else
L; is 64(A+B)*—(N,,N;, o) _-bad with respect to w, h for j=1,2,.... Let e.g.
the first be the case. According to 6) in S2 there is a j, with the property: 7) if
jZjo then L; is 16—(N;, N;, 7a(A+B)~').-bad with respect to h', w. Now let
k=>4 be so large that k=' =23a(4+B)~*>(k+1)~L. Since (k+1)" ' =La(4+B)*
we infer from 7):

8) if j=j, then L;is 4—(N;, N;, (k+1)~"),-bad with respect to w, /"
Now let £>0 satisfy (k+1)~' —2e>3(k+1)7!; let j, =j, be so large that j=j,
implies sup |hy (&) —H'(§)| e From 3) in S2 and 8) we infer:
4
9) if j=j, then L;is (N;, N;, 5(k+ 1)), -bad with respect to w, Ry,

But this implies weS*(Nj,Nj,%(k—H)*l,h}Vj) for j=j, and thus weS. The argu-
ment in case of (N;, N;,o)_-badness is exactly the same. Thus I) in S1 is proved,
whence the theorem follows. []

We now come to the

Proof of Theorem 2. Assume |f| <K almost everywhere for some K. Thus there

is an integer N>0 so large that —N < f <N almost everywhere. Put h(w)

=f(w) f —NZf(@)EN, h(w)=—N if f(w)<—N, h(w)=N if f(w)>N. It is

not difficult to find a list of functions h,, m=1,2,... which are B(f™)-

measurable, satisfy —N=<h,<N and such that limsup|h(&)—h,(E)=0. By
m oz

Theorem 3 we then have lim A5 (f, h/w)=E(B"_/f,) (w) for almost all w. On the

L
other hand there is a set ESQ with u(E)=1 such that h(w,)=f(w,) for all
ie| ) I, provided weE. Since A} (f, h/w) and AL(f, f/w) depend only on h(w)),
M

f(w), ie| ) I}, they coincide on E, whence the theorem follows. []
M

§ 5. Ergodic Decomposition

Theorem 3 has been proved under the assumption that the underlying flows is
ergodic. However, as has been pointed out in §2, the nonergodic case can
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easily be reduced to the ergodic case by means of an ergodic decomposition
argument which proceeds along similar lines to the decomposition argument
used in [Sc]. We indicate briefly this argument. Let heL,(Q, ) satisfy the con-
ditions of Theorem 3, let 7>0 be noncritical and let E be the set of &£’s such
that lim A} (f, h/&)=E(B*_/h,) (£). Since 7 is noncritical and according to the re-

L
sults obtained in Chap.I one finds a set E, with u(E,)=1 such that wekE,
implies: 1) the discrete system (2, B, S,, ) is ergodic, 2) E_(B*/h,) (E)=E(B _/h,)
(&) for p,-almost all & To the discrete system (£2,B,S,,p4,) we can apply
Theorem 3 and infer: 3) Uim A} (f, n/&)=E (B /h,) (&) for u -almost all £. This
L

implies p,,(E)=1 for wekE,, and thus u(E)=1, since p(E,)=1. However, this is
precisely Theorem 3 for an arbitrary flow (@2, B, S,, teR, u). The corollaries then
follow as before.

§ 6. Open Questions

There are quite a number of parameters associated with stationary processcs,
such as spectrum, entropy etc. If one wants to compute any of these entities
with the aid of the past f(w,), t <0 of a single trajectory one is immediately led
to the evaluation of iterated double, triple or even higher limits. The question
arises if there are algorithms which replace these iterated limits by a single
limit in a similar way as we have done in this chapter for the computation of
the conditional expectation, following the line of [Or]. For some of these pa-
rameters, in particular for the entropy, an affirmative answer has been given by
D.H. Bailey ([Ba]) under the proviso that the process in question is a discrete
time process whose range consists of finitely many values. For the entropy of a
continuous time process with arbitrary range, as introduced [Sc] (Definition 2,
§5) the question still remains open; and for a large class of other parameters
(eg. those related to the spectrum) the question is open even for discrete time
processes with finite range.
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