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Summary. We study the distance in variation between probability measures
defined on a measurable space (2, %) with right-continuous filtration
(#).<o- To every pair of probability measures P and P an increasing pre-
dictable process h=h(P, P) (called the Hellinger process) is associated. For
the variation distance ||P,—B|| between the restrictions of P and P to %;
(T is a stopping time), lower and upper bounds are obtained in terms of h.
For example, in the case when P,=P,,

2(1 —(E exp(—hy)) ) || Py — Bl S4(Ehy) 2.

In the cases where P and P are distributions of multivariate point
processes, diffusion-type processes or semimartingales h are expressed ex-
plicitly in terms of given predictable characteristics.

1. Introduction

In the present paper we study the proximity in variation of probability mea-
sures defined on a measurable space (@2, #) with a right-continuous filtration F

=(#);z0- With every pair of probability measures P and P we associate a
predictable increasing process h=#h(P, P) called the Hellinger process, [14],
[17]. For the variation distance | B, —P -| between the restrictions of P and P
to the g-algebra %, where T is a stopping time, lower and upper bounds are
obtained in terms of h. For example, in the case when P,=B,,

21-VEexp(—h)<| P —B| <4)/Eh,

(see Corollary 2.1 and Theorems 2.1 and 2.2).

The criterion for strong convergence is a corollary of the above estimates.
It asserts (see Theorem 2.3) that P} converges to P(TeR ) in variation if and
only if the random variables h.(P? P) converge to zero in probability P.
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In the case where P and P are the distributions of multivariate point
processes, diffusion-type processes, processes with independent increments or,
more generally, semimartingales, the Hellinger process 7 can be expressed
explicitly in terms of the given predictable characteristics, (see Sect. 6).

Thus for the cases mentioned above, the general results lead to efficient
estimates and criteria. For example, if P and P are the distributions of count-
ing processes with continuous compensators A and A4, then h'/? is the Hellinger

distance between A and A on [0, £] ie.
] [dA
- *) dC,.
s dcs) *

b=t § VAL —Vaay e (|52
[0,11 [0,1] C

where C=A+ A.

The results presented here have been announced in our note [6].

Our setting includes the case of “discrete time” when an increasing se-
quence of g-algebras is given on (@, #). In this case a version of Theorem 2.3
has been established by L. Vostrikova [20]. It turns out that an estimate of the
Hellinger integral of order o (Theorem 4.1) is useful to derive the lower bound
on ||B; ~P,||. We adopted this idea from F. Liese who has obtained two-side
inequalities for several particular cases, namely for counting processes with
continuous compensators, Gaussian processes with independent increments and
for diffusion-type processes, [9]-[11]. For arbitrary processes with independent
increments two-side bounds in terms of the Hellinger process (which is de-
terministic in this case) are given in [17].

The inequalities for the variation distance between measures defined on a
filtered space, different from ours but also based on the Hellinger process are
obtained in [19].

It is possible to give upper bounds for |P.—P,|| in the general setting (but
with some additional assumptions) in terms of another increasing process V
(see our note [6]). These bounds imply the known estimates for multivariate
point processes and counting processes [4], [7].

Note that the results of the present paper are closely connected with the
problems of absolute continuity and contiguity of probability measures where
the Hellinger process plays the fundamental role [5], [12], [14].

2. Main Results

1. At first, we describe the general setting for the considered problem. All
necessary preliminaries can be found in [2], [5].

Let (Q, %) be a measurable space with a right-continuous filtration F
=(#)z0» F =V %, and probability measures P, P and Q=(P+P)2. For

20

convenience of formulations we assume that the space (@, % Q) is complete
and %, contains all Q-null sets from % (i.e. the usual conditions with respect
to Q are satisfied). We identify Q-indistinguishable processes. The relations
between random variables are understood Q-almost surely. Expectations with

respect to the probability measures P, P, Q, ... are denoted by E, E, Eg o5 T
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(correspondingly Z,) is the set of all stopping times (correspondingly, the set of
the predictable stopping times) with respect to F. We denote by P, the
restriction of P to the g-algebra Z;.

The variation distance between P, and P, is defined by the following
formula 5 )

| — Bl =2 sup |P(4) - P(A).
AeF

Let #=(x,),», be the density process of the measure P with respect to Q. It
means that » is the process with sample paths from the space of cadlag
functions D, and for any Te

4p=dPdQ;.

The process » is a nonnegative bounded Q-martingale: 0< <2, Let « be the
jump measure of ~, # be the Q-compensator (dual predictable projection) of k.
It is well known, [2], that » can be represented in the following way:

z=xo+ 4 +xx(K—0n),

where «¢ is a continuous Q-martingale starting from zero .

Similarly we introduce the density process z of the probability measure P
with respect to Q and associated objects &, #, °.

Note that #+%=2 and consequently 4z= —A% Recall that for a random
process X with sample paths from D the following notations are used: X_
=(X,_)zo Where X, =X, AX=X-X ;if TeZ then X"=(X,, 1);»0-

2. If R is an arbitrary probability measure dominating P as well as P (ie.
P<R and P<R) then the quantity

H(P, P)=E(dP/dR)"/*(dP/dR)">

does not depend on R. It is called the Hellinger integral for P and P.
In particular,

H(Pp, Py=Eg x5 24

We introduce an increasing process B=B(P, P) with

B,=(1/2) (x_7_) 20 e+ (/L +x/a_ —)/ 1 =x/2_) xn,), (2.1)
with 0/0=0. Note that AB<1.

Let
o,=inf(t: z, A2, <1/n), o=inf(t: z,A%,=0), (2.2)
I'= U [0, 5,1
nz1

Definition. We call a predictable increasing right-continuous process h with
Ah <1 the Hellinger process if

IoB=I;oh
(ie. the processes Io B and I, o h are Q-indistinguishable).

! Throughout the sequel the symbols o, «, * denote, correspondingly, integrals with respect to a

process with bounded variation, a semimartingale and a random measure
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For the Hellinger process 4 the Doleans-Dade exponential is defined by

&(—hy=exp(—h) [T (1—4h) e, (2.3)

s=t

Evidently, &(—h) is a nonnegative decreasing process with &,(—h)=1.
Put
do=|P—Fyl, Hp=H(F, B

Theorem 2.1. For any TeZ, ¢€]0, 1[ we have
| Pp= Bl Z2(1 =)/ H E&(—h)), (24)
| P~ Bl £3Y/2)/1—eHo +2P(&r(—h) <o) (2.5)

Since &7(—h)<exp(—hy) and H,<1—d2%/8 (see (3.1)), (2.4) implies
Corollary 2.1. For any TeJ

1P, — B 22(1 —)/(1 —d3/8) E exp(—hy)).

We give two other bounds for the variation distance between P, and B,
which, similarly to the latter estimate, are based only on the value of h in the
moment T.

Theorem 2.2. Let TeZ, £¢>0. Then

|P,— B <dy+4YEhy, (2.6)
| B =Bl £(3/2) do+3)/ 26+ 2P (hp 2 ). @.7)

Remark 2.1. Since B(P, P)=B(P, p), j’heorgms 2.1 and 2.2 and Corollary 2.1
are valid after replacing P and E by P and E.

3. Let P", P" be probability measures on a filtered space (@', #", F"
=(");2 o) satisfying the usual conditions for Q"=(P"+ P")/2. Put A"=h(P", P").
Then Corollary 2.1 and (2.7) imply the following criterion for strong con-
vergence of probability measures:

Theorem 2.3. Let TeR . Then the following conditions are equivalent:

a) lim | By —Fp| =0,

b) lim || P? —Pr| =0, lim P"(h}. =) =0, V& >0.

3. Hellinger Integrals and Hellinger Processes

1. For the proof of the lower bound for the variation distance, we need the
concept of the Hellinger integral and the Hellinger process of order o«. Their
properties are studied in this section.
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Let R be a probability measure dominating P and P. The Hellinger integral
of order o with «€]0, 1[ is defined by

H(a, P, P)=E,(dP/dR)*(dP/dR)' ~*.
The value of H{e, P, P) does not depend on the choice of R. Clearly,
0<H(x, P, YL

In agreement with the previous notation we omit the symbol a=1/2 in the
sequel.

Let us recall some elementary inequalities connecting the Hellinger integral
with the variation distance.

Lemma 3.1 (see [8], [16], [18]). For any ac]0, 1[
2(1-H(o, P, P)<|P~P| <Y/ C,(1—H(x, P, P) (3.1)

where C, is a constant; for a=1/2 it is possible to choose C =8.

2. Lemma 3.1 shows that estimates for ||P,—P can be derived from
estimates for the Hellinger integrals

def

Hp(w)'= H(e, Py, B)=Ey 4% 257"

Thus, we must study the structure of the process

once its additive and then its multiplicative decompositions have been con-
structed. The latter plays a crucial role in the proof of the inequalities of
Theorem 2.1.

The function u#*v'~* (known in mathematical economics as the Cobb-
Douglas function) is concave. So the nonnegative bounded process X (2)(=2) is
a Q-supermartingale (recall that » and % are Q-martingales). Its Doob-Meyer
decomposition has the form

X ()=X (e) — A, () + M (o) (3.2)

where A(o) is a predictable increasing process, M(a) is a ¢-martingale, 4,(v)
=M ,()=0.
It is easy to see that E5 A (1) SEy X ((¢) =2 and so

Ey sup M ()| ZE, sup X (@) +Eg A (0) <4

Let ¢, and ¢ be defined by (2.2). By a well-known property of nonnegative
supermartingales (see, e.g. [2, (6.20)]) we have o=limeg, and X(«)=X°(x) on
the set (0 < 00). Therefore the uniqueness of the Doob-Meyer decomposition
implies, in particular, that A°(et)= A(«) (and M?(x)= M ().
We note also the following property of 4{«):
AA(0)=0 on (X_,_(x)=0). (3.3)

4
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Indeed, by [1, -7-10] for any TeZ, we have
E(I i oy AM ()| F_)=0. (3.4)

The random variables AA,{¢) and X, () are %, _-measurable. Hence (3.2)
implies that for any Te 9,

I(T< 00, X1 - (@)= 0) AAT(O‘)zEQ(AXT(O‘) I(T< 0, X1 - (0)=0) | Fr_)- (3.5)

But the set (4A(x)=0) is contained in the most countable union of the graphs
of predictable stopping times. Thus (3.3) follows from (3.5).
For «e]0, 1] put

@, (U, v)=au+(1—o)v—u*v' % (3.6)

Evidently, ¢,(1, v) is a nonnegative convex function. We introduce the predict-
able increasing process (compare with (2.1))

B)=2a(l=a)(x_%_ )" 2o+, (1 +x/x_,1—x/Z_)*n. 3.7
Note that AB(x)<1.

Definition. We say that a predictable right-continuous process h(x) with
Ah(s) <1 is the Hellinger process of order o if

Ioh{a)=1I;0B(x) (3.8)
where I'= | ) [0, o,] (see (2.2)).
nzl
Following Sect. 2 we omit the symbol «=1/2 in the sequel.

Lemma 3.2. The process A(e) from the decomposition (3.2) can be represented as

follows :
Al)=X_(o)o h(e) (3.9)

where h(w) is any Hellinger process of order o.
The proof is given in [17].
Corollary 3.1. Ler §=inf(t: B,{(e)=c0 or 4B,{«)=1). Then 8= 0.
Proof. The representation
X (=X o(0) — X _(a)o B(a) + M, (%) (3.10)

implies that inf(t: B,(e)=00)Z 0 and X (a)=AMy(x) on (4B,(x)=1). Clearly,
0eFp and (ABy(0)=1) is a &,_-measurable set. Hence

EQ(XG(“) I(ABg(rx): 1) | Fy_)= EQ(A M (o) I(ABg(a)= 1) | F5_)=0
and, therefore, X o(2)=0 on (4B,(x)=1), i.e. 6=0.
3. Lemma 3.3. Let h(x) be a Hellinger process. Then
X()=8(—h(a)) & () (3.11)
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where &(—h(w)) is the Doléans-Dade exponential (see (2.3)), ¥(a) is a nonne-
gative Q-supermartingale with the following properties:

(i) for any teJ such that & (—h(x)>0, the process F*(a) is a local Q-
martingale;
(ii) for any e such that & (—h(x)=c>0, the process () is a bounded
Q-martingaNIelz;
(ili) if P~ P (i.e. B~P,VteR ) then ¥ (a) is a local Q-martingale.

Proof. Let &(—h(«)) be the Doléan-Dade exponential. Define
F(0)=X ()& (—h(w)
setting 0/0=0. The identity (3.11) holds by virtue of Corollary 3.1. Since
Ah() <1, & (o) is a nonnegative process.
Let teJ and &,(—h(«)>0. Then the process z(x)=&'(—h(x)) on the set
0, z] satisfies the equation
z()=1+4z_(a)(1 —Ah(2))~ ' o h(a). (3.12)
Using the Itd formula for a product and relations (3.10), (3.12) we have
‘%At(a):XO(a)+Z(a) : M(cx)t/\t'

This representation implies (i). Properties (i) and (iii) follow from (i).

Since the stopping time 6 (see Corollary 3.1) is predictable, there is a
sequence of 6,7, k=1, announcing 6. The nonnegative local Q-martingale
FO%(¢) is a Q-supermartingale. The Fatou lemma implies that the nonnegative

process _
(@)=L () Io, o +F5 () Ig, o

is a Q-supermartingale. But % (0)=%(2) Ito. op- Thus &(o) is also a Q-super-
martingale. The lemma is proved.

Theorem 3.1. Let O<a<f<l, p=(1—a)/(1—F), g=(1 —a)/(f—0a), TeT and h(x)
be a Hellinger process of order o.
Then

Hp(B)s Hy" (@)(EEF?(—h(a) ' (3.13)

Proof. From the obvious identity X (B)=X¥?(x)#7/* and the multiplicative
decomposition of X (¢) (Lemma 3.3) we get the following representation

X p(B) =7 (@) er EFF(— (@) (3.14)

where ¥ (o) is a Q-supermartingale with % («)=X,(«). Taking the Q-expec-
tation of both sides of (3.14) and applying the Holder inequality, we obtain the

eimate H(B) S (Eq F4(@) P (Eq iy 847 (~ h(e) .
This implies (3.2) because E, S () SE, S, () =H o (o).
Corollary 3.2. The following inequality is valid:
Hy(3/4) <Y/ HoE&(—h). (3.15)
For the proof it is sufficient to put in (3.13) «=1/2, f=3/4.
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Remark 3.1. Similarly to (3.13), it can be shown that
H (o) SHF"(B)EST (—h(B)
where r= /o, |= B/ —a).

4. At the end of this section we give some results allowing us to use any
probability measure R dominating P and P instead of Q in order to calculate
the Hellinger process.

Let #R(Z®) be the density process of the measure P(P) with respect to R.
The nonnegative R-supermartingale X®(x)=(+®)*(%)!~* has the Doob-Meyer
decomposition

Xy =XB() — AR () -+ MR ()

where A%(x) is a predictable increasing process, M®(x) is a R-martingale.
Lemma 3.4. The following representation holds:
AR()=XR(2)oB(x) (R-a.s.)

Proof. We need to prove that M (a)=X® (o) — XR(e) = X® (@) o B(w) is a local R-
martingale. In accordance with [2, (1.20)] it is sufficient to show that for any

TeJ and teR 1 0
E&{A4tAT a):: .

Let p be the local density of @ with respect to R. Then X®(x)=pX ().
Making use of Lemma 3.2 and [2, (1.47)], we have

Ex M, , (o) =Eg(X, 1(2) — X5(2) =X (2) o B(2), 1)
=Egpp(X, ,p(0) =X (@) =X _(@)o B(a), , ) =Eq M, , () =0.
The Lemma is proved.
Corollary 3.3, Let
h (o) =(X2 (@)~ "o AR(e)  (Q-as).

Then h®(a) is a Hellinger process of order a.

Indeed, by Lemma 3.4 we have

Il (X (@) o AR@ =11, ,q°B(@) (Q-as)

and one needs to note only that Q(ixtlf p,>0=1, [5, Lemma 3].

Let »®¢ be the continuous martingale part of #%, x® be the jump measure
of «R, #® be the R-compensator of x®. The notations z% ¢, &%, #i® are evident.
Let oR=inf(t: 48 A 2R <1/n), o =inf(t: 25 A 27 =0). Put
M =)0 afiom, M =G 220k,

ol D W M CAT AR A C A

sStaoR
n
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It is easy to check that
@ (1, V) SK(o)(|u— o] A lu—0v]?)

where K(«) is a constant depending on « only.
It follows that

AgR () S2K () n* (|48 +AZR) A (AP +]425).

The processes =® and Z® are uniformly integrable R-martingales. Thus, the last
estimate implies that g®"(«) is a right-continuous locally R-integrable process
(in fact, Ex g% (0) < oo for T,=inf(t: z8 A 28 A gl "2 k).

Denote the R-compensator of g&*(x) by G "(«).

Theorem 3.2. Let h¥(x) be a right-continuous predictable increasing process with
AhR(2) 1 such that for any n

IR (@)=(1/2) a(1 —o) (MB" —M® " + GR"(@) on [0, 0%

(P- and P-as.). N
Then h®(a) is the Hellinger process of order « for P and P.

Proof. It is easy to see that we only need to establish the equality B(e)=h®(x)
on the sets [0, 08 Ao ]I, n=1. For this reason as well as for notational con-
venience we shall consider all the processes as stopped at 6% Ao, and omit the
superscript X A g,

At first we prove that

(MR MRS =(M —M>. (3.16)

(the symbol Q is omitted).

Since Q <R, a R-semimartingale Y is a Q-semimartingale and the “brack-
ets” {Y*°> of the continuous martingale parts of ¥ with respect to R and Q are
Q-indistinguishable (see [2, Chap. 7]). The same holds for the stochastic inte-
grals H-Y.

By the above remark, the process (MR —MR) which is the “bracket” of the
continuous part of R-semimartingales z=(<%)"*- xR —(Z®)~1. 2% can be calcu-
lated as the “bracket” of the continuous part of the Q-semimartingale z. The
continuous martingale parts of «f=xp and z®=7%p with respect to Q are »_- p°
+p_-# and Z_-p°+p_ -2 correspondingly, where p° is the continuous Q-
martingale part of p. It follows that the continuous Q-martingale part of z with
respect to @ has the form

(o I A 0 B A e (o R RN e Ot S

-1 ~l o~
=" 4=

and (3.16) is established.
Now we prove the equality

GR(o)=G(a). (3.17)
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Due to the uniqueness of the compensator we only need to show that
Ep foGMa)y=Eqy foG(a),

for any positive predictable process f.
Note that g(a)=p_p~'1,. 408" () (Q-as) and I,_,o0g®(«)=0. By [2,
(1.47)], omitting the symbol « for brevity, we have
EQfO szEQf"gm:EQfP_P—-ll(p>0)°g§a
:ERpoo(fp—p—lI(p>0)og§o):Epr\pp—ll(p>0)og§)
=Epfp_I,s00°8c=Exfp_ogy
=Epfp_oGL=Egp,(foGy)=EqyfoGE.

Thus, (3.17) holds.
The assertion follows from (3.16) and (3.17) because

(1/2) a1 — o) {M — M + G(ot) = B(«).

4. Preliminary Lemmas

This section contains some technical results.
1. Lemma 4.1. For any TeJ
|Pr =Pl €do+2VE (5
where d,=|P,—P,|.
Proof. Using the identity »+2=2 we have

|y — 20l Slag — Zol F(er —20) —(Fp —2p)| =|wg —Zo) -+ 2127 — 24|

Thus,
|Pr =Pl =Eglep —27| £do+2E |27 — %,

Sdo+ 2V E (ep—x, Z=d,+2y Epx).

Remark 4.1. Tt is possible to derive the following lower bound for the variation
distance between P and Py

1P =Pl 221V 1 —d3/4—Ep{x) 7).
Indeed,

VB =Pl 2 Eq( 7 —V/ %) =201 =V Eq 21 27)
and the result follows from the relations
Egur2p=2—E, % —Ey{xyr and d3< 4(Ey 2 —1).
2. Recall the following

Definition. An increasing process A strictly dominates an increasing process
A% if A5= A2 and the difference forms an increasing process.
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Lemma 4.2. Both processes 2B and 4« _ o B strictly dominate the process {x).
Proof. For »_>0,%_>0and —x_<x<Zz_put
4x?

W(e_,7_,x)=
P WE e +x) Ve (Gl —x))?

and note that

Wi, 5, ) =(/1+xa2" =)/ 1—x221)"
From this and the definition of B we have

2B=(x_ Z'_)"zo(zC)—}—W(x_, Z_,X)%mn,
4z oB=2x_ 2:20<¢:C>+2z_ Wi(z_,z_,x)*n.

Comparing these expressions with {(z)>=<%°>+x?+#n and making use the in-
equalities »_z_ <1, 2 <2,

Vi (e +0)+V2_(G_+x)£2

we obtain easily the desired assertions.

5. Proofs of the Main Results

1. Proof of Theorem 2.1. The estimate (2.4) follows from the left inequality (3.1)
with a=3/4 and (3.15) (see Corollary 3.2).

It is sufficient to prove the inequality (2.5) for finite T only. We use the
multiplicative decomposition of the process X =X(1/2) (Lemma 3.3, a=1/2).

Put
t=inf(t: &(—h)<e), €]0, 1[.

Let (7,) be a sequence annoucing the predictable stopping time 7. By Lemma

33
E (L 2ed,
and the process & is a bounded @-martingale.
Thus,
HTArk:EQXTArszEQ%Atk:SEQXOZEHO

and by virtue of the right inequality (3.1) with «=1/2 we have

| <2121 —eH)'

HPT/\‘[k T/\rk

The above inequality and Lemma 4.3 imply that
1P — B £31/2(1 —eH )2 +2P(x, < T).
To prove (2.5} we note that for finite T we have

lim P(t, < T)SP(t <T)=P(&5(—h) <e).
k
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2. Proof of Theorem 2.2. According to Lemma 4.2 and [2, Proposition (1.47)]
Egx)pS4Ey«_oBr=4E,xp Bp=4EB;.

Hence (2.6) follows from Lemma 4.1 (note that any Hellinger process h strictly
dominates B).

It is sufficient to prove the inequality (2.7) only for the finite stopping time
T

Put O=inf(t: (x>, =2¢). Then 0eJ,. Let (4,) be an announcing sequence of
stopping times for 6. For the finite T we have P(0=T)=P({x),22¢). Lemma
4.2 implies that P({zy=2¢)<P(Br=¢). By virtue of Lemmas 4.3 and 4.1 we
have . -

1P = P SG/2DNPr g, — Pr ol +2P(0,<T)

<(3/2)dy+3)/2e+2P(0, < T).

Since lim P(6, < T)SP(O<T), (2.7) follows from this relations because h; 2= B;.
k

6. Examples

1. We give an expression for the Hellinger process h=h(P, P) in the case when
P and P are the distributions of the (weak) solutions of the stochastic differen-
tial equations
dY=al(t, Y)dt+dW,  Y,=0,
0

d¥,=a(t, Yyde+aw,, Y,=

where a and @ are nonanticipating functionals on the space (C, %) of con-
tinuous functions x=(x,),»,. In other words, P (or P) is a measure on (C, %)
such that B
x,— [ a(s,x)ds (orx,— | a(s,x)ds)
10,11 [0, 1]

is the Wiener process with respect to P (or P).

In considering the case Q= C, F=(%#),., is the minimal filtration satisfying
the usual conditions with respect to Q and such that #2%,=0(x,, s<t) for
any t.

Theorem 5.1. If for any teR

[ a®(s,x)ds<oo P-as, | a’(s,x)ds<oo P-as.
10,1 (0,1

then the process
h=(1/8) | (als, x)—afs, x))* ds

[0,1]

is the Hellinger process for P and P.

loc . loce
Proof. By [15], Theorem 7.5 P< R, P< R where R is the measure on (C, %)
with respect to which of the coordinate process x=(x),>, is the Wiener



Variation Distance for Probability Measures 31

process. Let +® and #® be the density processes of P and P with respect to R.
It is known (see, e.g. [15, Chap. 7]) that

R=14++Ra-x, H=1+72a-x (R-as).
Let of=inf(t: «® A 2R <1/n). It follows easily from the Ito formula that

XR _1‘(1/8) X{{_(a—d)zo <x>t/\0'nR+(1/2) Xli(a—*_a)‘xt/\af'

tAgR ™
Since zero is an absorbing state for X® we have
AR=(1/8) X (a—a)* o {x)

and the desired assertion holds by Lemma 3.4 (note that {x),=t R-a.s.).

2. Now we calculate the Hellinger process for the distributions of multi-
variate point processes.

Let (Q, # F) be a filtered space, (E, &) be a Lusin space (i.c. a Borel subset
of a compact metric space), 4 be an extra point, £ be the og-algebra of
predictable sets on QxR,, #=2Q¢& be the o-algebra on QxR xE, E
=Eud, §4=a(&, {4}).

According to [3] and [2, Chap. 3], a multivariate point process is a
sequence I1=(T,,X,),> such that

a) T,eZ, 0<T(w)=T,, {(w) and T(w)<T,, ,(w)if T (w)<oc;

b) random variables X, with values (E4, §4) is #; -measurable and X ,(w)
=/ if and only if T (w)=co.

The integer-valued measure u=u(dt,dx) is associated with II by the for-

mula
w0, t1x =3 Iir,<olptery-
nz1

Let #t=0a(u([0,t]xT), s<t, T'eé).

Suppose that F=F*=(%"),,,. Let P and P be the probability measures on
(Q, #) such that the random measure u has as its compensators the predictable
random measures v and ¥, respectively.

Put A=v+7, a,=v({t}, E), 4,=V{{t}, E),

L0 D=2/ A=Y D7 = 4,
where 1= A(t, x) and 1=1(t, x) are #-measurable functions such that
v=,A4, V=iA.

It is clear that the value p,(v, ¥)(w) is the Hellinger distance between the
restrictions of v(w, ) and Ww,*) to %, ,®E(B, 4 is the Borel g-algebra on
(0, £1).
Theorem 6.2. The process h defined by the formula
hy=p}(v, ) +3Y. V1 —a,—)1-a)
s=t

is the Hellinger process for P and P.
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Proof. We need several simple auxiliary statements which we formulate as
lemmas.

Lemma 6.1. The compensator v2 of the random measure p with respect to Q=(P
+ P)/2 is given by

Vo=(x_v+i_W)2
where = and % are the density processes of P and P with respect to Q.

Proof. Using [2, (1.47)], for any nonmegative %-measurable function f we

have: . R
2E fop,=Efsp +Efspu =Efsv +Ef«¥
=Egx,(f#V) T Egz,(f%7,)
—Eyfr_ wvy+Eyfi_ ¥, —Egf*(c_v+i_7),.

The desired result follows now from the uniqueness of the compensator.
According to [3], there exist #-measurable functions Y and ¥ such that

v=Yv? P-as, V=Yv? P-as. (6.3)

In general, it is not true that the equalities (6.3) hold Q-a.s. Nevertheless, we
have the following
Lemma 6.2. Let I'=(x_>0), ['=(%_ >0). Then

Lov=I Vv, I;i=1¥v2 Q-as. (6.4)
Proof. For any #-measurable function f >0 we have

Eflpsv =Egxz (fIpxv,)=Egz_fl %v.
On the other hand,
Efl xv =EfI Y«v2=Eyz_fI.Y*ve.

Thus,
EogfIp«v =EyfI Y%ve

and the first equality in (6.4) holds by the uniqueness of the compensator. The
proof of the second equality in (6.4) is similar.
Put a2=v¢({t} x E) and note that by the above lemmas a?=(ax_+3d%_)/2
and
IanI(aQ>O):Ifnfl(a+ﬁ>0)'

According to the known results on the structure of the density process for
multivariate point processes (see, e.g. [3], [5, §12]) we have

z=14+%_ -L
where )
L=(Y—1+(Y—a9/(1—a?)*(u—v9), <o,

7= [ Y(t, x) v2({t} x dx)
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and ¢ is defined by (2.2). A similar representation holds for z. It follows from

2.1y that B’ (g, is defined by (2.2)) is a Q-compensator of the increasing
process b where

SEtAOn

- &\
H0D) T lug.ol|/ 7o~ ) 1) A—ndls) x B

Br=(2/Y Y TP, + Y LugnoW/T—a, Y 1=,

sZina,

Thus,

With the help of Lemmas 6.1 and 6.2 we can represent B’ in the following
form:

Bor=(UD/ V5 A+ Y JasanoV/1—a,—V1-a)%)

SZtAGn

:pzz/xo,,(v7 ‘7)+(1/2) Z (]/1 —a _‘]/ 1 "‘EZS)Z.
sEtAady
The assertion of Theorem 6.2 follows from the definition of the Hellinger
process.

Remark 6.1. Let 6 be a point outside E, E°=Eud, &°=0(&, {5}). Consider the
random measure v* on (R, x E°, B, . ®&°) with

Vo(dt, dx)y=1,v{dt,dx)+1,,. o &(dx)

where g5(dx) is the Dirac measure. The random measure ¥° is defined similarly.
Then h,=p?(»°, 7°). This relation of h with the Hellinger distance justifies the
name “Hellinger process”.

Remark 6.2. The Hellinger process h defined by Theorem 6.2 is constructed
directly from the predictable characteristics of multivariate point processes
(namely, the compensators). In particular, if the compensators are deterministic
then h is also a deterministic process while B 18 random (it is stopped in the
random moment o). Thus, in a certain sense, 2 is the simplest Hellinger
process.

3. Let Q=D F be the completion of o(x,,5=0} with respect to O=(P
+ P)/2, F be the minimal filtration satisfying the usual conditions with respect
to 0 and majorizing the filtration generated by coordinate maps in D.

Assume that under P (corr. under P) the coordinate process x=(x,),, is a
semimartingale with the triplet of predictable characteristics T=(B, C, v) (corr.
T=(B, C,¥), see [2, Chap. 3], [5,§2]. Thus, under P we have the representa-
tion

X, =Xo+ Bt ul g% g Xt ulp s (w—v),

where p is the jump measure of X, x°=(xj},,, is the continuous P-martingale
part of x with {x*> = C. The similar representation for x holds under P.



34 Yu.M. Kabanov et al.

Put .
V,=Var,(B—B)+|ul [, < * Var(v—¥),,

t=inf(t: V,= c0).

Define the predictable increasing process 4 in the following way:

0 if =0
A= Bt—Et—uI(lulél)*(V—Tl)t if t<r1,
lim A, if tzt>0.

st

Let
h,=(1/8)|dA/d C|o Var,(A)+p2(v, ) +1 Y (/1 —a, —)/1—a,)?

s=t

where dA/d C 1s the #-measurable version of the Radon-Nikodym derivative of
the absolute continuous part of 4 with respect to C.

a,=v({t}; Ro),  4=¥({t},Ro), Ry=R~{0}.

Following [2, Chap. 12], we shall say that P has the local uniqueness
property if for any #e4 and any measure P on (@, #) for which x is the
semimartingale with the triplet of the predictable characteristics 7% =(B?, C? %)
(where v°=1Iy, g V) the restrictions of P and P on %, _ coincide.

Theorem 6.3 ([13]). Assume that C=C and at least one of the measures P or P
has the local uniqueness property. N
Then h is a Hellinger process for P and P.

Remark 6.3. For the case where P and P are the distributions of processes with
independent increments (i.e. the triplets T and T are deterministic), the local
uniqueness property holds [2, (13.2)]. The Hellinger precess kb is deterministic
here, H,=&.(—h) for TeR, and estimates for |P,—EB;| follows directly from
Lemma 2.1 (see [17]).

References

1. Dellacherie, C.: Capacités et processus stochastiques. Berlin-Heidelberg-New York: Springer
1972

2. Jacod, J.: Calcul stochastique et problémes des martingales Lect. Notes in Math. 714. Berlin-
Heidelberg-New York: Springer 1979

3. Jacod, J.: Multivariate point processes: predictable projection, Radon-Nikodym derivatives,
representation of martingales. Z. Wahrscheinlichkeitstheor. Verw. Geb. 31, 235-253 (1975)

4, Kabanov, Yu.M,, Liptser, R.Sh.: On convergence in variation of the distributions of muiti-
variate point processes. Z. Wahrscheinlichkeitstheor. Verw. Geb. 63, 475-485 (1983)

5. Kabanov, YuM,, Liptser, R.Sh., Shiryaev, A.N.: Absolute continuity and singularity of locally
absolute continuous probability distributions, I, II. Math. Sbornik, 107, 364-415 (1978), 108,
30-61 (1979) (in Russian). English translation: Math. USSR Shornik, 35, 631-680 (1979), 36,
31-58 (1980)

6. Kabanov, Yu.M., Liptser, R.Sh., Shiryaev, A.N.: On the proximity in variation of probability
measures. Dokl. Akad. Nauk SSSR. 278, 265-268 (1984) (in Russian)



Variation Distance for Probability Measures 35

7.

8.

9.
10.

11.

12.

13.

14.

15.

16.

18.

19.

20.

Kabanov, YuM,, Liptser, R.Sh., Shiryaev, A N.: Weak and strong convergence of distributions
of counting processes. Theor. Probab. Appl. 28, 288-319 (1983) (in Russian)

Kraft, C.: Some conditions for consistency and uniform consistency of statistical procedures.
Univ. California Publ. Stat. 2, 125-141 (1955)

Liese, F.: An estimation of Hellinger integrals of point processes. Preprint (1983)

Liese, F.: Hellinger integrals of Gaussian processes with independent increments. Stochastics, 6,
81-96 (1982)

Liese, F.: Hellinger integrals of diffusion processes. Preprint (1983)

Liptser, R.Sh., Pukelsheim, F., Shiryaev, A.N.: Necessary and sufficient conditions for con-
tiguity and entire asymptotic separation of probability measures. Uspekhi Mat, Nauk. 37, 97-
124 (1982) (in Russian). English translation: Russian Math. Surveys 37, 107-136 (1982)

Liptser, R.Sh., Shiryaev, AN.: On contiguity of probability measures corresponding to semi-
martingales. Analysis Mathematica 11, 93-124 (1985)

Liptser, R.Sh., Shiryaev, AN.: On the problem of “predictable” criteria of contiguity. Lecture
Notes in Math. 1021, 384-418. Berlin-Heidelberg-New York: Springer 1983

Liptser, R.Sh., Shiryaev, AN.: Statistics of random processes, I, II. Berlin-Heidelberg-New
York: Springer 1977, 1978

Matusita, K.: Decision rules, based on the distance, for problem of fit, two samples, and
estimation. Ann. Math. Stat. 26, 631-640 (1955)

. Mémin, J., Shiryaev, A.N.: Distance de Hellinger-Kakutani des lois correspondant a4 deux

processus A accroissement indépendants: critéres d’absolue continuité et de singularité. Preprint
(1983)

Vajda, L: On the f-divergence and singularity of probability measures. Period. Math. Hung. 2,
223-234 (1972)

Valkeila, E., Vostrikova, L.: An integral representation for the Hellinger distance. Stochastics.
[To appear]

Vostrikova, L.: On the “predictable” criteria of the variation convergence of probability
measures. Uspekhi Math. Nauk. 39, 143-144 (1984) (in Russian)

Received April 20, 1984; in final form April 26, 1985



