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Summary. Consider a random walk S, on the integers, where the steps &,
have mean O and variance ¢2. Let T be the time of first self-intersection of
the random walk. It is shown that, as ¢— o0, T grows at rate ¢*>. More
precisely, T/o?’* has a non-degenerate limit distribution which can be
described in terms of Brownian motion local time.

1. Introduction and Summary

For an integer K>1 consider the random walk on the integers

Se=0; S,=Y &p
i=1
where (£(¥) are independent and uniform on the integers {—K, —K+1,...,K
—1,K}. Let T{® be the time of the first self-intersection of this random walk:

T®=min{n: S,=5,, for some 0<m<n}. (L.1)

Certainly ET{® is finite, for T¥ <min{n: {,=0} implies ET® <2K + 1. What
is the behavior of T® as K—o0? Pollard (1979) raised this problem in the
context of a computer algorithm, and suggested ET® ~cK?*? for some con-
stant c. Shepp and Steele (unpublished) have shown that ET® is asymptoti-
cally in an interval (¢, K*°, ¢, K?/®) for certain constants 0<c, <c,<oo. Our
main result, Theorem 1.8, implies that the limit

c=lim K~2*ET® 1.2)

K— o0

exists, and that ¢~0.99.

*  Research supported by National Science Foundation Grant MCS 80-02698.
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It is casy to see informally why 2/3 is the correct exponent. The mean
number m(K, n) of self-intersections up until time »n is

mE,m= Y Y P@S;=S)= Y @n+1—i)P(s,=0). (1.3)

O0Si<j=<n 15ign

Let o2=var(¢¥)~3~1 K% Now var(S)=ic% so the naive Normal approxi-
mation suggests P(S,=0)oci~*og! (where oc means “is proportional to”) and
then the sum (1.3) gives

m(K,n)ocn’? og

/3, which suggests that the time of first

Thus m(K,n)=1 for some n of order o}
self-intersection is of this order.

The purpose of this paper is to prove the natural limit theorem underlying
(1.2). As the sketch above suggests, the uniformity of the distribution of &X' is
not essential. Suppose that for each K=1 we have an iid. sequence &,,¢,, ...
of integer-valued random variables (the subscript K will be suppressed). Sup-

pose E¢, =0, E¢3=¢%< o0 for each K, and suppose 60 as K—oo. Let S,

= Y ¢,. Define the normalized partial sum process S*(t), 0<t< 00, by
i=1

S*(1)=0"*2 Sy 215, (1.4)
Under the condition
2
Jim lim sup E (é> Lo omg—0 as K—o0; (L.5)
How K-w g

we can apply the “weak convergence” version of the Lindeberg-Feller Central
Limit Theorem (Billingsley 1968, p. 77) to conclude

(S*(t), 0<t<o0)—2 (W(t), 0St<oo) as Koo, (1.6)

where W(t) is Brownian motion, in the usual sense of weak convergence on
D0, w0).
It is convenient to study the entire process of self-intersections:

T,=0, T=min{n>T,_,: S,=S,, for some 0<m<n}.

Define normalized variables

— =203
T*=0c"?3T,.

1

We want to extend (1.6) to show that (§*; T, TF,...), a random eclement of
D[0, o) x [0, c0)®, converges as K— oo to some limit (W; U;, U,, ...), where the
(U) are some process of pseudo self-intersections of the Brownian motion W(t)
(necessarily pseudo because of course Brownian motion has real self-intersec-
tions almost everywhere). Let L(t, x) be local time for W(t). Then L(z, W(z))
indicates the “density” of past time that W has spent at its present position.
Define 0< U, < U, <... by

conditional on W, the times (U) are the times of the events (1.7)
of a non-homogenous Poisson process of rate L(t, W(r)).
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Informally, this means P(some Ue(t, t+dt)| W(u), 0<u=<t)=L(t, W(1)) dt. Here
is the result of this paper.

Theorem 1.8. Under technical conditions (1.5) and (4.2),
(S*, T¥, Tf,..) 2> (W, U, U,,...) as K- 0.

The extra technical condition (4.2) is a type of “uniform non sublattice”
condition on the distributions ¢%), needed to obtain local limit estimates. The
following sketch should make this plausible. Fix t, and condition on §,,
n<tyo¥. The chance of a self-intersection during to6%®<t=(ry+0)a>? is

about _
5a** x density of points {S,: n<ty¢*?} around S, 23 (1.9)

The normalized path S*(z), t=<t,, of (1.6) approximates some Brownian path
W(t) which has local time density L(z,, W(t,)) around W(r,)= S*(t,). Allowing
for the space and time rescalings which relate S*(¢) to S,, we see that the
density in (1.9) is about o3 L(t,, W(t,))/(c*®). So the whole quantity (1.9) is
about SL{ty, W(t,)), and this represents the probability of some T;* during
(tg,to+0) given (S*(t), t<t,). Since S* converges to W, this suggests Theo-
rem 1.8.

In Sects. 4-6 this sketch is turned into an honest proof. Our proof is a
rather complicated assembly of standard ideas - local Normal approximations,
weak convergence, and construction techniques. Rick Durrett (personal com-
munication) observed that for certain special sequences of distributions ¢%, e.g.
simple symmetric random walk stopped at geometric times, Theorem 1.8 can
be deduced simply from known results about convergence of local times of
random walks. This is described in Sect. 3.

The most notable consequence of Theorem 1.8 is the asymptotic distribu-
tion of T;.

Corollary 1.10. Under the hypotheses of Theorem 1.8
o120, as K-oo.

For the special case where && is uniform on {—K,..., K}, the hypotheses of
Theorem 1.8 are readily verified, and then

LRAY bl py (1.11)
Note also that

P(T,>m+n|T,>m)<P(S,,, S, 1> s Sy, all different| T, >m)

=P(T,>n).
This subexponentiality property implies convergence of all moments in (1.10),

in particular ¢~??ET,—~EU,. To investigate the distribution of U, we in-
troduce the random variable

Y= f 12(1, %) dx, (1.12)
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which is studied in Sect. 2. From the definition of (U),
P(U, >t|W)=exp (-—-j{L(S, W(s))ds). (1.13)
0
Lemmas 2.2 and 2.3 imply
j"L(s, W(s)) ds=1>2Y. (1.14)
0

Thus the distribution function of U, can be expressed in terms of the Laplace

transform of Y:
P(U,>t)=Eexp(—1*?Y). (1.15)

Unfortunately no formula for this Laplace transform is known, although the
variable Y has been studied by Borodin (1982). An expression for EU, can be

obtained by writing EU, = { P(U, >t)dt and using (1.15) and the fact (change of
variables) 0

fexp(—at®?y)dt=a=2PT(5/3)y=2".
0
This gives
EU, =232/3 F(5/3)EY_2/3 =1433 ... EY~ %3,

Proposition 2.4 establishes the values of EY and EY? and a Taylor series
expansion (2.12) leads to an approximation

EY~23%1.00 (1.16)
which is supported by computer simulations. Thus
EU, ~1.43. (1.17)

In the case where &X is uniform on {—K, ..., + K}, we see from (1.11) and
(1.17) that
lim K2 ET® =313 EU, ~0.99.
K— oo
Other natural questions concern the position S; of the first self-intersec-
tion, and the range of the random walk before the first self-intersection:

M® =maxS,, M®=minS,.
i<Ty isT,

Theorem 1.8 yields
Corollary 1.15. Under the hypotheses of Theorem 1.8

0‘4/3(5%),M5{(),M(f))-—>9 Wy, M,,M_) as K-oo,
where M, =sup W(t), M_= inf W(r).

t=U,; t=U;

Since U is a (randomized) stopping time for W(t), the martingale optional
sampling theorem and maximal inequalities give some information about the
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limit distributions: for instance,
EW,, =0; EWZ=EU,
E{max(M_, M _)}*<4EU,.

The distribution of M is in principle susceptible of exact analysis by diffusion
techniques, but I am unable to carry through this analysis to an explicit
conclusion.

In Sect. 7 we discuss three topics related to Theorem 1.8.

(a) Iterates of random functions.

(b) Self-avoiding 1-dimensional random walks.

{c) First self-intersections of random walks in 4 dimensions, and on ab-
stract groups.

2. Some Distributions Related to Local Time

We define local time L(t, x) as occupation density:

y t

j L(t,x)dx= j Llws sy ds,
0

— 00

thereby disagreeing by a factor of 2 from some other definitions. Define

Y= }0 L2(t, x) dx (2.1)

so that Y, is the variable Y of (1.12). Lemmas 2.2 and 2.3 were used to establish
(1.14). We remark that the process L(t, W(¢)) has been studied for different
reasons by Barlow (1982).

t
Lemma 2.2 [ L{s, W(s)) ds=3%Y,.
0

Proof. Fix w. Let t, <t,. Let

{a, B)y=( inf Wis), sup W(s)).

t1 S551o tS5s0;

Then Y, — Ytl—:j{L(tz,x)—L(tl,x)} {L(r,, x)+ L(t,, x)} dx where we need only
integrate over (a,b) because L(t,,x)=L{¢;,x) outside that interval. Since
J{L(t,,x)— L(t;, x)}dx=t,~1,, we obtain

2 inf L(t;, %) (Y, ~ ¥,)/(t, —1,) <2 sup L(t;.%).

as=x=bh as=x=sbh
As t,,1,—~t we have a, b—W(t) and so by joint continuity of L

ay,
—_— 2 ,
~L=2Lit, W)

establishing the lemma.
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Lemma 2.3. Y232y,

Proof. This is just the scaling property that Y, inherits from W(t). Fix a>0. Let
I:V(t) a *Wiat), 50 W(z) is another Brownian motion. Then W has local time
L(t,x)=a"*L(at,a*x), and so

V= [I2(t, x) dx
=a~'[[*(at,a*x)dx
=a [ *at, z)dz=a"3?Y,,.
But fﬁi Y, so setting a=¢"" gives the result.
Now set Y=7Y,. The next result has been obtained independently by Bo-
rodin (1982) using Fourier methods, but it seems interesting to give a more

probabilistic proof. The process L(1, x) has been studied by Perkins (1982a) for
different reasons.

Proposition 2.4.
(a) EY=(32/97)*

(b) EY?=11/9.

l

1.064 ...

Proof. Brownian motion has the time-reversibility property
(W(s), 0S5 <t)Z(W(t—s)— W(t), 0Ss<t) 2.5)
which implies that for fixed ¢

L(t, W(e)ZL(t,0)
Z\W(@) by the Lévy representation of L(t, 0).

So
1
EY=2[EL(t, W(t))dt by Lemma 2.2
0
1
=2jE|W(r)| di
1
=2{(2t/n)td
4]
which gives (a). For (b),
t
Y= j2§’sdl/s/dsds
11
= [4Y,L(s, W(s))ds by Lemma 2.2,
0

Taking expectations and differentiating,

%(EY;)=4EYtL(t, W),
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But Lemma 2.3 implies
EY?=0EY2. (2.6)
Taking derivatives,

d
EY?=1/3 - (EY?)

=4t/3EY, L(t, W(1))

=4t/3 EY,L(t,0) 2.7

using the time-reversibility property (2.5). Now let T, be an exponential, rate 4,
variable independent of W. From (2.6) and (2.7) we get the scaling property

Y, L(t, 0)=1* Y, L(1,0)
and so
EY,, L(T,,0)=2A"2EY, L(1,0),

whence (2.7) gives

EY?*=2A2EY; L(T,,00=32"E | L*(T,, x) L(T},0) dx. (2.8)
To evaluate this, fix x and let H_ be the first hitting time of W(z) on x. Define
p=P(H.<T)
=Eexp(—AH,) by conditioning on H,
=exp(—x}/24) 2.9)

where the last identity is classical (Williams (1979) p.85). A standard result
from local time theory is

L(H_,0) has exponential distribution, rate (2x)~*.

A proof is given in Williams (1974) Theorem 4.2; the same argument applied
to Brownian motion killed at rate A yields

L(H_AT,,0) has exponential distribution, rate g=(1—p?)~* ]/ﬁ (2.10)

Now consider the accumulations of local time at 0 and x over the interval
up to the first hit on x, then the interval until the next hit on 0, then the
interval until the next hit on x, and so on. We see from (2.9), (2.10) and the
strong Markov property that

2
(L(T,,0), L(T;, x)=( 3, X;, ), X))
1<igN 1<isN
iodd ieven
where (X,) are independent exponentials, rate g, and N is independent of (X)
with P(N=n)=(1—p)p"~', n=1. Routine tedious calculations enable us to
evaluate EI?*(T,, x) L(T,, 0), and then to obtain (b) from (2.8).
We can use Proposition 2.4 to estimate EY 23, needed at (1.16). For a
random variable Y with mean u and variance s2, and for a smooth function f,
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the Taylor series expansion
SO =fW+—m fW+30—w* " +rQ) (2.11)

Ef(Y)=f(w+35" ")+ Er(Y).

In our setting, with f(y)=y~%* and the numerical values given in Proposition
2.4 we get

gives

EY~23=1002 ... +Er(Y). (2.12)

Computer simulations give EY~?*=1.01+0.02. Jensen’s inequality gives the

rigorous lower bound
EY ?P>(EY)~%3=096 ...

but a good rigorous upper bound seems harder to find.

3. A Special Case of the Theorem

Brownian motion local time can be obtained as a limit of simple random walk
local times. Rick Durrett (personal communication) suggested this could be
used to establish Theorem 1.3 for the special case of simple symmetric random
walks stopped at geometric times: this section shows how. Unfortunately, it
seems impossible to use this method more generally, even for the uniform case.

Let (n;) be independent, P(y;=1)=P(y;= —1)=3. Let S,= ) #,. For each K
define i =1
LROG/K, j/KH=K"* Y 1,
-os=0 (3.1)
W ()= K= %S .

By interpolating, for each @ we can define [!®)(t, x) as a continuous function on
[0, 0) x (— o0, 00), so that [} becomes a random element of C([0, c0)x(
— 0, c0)). It is a standard result (Perkins 1982b; Borodin 1981) that

(W, [&) 2, (W, L) (32)

where L= L(t, x) is local time for Brownian motion W= W(z).

Let (A ;) be independent events with P(4y ;)=K~**, independent of (y,).
Let Xy , be the time of occurrence of the n™ event of (4 ;: i=1). For future
reference, note that the I* martingale maximal inequality implies

sup [K™' Xy ,~K *n|——0 as K- 0. (3.3)
n<K3/8 ’ r
Now define S&'=S, . For each K, (S{; n=0) is a random walk whose step

distribution ¢® is that of the simple random walk stopped at the geometric
time X ;. So E€®=0 and

op=var(®)=EX, , =K (3.4)
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Now define
Ty=min{n: there exists m<n, S,,=S,, and Ay, and 4, , occur}.

We shall prove R
(W, K- T) 2 (W, U) (3.5

where U is the variable U, of (1.7). But the first self-intersection time T{X for
(SX: n20) is such that ~
Ty= Xy, %>
and so from (3.5) and (3.3) we get
(W, K=+ T) 25 (W, U).
In view of (3.4) this is just the assertion
(W, 022 1) = (W, U).

The full form of Theorem 1.8 can be proved similarly.
To prove (3.5), fix ¢t and consider the event {T,>¢K}. This is the in-
tersection over j of the events:

there do not exist times 0<m<n=<tK such that §,,=S,=j
and such that events Ay ,, and 4, , occur.

Now conditional on the path (S;), these events are independent as j varies. So,
conditional on the path,

P(Ty >t K)=] P(there do not exist 0=m<n=tK such

that S,,=8,=j and Ay, and Ag , occur)
=T P(z,<1) for ZZBinomial(N,, K~**%), N,= f ls._»
i s=0
=[]{1—3(K~**N)> $(K~**N)}
j
where $(x)—1 as x[0. Now N,=K*L®(z, j/K*), so
P(Te>t K|WS) =] {1 -$K* 2R j/K*) ¢(K~* L0, j/K*)}.
But H {1-3x3 d)(xj)}zex;)(—%(l——é)zxf) where 6=04((x;))—0 as max|x;|—0.
And (3.2) implies mfo-%L(K)(z, j/K¥)——0 as K~ 00, 50
P(Ty >t K|W®)=exp(—5(1— 44(1) YO ) (3.6)
where Y®()=K 3?3 I1?®(t,j/K*) and 4g()—~>0 as K—oo.
j

From (3.2),
(W, 19, Y®) 25 (W, L, ¥) 37
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where Y=Y(t) is defined in Sect. 2. By (1.13) and Lemma 2.2
P(U>1|W)=ecxp(—3 Y (1)
and then (3.6) and (3.7) imply (3.5).

4. Some Estimates for the Random Walks

Sections 4-6 contain the proof of the general case of Theorem 1.8. In this
section we specify technical assumptions on the random walks, and give local
limit theorems, conditioned limit theorems and bounds on mean numbers of
self-intersections. These results are fairly standard, so the proofs are merely
outlined.

Here are the hypotheses for Theorem 1.8, as stated in Sect.1. For each
K =1 we have an iid. integer-valued sequence &¥) with E &% =0 and var(&¥)

=0y, and with partial sums S®'= 3 &%, (The superscripts K will generally be
i=1
suppressed.) Assume that as K— oo we have 6— o0 and (repeating (1.5))

lim lim sup E(¢,/6)* 11,5 gy =0 (4.1)

H-ow K-

We also impose the technical hypotheses

6*®max P&, =j)-0 as K- oo; (4.2a)
j

there exist o, >0 such that for all X

min P(¢, =j)=o/o. (4.2b)
lil£Bo
To see why, first consider self-intersections of the form S, ;=S§,,; it is easy to

see that
e?BPBPE¢,=0)»0 as K-

is a necessary condition for Theorem 1.8, so hypothesis (4.2a) seems reason-
able. Second, Theorem 1.8 will not hold if £, is supported on some sublattice
of the integers, and our proof uses a local CLT, Lemma 4.3 below. Hypothesis
(4.2b) is used only in establishing Lemma 4.3, and could be weakened (at the
expense of requiring more complicated Fourier analysis to establish Lemma
4.3).

Let ¢(1, x) be the standard Normal density.

Lemma 4.3. sup|on*P(S,=j)—¢(1,jo" ' n %) -0 as K-, n— 0.
Jj
Outline of Proof. By easy Fourier analysis, the Lemma is true in the special

case where & is uniform on {—ry, —7,+1,..., 7}, for some ry— o0 as K— oo.
Second, in the presence of the global CLT, the local CLT (4.3) is equivalent to
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the “local smoothness” property

as K—o0, n—o0, o 'n%|j, —j,|—0.

Hypothesis (4.2b) implies we can write

LE)=8L()+(1-8) L&, ), d=2up,
where & ; is uniform on {—[fal,....,[fol}. So we can write §,=S5; y+S, ,_x>
where S, = z ¢, and N has Binomial(n, d) distribution. By conditioning on

N and (S, ; m>0) we sec that the smoothness property (4.4) for §, , (which
holds by the “special case” above) implies the same property holds for S, thus
establishing the lemma.

For the next result, let ¢(s, x) be the density of W(s) and let

t
G(t,x)= | ¢(s,x)ds=EL(t, x)
0
where L is local time for Brownian motion W(s). Let
i=1

Lemma 4.6. Fix 0<s<t.
(@ sup sup|o*PP(S,=j)—¢(ic™*3 jo"*?)| >0 as K— 0.

sa*l3LiZtg2/3

(b) sup sup |6?®*m(K,uc??,j)—Gu,jo**)| -0 as K- .
ust j

Outline of Proof. Assertion (a) is just a reformulation of Lemma 4.3. To prove
(b), sum (a) over sc*3<i<to?3 to get

sup [0 {m(K, t 6>, jj—m(K, 5 673, )} —{G(t,j o~ **) = G(s, 67 **)}| 0.
j

From this and monotonicity of m(K, -, j) it suffices to prove

lim lim sup sup 6?* m(K, s 63, j)=0. 4.7

s}0 K- J
But we can use Lemma 4.3 to show that, for any i(K)— o0 as K — o0, i(K) <s¢?/?,

lim lim sup sup 23 {m(K,sa?3, j)—m(K, i(K), j)} =0.

sl0 K-w
Then taking i(K)— co sufficiently slowly,
2B m(K, i(K), )< 6*? i(K) max P(¢, =j)
j
—0 by hypothesis (4.2a),

and this establishes the lemma.
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Our next result is a conditioned limit theorem. Recall the definition (1.4) of
the renormalized random walk S*(t). Let d be a metrization of weak con-
vergence on D[0, o).

Lemma 4.8. Let O(K,i,j) be the conditional law of (S*(t), 0<t < o0) given S;,=].
Let ®(t,y) be the conditional law of (W(s), 0<s<o0) given W(t)=y. Then for
fixed 0<sy<s, and J < 00,

lim  sup sup d(O(K,1i,j), ®(ioc— 23, jo**)=0.

K- soio~2/3%s; |jo— 43| 2T

Outline of Proof. It suffices to prove that, if i=i(K) and j=j(K) satisfy

2 4,

ic7*P>1,>0, jo P>y

then
O(K,i,j)> Py, y) weakly as K—oc0.

Write §i for the conditioned random walks, S*(¢) for their normalized versions,
and write W for the conditioned Brownian motions. The basic weak con-
vergence result (1.6) shows

(S*(e), tzi 0~ 23 -2 (W(), t2t,)
and so the issue is proving
S*@), t<io™ ) -Ts (W), t<ty).

But convergence of finite-dimensional distributions here can be deduced from
the local CLT (4.3). And tightness follows because the processes (S,; u=i) have
exchangeable increments, and for such processes tightness in D is a con-
sequence of tightness of f.d.d.’s (this last fact can be deduced from Billingsley
(1968) Theorem 24.2).

The final resulis of this section give bounds on mean numbers of (pseudo)
self-intersections. We first treat the Brownian motion case. Fix ¢, and a
continuous function w(s), 0=Zt=<r, (which is to be thought of as a typical
Brownian path) such that

w(+) has an occupation density f(x) such that F=sup f(x)<o0. (4.9)

Let W(z), t=0 be Brownian motion with W(0) arbitrary. Define N(t), t =0, by:
conditional on W, the process N is the non-homogeneous Poisson process of
rate f(W(r)).

Lemma 4.10. (a) EN(t)SF't.
(b) ENO)ZSP(N®)Z1)+(Fr)*

Proof. Assertion (a) is clear, since f(W(t))<F, so N is stochastically dominated
by the Poisson process of rate F. For the same reason we have

E(N@t)—N(s)|W(u),uss)<Ft; sst.
By conditioning on the time of the first event of N,

E(N(t)—1|N@)=1)<Ft.
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So
EN(I)_ P(N(I)Z 1)=E(N(t)“ 1) 1(N(t)g1)

SFtP(N@Mz1)
<(F1)* by (a),
and this establishes (b).
We now give the corresponding random walk result. For each K let s,

i<t,0?? be a sequence of integers (to be thought of as a typical path of the
random walk). Let A= {s;}. Let

S*(Z)ZG‘4/3 Stis2r3) této,
be the normalized path. Let S; be the random walk with S, arbitrary, and let
MK, n)=|{i: 1£i<n, S;eA}| be the number of visits of S, to the set 4.

Lemma 4.11. Suppose s*(*)—=w(-) in D[0,t,] as K— w0, for some w(*), F as at
(4.9). Then

(@) limsup EM(K,tc*3)<Ft.

K-
(b) limsup{EM(K, t 62— P(M(K, t 6**) 2 1)} <(F )*.
K-
Proof. EM(K,ta*®)z Y m(K,to*?,s,—8S,)

i<tos?/3

for m as at (4.5);
< Z 072/3G(f70'_4/3(%‘50))‘*“51(

iStg?/?

where 0, —0, by Lemma 4.6(b);

= Y 7P Gt s*(ic7 ) —ag)+5g, for some ay;
i<to?/3

= [ G(t, 5* (W)~ ag) du+ b
0
Now s*(+}—»>w(-) and G(z, +) is continuous. So

t
lim sup EM(K, t 6*®) <sup | G(t, w(u) —a) du
0

K—w a

< [ G, x)Fdx

since w(*)—a has occupation density f(x —a) bounded by F;
=Ft.

This is assertion (a), and part (b) follows in the same way as in Lemma 4.10.

5. A Construction

The Skorokhod representation theorem says that, given random variables X, Y
whose distributions are close in the sense of weak convergence, then we can
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construct a joint distribution which makes the variables close in probability.
More sharply, let S be a Polish space with bounded complete metric d. For
distributions g, v on S let

d(u, v)=inf Ed(X, Y) (5.1)

where the infimum is taken over all joint distributions (X, Y) with marginals
i, v. Then d is a metrization of weak convergence. Further, the inf in (5.1) is
attained. See Pollard (1984) for discussion.

In the proof of Theorem 1.8 we encounter a complication. Associated with
X (resp. Y) are events (A, (resp. (B;), and we need to construct a joint
distribution such that not only are X and Y close, but also the events 4; and
B, almost coincide for each i. Proposition 5.2 gives conditions under which we
can make such a construction.

Notation. In this section X,Y denote S-valued random variables; A4, B, A4 de-
note events; u, v denote (sub)probability distributions on S; K(X) and Z(X|A)
denote distribution and conditional distribution.

Proposition 5.2. Suppose we are given families (X; A;,A,,...) and (Y;
B,,B,,...). Suppose that for some a, ¢, A, 0>0.
(i) (1+e '<P(4)/PB)<1+e foralli
(i) Y P(4)<6; Y P(B)=9.
(i) Y PA)SP(JA)+i Y PBI<P(B)+i
(iv) d(L(X|4), L(Y|B)<a for all i.
Let 0<n<3. Then we can construct (X, Y, 4, B,, A) such that

(@) (X,Al,,ciz,...)i(x,fl,,{z,...); (Y,B.,B,,..)2(Y,B,,B,,..).

(b) Outside A we have: A;=B, for each i, and these sets are disjoint as i varies.
() P()S4(2n+e)0+4Q2+e)An~1+24.

(d) Ed(X, V) 1,.2d(£(X), Z2(Y)+2(1—2n) "o

Remarks. (a) We apply this in the next section, where X and Y will be
segments of Brownian motion and the rescaled random walk, and the events 4,
and B, will be the events that self-intersection occurs in some small space-time
region.

(b) When doing constructions we assume we can find random variables
independent of any given family of random objects. The pedantic reader may
add “enlarging the probability space if necessary”. '

(c) The rest of this section is devoted to the proof of Proposition 5.2. We
first state six lemmas; the first three are obvious, and the second three will be
proved later.

Lemma 5.3, “Famlly extension”. Let (X,: yel') and (Y,: yel,<T') be such that
(X, %EF) (Y,: yely). Then we can construct (¥,: yeF\F) such that (X,:
yel)=(Y,: yeI' )

Lemma 5.4. “Domain extension”. Let p be a probability distribution. Let X,
defined on Q,c€Q, be such that P(Q,,Xe")<u(:). Then we can define X on
O\, such that X has distribution .
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Lemma 5.5. “Splicing”. Let (X, Y,), k=1, be such that Yk__ Y, for each k. Then
we can construct (X, X,, ..., ¥) such that (X, Y) (X, Y) for each k.

Lemma 5.6. Suppose we are given random variables X, Y and events A,c A, B,
< B such that P(AL|A)<n and P(BY|B)<n. Then we can construct A, <A, and
B, = B, such that
(@) P(4,)=P(By)z(1~2n) min(P(4), P(B)).
(b) d(Z(X|A,), Z(Y|B)<(1=2n)"'d(L(X|A4), Z(Y|B)).
Lemma 5.7. Suppose variables X, Y are defined on A, B<Q respectively, and
suppose P(A,Xe-YZu(*) and P(B,Ye-)<v(-) for probability distributions u, v.
Then we can extend X, Y to all Q and construct A such that
(@) ZL(X)=p; ZL(Y)=v.
(b) AuBcA and P(A)<P(A)+P(B).
(©) Ed(X,Y)1,.<d(uv).

For the final lemma, note that we can extend d to subprobability c}istri—
butions p,v with equal total mass |u|=|v/=p as follows: d(u,v)

=infEd(X, Y)1,, where the infimum is taken over all (X, Y) defined on some
A< Q such that P(A)=p and P(4, Xe-)=pu(*), P(4, Ye)=v(-).

Lemma 5.8. Suppose the probability distributions u,v can be written as p=yu,
+py, V=Vy+V,, where iy, vy,v, are subprobability distributions with |u)|
=[v;|. Then

@) A=A, v+, vs).

(b) d(uy, vo)Sd(p, v)+d(uy, vy).

Proof of Proposition 5.2. Let I be the set of i such that P({ | 4;|4,)<n and

i<i
P(|) B;|B)<n. For iel let 4, ,=A, \UA and similarly for B, ;. By Lemma
j<i

5.6 and hypothesis (iv), for iel we can construct 4; , <A4;,, B; ; =B, such

that 5
d(Z(X|A,,), Z(Y|B; }))=(1-2n) "« (59)

P(A;,,)=P(B; ;) 2(1-2n) min(P(4), P(B)). (5.10)

By construction the events (4, ;) are disjoint. Let (J;; iel) be disjoint events

with P(J)=P(4, ,)=P(B, ,). For ieI construct (X, ¥) on J; such that
LX|D=L(X|4;,); LX|)=ZL(Y|B,,); G.11)
E@X, NJ)=d(L(X|4,,), Z(Y|B, ). '

Let J={ ) J;. By disjointness,
I
L(X;J, i€l N)=L(X; 4, . i€DIJ 4, )
I

and similarly for YB, .- By Lemmas 5.3 and 54 we can construct 4,5J,,

2

B oJ; and extend the domain of X to A= U A and the domain of ¥ to B

izl
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= | J B; such that
izl
L(X,J, A, iz)|AD)=2L(X. A, , 4, iz 4) (5.12)
iz1

and similarly for Y and the B’s. Interpret J,, Ay 1, B, ; as empty for i¢l. Note J
c AnB. Applying Lemma 5.7 conditionally on J¢, we can extend X and ¥ to
the remainder of Q such that

«59(??!1”)=3(Xl(ki) A;1)); 3(?|J°)=$(Y|(kl) B; 1)) (5.13)

and such that for some J*> 4, 5J°n (AU B) we have
Ed(X,Y) 1,4 <d(P(J, Xe*), P(JS, Ye) (5.14)
P(4,)S P~ A)+P(J N B). (5.15)

From (5.12) and (5.13) we get conclusion (a). Define 4 to be the union of 4,,
the events 4; AB,; for iz 1, and the events 4;n A4, for i=j and the events B,n B;
for i#=j. Then conclusion (b) holds by definition. We now have to estimate the
quantities in (c) and (d).

First, by hypothesis (ii),

PU)SY PU)Z)Y P(4)=0. (5.16)
Next, set N,=3 1, and similarly for Ny. By definition of 4,

P(U)SP(A)+ ) [P(A)+P(B)]+) P(A; AB)+P(N,22)+ P(N; 2 2). (5.17)
Ic T

But by hypothesis (iii),
P(N,22)<EN,~P(N,z1)</ (5.18)
and similarly for N,. Next, since J,c 4,n B,
P(4; AB)S P(ANJ) + P(B\J). (5.19)
For each iel
P(/Ii\Ji)ZP(Ai)_P(Ai, 1)
SP(4)—-(1—-2n—¢)P(4;) by (5.10) and hypothesis (i)
=(@2n+e) P(4),
and so using (5.16)
Y PANI)EQ2n+4), (5.20)
1

and similarly for B,. Next,

PU N ALY PA)+Y PAN) (5.21)
Ic I
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and similarly for B,. By hypothesis (iii),
;“gZP(Ai)——P(UAi)
= Y P(4) P(|] 4,4,

iz1 j<i

EH;P(AE’)

where I, is the set of i such that P(| ) 4;/4)<#n. Thus ZP )<An~h and

j<i

similarly Y’ P(B)<An~". But I°=I{ 1%, and so using hypothes1s @)
I
Y P(A)<in~(2+8) (5.22)
IC

and similarly for B;. Combining (5.15), (5.17-5.22) gives conclusion (c). To
estimate (d),

-~

EdX, V)1,.<EdX, V1, +EdX, )1, .. (5.23)
EdX,Y)1,=)Y Ed(X,¥)1,,

I

<Y (1-2y)~'aP(J) by (5.11)and (59)

<(1-2n)"'af® using (5.16). (5.24)
And
EdX,V)1,., <d(PUJ,Xe), PJ¢, Ye+)) by (5.14), since 454,
_ 2dZX), 2(Y)
+d(P(J,Xe-),P(J,Ye:)) by Lemma 5.8
<d(#(X), L(Y)+EdX, V)1, (5.25)

Combining (5.23-5.25) gives conclusion (d).

Proof of Lemma 5.6. Construct (X, Y) with marginals £(X|4), £(Y|B), and
vzithAjoint distributignAsuch that Ed(X, Y)=d(.,?(g( |4), Z(Y|B)). Construct
Aq, B, such that £(X, 4,)=L((X,A,]A) and Z(Y, B,)=Z((Y, By)|B). Then

P(A,nBo)z 1—P(A%)— P(By)=1—P(45| A)— P(B; | B)

=21-2py (5.26)

by hypothesm Without loss of generahty, suppose P(A)<P(B). Let
A1 AOmB and B, A r\B nD, where D is independent of everything pre-
vious, P(D)= P(A)/P(B) Then
o) Z(Y| 4,0 By))
0N By)
<Ed(X Y)/P(4,n B,)
<(1-2n)"1d(Z(X|A), Z(Y|B)) (5.27)

d(#(X|4,), 2(Y[B))=d(2 (X4,
7|
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using (5.26). Finally, construct A, < 4, and B; =B, such that

~

P(X, Ay, A)|A=2(X,A,,4,) and 2(Y,B,,B,)|B)=2(Y,B,,B,).
Then (5.27) gives conclusion (b). And
P(4,)=P(4,|A) P(4)=P(4,) P(4)= P(4, " By) P(4) 2 (1 21) P(4)
by (5.26); similarly
P(B,)=P(A,nB,nD)=P(A,n B,) P(D) P(B)=P(4,),
and this gives conclusion (a).

Proof of Lemma 5.7. Construct (X, ¥) with marginals p, v and joint distribution
such that Ed(X, Y)=d(u, v). Construct 4, B such that #(X|4)=#(X|A) and
P(Y|B)=2(Y|B). Take 42 AUB such that P(4)=P(A)+P(B); unless this
sum is greater than 1, in which case the Lemma is trivially true with 4=0Q.
Construct 4> A4 U B such that P(4)=P(A). Construct X and Y on 4°¢ such that
L((X, Y)IA )= =Z((X ¥)| 4. Now X has been defined on AU 4¢, and P(Au A,
Xe)=P(Aud, Xe)<u(), so by Lemma 5.4 we can extend X to all of Q to
make #(X)=p. Similarly for Y. Then

Ed(X,Y)1,.=EdX, V)1, SEdX, V)=d(u,v),
which gives the conclusion of the Lemma.

Proof of Lemma 5.8. Conclusion (a) is straightforward. To prove (b), observe
first that any distribution can be approximated by distributions uniform on
finite sets. Thus we may suppose pi,jt,,V,,V, are uniform on {x,...,x,},

{Xpra1s s Xnps V1o ooos Yarhs {yM+1 ..., yny respectively. In this case,
d(u, v)=min{ -1 Z d(x;, yz): ™ a permutation of {1,. N}},

because every doubly-stochastic matrix is an average of permutation matrices.
Similarly,

M
d(py, v, mln{ z (X;, ¥,): p a permutation of {1, ...,M}}

d(u,, v,)=min {N ! 2 d(X;, Y,)): 0 a permutation of {M+1,. N}}.

=M1

Thus it suffices to show that, given permutations = of {l1,...,N} and p of
{1, ..., M}, we can construct a permutation ¢ of {M +1,..., N} such that

N N M
Z d(x;, ya(i)) = Z d(x;, yn(i)) + Z d(x;, yp(i))' (5.28)
i1 i—1

i=M+1

To do the construction, fix M <i< N. Define inductively
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Jig =i
Joan= 0 201)s Jianes =P Ui 2a)s
terminating at t;=min{2n: j; ,,>M]}. Let o(i)=j, ,. It is easy to check
(i) ¢ is indeed a permutation of {M +1,..., N}.
(ii) The ordered pairs (j; 5,_1,J; 24> 20=t;, M<i<N are distinct elements
of the set {(i, z(i)): 1<i<N}.

(ii)) The ordered pairs (J; ;,, /i 244 1) 20 <t;, M <i<N, are distinct elements
of the set {(i, p~*(i)): 1<i<M}.

But this establishes (5.28), since by the triangle inequality

d(x;, o) S ) A, Vi)t 2 AWj, 1 X 2r )

2nst; 2n<t;

6. Proof of Theorem 1.8

We shall construct Brownian motion W(t) and the normalized partial sum
processes S*(t), together with their self-intersections U, T*, such that as K— o
the sample paths W(-) and S$*(-) become close, and the positions and times U,
T* of self-intersections become close. The construction will be done inductively
over successive intervals of length 6. That is, having constructed (W(z), S*(¢);
t=md) we shall use Proposition 5.2 to describe a joint distribution for
(W(), S*(t); mdé=t=<(m+1)5) and their self-intersections conditioned on the
past processes w(*), S*(-), on [0,md]. As a preliminary, we describe the
conditional increments of the processes separately.

Let >0, m=1 and K=1 be fixed until further notice. Let 6 =0,. To ease
typography, we write §0%/3 where we should write the integer [§a*/3].

(6.1) The Conditional Increment of (W, U,)

Fix a path w(-) on [0,md]. Condition on W(-)=w(-) on [0,md], and let
(W(t), 0=t<8; U,, U,, ...) denote the conditional distribution of W(md+t) and
of the pseudo self-intersections U —m d for which Ue[md, (m+1)45].

Of course W is just Brownian motion started with W(0)=w(m d). The point
process U can be regarded as the superposition of two independent processes
U°, U+, where U° represents the pseudo-intersections of W with w(), and U+
represents the pseudo self-intersections of W, Let f(x), —oo<x<oo, be the
occupation density (i.c. local time at time m d) of w(-), and write

F=sup f(x). (6.2)

Conditional on W, the process U° is a Poisson process of rate f (W(t)). Now we
can write f=) f,, where f(*) is the occupation density of the path segment
(w(t); ic™?P<t<(i+1)6~23). Thus we can regard U° as the superposition of
processes U, where conditional on W the processes U are independent Pois-
son processes of rates f,(W(1)).
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Let I be the index set of all (i, j) such that 0<i<mds*? and 0<j< o0,
For such (i, ) let B, ; be the event that some point of the process U' occurs
during the interval [jo~ 23, (j+1)o~?3].

(6.3) The Conditional Increment of (S, T)

Fix a path 5(i), 0<i<mdg??, which is a possible path of the random walk
S;. Condition on S,=s(i), 1<m502/3, and let (S(i), 0<i<dc??; T, Tp,...) de-
note the conditional distribution of S(mdg?”+1i) and of the self-intersections T
—mda*? of S for which Te[mdo*>, (m+1)55%%].

Of course § is just the random walk started with S(0)=s(mds?/®). The
point process T=(T,) is the superposition of two processes T°, T+, where T°
represents the intersections of S with s(-) and T* represents the self-in-
tersections of S.

For (i, j)ely let 4, ; be the event that §j=s(i). Let s*(¢) and S*(f) denote the
normalized paths, as at (1.4).

(6.4) The Conditional Joint Increments

Now suppose we are given a path w(-) as in (6.2), and for each K we are
given a path s(i) as in (6.3), such that the normalized paths s*(t) satisfy

s*(-)=»w(-) in D[0,md] as K—o0. 6.5)

We shall use Proposition 5.2 to construct for each K a joint distribution for

(S; A, j, G, j)edy) and (W; B, ;, (i, j)eJy), where Jy< I, will be specified later
(6.14), and events 4, (depending on K) such that:
the marginal distributions are as specified in (6.1) and (6.3); (6.6) (a)
outside 4, we have: 4; ;=B, ; for (i,j)eJy, and these events are disjoint as
(i, j) varies; (b)
lim sup P(4,)<16(6F)%2 +2(6F)? (c)
K—

for F defined at (6.2);
lim E d(S*, W) 1,.=0 (d)
K—w

where d is a bounded metric on D[O0, d].

The details of this construction will be given later (6.14).

Next, by Lemma 5.5 we can splice these joint distributions into one col-
lection encompassing W and all the random walks $%, K = 1. Next, for each K
the family (W; B, ;. (i,))eg) constructed above can be extended by Lemma 5.3
to a family (W B, ;. (i,j)elk; U,,U,,...) with the distribution prescribed in
(6.1). Similarly, for each K we can extend (S; A; ;> (b ))edy) to a family (S; A4 ;
(i, Hely; Tl, Tz> ...) with the distribution prescribed in (6.3).

This finishes the construction of the conditional joint increments. We now
wish to estimate the distance between the conditioned processes S* and W, and
between the conditioned times U; and T*. Here are some Lemmas, to be
proved later, of similar format: we define a “bad” event 4 (depending on K),
and give a bound on P(4) as K—co.

l_]’
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Lemma 6.7. Let A,= ] (4, ;UB; ). Then P(4,)-0 as K— co.

(el Tx
Lemma 6.8. Let A, be the event that either the process T* of (6.3) or the
process U* of (6.1) has at least one point. Then lim sup P(4,) <2683

K— oo

Lemma 6.9. Let 4, be the event that the process U° of (6.1) has at least two
points during an interval [jo=%3,(j+1)6=**], for some j<doc*>. Then
P(4,)—0 as K— 0.

Finally, it is immediate from (6.6){(d) that we can find events 4, such that
as K—oo we have d(S*, W)1,..,,—0 as. and P(4;)—0. Now set A= U 4,.

Combining the estimates in (6.6)-(6.9) gives the following bounds on the
distance between the conditioned processes.

Outside A we have |T;*—U|< 6% for all i; (6.10)(i)

ds*, W)l,.—0 as. as K—o0; (ii)

lim sup P(4) <16(3F)*? + 2(SF)? + 2832, (iii)
K— oo

Here (ii) and (iii) are clear, Property (i) comes from (6.6)(b). For matching events
A; ; and B, ; is equivalent to pairing off self-intersection times 7% U such
that each palr falls into some interval [jo~*3 (j+1) 6~ %°]; and the other 4,

are defined so that outside 4 no other self-intersections occur.
(6.11) The Entire Processes

In the previous section we have constructed Brownian motion W(¢) and its
pseudo self-intersections on the time interval mé<t=<(m+1)d; the random
walks S; and their self-intersections on the interval such that the normalized
walks S*(z) have time interval md<t<(m+1)9; all this conditional on past
paths s*(r), w(t), 0<t<md and supposing these paths were convergent as
K— 0. Now by (6.10)(ii) the paths $*(-) converge to W(*) on mo << (m+1)9
if we except certain “bad” sets 4. Thus by induction on m we can construct the
processes over all time 0<t<oo (the first step being similar to the general
step). Then (6.10) gives the following estimates.

Proposition 6.12. Let 6>0 be fixed. We can construct the Brownian motion
process (W; U, U,,...); the normalized random walk processes (S*; T, T}, ...)
for all K2 1; and events A(K, m) such that
(i) outside A(K,m) we have |T;* — U|<o~ 2" for all i such that U;<m?;
(i1) sup [S*(t) = W(O)| Lye(x, my— 0 a.5. as K— o0 (m fixed);
tsm
(iii) lim sup P(A(K, m+1)|Z;,) L ek, m S (6, m9) as.,

K— o0

where «(3,t)=16(8F)>?+2(0F)*+256%?, F=sup L(t,x), and %, is the o-field

generated by the processes S*, Won [0,1];
(iv) A(K,m)e%;,, and A(K,m)c A(K,m+1).
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This Proposition almost completes the proof of Theorem 1.8. Fix . By
considering (i) and (ii) above for m=[t/d], we sec that to prove Theorem 1.8 it
suffices to prove

lim lim sup P(4°(K, [t/5]))=0. (6.13)

dl0 K-

(Note that A(K,m) depends also on 0, though the notation suppresses this.) To
prove (6.13), fix £>0. By (iii) and the fact that «(d, md)e %,

lim sup P(A(K, m+ INA(K, m), (6, m ) e 6| F;,) S¢6.

K- o0
Since a(d, ?) is increasing in t we have, for m=t/9,

lim sup P(AK, m+ IN\A(K, m), a(d,t)<e0)Z¢ed.

K-
Summing over m£t/9,

lim sup P(A(K, [t/8]),6 L a(6, t)Se)<med<Zet.

K- o

But from the definition of o we see that 6~ a(6,£)—0 as §—0, so

lim lim sup P(4(K, [t/0])) Zet.

8l0 K-
Since ¢ is arbitrary, this proves (6.13).
(6.14) Details of the Construction of Joint Increments

The proof of Theorem 1.8 is now complete except for the details of the
construction which yields properties (6.6) and Lemmas 6.7-6.9. We return to
the setting of (6.4). We are given paths s*(*)—>w(+) in D[0,md], and we have
the conditional increments of the separate processes prescribed by (6.1) and
(6.3). Fix L< oo and 0<1<d. Let Ji be the set of (i, j)el, such that

jZto*? and |s*(ic”*?)—s*md)|<L. (6.15)
Proposition 6.16. As K— o0,
i  §*Z.W on D[O,J].
(1) S}i{p |P(4;,)/P(B; )—1|-0.
(iii) sup d(Z(S*|4, ), £(W|B, ))—0.
(iv) limsupP( |J 4, )< P(fli? \W(t)|=L)+Fr.

Ix~Jx

(v)  limsupP( |J B, )SP(sup|W(t)zL)+Fr.
t<é

Ixk~Jx

(vi)  limsup ) P(4; ) P(| ) A4; ) +(F ).
Ix Ix

(vii) limsup ) P(B, )< P(| ) B; )+(F d)*.
Ix Ix
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(viii) limsup ) P(4; )SF9.

Ix
(ix) limsup) P(B; )SF6.

Ix

We defer the proof for a moment. Proposition 6.16 holds with J, defined at
(6.15) for fixed L, 7. So we can redefine J; by taking Ly—oo and t,—0
sufficiently slowly, and the assertions of the Proposition will remain true except
that (iv), (v) are improved to

(x) P( U Ai,j)_’(); P(I U Bi,j)_’o-

Ixk~Jx SJIx

This gives Lemma 6.7. And we can apply Proposition 5.2 to (S; A; (G j)edy)
and (W:B,;, (i,j)eJy). For Proposition 6.16 shows that the hypotheses of
Proposition 5.2 hold with (as K — o)

e—0

LZ(F 6)?

0<Fo

o->0.
Applying Proposition 5.2 with n=(F d)%, we obtain a construction for the joint

distribution which satisfies (6.6). (Proposition 5.2 requires 7 <3%: if not, assertion
(6.6) is trivial for 4, =Q.)

Proof of Proposition 6.16. Assertion (i) follows from (1.6). Assertions (vi)-(ix)
are rephrasings or easy consequences of Lemmas 4.10 and 4.11.

Proof of (iv). |) A, ;=D;uD,, where

Ix~Jx
D, = {sup S*(1)—S*(0)(= L}
1<6
D,={S,eG for some 1<j<10%7}
G={s(i): 0<i<mds*3}.

Now P(D,)—P(sup |[W(t)|=zL) by (1.6). And limsup P(D,)<Ft by Lemma
4.11(a). 129 K=ow

Proof of (v). Similarly, |} B, ;=D,uD,, where

Ix~Jx
Dy = {sup |W(0)— W(O0)| 2 L—2dy}
t=6
D, ={some point of U° occurs before time 7}

dg=sup |s*(1) = w(0).
t<mé

Now P(D,)— P(sup |[W(t)|> L) since dy—0. And limsup P(D,)<Ft by Lemma
4.10(a). 129 Koo
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Proof of (ii). P(A; ))="P(S,=s(i))=P(S;=s(i)—s(m 5 a*'*).
So using Lemma 4.6(a),
sup 6% P(4; )= ¢ (ja >, 6= *3(s(i) —s(m 5 6*)))| 0.
Since s*()—w(),

sup |64 P(A4; ) — ¢ (j o™, w(i o™ %) —w(m 8))| 0. (6.17)
Jx
Now consider B, ;, the event that the point process U’ of (6.1) has some point
in the time interval jo~?*<t<(j+1)o~ 2. Since U' has rate bounded by F,
we casily get
P(B; )sm; ;SP(B; )/(1—F o= ??), (6.18)

i,j=
where m; ; is the mean number of points in that interval. But
©  (j+1)em23

m = {dx | dtfi(x)o{t,x—w(md)). (6.19)

J
—© jo—2/3

As K—oo the probability measure with density ¢/ f,(x)dx approximates the
probability measure degenerate at w(io~2/®); and the probability measure with
density 0°7 1 ;,-23<,<(41)0-25dt approximates the measure degenerate at
jo~ %3 Taking K— o0 in (6.19), a weak convergence argument shows

sup|e*®m; ,—¢(jo~ ¥, w(io™ ) —w(md)| 0. (6.20)

Jx

Putting together (6.18), (6.17) and (6.20) gives
sup o3| P(4; )~ P(B, )| 0.
Jk

This yields (ii), since (6.17) shows lim inf inf 6*/* P(4, )>0.
K-w Jx
Proof of (iii). The proof is similar to the proof of (ii) above, using Lemma 4.8.
This concludes the proof of Proposition 6.16.

Proof of Lemma 6.9. The process U° in (6.1) is stochastically dominated by the
homogeneous Poisson process of rate F. So for fixed j, the chance of more than
one point of U°® during jo~ 23 <t<(j+1)6~ % is at most (Fo~*7)*. Thus

P(4,)<56 P [Fo-23PP50 as K—ox.

Proof of Lemma 6.8. The process U™ of (6.1) is distributed as the process U of
(1.7), restricted to the time interval (0, 8). So the chance of at least one point of
U+ existing is bounded by the mean number of points

S
E{L(t, W(t))di=36*EY by Lemmas 2.2 and 2.3
0

<832 using Proposition 2.4.
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Similarly, the process T+ of (6.3) is distributed as the process T of self-
intersections of the original random walk S, restricted to the time interval
0<i<d¢*?. So the probability of some self-intersection is bounded by the
mean number of self-intersections, which can be bounded by

502/3m(K,5o'2/3,0)—>5G(5, 0) as K- oo, by Lemma 46(b)
=(2/m)* 5°2 <832,

7. Related Topics
(A) Iterates of Random Functions

Given a function f from a set S to itself, and xeS, consider the iterates of f:
Xog=X
Xpy 1 =S (X))
Let t=1(x, f)=o0 if the sequence (x;) has all elements distinct,
=min{t: x,=x, for some r <t} otherwise,

and in the latter case let r(x, /) be the integer r such that x,=x,. Plainly when
t<oo the sequence (x;) eventually cycles through (x,,x,,,...,X,_). Call r the
cycle time. If we now consider a random function F and fixed x, then X;
=F(X,_,), T=t(x, F), R=r(x, F) are random variables.

For a finite set S, 4 S=N say, we can consider the case where F is uniform
over the set of all N¥ functions from S to S. In this case the problem of
studying the cycle time T (=T™) is just the classical “Birthday Problem”,
since it makes no difference if we take X, to be uniform on §, and then
Xo, X1, X,, ... are iid. uniform on S until T=min{¢: X,=X, for some r<t}.
So

P(T™M=1)=N""t]](1—i/N)

i=1

PRM=r|TM=t)=1/t, 0Zr<t.
And as N >0 we have N-HRW, T®) 2, (R* T*), where
P(T*> )= exp(—13/2) (7.1)

and conditional on T% R* is uniform on (0, T*).

Suppose now we wish to study random functions on the integers. Then we
cannot pick a function uniformly. However, for fixed K we can define a
random function F: Z —Z such that the variable F(i) is uniform on {i—K,...,i
+ K7}, and independent for different i. Informally, F is uniform on the set of f
with | f({)—i| =K for all i. In this setting the iterates X,=F(X, ), X,=0, from
precisely the random walk (S)) studied in this paper, with ¢% uniform, up until
the time of first self-intersection. Thus the cycle time T is distributed as the
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first self-intersection time at (1.11), and so
KB TE 2, (7.2)

Many different problems concerning the uniform random function on a
finite set have been studied by different authors: see e.g. Knuth (1981), p. 8 and
518-520, Pavlov (1981), Pittel (1983). The same questions can be asked about
the random functions F® of the integers defined above. Some of these ques-
tions may be attacked using the methods of this paper: we shall state some
results without giving details.

One simple result concerns the analogue of (7.1).

Proposition 7.3. 313 K~%3(R®, T®)_2,(R* 1), where the limiting joint distri-
bution is specified by (1.13) and

P(R* = t|W, Uy)=L(t, W(U))/L(U,, W(Uy), 0=t=U;.

In other words, conditional on (W, U;), R* is uniform with respect to local
time at W(U,) on the time interval (0, U,).

Another type of problem concerns components of random functions. For a
function f and initial point x, the component C(x, f) is the set of points y such
that the sequence of iterates of f started from y has the same ultimate cycle as
the sequence started from x. In other words, it is the component of the
directed graph which has an edge (i, j) if f(i)=j. Let C™) be the component of
the uniform random function F of {1, ..., N} which contains 1. Then

(@ P(jeC™) 23 as Nooo (j+1)
(b) N-'E4C™-2/3as N (7.4)
(© N-'#C™_-Z,C* where C* has density f(c)=3(1—c)*, O<c<l1.

(These results are sketched in Aldous (1985a), Sect.1l, but probably have
appeared previously in the literature.) Now let C* be the component of the
random function F® of the integers containing 0. We can say a little about the
asymptotic behavior of C%®), analogous to (7.4).

Fix xeRR. Let W, W, be independent Brownian motions started at 0, x, and
let L;, L, be their local times. Conditional on (W, W,) let T, ; (i,j=1,2) be
independent, with T; ; distributed as the first event of a Poisson process of rate
Lz, W(1)). Let

d(x)=P(T;>T,, or T, ,>T, ).
Proposition 7.5.

(a) P(jeC®)—»¢(x) as K—oo, 3TK *3jx.
) PK-PE4C®S | d(x)dx<co.

It seems hard to obtain any quantitative information about ¢. Simulations
suggest ¢(0)~0.3. Also, it is not clear how to express the limiting distribution
(which presumably exists analogously to (7.4c)) of K~ *?# C% in terms of
Brownian motions. Heuristically, there is a limit process in which an infinite
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number of independent Brownian motions start simultaneously from each
point xeR and interact with each other’s local times (c.f. Arratia (1981) for
simpler models in this spirit).

(B) Self-Avoiding Walks

There is a large literature on self-avoiding walks, and similar models for
polymers, in d dimensions - see e.g. Freed (1981). The l-dimensional case,
though physically less interesting, is still mathematically challenging - see
Westwater (1984). In the 1-dimensional setting of Theorem 1.8, let the step
distribution be uniform on {—K,...,K}. Let Si have the distribution of S,
conditioned on {T, >n}. Given ¢>0, let W;* have the distribution of W(t) given
{Uf >t}, where Uf is the first event of the process (1.7) with rate ¢ L(t, W(1)).

In the case K =1, obviously |S#|=n. [ conjecture that the other conditioned
processes also grow linearly; that is,

n1SA 2,06 as nooo, K fixed, (7.6)

where ay is constant, P(e= +1)=1%;
WAL e as 1o, ¢ fixed; (7.7)
the constants a, in (1) satisfy ag~3"">K*? as K—oo0. (7.8)

Let us make a few comments on these conjectures. If ¢ is bounded,
the self-avoiding walk S,,S,,S,,... can cross a level L only finitely many
times, so it is easy to see that n™'S# cannot converge to 0 as n—oo. This
suggests (7.6). I do not see how to prove (7.6), though subadditive ergodic
theory might be applicable.

For (7.7) there is a “physicist’s argument”. Let (W(s), 0<s<t) have the
distribution of (W(s): 0<s<t) given U°>t. By scaling, (1~ * W(st): 0<s<1) has
the distribution of (W(s), 0<s=<1) given U”>1. In physicist’s language,
Brownian motion (W(s), O0=s<1) has density (proportional to)

1! . .
exp{——i (1f ’(s)|2ds}. Arguing as at (1.13), the effect of the conditioning is to
0 o]
multiply this density by exp{—3ct*?Y,}, where ¥,= [ L}(1,x)dx and L, is
the occupation density of f. So -

y . 1]
(t"*W(st); 0<s<1) has densnyocexp{—ibf|f’(s)|2ds—%ct3’z }}}

Now Y, scales as Y, .=a~'Y,. So dividing by ¢ %,

o
(t" ! W(st)=0<s<1) has densityoccexp{—3tA(f)}, (7.9)
where

A(f)=§ |f'(s))*ds+cY,.
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The functional A(f) is minimized by f, (s)= ¢35, 0<s=<1. So (7.9) suggests
that as t—oo, (t7! W(st); 0<s<1) converges in distribution to the process
degenerate at f_, f_, and this gives (7.7). I presume this argument can be
formalized, perhaps using the techniques of Westwater (1984).

Finally, Theorem 1.8 says that for fixed K we can approximate
(673 S pang, 023 Ty) by (W, U}), where 6=3"2K. Thus we can approximate
(6=*3 8855 t20) by (W*; t20), with c=1. Strictly, this approximation holds
on any [0,t,] as K—co; if the approximation held uniformly on [0, o), then
(7.6) and (7.7) would imply (7.8).

( C) Discrete Groups

It is natural to ask what happens to Theorem 1.8 if the random walks are d-
dimensional, d=2. More generally, suppose for each K we have a random
walk S on a discrete group G%, and suppose that the time T® of first self-
intersection satisfies T"—>0o. Then we can ask whether there exist normal-
izing constants ay such that T®/g, 2> U (U non-degenerate). These questions
are investigated in Aldous (1985b). Surprisingly, these more abstract problems
are usually much simpler than the l-dimensional case treated here. Typically
the limit U is either exponential (e.g. in the d-dimensional analogue of Theo-
rem 1.8), or Rayleigh (for rapidly mixing random walks on finite groups).

Acknowledgements. My thanks to Mike Steele for suggesting this problem; to Rick Durrett for the
idea in Sect. 3; to Martin Barlow for helpful remarks about the scaling properties of local time: to
Persi Diaconis; and to a referee for his careful reading.
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