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On the Rate of Convergence of the Sum
of the Sample Extremes
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Summary. Let X, X,, ..., X,, be independent random variables having a
common distribution in the domain of normal attraction of a completely
asymmetric stable law with characteristic exponent «e(0, 1) and support
bounded below. Let X,.,2X,.,_,=...2X,.,; denote the ordered sample.
We obtain the rate of convergence of n™'*(X,.,+...+X,.,¢ +1) to the
stable limit law as both n and k,— co. As a consequence we obtain a represen-

tation of the sum X, +...+ X, +y.

1. Main Result

Let X, X,, ..., X, be independent random variables with a common distribu-
tion function G in the domain of normal attraction of the completely asymmetric
stable law F(-; o, 1) with 0<a<1.

Let X,.,2X,.,—12...2X,.; be the ordered sample. In our theorem we need
more information on the tail behaviour of the distribution function. The restric-
tion to completely asymmetric stable limit laws is not essential. We can obtain
similar results in the case of other stable limit laws. We assume that G is continu-
ous.

Let §,=X,+...+X,. Darling (1952) showed that S,/X,., converges to a
non-constant distribution. Hence we have

E(Sn/)(n:n)%)(l"‘OC)_1 for n— 0.

Arov and Bobrov (1960) showed (Corollary 6), for k,—o0 and k,n 'logn—0
as n— o0, that, for O<a <1,

Sann:n+"' +Xn:n—k,,+1 +[(x(1—“)Al+0(1)] kn Xn:n~kn+1

where (1) converges in probability to zero as n—oo. It follows from Theorem 3
in Csorg6 a.o. (1986) that n™ "/*(X,.,+ ... + X,.y—i,+ 1) coOnverges in distribution
to the completely asymmetric stable law F(-; o, 1). They do not make the restric-
tion to the case a€(0, 1) and = 1. The main tool in their proof is a new Brownian
bridge approximation to the uniform empirical process. In Mijnheer (1986) we
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sketched two simple proofs for the assertion above. In this paper we derive
the rate of convergence. One result about the rate of convergence is known
in the literature. See Hall (1978). He considers symmetricaily distributed random
variables in the domain of normal attraction of F(-; «, 0). He orders the sample
in increasing absolute values and obtains the limit distribution for the k order
statistics with extremal absolute values, where k is fixed and » tends to infinity.
He derives the rate of convergence to the stable limit distribution F(-;«, 0)
as k—oo. In this paper we obtain the rate of convergence when k, and »n tend
to infinity simultaneously.

In Mijnheer (1986) we derived the characteristic function ¢, , of n™'*(X,,,
+...+Xpn—1,+1) We obtained

(Pn,kn(t)zE{eXp(itn_ 1/m(‘Xrn:n_‘- L +Xn:n—kn+ 1))}
=E{E(exp(itn” """ G™(Z)| X pn-s,))} "

where, given X,.,_; =x, the random variable Z has an uniform distribution
(G(x), 1). We make the following assumptions for x=x,

1-Gx)=x""+r(x), (L.1)
where r(x)=0(x"") for x>0 and x<y. In the case when 0<y=<1 we assume
that r(x) is monotone for x sufficiently large. These assumptions are comparable
with those given in Cramér’s paper (1963). A comparison of our results with
the rate of convergence obtained by Cramér — under forgoing conditions —
is given in Remark 2. We write X instead of X, _; .

Define the function & by
hit,x)=Eexp(itn~*G™Y(Z)| X =x). (1.2)

Using (1.1) and by partial integration we obtain for ¢ >0 and x> x,

ht, x)={1—G(x)} ! jl exp{itn Y*G"(z)} dz
G(x)

1+ {1-GE} ] fexpitn~y)—1} dG()
=1—¢; t“‘n‘l{l—:;(x)}1
—a{1 =G} [ {explien™ )1}y dy
F{1—G(o} ™ Hexplitxn~ V) — 1) r(x)

+itn Y {1—-G(x)} 7! }oexp(ityn‘l/"‘) r(y) dy, (1.3)

where ¢, is some (known complex) constant. For t <0 we have h(t, x) =h(—t, x).
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One easily shows, without any assumption on G, that for 0<j <k,

n! (k=)'

E{L= G =02 Tk

(1.4)

Using the asymptotic behaviour of the I'-function (see Abramowitz and Stegun
(1964)) we obtain

X2 =(nfk,)* {1+ 0k, ")+ O(ky/n) ™)} (L.5)
for k,, n— oo and k,/n— 0.

Lemma 1. (a) There exists some positive constant f§ (which only depends on )
such that for k,, n— oo

P& (n/k,)'* £ X £2(nfk,)"*)=1— 0O (e~ #*)

if k,= o(n?).
(b) Take >0 and t>0.

|
k,!

rn=P(tXn_1/“>8):(9( (t/s)““‘““)e"“”“)

for k,, n—o0 and k,/n— Q.

Proof. We use the following well-known relation between order-statistics and
the binomial distribution. For y,= G (% (n/k,)!/*) we have

ky,
P(X <} (k)= Y ’.‘) (=i

i=0

kn

Yy i 2k ).
= -]

H/\

1 . .. .
The sequence = (2*k,Y,j=0, 1, ..., k,, is increasing (in j). Thus
!

P(X <3 (k)" =2y0k,

k).

We obtain the given upperbound by making use of Stirling’s formula and the
behaviour of G as given in (1.1).
Similarly we have

n!

P(ng(n/kn)”“)=m

1—yn
j yk"(l _y)n—knfl d
0
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where y,=G(2(n/k,)'"®. It follows from the monotonicity of the integrand and
Stirling’s formula that

P(X 22(n/k,)!™)=0(e""*).
The proof of part b is analogous. [

In the following lemmas we shall make the following set of conditions
C,: [t|=kE with ap<1
k,, =00
C,: <"
2 {k,,/n —0.

Under these conditions we have n~ 1/ |[t| EX — 0 and it follows from Lemma 1.b
that n~ > || X — 0 in probability.

and

Remark 1. Under the conditions given in C; and C, we have
P(t| X n~ 1> g)= O (k, * e~ A*nlotkn)
for some 4>0.
We define the function h, by

hit, x)=1—c, t*n *{1-G(x)} "' for t=0
and
hi(t, x)=h(—t, x) for t<0.
The constant ¢, is the same (known complex) constant as in (1.3).
Lemma 2. Under the conditions given in C, and C, we have for t>0
E{h(t, X)r=e " {1+ O@**n™ N} +1,(¢)
where r,(t) is uniformly bounded by

c k—% e—Ak,,logk“
n

Jor some positive constants ¢ and A.
Proof.
E{hy (6 XY =E{l—c; 1*n™* {1-G(X)} '}

—z<—1>f( ) fer ey (-G 00}

; x =110 n! (k,—j)!
—Z( () ey o G
usmg(1.4)

=jk:z"0(~ () sy
=(1—c, t"‘n”)"—. i (—1)1'(?) {c =1}
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The first term in the last line is equal to
e~ "1+ 0(**n™ Y}  for n—>oo.

From the expression for the error term in the expansion of {1+1n~'}" it follows
that the absolute value of the second term on the right-hand side in expression
for E{h(t, X)}* is bounded by

(k ’:_1) {Ctan—l}kn+1{1+Ctan—l}n—kn—1

for some positive constant ¢. Under the conditions in C; and C, we casily
obtain the given upperbound. []

—1/a

Fortn x small and >0 we have

tn~ Vex

f{eXp(itn-l/“y)—l}y'“"ldyzt“n‘l j {exp(iz)—1} z7* 1 dz
0 0
—itn el (1) 322 X2 (2 —0) 4 O T Ve XY
for n—oo.

We define
hy(t, x)=h(t, x)—ia(l—) 1 {1—G(x)} ten MVrxt—=

Lemma 3. Under the conditions given in C| and C, we have
|E{hy(t, X)Y— E{hy (8, X} Sc [e| ky =1 e 4,

where ¢ and € are positive constants and r, is given in Lemma 1(b).

Proof. We use the following elementary equality
k—1 . )
s a=p) (L 5.
j=0

From the definitions of h, and G it follows that under the conditions given
in C; and C, we have

hy(t,x)—h,(t, X)~ioa(l—a) Ltxn V=
Using (1.5) we obtain
{E(hy(t, X)—hy(t, X))} <c |tlk, M

for some positive constant c. It follows from Lemma 1(b) that |t| X n ' is
small with probability larger than 1 —r,.
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On the set where |¢t| X n~ '/ is small we have

byt X)|S1—alt]n {1 -GX)}

and
hy(t, X)| S 1—atfn {1-G(X)} ™.
Then
kp—1 .
Y, 1hi(t, X)P |y 2, X)[e7070
i=0

<k, {1—alt*n 1 {1—GX)} 1},

The result follows as in Lemma 2 using Schwarz’s inequality. [

Define for t=0

hy(t, X)=h,(t, x)+{1—G(x)} *{exp(itn~1*x)—1} r(x)

+itn M {1-G(x)} ! [ exp(itn™'y) r(y) dy

and fort<0

hs(t, x)=h5(—t, x).
Lemma 4. Under the conditions given in C, and C, we have

IE{h3(ta X)}kn_'E{hZ(ts X)}knl

<c|t| k;v—l)/an—(y—m)/ae—illl“+rn

for some positive constants ¢ an €. The error r, is given in Lemma 1(b).

Proof. Take t>0.
When t xn~ Y is small we have

|hy(t, X)—hy(t, X) | Scext 77 on™ e

The assertion follows as in Lemma 3. [
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Corollary 1. Similarly we can obtain an estimate for E{h(t, X)}*»—E {hs(t, X)}*~.
It follows from the Lemmas 2, 3 and 4 and this estimate that under the conditions

given in C, and C, we have

| @i, () — e~ Sce M (el kg~ VP 0T
Next we consider the characteristic function @, of

n” Y Xt oo A Xppeir 1 F o a(1=0) 71 X )

We have
¥ O=E[{h@t, X)}*exp(itn™ " a(l—a)" ' k, X)].

(1.6)

Note that in the last term in (1.6) we have X,.,_, and in the expression given

by Arov and Bobrov we have X,.,_; .
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Lemma 5. Under the conditions given in C, and C, we have

|E{hy(t, X)'n— @, (0)]
éC{'[[1+a kn_ 1/a+ltl k;y—l)/oz n—(y—oc)/a} e—E|t|°‘+rn’

where ¢ and ¢ are positive real constants and r, is given in Lemma 1(b).

Proof. We can write
ok (O=E{h(t, X)exp(itn™ """ a(1—0)~! X))}
For t>0 and ¢t xn~ ' small we have

hit, x)exp(itn Y a(l—a)" ' x)
=hy(t, x)—cria(l—o) L T n 7ML G (x)} " T x

+OEx*n" )+ O@tn™ MEx! T,

The assertion follows as in Lemma 3. []

Corollary 2. Similarly as in Corollary 1 we obtain that under the conditions given
in C, and C, we have

|31, (8)— e~
Sc{jtt ek Ve[ KGR gm0 e Y e TR
The following lemma describes the behaviour of the characteristic functions

for larger values of t.

Lemma 6. Let M be some positive real number. There exists some positive real
constant ¢, such that for n and k, sufficiently large, each of the functions ¢, (t),
@7, (t) and E {h3(t, X)}* is in absolute value bounded by

exp(—c, [t[) +r,

Sfor KEZ|t|SMkY* and r, is given in Lemma 1(a).

Proof. By Lemma 1(a) we may assume that x=0((n/k,)'’*) for n, k,— oo, with
an error less that r,. Then we use that

o

f(d—cosyyy ™ 'dy

T

decreases as 1 increases. [

Now we state our theorem.
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Theorem. Under the conditions given in C, we have
(a) Sup |P(n—1/a(Xn:n+ +Xn:n—kn+1)§x)_F(x; aa 1)|

=@ (max (k! 1% n~1).

(b) SupIP(n—l/a(Xn:n'l—"'+Xn:n—k,,+1+kno£(1——a)_an:n—knsx)_F(x; o, l)l

=0 (max(k, /% k{ VD pm0TaR p 1)),

Proof. We invoke the so-called smoothing lemma. See Petrov (1975), Chap. V.

suplP(n—l/a(Xn:n_'—--'+Xn:n—kn+1)§x)_F(x; o, 1)|

T
<b | 71 ga () —exp(—cy [t[)] dt+cr®) T,

-T

where r(b) is a positive constant depending only on b and b>(2x)”'. In part a
we take T=k, ' *1* and p=1/a— 1. The assertion given in part a of the theorem
follows easily from Corollary 1.
In order to prove partb we take T=M k}* and p such that ap<1. We
use Corollary 2 in order to obtain an estimate for the integral over [ —kZ, kZ].
For k2<|t| £ M k! we make use of Lemma 6.

MEL/>
It 0k, (0] dt=O(max(k, " r,, k; ** exp(—Bk2")).

kp
n

Similarly we estimate
MY
[ 7 e " de. O

i
Remark 2. Cramér (1963) showed under the same conditions
sup [P(n YV*(X,+... + X )Sx)—F(x; o, 1)|=0(n"")
where A=min(1, y—a). If k, tends slowly to infinity, for example k,~(logn)”,

we obtain a very poor rate of convergence for the sample extremes. We have
the rate @(k}~“*) in part a of our theorem and O(k, */®) in part b.

Remark 3. We can improve the rate of convergence. Let the random variable
Y have the distribution function given by

1—-P(YEy)=y™* ! for y21.
The characteristic function of Y has the following expansion

1+itle+ Do Y 4o 1 Tl—a)tt 2 e D2 L 0(?)  for t—0.
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Here we make use of some integrals occurring in the derivation of the characteris-
tic function of a stable distribution. (See — for example — Laha and Rohatgi
Theorem 5.4.4.)

Define the random variable Y* independent of X by

Yé¢=c{Y—(a+ o "} +o(l —a)~"
and fort>0
hy(t, X)=h(t, X) exp(—itn~ 2 X Y*)
and

halt, X)=ha(—t X) for t<O.

Now we can choose ¢ such that the first term in the expansion of h, (¢, x)— h, (¢, x)
has the form 2 x?>n~ %% in the case }<a<1 and t} *2%x1 22,7271 in the case
O<a<1. For k, as in Remark 1 we can improve the rate of convergence to
O(kl~2%) in the case 1<a<1 and Ok, 1% in the case 0<a<%. We need
an upperbound for the characteristic function for values of ¢ which satisfy |t]
> M kl/® This upperbound is given in Lemma 3 of Mijnheer (1986).

Remark 4. 1t follows from our theorem that

nT VXt + Xoin—knt1)
has the same distribution as

Yot kot ™V Xy a1 Y

where Y** is a random variable €2, (14, 1) and ¥, has distribution function
F(;a,l).
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