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Summary. It is shown that for all tangent sequences (d,) and (e,) of nonnega-
tive or conditionally symmetric random variables and for every function
@ satisfying the growth condition #(2x)<a®(x) the following inequality

> dk>§cEd5(sup Y e

k=1 molk=1
and proves a conjecture of S. Kwapien and W.A. Woyczynski.

holds: E® (sup

n

). This generalizes results of J. Zinn

The aim of this paper is to prove the following conjecture of S. Kwapien and
W.A. Woyczynski [2, Conjecture 2.1].

Let &:R, - R, be an increasing continuous function satisfying the
A,~condition (i.e., P(2x)La®(x), x=0) and such that $(0)=0. Then, there exists
a constant ¢ (depending only on @) such that for all sequences (d,) and (e,)
of adapted random variables with identical conditional distributions which are
either non-negative or conditionally symmetric we have:

) )

Such “decoupling” inequalities have been introduced in [3] as a tool in the
study of multiple stochastic integrals and have been extended by several authors
[4]. For example for &(x)=|x|?, 0<p<1 inequality (1) was obtained by J. Zinn
[4] or [5].

Our proof is based on the techniques of D.I. Burkholder [1]. We shall
use the following notation. Let (£, % P) be a probability space and let
FocF, ... be an ascending sequence of sub-o-fields of #. A sequence (d,)
of random variables on (@2, #, P) is adapted if d, is %,-measurable n=1, 2, ....
As usuval d* stands for sup|d,|, d¥ =max|d,| and if f,=d,+...+d, then S(f)

n k<n

n

Y e

k=1
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k=1

E® (sup

)écE@(sup

=< > dzk)i. If (d,) and (e,) are adapted sequences of random variables, then
k=1

(e,) is said to be tangent to (d,) if for each real number x we have that P(d,
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>x|%#,_)=Ple,>x|%#,_,) as, n=1,2,.... A sequence (d,) is conditionally
symmetric if (—d,) is tangent to (d,). The letter ¢ is used to denote a positive
real number, not necessarily the same from one use to the next.

We begin with the following lemma (for a different proof with constant
6 instead of 2 see [2, Corollary 2.17).

Lemma 1. Assume that A,, B,c%,, n=1,2, ... and that there exists a positive
number ¢ such that P(A4,| %, ) <cP(B,| %,-1),n=1,2, .... Then

p(U A,,)g(c-l-l)P(U B,,).
n=1 n=1
In particular, if P(A,|%,-1)=P(B,| #,-,) n=1,2, ... then
P(U A,,)§2P(U B,,).
n=1 n=1

Proof. et C;,=A,,D,=B,, C,=B{n...nB;,_1nA4,, D,=B{n...nB,_nB,,
n=2,3,... where A° denotes the complement of A. Then D,, n=1,2, ... are

disjoint and | ) D,= | B,.

p([’j A,,)=P(n©1 A,,mn@l B,,)+P(nw1A,,m(n©1 B))

[

WO

<r(U B,,)+P("@1A,,m

n=1

B

=)

The second term on the right-hand side can be estimated from above as follows:

s
EEs)

Il

n

o0

(a0 Oz (0 (100, 9)-A( )

=P(i I(C,,)gl)§Ei 1(C)=E fj EU(C,)| Z,_,)

=1 n=1

=EY EI(Bin...0 B ) P(4,1 %))

n=1

ScEY EI(Bin...nB,_,)-P(B,| %))

=cE é I(D,)=c § P(D,,)=cP(@ Dn)ch(n@ B,,).

Thus
P(nG A,,) Z(l+40-P (ng B,,). Q.ED.

=1
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Now, we are going to prove inequality (1) for nonnegative random variables.
The case of conditionally symmetric random variables will be obtained as a
corollary to the nonnegative case.

Theorem 2. Let @ be as above. Then there exists a positive constant ¢ (depending
only on @) such that for all tangent sequences (d,) and (e,) of nonnegative random
variables one has:

E(D(Z d,,)§cE<15< e,,).
n=1 n=1

Proof. Let @, (d,) and (e,) satisfy the required conditions. Put
Zy=dy_ Ve
a,=d,I(d,£2z
by=d,1(d,>2:z
x,=e,1(e,£2z,) n=1,2,....

)
)

Then

0

Ed)(ﬂld,,)chcb(ni a,,>+cEq5<§ b,,).

n=1

To estimate the second term on the right-hand side observe that on the set
{d,>2z,}

d,+2z2,<2d,£2z2,.,,,
hence
bn§2(2n+l —Zn)
and
Z b, L2z%L2(d* v e¥).
n=1
Consequently,

E@( > b,,)chdi(d* v e¥)ScED(d*)+cEP(e%).
n=1

The quantity E (D( > an> can be estimated in the following way: let >0, f>1
n=1

+ 9. For a positive number A define the stopping times y, v and t as follows:
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fo,=1(u<k=v A7) then v, is & _ -measurable, k=1, 2, .... Note that

k~1
{12k} =z, <64, z xjéé/l}.

j=1

Since z, £ A=>x, <261, we have

s

0, X, <30I (u< oo)=3521(2 a,,>l}.
n=1

n=1

On {v< o0, 7= 00}, since a,<d, <64 we have

v [+¢] v n—1
Y a>Bi and Y nea=) a— Y ;—a,>pA—A—5A
k=1 k=1 k=1

k=1
Therefore

P( a,,>ﬁ/1,(z x,,)vz*é&l)
n=1 n=1

gp(i v,,a,,>(ﬂ—1—5)l)
n=1
1 ad 1

NIRRT R TRP R O

n=1
1

i L Ew )

n=1

1 i 30 X
= S P .
=197 L "S5 1 (EI“"”‘)

=1

By Lemma 7.1 of [1] we obtain

E@(i a,,)ch@(ni x,,)—i—cEcP(z*)

n=1
ch@( 3 e,,)+cE<15(d*)+cE45(e*).
n=1

Consequently

E@(i d,,)chdi(ni e,,>+cEq5(d*)+cE¢(e*).

=1
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By Lemma 1 applied to the sets A,={d,>t}, B,={e,>1t}, n=1,2, ... we infer
that for each positive number ¢

P(d*>t)£2P(e*>1),
hence
E@(d*)<cE®(e*)
and finally

E@(i d,,)chdi(i e,,>+cEa5(e*)§cE¢(§ e,,>

=1 n=1 n=1

which completes the proof.

Remark 3. For functions @(x)=|x|?, 0<p<1 Theorem 2 has been obtained by
J. Zinn [5, Theorem 1.4(ii)] under the assumption that

Vi>0 Y E@d,At|F_)S Y Eent| o))
n=1 n=1
which is weaker than ours. We would like to indicate another proof of this
result briefly; which also allows us to replace concave powers by any concave

function @. As was observed by D.L. Burkholder [1, the proof of Theorem
20.1], in order to prove that

EQ(X)<cEP(Y)

for concave function & and nonnegative random variables X and Y; it suffices
to show that for each positive number ¢, one has

EX AtZ<cEYAt.

Let {x,} and (y,) be adapted sequences of nonnegative random variables such
that y,<1,n=1,2, ... and

z E(xnl%l~l)§ z E(yn|‘g;n‘1)'
n=1
Then, by [1, Theorem 20.1] and our assumption

E(i xn)Alng@ E(x,,|3/7,1_1)>/\1

n=1 =1

§2E<z E(y,,lfn_l))u,
n=1
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and if1:=inf{n: Y yk>1}, then

E(}{f E(y,,lz_l))ﬂ

<EY E(,|F-)+Pr<0)=E Y y,+P(r<co)
n=1

n=1

§E(§ y,,>/\1+2P(r<oo)§3E(§ y,,)/\l.
n=1

n=1

Hence

E(ni x,,)/\ 1§6E<n§ y,,)/\ 1.

=1 =1

L . . d
Now, an application of the above inequality to the sequences x,,=7"/\l and

Vu =—et1 A 1 yields

Eqs(z d,,)§6E@( 5 en>
n=1 n=1
as required.

Now we turn our attention to the case of conditionally symmetric random
variables. The following theorem is a simple corollary to the proof of the two-
sided convex function inequality between the square function and the maximal
function of a martingale [1, the proof of Theorem 15.1]. We include the proof
for the sake of completeness. Recall that if @ is an increasing, continuous function
satisfying A,-condition and ®(0)=0, then there exists a constant ¢ such that
for every martingale (f,) with difference sequence (d,) such that |d,|<w,, where
w, is &, . ,-measurable, n=1, 2, ... the following inequalities hold:

EQ(f*)ScEP(S(f))+cEP(WY) 2
and
EQ(S(NEcED(f)+cED(wWY) 3)

(see Sect. 12 of [1]).

Theorem 4. Let @ be as in Theorem 2. Then there exists a constant ¢ (depending
only on &) such that for every adapted and conditionally symmetric sequence
(d,) the following inequality holds:

cTTEQS(NSED(f*)=cED(S(f))

where f,=d,+...+d,,n=1,2,....
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Proof. Let (d,) be a conditionally symmetric sequence and f,=d,+...+d,, n
=1, 2, .... Following Burkholder [1, the proof of Theorem 15.1] write

fo=8nth,
where
&n= z a= 2 d I(dy | 245 ),
k=1 k=1
hn: Z bkz Z de(|dk|>2d;<__1).
k=1 k=1
Then
fEEg*+h¥<g*+ ) |bal, 4
n=1
S@=SUN+SM=S()+ . bl ®)
rn=1
and

E@Uﬂch@@ﬂ+cE¢(§!m04

n=1
Applying inequality (2) to the martingale (g,) and using (5) we get
E®(g*)ScED(S(2))+cEP(2d*)

ch@cuw+cE¢(§|mO+cE¢uﬂ.

=1

Since d* <S(f) and Y, |b,|<2d* <2S(f) we conclude that

n=1

E®(f*)=cEP(S(f))

The proof of the reverse inequality is the same: use S(f)<S(g)+ ). |b,| instead

n=1

of (4), g* < f*+ i |b,] instead of (5) and (3) instead of (2). Q.E.D.

n=1

Corollary 5. Let ¢ be as in Theorem 4. Then there exists a positive number
¢ (depending only on @) such that for all tangent and conditionally symmetric
sequences (d,) and (e,) we have that

ED(f*)<cED(g%),

where f,=d,+...+d,and g,=e, +...+e,,n=1,2, ....
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Proof. By Theorem 4 we have

E®(f*)=cEP(S(f))
ED(S(g)=cE®(g"),

and by Theorem 2 applied to the function ¥ (f)=®(t¥), and sequences (d2) and
(e?) we get

EB(S(f)<cE®(S(z). Q.ED.
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