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The 1t6 Formula for Anticipative Processes
with Nonmonotonous Time Scale via the Malliavin Calculus

A.S. Ustunel
2, Bd. Auguste Blanqui, F-75013 Paris, France

Summary. This work is devoted to derive It6-type formulae for anticipative
stochastic processes with nonmonotonous time using the Malliavin Calculus
techniques and the fundamental theorem of the differential calculus. The
same method is applied also to give an It6-Ventcell type formula in the
anticipative case.

Introduction

Suppose that F is a smooth function on R” and (W) is a standard RR”-valued
Wiener process. The [td formula says that (F(W); te[0, 1]) is a semimartingale
{(more precisely an Itd process) with the following decomposition:

FOW)=F(W)+ [ 3 F(W)dW; +(12) | AF(W)ds.
0 0

On the other hand, if ¢ is a smooth Wiener functional with zero expectation,
the Clark-Itd representation theorem gives ¢ as

1
o= E[Vo(s)| #Z1dW,
0

where V¢ is the Sobolev derivative of ¢ on the canonical Wiener space (cf.
[18]), so it is a random variable with values in the Cameron-Martin space
of absolutely continuous functions with square integrable density with respect
to the Lebesgue measure on [0, 1] denoted by H, and the Lebesgue density
of V¢ is denoted by Vo. E[+|%] denotes the conditional expectation with
respect to the data of the Wiener paths upto the time s. Now, if we look at
F(W)) as an element of L?, denoting by ¢+, > the duality form, we have

CF(W), > =<F(Wo), 0>+ [ <0 F (W), Vp(s)) ds
0

+(1/2) [ LAF (W), @) ds.
0
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This means that the mapping t— {F (W), ¢)> is absolutely continuous with
respect to the Lebesgue measure and the corresponding density is

Y. K8 F (W), Vi (5)) +(1/2) L AF (W), 9

13

which is defined ds-almost everywhere. There is no reason for not proceeding
in the reverse order to prove the Itd formula: What we need is to calculate
the Lebesgue density of t —»<{F(W,), > for any test function ¢, then to use
the identity

fd
CF(W), > =<F (W), o>+ | 25 SE(W), @) ds
0

and identify the integral with the help of the Clark-It6 representation and the
Fubini theorems. This work is devoted to the applications of the idea explained
above with the following generalizations: Instead of the Wiener process we
take an It6 process. When we make the calculations explained above, since
the Clark-1t6 Representation Theorem is a consequence of the integration by
parts formula on the Wiener space, for which the adaptedness condition is
superfluous (cf. [5, 18, 21]), we realize that we can supress it. In this case the
natural extension of the Itd integral which is most compatible with the Malliavin
calculus formalism is the divergence operator and it was shown in [3] that
it coincides with the Skorohod integral on a reasonable domain. Consequently,
we take an Itd process with a Skorohod integral part, an absolutely continuous
part and an initial condition, neither being adapted.

If one can achieve the project explained above, since he would be working
in a frame in which the orientation of time is not important, he may ask himself
if the ordinary time scale can be replaced such that each coordinate of the
above process depends on a clock 0,(t), where 0; is a C'-function from [0, 1]
into itself. These kinds of problems are encountered in random differential geom-
etry (cf. [1, 19]) when one constructs stochastic integrals indexed by the chains.
This problem is solved in Sect. IIT of this work.

In all these situations, in order to calculate the Lebesgue densities, we have
proceeded by calculating the pointwise derivatives, however, as the reader will
realize, this is not sufficient to use the Fundamental Theorem of the Differential
Calculus, in fact we also need the derivative to be continuous. In order to
circumvent this difficulty we use the nice technique of P. Malliavin called redefini-
tion, which consists of taking the conditional expectations on a smooth basis
of the Cameron-Martin space and applying to them the finite dimensional Sobo-
lev injection theorems (cf. [7]). For the same reason, we use a class of test
functionals which is smaller than that of S. Watanabe, which we have constructed
with the redefinition technique.

Let us explain the order of the sections. Having recalled some clementary
results about the Malliavin calculus and the distributions on the classical Wiener
space, we prove the Ité formula for the anticipative Itd processes with the ordi-
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nary time scale in the Sect. II. Section III is devoted to the proof of the Itd
formula for anticipative It6 processes with a nonmonotonous, differentiable time
scale. In Sect. IV we prove an It6 type formula for a random field F(x, w)
when we replace x with an anticipating Itd process and, as shown in the example
of application, this result covers the results of Hitsuda also (cf. [4]).

We think that the method used here to prove all these formulae will be
useful for studying the higher dimensional random fields, since one can now
profit from the tools of the classical differential geometry thanks to the redefini-
tion technique. Let us note that we already have applied this method and the
results of Sects. 111 and IV to study the anticipative stochastic differential equa-
tions and the filtering of the diffusion processes (cf. [207]).

The results of the Sect. II have been announced as a note in CRAS (cf.
[19]) and at that time we learned that a similar result had also been found
by Nualart-Pardoux (cf. [9]). In fact A. Badrikian has let us know that the
formula (I1.2) was going back to the work of Sevljakov in 1981 (cf. [13]) which
is reproved in [12]. We also acknowledge that this work has profited from
the constructive remarks of an anonymous referee.

1. Preliminaries and Notations

Q denotes the classical Wiener space C([0, 1], RY), H is the Cameron-Martin
space, ie., the set of absolutely continuous functions on [0, 1] with values in
R, having square integrable densities with respect to the Lebesgue measure
on [0, 1] and  is the standard Wiener measure on £ for which H is the reproduc-
ing kernel Hilbert space. We denote by (%; te[0, 1]) the canonical increasing
family of the sigma-algebras on @, completed with respect to the Wiener measure
p. The infinitesimal generator of the Q-valued Ornstein-Uhlenbeck process is
denoted by 4 (cf. [21]). If M is a separable Hilbert space, D, (M), pe(1, o),
keZ, denotes the Banach space which is the completion of the M-valued polyno-
mials on Q with respect to the following norm:

IE7 HDP,k(M) = H(1~A)"/2n HLF(,;;M)

where (I — A)"n is defined coordinatewise. D (M) is defined as the projective limit
of the spaces (D, ,(M); pe(l, ), keZ) and its continuous dual is denoted by

D'(M). Let us note that if M=IR we shall simply write D,,, D, D’ instead
of D, (R), D(R), D' (R).

If KeD(H), we denote by J,K the divergence operator applied to the H-
valued random variable whose density with respect to the Lebesgue measure
is defined by 1;0,,4(s) K, where K is the density of K. Recall that in the contexte
of the Malliavin Calculus the divergence is defined as the adjoint of the Sobolev
derivative in the direction of H (cf. [5, 21]) and if the above densities are adopted
to the filtration (&; te[0, 1]) then it coincides with the classical Itd integral
of K and in the general case Gaveau-Trauber have proved that (cf. [3]) it
coincides with the Skorohod integral on D, ; (H) (cf. [15] for a general definition
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t
of this integral). Consequently 6,K will also be denoted as | KW, with the
0

integral notation. For the extension of the above results to the space of the
distributions D’ we refer reader [16-18].

IL. A Short Proof of the Itd6 Formula for Anticipative Processes

We call an anticipative It process a stochastic process (X,) with values in
R™ such that

X=X/, ..., X7,
where

t t
Xi=Xh+ [ KioW,+ [ élds
0 [¢]

and K' denotes the H-valued random variable whose density with respect to
the Lebesgue measure on [0, 1] is K (it takes its values in IRY). First we shall
suppose that K are in D(H), X} are in D and & are in D(H([0, 1], R)) for
i=1,...,m

Let (h,) be a complete, orthonormal basis in H whose clements are (the
restrictions of) smooth functions on [0, 1], and (k,) be a basis of H([0, 1], R)
consisting also of smooth functions. Denote by V, the sigma-algebra generated
by (hy, ..., h,), n=1, where h; is regarded as the Gaussian random variable

fl hi(s)- dWy(x)=h;(x)=(h;, x),  xeQ.

Look at E[X,|V,]: From Doobs Lemma, it can be written as
fi((hy, x), ..., (h,, x)) where f, is a Borel measurable function from R" into IR™,
and, since X% is in D for all i=1, ..., m, using the finite dimensional Sobolev
injection theorems, we can take f, in C*(IR", IR™) by modifying it on a set
of Lebesgue measure zero. This procedure will be denoted by E[X,|V,] and
it is called redefinition by P. Malliavin (cf. [7]). For the notational convenience
we will denote it by X%. We shall also redefine K’ and & in the following
manner:

K= Y E[K, b)) V,Ih,

Jj=1

&= Y ELE k) VK,

J

and let us define X7 as

T t
XM=Xg'+ [ KM W+ [ émids,  i=1,..,m.
0 0
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Proposition IL1. Let F be a C*-function on R™ with bounded derivatives. We
then have

t t
FX)—F(X3)=[ 0 F(X) KT OW,+ [ 0, F(XD & ds
0 o]

[ o, FXY) [(1/2)(162"', R+ (K2, Y X5()
0

+<K:’i j Vér’f(s)dr>+<1<g=f, J” VK:'J(S)(SW,)]ds (IL1)
0 0

almost surely, for any te[0, 1], where we used the usual summation convention.

Proof. We shall give a proof for d=1 for the notational simplicity. In this case
X7 is written as

t T
Xr=X3+ [ KioW,+ [ énds
4] 4]

and the orthonormal sequences (k;) and (h;) can be taken as identical. In the
sequel of the proof, for typographical reasons, we shall drop the index n.
Using the Taylor formula, we have

FXern) = F(X)=F (X)X —X)+ 12 F' (X, +a(t, 1+ D) X, ) (X, — X)?

where a comes from Rolle’s Theorem.
Let us denote by D, the algebra generated by the following set:

{E[¢|V.]; peD, ke N}

where E[|V,] denotes as before the redefined conditional expectation with
respect to the sigma-algebra V;. From the convergence of the martingales and
the commutation relations between E[ -]V, ] and the Ornstein-Uhlenbeck opera-
tor A4, it is easy to see that D, is a dense subset of D. Consequently, it is
sufficient to prove the formula (IL.1) on the test functions belonging to D, since
the both sides of it are already in I (u). To achieve this we shall calculate

d
E<F(Xt): €D>> CPEDO

using the second order development that we have written above:

1 1 .
<EF/(X1)(Xt+h_Xt)> QD>:ZE(F,(Xt)(5t+hK—0tK+ér+h—ét)¢)
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t

where ft:jfsds. Using the very definition of the divergence operator, we

obtain: 0

1 1 t+h
zE(F,(Xt)(6t+hK_5tK)(P)'_ZE _f K v[F (Xt)(/)](s)ds

t+h

E j K [F"(X) (VX o(s)+ V6,K(s)+VE,(s)

}‘lb—

+F(X)Vo(s)ds,

using the commutation relations between the divergence operator and the Sobo-
lev derivative (cf. [10, 18]) we find that the above expression is equal to

t+h

E j oK, F”(X,)[VXO(S)—I—fVK (s)éW—I—jVé (S)dr]ds

=| —

t+h

1 . .
+ﬁE | K, F(X)Vols)ds,
1

whose limit is obvious when h goes to zero. Let us look at the terms of the
second order: First, since F is C3, then the term F"(X,+aX,,,) is strongly
Sobolev differentiable,

/M ELF" (X, +aX, 1) Xisn— X0 0]
=(1/WE[F"(X,+aX, 410+, K—3,K) 0]
=(1/W<VIF (X, +aX, 1096+, K], Ko
=1/ <8, KVF"(X,+aX, )+ F'(X;+aX, 1) V(941 K), Kivi

where ¢, ,K denotes 6,,,K—5,K, K, , is the element of D(H) whose density
is equal to 1j,4,(s) K., “=~ ” means equality when h goes to zero and {-,*>
denotes the duality between D'(H) and D(H) (we shall use the same duality
bracket for the case H= R but this does not create any confusion). It is evident
that the term

(/h) (F' (X, +a X, ) V(@ K), K1) = CFI(X) KT, 9>
when h goes to zero and we have also
(/M <@ KVF" (X, +aX, 4} Kisp =0

as h goes to zero.
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We have finally proved that
LR, 0= R F(X), Vo) + & F(X), 0
+<F”(Xt)K,[VXo(t)—i—(l/Z)Kt—k g VK,(1) W,
# [ V&0 dr] o)

for any @eD,. Now let us recall that, thanks to the redefinitions made above,
this derivative is continuous with respect to the parameter ¢ (it would have
been C® if we had chosen F to be C®), hence we can apply the fundamental
theorem of the differential calculus:

P 0= CF ), 93+ { P XD 03 ds
and the only term to calculate is the first term in the derivative:
jt (K, F(X), V@) ds=E f K, F(X)Vo(s)ds
0 0
=<g“ 1[0,,](5)KSF'(XS)ds,V<p>
:<5(§- I[O!t](s)KSF’(XS)ds>,(p>
~({ R0 0)
0

since ¢ is the adjoint of V. For the other terms the calculations are evident
and a limit procedure to pass from C3 to C* completes the proof. Q.E.D.

Remark. With the notations of the above proof and under the same hypothesis,
we have

E[sup |X,|F]l<+
t

for any p < 0, consequently, even if F" is not bounded but of polynomial growth
the argument that we have used to show that the term of the Taylor formula
corresponding to V[F"(X,+aX,,,)](s) does not contribute to the limit still
holds and this fact will be used in the proof of the Theorem IL.1.
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Proposition IL.2. Under the hypothesis of the Proposition I1.1, we have, for any
tel0, 13,

F(Xt):F(XO)—FfaiF(XS)K;5m+faiF(Xs)EidS
0 0

+ f 6,-]-F(XS)[(K§,(1/2)K§+VX{,(S)+ fvé;(s)dr
0 0

+ § VKi(s) 6 W)] ds (I1.2)
4]

u-almost surely.

Proof. As in the preceeding proposition we shall work in the one dimensional
case: First let us note that each term of the formula (I1.2) is well defined. For
example:

jF”(Xs)Ks(JsVK,(s)ém)ds

0

2

E

gc(EOj1 |K5|2ds)(E f(j VK,(S)&W,)st>

0 \0
1 1 » - S s as . .
<c IKsz)M(H)(E { <j VK, ()P dr+ [ [ V2K, (s,u) V?K,(s,r)dr du)ds)
0 \0 00

=c HKH%Z,O(H) [||K“12)2,1(H) + HKHIZJZ.z(H)]

using the equivalence of the norms defined by (— 4)'/? and V (i.e., the inequalities
of Meyer, cf. [17,21]), where ¢ and ¢’ are two constants independent of X,
K and &. Furthermore, by hypothesis and the continuity of the divergence and
Lebesgue integral as mappings from D(H) into D we see that X} converge to
X, in D for any t hence F(X}), F'(X}), F”(X}) converge respectively to F(X,),
F'(X), F'(X,) in all the I? spaces for p< oo and te[0, 1]. Hence all the terms
can be controlled with the following quantities:

1K oy 25 1€lp. s 1 X ollps > 1 llaos 1 (o5 [1F [l o

consequently we can use the usual limiting procedure. Q.E.D.

In fact, in the proof of the above proposition we have made a little bit
better:

Proposition I1.3. Suppose that F is a twice differentiable function with bounded
derivatives and that XheD, |, K'eD, ,(H), &eD, (H([0, 1], R™), then the for-
mula (11.2) still holds and its terms are in D, =12 (p).
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We have proved the validity of the formula (I1.2) for the twice differentiable
functions having bounded first and second derivatives. In fact this restriction

can be removed if we impose some regularity conditions on the integrands.
To do this we need the following

Lemma IL1. Suppose that Z is a process with the following decomposition:
t
Z=Zo+0,H+ | f,ds=Zo+06,H+n,
4]

for any te[0, 1]. Then, for any p(1l, o), keZ, one has the following relation:

S[lép HZz”D,,,k§Cp,kHHHDP,H](H)"”H”IHDF,,((H)‘FHZOHDp,k
te[0,1]

where ¢, ; is a constant depending only on p and k.

Proof. From the hypothesis, we have

1Zellp, 210 Hllp, .+ llp, .+ 1 Zollp,

moreover, from the continuity properties of the divergence operator on the
Sobolev spaces (cf. [5]), one has

16: Hl|p, . = cpx

| Li0.0(8) H.ds
0

Dy e+ 1(H)

§Cp,k ”H”Dp‘k#'l(H).

For u, we have a similar but simpler inequality. Q.E.D.

Theorem IL.1. Suppose that F is a C>-function which is polynomially bounded
of order n>0 as well as its first two derivatives and suppose that K'eD,, ,(H)
with

ZE(]I 1K§]4ds>2< + 0
i o

and that XheD, D, |, £eD,, o(H([0, 1], R™)"D,, ([H([0, 1], R™)). Then
the change of variables formula (11.2) is still true. In particular, if the above
hypothesis holds for any neN, then the formula (11.2) holds for any C* function
which is polynomially bounded on R™.

Proof. For the notational simplicity we shall proceed in the unidimensional
case.
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Using the hypothesis and the Lemma II.1, we have the following apriori
majoration:
t .. 2
[ FIXJKVX(s)ds
0

[F)éds|

4
sup{
t o

+IF XI5, +

D30 2,0

+ fF”(Xs)Ks(va,(s)5m>ds ’
0

0 D20

+ fF"(Xng( [ vs,(smr)ds g
Y 0

D;.0

1 2
+|| [ F(x)K2ds
0

D30

t 2
+||f F(X)K, W,
4]

D30

t 172
§c<n)(E [ 1Ks|4ds) UK 3, s+ €13, oo+ [1€llo, o
0

+1Xol5,, +1Xol3,.),

hence we can proceed exactly as in the proof of the Proposition I1.1 and the
Proposition 11.2, i.e., beginning with the smooth coefficients K, X, and £ impos-
ing on K the supplementary condition of the Theorem and taking F as in
the hypothesis. The above inequality says that we can pass to the limit and
the redefined case is obvious from the proof of the Proposition I1.3 and the
Remark following it. Q.E.D.

The class of functions with which we have studied till now does not include
the exponential function. Because of its importance in probability we shall treat
it separately.

Preposition 11.4. Suppose that K is in D, ,(H) and that
1
E [exp(2|6,K|)K2ds< + o
4]
then we have

exp(6,K)=1+ | exp(6,K) K, 0W,+ | exp(6,K) K, ((1/2) K+ [ VK, (s) 6W,) ds
0 0 4]

almost surely, for any t in [0, ].

Proof. Let ey be the function > x'/(i!). Using the previous results, we have
i<N+1

the It6 formula for ey (6, K). Let ¢ eD, then, from the hypothesis

f §|5 K| )IK Vo) ds

. 1/2
guwuz,l(E5(exp2153KmKs\2ds) ,
0
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‘ ¢
hence | ey (3,K) K, 6 W, converges to | (exp §,K) K W, in D' in the weak topolo-
0 0
gy. Similarly, we have

Ef Y lésKli/(i!)le!lcol‘(1/2)Ks+jsi'7K,<s> 5w,
0 0

i=0

ds

1/2

§<E jl(exp2|5sz<|) |KS|2ds)1/2<E[(p2 jl(1/2 K+ va,(s)(SW,)st])
0 0 0

Since K is in D, ,(H), VK is in D, ;(H® , H) where “ & ,” denotes the Hilbert-
Schmidt tensor product, hence, if we apply § to its second component, the
result will be in D, ,(H) and this implies the finiteness of the right hand side
of the inequality. Consequently the second order part of the It6 formula for
ey converges in a(D’, D) to the Lebesgue integral in which ey is replaced with
the exponential function. Both sides of the 1td formula are equal as distributions,
by the hypothesis they are in D, , for any ¢>0 and this completes the
proof. Q.E.D.

III. Extensions to Nonmonotonous Time

Let v: [0, 11— [0, 1] be a C'-function (in the sense of restriction) which is not
necessarily monotonous. If f is a continuous function on [0, 1] then a classical
theorem of differential calculus says that

v(1) 1

[ fs)ds=[ fv(s)v'(s)ds. (ITL.1)

v(0)

If we take a stochastic integral instead of the Riemann integral and a stochastic
process instead of f, can we do something similar? Let us suppose first that
KeD(H) and denote by K” its finite dimensional redefinition as in the preceeding
section. For the sake of simplicity we deal with the one dimensional case. So,
if @ is in Dy (cf. the Sect. II), then we have

v(l) . v(l) L.
<§ K;’éWs,(p>=E | KiVol(s)ds
v(0) v(0)

since the integrand is infinitely differentiable with respect to s, by (IIL.1), we
can write

v(l) 1
< | Kzéws,@):E [ Kn Vo) v(s)ds,
v(0) 0
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if we suppose that
1
[ (card {u: v(u)=s,v'(u)+0})* ds< + 0, (11L.2)
0

then the image of the measure v'(s)ds under v is absolutely continuous with
respect to the Lebesgue measure (cf. [1, 22]) with the density

e(s)y= D, signv'(u)
uevl(s)
hence we obtain

v(1) 1
< } K;’éW;,go>=EjK;‘V(p(s)s(s)ds
0

v(0)
1 -
=<§K:8(S)5Ww(p>’ (pEDO:
0

consequently

v(1l) 1
[ KréW,= [ Kre(s)5W, as.,
0

v(0)

moreover both sides pass well to the limit as n goes to infinity, hence we have

v(1) X 1 .

| K,oW,=[ K e(s)oW, as,
v(0) 4]
now, if K is in D, , (H) instead of D(H), we can approximate it with (K™) <= D(H)
and from the continuity of the divergence operator on D, ;(H) we obtain the
following

Theorem IIL1. For any KeD, (), under the condition (111.2) we have

v(1l) . 1 A
| K, 0W,=[ K, &(s)6W,
¥(0) 0

where ¢ is the degree of the function v.

Remark. If KeD, ((H) such that K is adapted then the theorem is still true
except that the Skorohod integral should be replaced by the classical It6 integral.

We shall apply the same idea combined with the redefinition technique of
the Sect. II to prove the It6 formula for F(X§ g, ..., X4, Where 60;: [0, 1]
—[0, 1] are C!'-mappings and X* are the one-dimensional processes defined
by

t t
b=Xb+ [ Eds+ [ KISW,
0 o]

= XL+ E+8,K, i=1,...,m
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For the typographical reasons, we shall denote (8,(¢), ..., 8,,(¢)) with 8(t), hence
6 defines a C*'-mapping from [0, 1] into [0, 17™ and X,(t) will denote the vector
valued random variable whose components are X} ), i=1, ..., m. Let us suppose
that K', £ are in D(H) and X} in D for all i. As before we shall denote by
Kbn ghno xEn redefinitions and the processes defined from these redefined pro-
cesses (cf. Sect. II). We have

Lemma IL1. Let F: R"—>R be a C*-function with bounded derivatives, then,
for any ¢ in Dy, the mapping t —{F(Xg:%y, ..., Xo:lto), @ is absolutely continuous
with respect to the Lebesgue measure on [0, 1]

Proof. For the notational convenience we shall suppress the index n of the
redefinition. If ¢ D, we have, from Taylor’s formula:

F(Xe(l))_F(XG(O))ZZF(XG(1k+ 1))_F(X9(tk));
k

Z <F(X9(,k+ 1))_F(X9(tk))> >

<0; F(Xe(tk))(Xé,-(m 1) —X3i<rk))’ ¢

HM§

R

i

+<(1/2) Y 2 0 F Xyt a Xow )Xoy, = Xbiwo)

k i j=1

’ (ng(tk+ 1) _Xéj(tk))’ (P>

where (t,=0<t,<...<ty,,) is a partition of [0, 1]. We shall study the terms
of the sum as supi(t;,,—t;) goes to zero. Let us look at first the terms of
first order:

Z <al F(Xe(tk))(ééitk+ 1) iéi(tk) + 59i(lk+ 1) K’ ~56i(’k) Ki)’ (P>

k,i

0:(trc 1 1) L
:Z< I O F (X)) & 0> ds
P

0; (1)
8tk + 1) L.

YE | K;VquaiF(Xeak))](s)ds)
0 (tr)

denoting the first sum of the right hand side by I, we see that the above quantity
is equal to

0;(trc+ 1) L. X . m . .
I+ZE j (KiaiF(Xe(zk))V(P(S)"f'K;(P Z aijF(Xo(zk)VXé,(zk)(s)dS
ki 0 (tx) j=1

0;(tc+ 1) .. . . 0
=I+I+Y YE | (pKé@ijF(Xe(tk))[VX{)(s)—l— [ V(s dr
kK ij 9;(tx) 0

0 j(tr)

+1[o,e,(tk)](S)K§+ f VKi(s)(SW,])ds
0
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where II denotes the sum with V¢(s) and the last equality follows from the
commutation relations between V and J. The only term that we need to study
is the one which has the indicator function of the interval [0, 6;(t,)]. It can
be written as

z 1{9i(lk) <0ilti+1)} 1(9j(tk) >0 (1)}
k

0; (i + 1) L
- E f 9K K 1[0,9j(lk)](s)aijF(XB(tk))dS

0:(n)

+Z l{ei(lk)>9i(tk+ 0} 1{9j(tk)>9i(tk+ O}
k

Oilter) |
- E j KéKé(Pl[o,o,(zk)](S) aijF(Xﬂ(tk))dSa

0; (1)

if 8;(t;)>0,(t,), from the continuity, we have 8;(t,)26;(t; ) provided that the
distance between ¢, and t, ., is sufficiently small, hence the indicator function
in the integral of the first sum disappears. Similarly, if 6,(¢;)> 0;(t,+,), we have
0;(ty) 2 0,(t;) and the above expression becomes

e+t
Y Ls 0 losas o B § 0 Kby Kb 05 F (Xogy) 0i(s) ds
k

T

Lot

+Z1{9;(,k)<0}1(6,-(tk)zei(tk»E | @Ko Kb 815 F (Xo) 0i(s) ds
k

e

and the limit of this sum becomes, from the dominated convergence theorem
and by writing the sets {6;(s)< 0} n {6,(s)>0,(5)} as a countable union of disjoint
intervals,
1
E | Lpyy>o Lig,> 69+ Ligi <0 Lig, 2001
0

: @Kfi)i(s) Kéi(s) aijF(Xe(s)) 0i(s)ds,

let us note also that the first order terms are of finite variation as it follows
trivially from these calculations. The only second order term which influences
the limit is the following one:

(1/2)2 <aij F(Xo(:k) + kaXe(zk+ 1))(50,-(zk+ 1)Ki _59,—(zk)Ki)(éej(zk+ 1)Kj_ 5oj(zk) Kj)s oy
k

Oiltes ) | ) .
:(I/Z)ZE I K;v[(p(éﬂj(tk+1)KJ_59j(tk)Kj)aijF(Xﬂ(tk)+akX0(tk+1))](S)dS

k 8;(1x)
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when we develop the Sobolev derivative using exactly the same argument as
in the proof of the Proposition II.1 we see, in fact, that the only term having
a nonzero limit is

B:{t + 1)

(1/2)ZE j‘ @KiaijF(Xeak)“‘akXe(zH1))1[61-@,‘),01(:“1)(3)]K£d5

k 0 (1x)

0;(tic+ 1)

1/2)21{e(rk+1)>9(rk>}1w(tk+1>>e(zk)}E [ ¢KiK]
0i(ti)

05 F( Xy +a Xog,., ) 10,6, 0 (8) ds

0t 1 1)

‘(1/2Zlieakﬂve(tk)}l(e<k>>6(tk)}E [ eKiK]

8: (1)
03 F (X g+ ax Xog, ) L10,0,001(8) ds

0:(fc+ 1)

Hl/z)zlw<xk>>e<tkm}1{9(zk+1)>0<rk+1)}E | oKiK]
8: ()

05 F (Xoy+ @ Xog. ) 10,0, 0 (8) dS

0 (e 1)

—(1/2) 21{6 000t 1y Loy o n B § @ KEK]
0;(te)

: 8ijF(Xe(zk) +a, Xog, 1)) l[o,ej(zk)](s) ds,

when sup:(t;, { —1;)} goes to zero, the above expression has the following limit:

1
(1/2)E | [iag> 0y 18, =00— Lioiiwy< 0y 1ih=0,1 0 Kb, 9y Kb (9
0
-0, F (X () Oi(s) ds.

Hence we have proved that the Radon-Nikodym derivative of t+><{F (X, @,
for peD,, is
E[@0;F (X)) &b+ Kiys) 0 F (X () V @ (6:(5)
8;{s)

+§DK9 (s)azJF(XG(s)( (9 (s) + _[ Vgl(g (s)) dr

6;(s)
+ j Ki(0,(s) SW)

0
+o Kéi(s) Ké,—(s) 01 F (X g(5) (Lig, > 0,4 (5) + Ligysy < 03(8) + Lgg,=6,4(5))
+(1/2) 9 Ky, K sy 0 F (X o9) Lo s)> 03— Lipiisy< 0y)

-1 -0,16i(s). QED. (1L 1)

We have
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Proposition IIL1. Suppose that &, K'eD(H), XieD, FeC3(R™) and that 0;:
[0, 11> [0, 1] is continuously differentiable, for i=1, ..., m, with

”MS

1

{ (card {u: 0;(u)=s})* ds< + 0.

10

Then, for any t€[0, 1], almost surely we have the following relation:

1
F(Xo(r))_F(Xe(O)): f &l Z aiF(XG(u)) sign 0(u)] ds
0 8 Ym0,
i
+ K[ Y 0,F(Xg) sign0i(u)] oW,
0 8 ' 9n10.1]

+ f KV X (s)[ Y 8 F(Xpy)signbi(u)] ds
9. %) n10.1]
1 - 6‘](“) . .. e'l(u) . ..
+(Ki[ > aijF(XB(u))< [ Vés)ydr+ | VKi(s)oW,)sign0i(w)]ds
0 97 1 s)n10,1] 0 0

1
HIKIKIL Y 05 F(Xpu) (Lo, 0 () +(1/2) Lip, =, (u)) sign 6;(w)] ds.(I11.2)
0 8 o) l0,0

Proof. Using the formula (I11.1), we see that (I11.2) is true for the finite dimension-
al redefinitions as we have done in the Sect. II, afterwards we can pass to the
limit. Q.E.D.

Theorem IIL1. Suppose that we have:
F:R™ 1R bounded with bounded derivatives upto second order,
0: [0, 11" [0, 11" is a C*-mapping,

KiGDz,z(H)» XBEDz,u §i5D2,1(H)

fori=1, ..., m,

II
I M§

1

| (card {u: 0,(w)=s})> ds< + 0.
10

Let us denote by X' the anticipative Ito process defined as

t
Xi=Xh+ [ RESW, 48, i=1,..,m,

0

then, for any te[0, 1], the formula (111.2) holds almost everywhere.

Proof. The proof is again the classical limiting procedure. From the hypothesis,
if we approximate X', K¢, £ with the smooth objects we know that the formula
is valid for these approximations. In order to pass to the limit we see that
the left hand side of (II1.2) creates no difficulty as well as the terms of the
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right hand side, except the second term, but, since the limits of all the other
terms do exist in L?(u), the limit of the second term does exist and belongs
to L*(u). Q.E.D.

Example. Suppose that (X,; te[0, 1]) is the solution of the following stochastic
differential equation with smooth coefficients:

AXi=AYX)-dW,, i=1,...,m,

where A': IR™— " Then, for any FeCZ(IR™), for any # as in the hypothesis
of the theorem, we have

1
F(Xe(t))_F(Xe(O)): f L Z aiF(XG(u)) sign G;(u)] A'(X,})-o W,
0 ¥ Y9nio.n

t
+ Z fAi(Xei(s))aijF(Xe(s))

i,j,v.l,n O

6,
( | anAé(XJI[O,r](snm*A,(Xs)],,ml)e;(s)ds
0

T
+ Z j (Ai(Xﬂi(s))a Aj(XQ,-(s))) aij F(Xﬂ(s))
ij 0
(Lp,>04(9) +(1/2) Lig, o4 (s)) Gi(5) d 5
where Y is the matrix-valued process defined as
dY,=DA,(X) Y, dW
Y,=1Id

1
[DA,];;=08;A., and | HOW; is the Skorohod integral of He;, H being scalar
0
valued and e; is the i-th unit vector of the canonical basis of R?,
Remarks. (1) With the finiteness hypothesis of N, one can prove the analogous
of the Theorem II.1; since the calculations are quite similar to those of above
we shall omit it.

(2) Notethatthe second term the example can be written with the It6 integral as

1
.[ Ai(Xgi(S)) al‘j F(XG(S)} 1{S<9j(3)}
0

0 3(tx) )
(5 T v DA am 4, () B ds
0
with the usual summation convention.

IV. An Extension to Random Fields

In [4], Hitsuda shows that one can develope F(W;,, ..., W, ) for the first variable
keeping the others fixed for smooth F with the help of the Wiener’s chaos
decomposition of L. In fact what happens can also be understood by using
the Malliavin Calculus. First let us give the following
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Proposition IV.1. Suppose that F: R™ x Q - R is a measurable mapping. Suppose
that F is in ¥ (R")&D, i.e., the completed projective tensor product of the space
of rapidly decreasing functions and the space D and that (X)) is an n-dimensional
It6 process defined as

t t
Xi=X4+ [ RIOW,+ [ Eds, i=1,...,n
0 0

where XoeDy |, K'eD, ,(H), €D, (H([0, 1], R)). Then we have the following
relation:

F(X,,w)=F(X,;w)+ jt 0, F(X,, w)(KL6W,+ &L ds)
0
+ Jf (V[6; F1(X,, w)(s), Ki) ds
4]

13

N

+§ (K;,EKé-l-VXO(S)
0

+ fvé;'(s)der fVK{(S)&W,)@UF(XS,w)dS (IvV.1)
0 0]

Jor any t in [0, 11, p-almost surely.

Proof. 1t is sufficient to write

F(X,,0)= [ expi(y, X)F(v,w)dy

R»

where “*” denotes the Fourier transformation on IR* and apply the Ité formula
to expi(y, X,) (cf. the Theorem II.1) and use the commutation relation

0(pK)=¢dK—~Vgo

for peD, KeD'(H) (cf. [18, 21]). By the hypothesis the Lebesgue integral with
respect to dy commutes with the Lebesgue integral with respect to ds and
with the Skorohod integral. Q.E.D.

The hypothesis that we have imposed on F is very easy to check: Because
of the nuclearity of & (R”) (cf. [14]), Fe&¥ (R") ®D if and only if, the equivalence
class corresponding to the following random variable

o= (T F(-,w);

is in D, for any tempered distribution T on IR". Obviously this formula can
be extended to larger classes of functionals. Let us give an extension of it to
some Sobolev spaces: The first difficulty is how to define 0%F(X,(w), @) for
a multi-index o with || < 2. Since we have

0% F (x, 0) = 0% F(Yw) =c)|x—y| [ F(., @) [m, o] =2,
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with m>(n/2)+ 2, where W™ denotes the Sobolev space of order m on R", if
we suppose that || F|y. is in D, , with p>n, then from the Lemma of Kolmogor-
ov (cf. for instance [8]), x+— 0" F(x, w) will have an almost surely continuous
modification. Therefore 0% F (X, (w), w) will be well defined for o] 2.

The second difficulty comes from the term

f([vaiF](wa)(s)a Ki)ds

which is the integral of a function of two variables on the diagonal of [0, 1]%.
We have the following apriori majoration:

f ([vazF] (X57 CO)(S), K.ls) dS

<cn ) [ |KLYIVF(:, o)) ynzrer2ds

for an arbitrary ¢>0, where the constant c(n, &) depends only on n and e
Let us denote by D,,(W™) the space of Wiener functionals with values in W™,
equipped with the norm

nGnZ=E[nGn%Vm+§ vG(w)(s)u%des],

let us note that this notation is compatible with the Sect. I because of the Meyer
inequalities for vector valued Wiener functionals (cf. [17]). Since & (RNY®D is
dense in D, ; (W™), passing to a subsequence, we see that

t
_[ ([valF:l (Xs’ CO)(S), K;) dS
]
can be defined as the almost sure limit of the integrals
J (V8 F, (X, 0)(s), Ki) ds; meN)
0

where (F,) converges to F in D, (W™) with m=(n/2)+ 2+ ¢. Apriori the definition
of this term depends on the choice of the approximating sequence. However,
when we look at the things in detail, this is not the case as the following result
shows:

Proposition IV.2. Suppose that FeD, (W™ N D, o(W™) with p>n, m>(n/2)+2,
n being the dimension, X4eD, , K'eD, ,(H) and &eD, (H([0, 1], R)) for i
=1, ..., n. Then the formula (IV.1) remains valid and the term

jt ([V&:F1(X,, 0)(s), K ds (Iv.2)

is independent of the particular choice of the sequence (F,) approximating F.
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Proof. As we have explained above, both sides of the formula (IV.1) pass to
the limit 1n D’ in the weak topology. Furthermore all the terms, except (IV.2)
are independent of the choice of (F,) approximating F, consequently (IV.2) is
also independent of (F,). From the majorations that we have done above all

the terms are elements of D, , hence also the term with the Skorohod inte-
gral. Q.E.D.

Let us now apply this result to develop f(W,,, W,), for f in W*(R?) to
understand what happens in [4]. From (IV.1) we have

S W)= 1O, W+ { 8 £ (Wi W) O,
0

+ (T0. S (W, W)@ dat (112) | 32 £ (W,, W) da
0 0

Aty

QW)+ [ O f (W W)Wt [ 00, (W, W) da
(1)) | 02 £ W, W) da. av3)

Iterating the same formula for each term above with respect to ¢,, we obtain

FW,, Wo)=1(0,0)+ fzayf(O, W) dW, +(1/2) f@yzf((), W) db
0 0

+§[o.rom.0+ o0, som. myow,
0 0

thona

+ [ 0282 f (W, Wy db+(1/2) [ 020, (W, W;) db) 6W,
0 o]

ta Al

LT da[axayf(wa,onfaxafﬂm,wb)fswb
0 0

tana

+ (e pow, wydb+12) 3zaxa$f(wa,m>db]

+(1/2) fda[aif(wa,on {aza, 10w, wy om,
0 0

tana

+ [ 820, f (W, W) db+(1/2) }235 o5 f (W, W) db]-
0 [0}

The same method of iteration can be applied in case which there are more
than two variables.
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