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Summary. A non zero-sum stopping game of a symmetric Markov process
is investigated. A system of quasi-variational inequalites (QVI) is introduced
in terms of Dirichlet forms and the existence of extremal solutions of the
system of QVI is discussed. Nash equilibrium points of the stopping game
are obtained from solutions of the system of QVI.

0. Introduction

Zero-sum stopping games (so called Dynkin games) of Markov processes have
been studied by many authors, e.g., Bensoussan-Friedman [2], Bismut [4],
Dynkin [5], Friedman [6], Krylov [8, 9], Lepeltier-Maingueneau [10], Mo-
rimoto [11], Stettner [15], etc. Above all in [2], [6] and [8, 9] it has been
known that the value function of a Dynkin game can be identified as a
solution of a certain variational inequality and the saddle point of the game is
constructed from the solution. J. Zabczyk largely extended their results to
symmetric Markov processes by using theory of Dirichlet forms (cf. [16, 17]).

On the other hand in the study of nom zero-sum stopping game of a
diffusion processes Bensoussan-Friedman introduced a system of quasi-varia-
tional inequalities (QVI) and showed that a Nash equilibrium point of the
game can be constructed from a regular solution of the system of QVTI (cf. [37).
Regularity problems however remained open so far.

In the present paper, treating with a non zero-sum stopping game of a
symmetric Markov process, we introduce a system of QVI of obstacle types in
terms of a Dirichlet space and show the existence of Nash equilibrium points
of the game by establishing direct relationship between the system of QVI and
the stopping game. We can dispense with regularity arguments of the solution
of the system by using potential theory of Dirichlet forms and Markov pro-
cesses which was useful for the studies of various stopping problems such as in
[12-14] and [16, 17].

Our system of QVI is different from Bensoussan-Friedman’s but equivalent
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to it (cf. §6). To introduce our system of QVI the notion of «-reduced functions
is necessary. We devote §1 to introduction of the notion cited from [7]. Main
results are in §2.

1. Preliminaries

In the present section we introduce a notion of z-reduced functions in terms of
theory of Dirichlet forms and its probabilistic interpretation according to [7].
Then we will formulate variational inequalities related to optimal stopping
problems, which we will utilize in the following section to introduce a system
of quasi-variational inequalities concerning non zero-sum stopping games for
symmetric Markov processes.

Let m(dx) be a nonnegative everywhere dense Radon measure on a locally
compact Hausdorff space X with a countable base. Suppose that
(Q,%,%,,P,X, is an m-symmetric Hunt process on X whose Dirichlet space
(#, &) relative to I*(m(dx)) is regular. Let us take any o-excessive function
e, and any set Bc X. We set

L, p={veZ;52y q.c. onB},

where ¥ denotes a quasi-continuous modification of a function ve# then it can
be seen that L, p admits a unique element yzeL, , minimizing &,(w,w) on
L, g. Here & (w,w)=&(w,w)+a(w,w),, «>0. This Y, satisfies the following
inequality:

&5 020, “ved 520 ge. on B. (1.1)

Moreover /5 has the following properties:

Yy is o-excessive, (1.2)
Yp<y mae, (1.3)
Y=Y qe on B (1.4

(cf. [7]). ¥ is called the a-reduced function of ¢ on B. We note that a-reduced
function Yy(x) can be written as Yp(x)=U, pugz(x) by a unique measure ug
supported by B, where U,u is a function uniquely determined by equality
&,(U, p,v)= [ v(x) u(dx) for veF N C,.

We can see a-reduced functions from another point of view. Let us set

Fy_pg=1{ueZ;ii=0 q.e. on B}

for each Borel set B. £ _, being a closed subspace of the Hilbert space (% &,)
& admits a orthogonal decomposition

97:97)@3"‘%3

where we denote by #2 the orthogonal complement of % _,. We can see by
(1.1) and (1.4) that
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=0 —vYp)+ipg (1.5)

represents the orthogonal decomposition of the a-excessive function e That
is, a-reduced function /5 on the set B is the projection of ¥ on the space #5.
Taking the symmetric Markov process (2,4, %,, P,, X)) associated with the
Dirichlet space (%,&) we set op=inf{t; X,eB} for a Borel set B. Then
E [e~*= (X +5)] 1S a quasi-continuous modification of the a-reduced function
U (cf. [7]).
Let us consider the following variational inequality (1.6) for a given func-
tion peF
Eu,v—u)z20, VYov=¢ ae uxg¢ ae. (1.6)

Then this inequality (1.6) has an unique solution ue#. Therefore, when we
denote by U(¢) the solution of (1.6) for given function ¢peF U(-) define an
operator from & to % We note that U(¢) is a-excessive for each ¢peF (cf. [12,
177).

Let t
et us se u*(x)=sup E . [e" " $(X )],

where © ranges over all stopping times. Then, owing to [12], it is known that
u*(x) is a quasi-continuous modification of the solution U(¢) of (1.6) and

w*(x)=E,[e”"" (X ],
o =inf{r; U(@)(X) = (X )}

Remark. Any function f(x) is extended to a function on X ,=Xu 4 by setting
f(4)=0, where X, is a one point compactification of X. When X is already
compact 4 is regarded as an isolated point. Since (B, X,) is a Hunt process X,
=4 for each t={(w), where {(w) is a terminal time. Therefore we can define
E [e *f(X,)] for any stopping time t and any quasi-continuous function
fx)eZ.

2. System of QVI and Nash Equilibrium Points

Let us assume that quasi-continuous functions ¢,,¥,€# such that ¢, <y, m-
a.e, i=1,2 are given. We set

J,X:il (Tl H TZ) :Ex [e_an d)l(Xr]) I{n =12} + e—arz‘pl(th) I{tz <r1}] (2'1)
sz (ty,7)=E, [e“atzqsz(X:z) I{rz gm""e_a”‘pz(le) I(n <zz)J (2.2)

for any stopping times 7, and 7,. Our problem is to look for a pair of stopping
times (t%,1%) such that

Jl(Tﬂl(aT’;)g'Il(Tla‘Eﬂlc)? VTl:

x

vy
J3(1T7T§)2J5(TT712)7 Ty
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Such a pair (t%,7%) is called a Nash equilibrium point of non zero-sum
stopping game with pay-off functions J! and J?. Corresponding to the above
stopping game we consider the following system of quasi-variational inequali-
ties (QVI) (2.3):

& uy,v—u)20, VYov=¢,v U(‘/’1)B(u2,¢2)a U Z¢, v U(¢1)B(u2,¢2)
Euy,v—uy) 20, VYozg,v U(lpZ)B(ul,d)lp Uy Z Py v U(l//z)B(ui,qyl),
where B(u;, @) ={x;#,(x)=¢,(x)}, U@, is the solution of the variational in-
equality (1.6) for a given function ¥; and U(y,),, 4, i the a-reduced function

of the a-excessive function U(y;) on the set B(u;, ), i,j=1,2, i#j.
Then we have the following existence theorem of the system of QVI (2.3).

(2.3)

Theorem 2.1. There exists a pair of solutions (iI,,u,) and (u,,i,) of (2.3) such
that any solution (u,,u,) of (2.3) satisfies

¢i§"ii—_<—ui§ﬁi§U(lﬁi)a i=1,2.

Concerning existence of Nash equilibrium points of the non zero-sum
stopping game with pay-off function J! and J?2 respectively defined by (2.1) and
(2.2) we have the following result under the assumption (A):

;U= = {x; U )=y}, 1,j=L2, i%], (A)
except a set of capacity zero.

Theorem 2.2. Let (u,,u,) be a solution of (2.3) and ¥ =inf{t; #,(X)=¢,(X)}, i
=1,2, then under the assumption (A) (t%,1%) is a Nash equilibrium point of the
non zero-sum stopping game with pay-off function J} and J?2.

Remark 2.1. If , is a-excessive for each i, or if ¢,<0 for each i, then the
assumption (A) is always satisfied.

Remark 2.2. When ¢;= —y;, i%j, i=1,2 in (2.1) and (2.2) the game is called a
zero-sum stopping game or Dynkin game, which has been studied by J.
Zabczyk in the context of symmetric Markov processes and Dirichlet forms (cf.
[16, 177).

Remark 2.3. In general pay-off functions are defined as follows:
TI AT2
T =B | e h(x)ds
0
Lot ¢i(X"-'i) I{ti <15} + e lpi(th) I{rj <ti}] (24)

i%j, i,j=1,2. The non zero-sum stopping game with pay-off functions (2.4) can
be reduced to the above mentioned our case by taking ¢, —G,f; and ¢, —G_f
in place of ¢, and y,, i=1,2.
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3. Existence of Solutions of a System of QVI

Let us introduce for a given function we% a closed convex subset

KWy ={veZ;vZ¢,v UW ). 4.}

L,j=1,2, i#+j of a Hilbert space (£ ¢&,). Then we consider the following varia-
tional inequality (3.1)

&,(u,v—u)20, VoeK,(w), uek,(w) (3.1)

for each i. Since (3.1) has a unique solution we can define an operator S; from
Z to & such that S;w is the solution of (3.1) with the convex set K,(w) for
cach i. Let us set T=S5,S,, then T has the following properties.

Lemma 3.1. T satisfies the following properties:

1) TusTwif ¢g,<usw
i) if w,Sw,,, for each n and {w,} converges to w in (Z,&,), then {Tw,}
converges to Tw in (#,8).

For the proof of Lemma 3.1 we need the following lemma.

Lemma 3.2. Let YyeF be an wa-excessive function and {B,} be a sequence of
subsets of X, then we have the following:

i) if {B,} is a nondecreasing sequence and B= U B,, then Yrg — iy in
(#.6).

) if {B,} is a nonincreasing sequence of quasi-closed Borel subsets and B

= ﬂl B,, then Yy =5 in(Z,6,).

Remark. A subset B of X is called quasi-closed if there exist a quasi-continuous
function g(x) and a closed subset F of R* such that B=g~}(F).

Proof of Lemma 3.2. 1) We first note that (Y5 )p =V, for B, =B, because of
the definition of a-reduced functions and (1.4). Therefore it follows from (1.3)
that Y5 <y, if B, = B,. Thus {§, } is a nondecreasing sequence of a-excessive
functions such that Y, <y, which means that &,(, ,¥5) is a nondecreasing
sequence dominated by &,(Y5. ). Accordingly {15} converges strongly in
(#,6) to a certain function ¥,eZ It is clear that y, is o-excessive and
EW W, )SE,(p, ). Moreover there exists a subsequence of {y, } which
converges a.e. to x// Then we have l,[/ (x )>1//Bn(x) P(x)= ¥ 4(x) q.e. on B, for

each n. Since B= U B, we obtain t//*(x);l,bB(x) g.e. on B. Hence we conclude
that y, =y/. n=1

) Let {B,} be a nonincreasing sequence of quasi-closed Borel subsets of X,
then it is easy to see that {i, } is an &,-convergent sequence. We denote by v,
its limit. According to Theorem 3.1.4 in [7] &,-convergent sequence {y; } of
quasi-continuous functions has a subsequence which converges q.e. to ¥,.
Therefore to see that ¥, =¥, q.c. it suffices to show that

E [em* (X, ) ]=lm E [e™*"}(X,)] qe. (3:2)

n— o0
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where o,=inf{t; X,eB,} for each n and oz=inf{t; X,eB} (cf. Sect. 1). g, being
nondecreasing we set o= lim g, to see (3.2). Since each B, is a quasi-closed

h— oo

Borel set we have X, €B, F, as. on {g<o} q.e. x. Therefore lim X, e ﬂ B,

n— k=1

=B, P, as. on {c<oo} g.e. x. By using quasi-left continuity of our process we
see that B(X,eB, 0 <o)=E(o<w) g.e. x, which means 6=0y, B, as., q.e. x.
Converse inequality is obvious by definition of g. Accordingly we have o=0y
P as. ge. x. Hence we obtain E, [e‘“”"aﬁ(Xan)]—»Ex [e““Bz[(XUB)] g.e. x as
n— oo because of quasi-left continuity of our process and dominated con-
vergence theorem.

Proof of Lemma3.1. i) Since ¢,<u<w we have B(u,¢,)> B(w,¢,). Therefore
we have U(Y,)pu, g0 = UW1)pew,s,) in the same way as the proof of Lemma
3.21). Accordingly we obtain K,(u)cK,(w), from which it follows that
S,u=S,w. It is obvious that S, w=¢,. By repeating similar arguments as
above with respect to S, we obtain Tu=S,5,u=S,5, w=Tw.

ii) We first note that {B(w,,¢,)} is a nonincreasing sequence of quasi-

closed subsets of X and B(w,¢,)= () B(w,,¢,). Therefore we see by Lem-
=1

ma 3.2 that U(Y g, 4, cOnverges in (% &,) to U@ 1)p, 4,)- Then we have ¢,
VUW Do D1V U Dpe, g, 0 (FE) by Anconna’s lemma (cf. [1, 17]).
Therefore we obtain S;w,—S;w in (#,&,) by Theorem 5.1 in [14]. Moreover
we have S, w,|S, w=¢, ge. Now we have B(S,w,,¢,)<B(S;w,,,¢,) and

U B(S,w,,¢,)=B(S, w,¢,). Therefore by similar arguments as above using
Lemma 3.2i) in place of ii) we conclude S, S, w,—=S, S, w in (£,&).

Proof of Theorem2.l. We first note that ¢,<T¢,. Then we obtain
T~ '¢,<T"¢, by Lemma 3.1. It is clear that T" ¢, =< U(l,bz) because T" ¢, is a
solution of (3.1) with K,(S, T"~'¢,). Thus {T"¢,}, is a nondecreasing se-
quence of a-excessive functions dominated by a-excessive function U(y,).
Therefore it has a (strong) limit point T® ¢,. We set u, =T ¢,, then we have
Tu 2=l because of Lemma 3.11). Hence, setting &, =S, u,, we see that
(ul,uz) is a solution of (2.3).
Let us define an operator T from & to & by T=S,S,, then it follows that
TusTw for ¢,<u=<w and that Tw,—Tw in (£ ﬁ) for nondecreasing se-
quence {w,}, which converges to w in (J' &). Therefore, setting u, =T® ¢, and
@,=S,u,, we can see by similar arguments as above that (u,,i,) is a solution
of (2.3). It can be easily seen that ¢, <y, <u, <@, <U(Y,), i=1,2, using the above
mentioned monotone property of T and T.

4. A Variational Inequality and a Stopping Problem
Suppose that a Borel quasi-closed subset B and quasi-continuous functions ¢

and yeF such that ¢=<y m-ae and Y is a-excessive are given. Then we
consider the following variational inequality.
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& (u,v—u)=0, YveK(B), ucK(B), @.1)

where K(B)={ve#; v=¢ vy m-ae.}. We note that the unique solution u of
(4.1) is the excessive majorant of ¢ vy (cf. [12, 14, 17]). Therefore by our
assumptions we have the following lemma.

Lemma 4.1. The solution u of (4.1) is a-excessive and satisfies

psusy m-ae. (4.2)
=¥ q.e.on B. 4.3

Let us set o, =inf{¢t; #(X,)= (X))}, o, =inf{t; #(X,) =¥ z(X,)}, o,=Inf{r; X,eB},
o*=inf{t;H(X)=d V(X )}=0,A0, and t*=0,Ac,. Then, owing to the
theorem in [12] we have
i(x)=supE,[e”* (¢ v i) (X )]
=E,[e* (¢ Vi5)(X,)]
=E[e"UX,)] qe. (44)

Now, using the properties of an a-reduced function 5, we have the follow-
ing lemma useful for the proof of Theorem 2.2.

Lemma 4.2. We have
‘ B)=E. e @(X )] =E [e (@ Vvi(X,)] qe.
Proof. By (3.4) we have

i(x)=E_ [e™* (¢ viFp)(X, )]
=E [e " ¢(X,) (UI<62}+6‘”2¢B(XGZ)I{oz<al}] g.e.

Since ¥4(x) is an a-reduced function of ¥ on B we obtain

Yp(X)=E, [e " Y(X,)]
=E [ Exgynay Le "X, )T]
=E.[e* " f5(X(o5n0,)]  qe.
We further note that 6,<¢;, F, as. g x, (X, €B; 0;<ow)=0 ge x and
i(x) =y z(x)=y(x) q.e. on B. Therefore we obtain
E e ,(X,)) Iy <ond
=E, [e7* " 15X gy p0) Ligs <on]

=E [e_‘mst( 03) {03<01}+e_m”wB(X01)1{62<U1<“3}]
éEx[e_aUSM(Xo-3)1{a'3<al}+e_aal M(Xal)l{qz<n'1§o'3)] q-e'

Hence we have
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i(x)SE, [e ™™ ﬁ(Xﬂ)I(m<63)+e (X, ) {anl}]
SE[e " i(X,,,,)]
—E,[e*"UX,)] qe

Converse inequality #i(x)=E, [e™*"@(X,)] q.e. is obvious because u is a-ex-
cessive.

5. Proof of Theorem 2.2

Now we give the proof of Theorem 2.2. Let (u,,u,) be a solution of the system
of QVI (2.3). We set

tF=inf{t; X,€B(u;, ¢}, i=12.
We note that B(y;,¢;), i=1,2, are quasi-closed and thercfore B:(Xz;GB(Un(i)i),
¥ <o0)=0, q.e, i=1,2. Then we have
J (t%,713)=E [e_atl (X, )I{n<zz}+e_”§ ‘/fl(Xzi)I{r’iq’{}]
=E, [e‘““ i (X )I{t§<1-2}+e‘”2ﬁ1(XT;) I{r*ﬁ«f)]
=E [e“"l”zu Xz, ] qe
because ii,(x)=y,(x) q.e. on B{u,,¢,) by Lemma 4.1. We obtain by Lemma 4.1
and Lemma 4.2
Ex[e_at);/”; al(X-:*{/\rg)] :al(x)

2E e 2 i,(X,, 4]

éEx [e—fl‘fl ¢1(Xr1) I{r1 §r§} + e—a‘té IIZ’I(X-:’E) I{t§<11):|

=J}(t,,7%). qe.
for any stopping time 7,. Thus we obtain J}(t%,7t5)2J} (z,,1%) q.e. x, for each

z,. In the same way we have J2(r%,73) 2 J2(z%,7,) q.e. x, for each stopping time
Ty.

6. Equivalence of Two Systems of QVI

Bensoussan-Friedman introduced the following system of QVI in [3]:

&, (wy,v—w;)20, VU€K1(W2)’ W1EK1(W2)

. . 6.1
&, (wy,0—wy) 20,  VveK,(wy), weK,(wy), e

where Ki(wj)z{vef; =y, q.e. on {W;=¢,} and v=¢,;}, i*j, ,j=1,2 and ¢,
and , are given quasi-continuous functions belonging to & such that ¢, <y,
and ¥, is a-excessive for each i. We are now going to show equivalence of (6.1)
and our system of QVI (2.3) in the case that v, is a-excessive for each i. It is
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sufficient to prove the equivalence of the variational inequality (4.1) and the
following variational inequality (6.2).
Eu,v—u)20 VveKy, ueky,

(6.2)
Ky={veZ; =y qe on B and v=¢}.

Proposition 6.1. (4.1) and (6.2) have common unique solution.

Proof. Suppose that u (resp. w) is the solution of (4.1) (resp. (6.2)). Since =y
g.e. on B and u= ¢ m-a.e. u belong to K. Therefore we have

&, (w,w) =& (u,u). (6.3)
On the other hand we can show that weKjy as follows. Since |[w— |, w
—YzeFy , We have
éad(lﬁ3+lw—l/13|,l/13+|w-l,03|)
=&, W ¥p)+26,( g, W —Ypl) +E(w — gl lw—))
=6, Yp)+E,(W—g,w—p)
=ga(W,W)+2(g)a(l//B,l//B—W)
=&, (w,w).
It can be easily seen that Y +|w—ygleK;. Therefore we have w=y,+|w

—gl, which means w=y, m-a.e. Accordingly we obtain w=¢ v ,. That is
weK(B). Hence we have

8,1, 1) S E,(w, w). (6.4)
From (6.3) and (6.4) it follows that u=w.

7. Example

We give a simple example of the solutions of system of QVI (2.3) in the case of
absorbing Brownian motion on the interval (0, 1), where the Dirichlet form is

1Ydudv

é ==
(x2) 25dxdx x

1

with the domain & ={v; v is absolutely continuous, |

0

=v(1)=0;. We note that Theorem 2.1 and Theorem 2.2 are valid for «=0 in

2
dx<oo and v(0)

the present case because & is already coercive.
Let ¢, ¢,, i=1,2 be functions as follows:

ol oolw O
A A
WA A

A
— ol oolw

R s ]

A
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£x 0<x<3
¢,(x)=13 F<x=3
—$x+% f<x<l,
4x 0<x<%
Ya(x)=1{1 $<x=3
—4x+4 2<x<l,
4x 0<x=<%}
¢, (x)= % é<x§%
—4x+4 f<x<l

Then extremal solutions (,,i,) and (i1, u,) are the followings

Ex O<x<p

Ix+3 §<x<3

1 3 5
u(x)=13 F<X=3
2 11 ) I

—3X+13  §<x=g

8,8 el

{~3x+3 <x<l1,

4x O<x<it

1 1 3

2X+Z F<x<y
i,(x)=11 F<x<j
] 5 7

—2X+Z F<x<y
—4x+4 f<x<l,

ai(x)=y,(x) and u,(x)=¢,(x).
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