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On the Hydrodynamic Limit
of a Ginzburg-Landau Lattice Model

The Law of Large Numbers in Arbitrary Dimensions

J. Fritz*
Mathematical Institute, HAS, H-1364 Budapest, Pf. 127, Hungary

Summary. A lattice system of interacting diffusion processes is investigated.
The evolution is attractive and time reversible, the spin satisfies a conserva-
tion law. It is shown that the rescaled spin field converges in probability
to the corresponding solution to a nonlinear diffusion equation.

1. Introduction

We are going to investigate the hydrodnamic behaviour of interacting diffusion
processes satisfying a conservation law. The configuration space will be defined
as a set, Q of real sequences labelled by the points of the d-dimensional cubic
lattice, Z*. If weQ and keZ’ then w,cIR denotes the spin at site k. The energy
of the spin at site k is given by

H(@)=V@)+s T (@-o), (1)

lji—k|=1

where o is a nonnegative constant, while : R - IR is a convex function having
three continuous derivatives such that |1—V"(x)|<c for all xeR with some
c<1, and V" is bounded, too. The evolution is governed by the gradient of
H,

OH=0,H)=V'(w)+a Y (0p—o), (1.2)

[i-ki=1

in the following way. Along cach oriented bond k —j there is a random current,
Ji;j of the spin, and the temporal evolution is determined by the associated
conservation law. More exactly, for each positively oriented bond we are given
a standard Wiener process, wy;, they are independent, and w,;+w;, =0 by con-
vention. The currents admit a stochastic differential,

dJ;=}[0, H(@)— 8, H(w)] dt+dw,, (1.3)

* Supported in part by the Hungarian National Foundation for Scientific Research, grant No. 819/1,
and by the Mathematical Department of Rutgers University, N.S.F. grant DMR 8612369



292 J. Fritz

and the evolution is defined by a system of stochastic differential equations,

dog+ Y dj;=0, keZi, w,(0)=0c,. (1.4)

[j—kl=1
We are interested in the asymptotic behaviour of the rescaled spin field

Si(t, @, 09 =€ > (ek) w(t/e?) (1.5)

keZd

as ¢—0 and the initial configuration, ¢® approaches some smooth profile, p,:
R¢—R. We show that S converges in probability to a nontrivial deterministic
limit, { ¢ (x) p(t, x) d x, and p, the limiting spin density, satisfies

0
3—’;=div [D(p) grad p(t, )],  p(0, x)=p,(x), (1.6)

where D: IR — R is strictly positive and bounded.

The first attempt to derive the macroscopic equations of hydrodynamics
from statistical mechanics is due to Morrey [18], a more general formulation
of the problem goes back to Dobrushin [8], see [3, 4, 9] and the early papers
{17, 22, 23] on the subject. A survey of some mathematical and physical ideas
and results is presented in [6]. The evolution (1.3)+(1.4) is a lattice version
of the time dependent Ginzburg-Landau equation, sometimes it is called a Cahn-
Hilliard theory, see Spohn [26] for some further references on the physics litera-
ture. This paper is a continuation of the project outlined in [12, 13]. The proof
of [14] is simplified and extended to arbitrary dimensions, we prove a law
of large numbers for continuous functionals of the conserved field. The determin-
istic (zero temperature) case was discussed in [11]. Some related results on
the one-dimensional, general zero range model were announced by Rost [24].
An extension of the law of large numbers to the one-dimensional continuum
Ginzburg-Landau equation was obtained by Funaki [15]. Equilibrium fluctua-
tions (the related central limit problem) were described by Spohn [26]. In a
recent paper [16] Guo, Papanicolau and Varadhan [16] propose a new
approach to the law of large numbers. This method is restricted to finite volumes,
but it is fairly general in other respects. For example, the convexity of the
self-potential V implying attractivity of the evolution is not needed. Donsker
and Varadhan [10] treat the associated large deviation problem by similar meth-
ods.

This work was completed during my stay at Center for Mathematical Sci-
ences Research, Rutgers University. I am indebted to Joel L. Lebowitz for stimu-
lating discussions and kind hospitality there.

2. Main Result

It is very convenient to embed our configuration space into a space of functions
on RY then the configurations will be interpreted as step functions. The topology
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of this space will be specified by a family of weighted IL*-norms, |*|,, reR.
The weight functions, 6,: R?— (0, 1] are defined as follows. Let 6: [0, o0) — (0, 1]
be a nonincreasing and twice continuously differentiable function such that
Owy=1e*"* if u=2, Ow)=1 if u<1, while 6(u)=e * and 0= —0'(W)<H(u)
<1e? *for all u=0. Now 0,(x)=[0(x|)]" for xelR? and reR, and

lof?=§0,(x) |o(x)* dx 2.1)

whenever o:IRY — IR is measurable. The associated scalar product will be denoted
as {+,*),, the same notation will be used for vector valued functions. Introduce
now IL2(IRY) as the real Hilbert space of locally integrable o: R —» R with norm
|- Since 0,26, if r <, we have IL2 <12 in this case. Since 6 _,=1/6,, the spaces
L2 and IL?, are the duals of each other with respect to the scalar product
(> of L3(RY)=IL%(RY. Define now IL2 as the locally convex space with
seminorms |+|,, ¥ > 0. This simply means that

Li= (LR, (2.2)

r>0

and ¢,— ¢ in the (strong) topology of I.2 iff |¢,—a|,—0 for each r>0. The
dual space of ILZ is just
>, = (JL2, (R, 2.3)

r>0
the elements of IL* , are represented as
p=90)=[p(x)o(x)dx, oelZ. (2.4)

The weak topology of IL2 is given by a fundamental system of the neighborhoods
of 0ell2, namely

(]y(qop (P2> tero (pn)—':I:O'E]I_%: |€0k(°')l<% k: 15 27 (RS n]: (25)
where y>0 and ¢,ell? ,. A subset B of IL2 is called a ball if
B=[cel’: 6|, <b, for all r>0] (2.6)

with some b, < co. It is easy to check that IL2 is a reflexive space, and its balls
are weakly compact. If ¥ =IL2 then €,(2) and C,,(Z) denote the spaces of strongly
(weakly) continuous and bounded maps of X into R. The spaces of weakly
differentiable Aell2 and @ell?2 , with partial derivatives belonging to I2 and
I? , respectively, will be denoted by H} and H? .

The embedding of our process into I2 is based on the following correspon-
dence between sequences and step functions. Let C,(¢k) denote the Dirichlet
cell of ¢Z* centered at ¢k, £>0, keZ’. More exactly, if x; and k; denote the
coordinates of x and k, then

C.ek)=[xeR%: —g2<x;,—ek;<g/2,i=1,2,....d]. 2.7
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Moreover, let C,(x)=C,(ek) if xeC,(¢k), and define Q, as the space of well2
such that w(x)=w(y) whenever xeC,(y). For each £¢>0 and wel2 there is a
step function, w*=1I, » defined by

Lox)=c* | o@dy, (2.8)

Ce(x)

that is, Q,=1,IL2. On the other hand, if w=(wy);.z« is a sequence indexed by
Z°, then o®(x)=w, iff xeC,(¢k) defines a step function w’eQ, for each £>0,
provided that

lol,=[ 3. I 6,(k) 0]"* < 0 2.9)

keZd

for each r>0. The space of such sequences will be denoted by £, and the
evolution law (1.3) will be considered in this configuration space. Since Q and
Q, are essentially identical, we are not going to make a sharp distinction between
them.

The existence problem for (1.3) is almost trivial. Let b,=b,{(w) denote the
drift of (1.3), and consider b=(b,(w));zz as a map on Q. It is easy to check
that for each relR we have

[b(w)|,. =L, |@],, (2.10)
[b(w)—b(@), =L, |o—a, (2.11)

for all w, ®@eQ with some L, < co. Since the martingale part of (1.3) does not
depend on the configuration, the casiest iteration procedure can be used to
construct continuous solutions in , and the very same methods yield smooth
dependence on initial data. Although no stochastic calculus is needed at this
point, for convenience we refer to the abstract results of Chapter VII in [5].
Let w(t, 6) denote the solution to (1.3) with initial condition (0, 6)=0eQ. The
solution is a continuous process in Q for each o€, and we have some constants,
K, such that for r>0

Eflo(, o)f1=(0l? +K,) exp(K, 1), (2.12)

see Theorem VIL.2.1 in [5]. Moreover, the solution is a differentiable function
of the initial data, and its derivatives satisfy the linearized equation associated
with (1.3). For measurable and bounded f: @—R we define P'f=1P f(0)
=IE[ f(w(t, 0))]. If f is a bounded cylinder function with continuous and
bounded first and second derivatives, then IP* f is twice differentiable, and

P f(0)=f(0)+ fG]PS f(o)ds, (2.13)
0

where G denotes the formal generator of P,

Gf=%) Y € o[e” (@ f—0;/], (2.14)

klj—kl=1
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and 9, denotes differentiation with respect to o,; see Theorems VII.3.3 and
VIL4.1 in [5].

Since (1.3) is a conservation law, we expect that IP* has a whole family of
stationary measures. Let u, denote the Gibbs state on Q with energy H,=H
~Y X0y, where 1e€ is arbitrary. This means that the conditional densities
of u, are specified as

p(doylo), j+k)=Z; ' exp[ —Hy(0)+ A 0] doy, (2.15)

where Z; is a normalizing factor depending on 4, and o¢; with |j—k|=1. It
is easy to verify that if AeQ then u, is unique, and p,(2)=1, see [14] with
some further references. In particular, if A, =v for all keZ¢, then a distinguishing
notation, ul = u; will be used. Observe that (2.14) implies

§f1(0) G fr(0) i (d o)
-1y X I(ajfl—akfl)(ajfz_akfz)d,ug (2.16)

k |j—-kl=1

for smooth cylinder functions. This Dirichlet form contains the main information
on IP". For example, we obtain [ G fdyu;=0 for all smooth cylinder functions,
whenever 4 is a harmonic sequence, i.e.

)bkzL Y 4; forall keZ” (2.17)
2d lj—kl=1 !

It is not difficult to show that every Gibbs state of this type is in fact a stationary
measure of IP". The converse statement is more difficult to prove, the free energy
method seems to be applicable. A direct calculation yields 4,={d, H(o) u;(d o)
suggesting the following expression for the diffusion coefficient D of the limiting
Eqg. (1.6), see [6, 13]. Indeed, if A=v" is a constant, then the mean spin equals
the derivative, F’, of the equilibrium free energy, F as a function of the chemical
potential v. For brevity we only define F': IR -» R by

F'(0)= o, u(do). (2.18)

Since p? is translation invariant, F’ does not depend on k. We shall show that
F’ is strictly increasing, thus

DW=12F'(w) if u=F(v) (2.19)

defines D for all uclR. Moreover, D is continuous, and O0<c=Du)=c,<
with some constants, consequently (1.6) is uniquely solved in the following sense,
see Sect. 7. For every oelH! there exists a continuous trajectory, p,cll2, =0
such that p,=o and for each twice continuously differentiable ¢: R? — IR with
compact support we have

fot)p(x)dx=[o(x)a(x)dx+ [ [E(p,(x)) Ap(x) dxds, (2.20)
0
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where E denotes the inverse function of F', that is, E' =D.

The problem of hydrodynamic limit can be formulated in terms of a family
of Markov processes, wi, t20, ¢>0; wieQ, is defined by wi(x)=w,(t/e?) if
xeC,(ek), where w=(w;(t))yeze is @ strong solution to (1.4). The initial value
of »* will usually be denoted by o=, the rescaled spin field becomes ¢(w}),
and the associated Markov semigroup is defined as

E g(0)=E[g(w])|wh=0], 0eQ,, geC (L) 2.21)

In the traditional formulation of the problem the initial configuration is random,
it is distributed by a family of local equilibrium states, y, ., see [6]. The initial
randomness is certainly necessary in the case of conservative (Hamiltonian) sys-
tems, this assumption is relevant also for the Guo-Papanicolau-Varadhan
approach [16]. Due to the convexity of V, our model has very good ergodic
properties: it seems that local equilibrium is established after time 7?2, even
if the initial distribution is deterministic, but we are not in a position to give
an exact meaning to this conjecture. We can control the relaxation of our system
to a local equilibrium only at a level of the law of large numbers. The following
presentation of the main result is a little bit stronger than that proposed by
Funaki [15].

Theorem 1. Suppose that wf converges weakly in 1.2 to some poeH! as ¢—0,
then @(wf) converges in probability to ¢(p,) for each t>0 and peH ,, where
p, is specified as the weak solution to (1.6) with initial configuration py. []

One of the most crucial features of our dynamics is the weakly continuous
dependence of solutions on initial data, this property will be used to reduce
Theorem 1 to the case of random initial configurations, and then to solve the
problem. The simplest choice of the local equilibrium distributions is the follow-
ing one. For ¢>0 and AelZ let u, ,=pu, , where "€ is defined by A; =1, A(¢k)
Remember that p, , is originally defined on €, but we can project it to €,
by means of the usual correspondence o — ¢° between Q and Q,, ie. ¢°(x)=0,
if xeC,(ek). For notational convenience we assume that g, , is defined on the
Borel field of the whole space IL2; of course, y, ,(€2,)=1. Observe that y,_, satisfies
a law of large numbers. We shall show that if pell2 _, then

[0(0) ti.o(d o)~ () po(x) dx, (222)

where py(x)=F'(A(x)), and ¢ (o) converges in probability to ¢(p,) as ¢ > 0. This
statement is trivial if «=0, because yu, , is a product measure in this particular
case. If o>0 then the convexity of V implies that y; , belongs to Dobrushin’s
uniqueness domain, thus it satisfies an exponential decay of correlations, see
[17]. Therefore u, , converges to the -measure concentrated on in the sense
that

[8(0) p.cdo)———g(po)  if geC, @), (2.23)



Hydrodynamic Limit of a Ginzburg-Landau Lattice Model 297

Notice that (2.23) fails to hold for strongly continuous functions. The weak
topology of IL2 plays a fundamental role in the proofs, and this role is not
a technical one: the law of large numbers is formulated in a natural way in
terms of this weak topology. The second version of the main result maintains
that (2.23) remains in force for positive times, too.

Theorem 2. If ge T, (IL2) and LeH! then

lim TR g(0) ps,.(d ) =g(py),

where p, is the weak solution to (1.6) with initial condition py=pq(x)

=F(A(x). O

The ideas of the proof are outlined in the next section. Following [12]
we prove Theorem 2 first for a more restricted class of functions, D, (IL2) to
be defined in Sect. 7. The next step is the tightness of the family of time evolved
measures, p, . IP', whence the general case follows by the Stone-Weierstrass theo-
rem. Finally, we derive Theorem 1 from Theorem 2 by means of the weakly
continuous dependence of solutions on initial data, cf. Funaki [15].

The methods of this paper work under some more general conditions. The
case of an external driving force, and a reaction term will be discussed in a
forthcoming paper with Christian Maes. Systems with random, or macroscopi-
cally inhomogeneous conductivities can also be treated. The case of configura-
tion dependent conductivities, that means correlated currents, is more difficult,
but not absolutely hopeless.

3. On the Ideas of the Proof

The framework is fairly general, we want to expose the underlying particular
structure, too. For each ¢>0 we are given a Markov process I, and a family
of initial distributions, y, ,, Ae4A=MH.. Let G, denote the formal generator of
P, and consider the class C,(IL%) = C,,(IL2) consisting of functions of type f (o)
=h(p,(0), 95(0), ..., ©,(0)), where h: R* >R and ¢,: R* >R are twice contin-
vously differentiable with compact supports. We want to have a statement of
the following kind. For each geC,(IL2) and /e A there exists a limit

[ B g(0) ;..(d o) ———T 3, 3.1)

and the limit is specified as follows. The map g — § is given by

g()= lijléf g(0) Wy, .(d o), (3.2)

while P is a semigroup in €,, () specified by its formal generator

Gi (= liilolfGef () us,.(d o). (3.3)
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Of course, this loosely formulated statement is too general, there is no theorem
claiming that (3.2) and (3.3) imply (3.1). Nevertheless, we can go a little bit
further. We summarize below the main steps of a proof we are going to material-
ize in the case of the Ginzburg-Landau model (1.3).

Introduce the resolvent, R, , for z>0, geCy(IL2) and 0€,,

R..g(0)= | e B g(o) d. (3.4

From (2.13) we obtain that f,=IR_ , g satisfies

g(0)=zf,(0)—G.f.(0), o€, (3.5
the resolvent equation, whence
§8(0) ps,.(do)=z[f,(0) ps,.(d0)— | G, £,(0) p;..(d o). (3.6)

Imagine now that we can use a compactness argument to pass to a limiting
resolvent equation via (3.2) and (3.3) along some subsequence ¢, — 0. This means
that each term of (3.6) tends to the corresponding term of

ED=2J()—-GF ) 3.7

for each led and z=z, where z,>0 depends only on g. It is very relevant
here that the subsequence may depend on g and z, but it does not depend

onl LetR,g= [ e P gdt, then
0

ZIRzg_GIRzg:ga (38)

ie., R, g solves (3.7). Therefore, if i=f—IR, g, then 8, P* h=P*G fi=zIP &, whence
P ii="he. Since P is a contraction semigroup, and z> 0, this is possible only
if k=0, consequently

lim | e B g(0) ps,.(do) dt=TR, () (3.9)
=0 0

for all Aed, geCy(IL2) and z > z,,.

Suppose now that the family h(f)=[B'gdpy,, is equicontinuous at each
t>0 as ¢—0, at least if 4 and g are fixed. Since A, is uniformly bounded, by
the Arzela-Ascoli criterion of compactness we can select a subsequence ¢, —0
in such a way that h, converges uniformly on compact intervals of time to
some limit, h,. Thus, for z >z, we have

lim e = h, (f)dt= [ e " ho(t)dt=R,3, (3.10)
0

n—>oo 0

whence ho(t)=1P"g for all t>0 by the uniqueness of the Laplace transform,
which implies (3.1). Now we can approximate weakly continuous functions by
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smooth functions of class €Cy(IL%) via the Stone-Weierstrass theorem on the
balls of IL2, thus we can extend (3.1) to ge@,,(IL?) by means of the tightness
of the time evolved measure y, IB'. This follows by an a priori bound for
the mean value of |@?|? with some r>0.

The crucial step of the proof is certainly the compactness argument resulting
in (3.7). Since we need the convergence of each term of (3.6) simultaneously
for all Ae 4, we have to prove an Arzela-Ascoli criterion for f, as a function
of the initial configuration. Unfortunately, the strongly compact sets of IL% are
not rich enough to carry the initial distributions, p; ,, thus we have to show
that some time averages, like f,=IR, g are weakly equicontinuous functions
of the initial data, cell2. The very same continuity property allows us to con-
clude Theorem 1 from (3.1), cf. Funaki [15]. The proof of this compactness
criterion reduces to a study of the linearized system of (1.3); its parabolic struc-
ture is the key of our investigations. Let us remark that (1.3) is attractive in
a very strong sense, at least if «=0. Indeed, if 0,<4, for all k, then w,(t, o)
Zwy(t, &) for all k and ¢>0. This strong attractivity breaks down if a>0, thus
we believe that the parabolicity of the linearized system is a useful, general
condition for continuous spin systems.

Now we are in a position to enter into some further, more technical details.
Taking into account (2.16), the Dirichlet form of G we can simplify (3.3) in
a very radical way. We obtain that

fodﬂA:—%Z Z j(/lj“ik)(ajf_akf)dﬂz- (3.11)

keZa |j—k|=1
This fundamental identity scales into

JG.fdu, = —}[[<{V.A(x),V.IDf (x, 0)> dx p; . (do), (3.12)

where °=1, , ¥, denotes the lattice approximation of the gradient of a function,
{+,+) is the usual scalar product in R% and IDf is the functional derivative
of f. More exactly, let e,, e,, ..., ¢; denote the unit vectors of our system of
coordinates in IR¢, then

Vsa(x)zé zd:ei[o'(x—l—sei)—a(x)] (3.13)

i=1

if o: R > R is a scalar, while
1 d
A @(x)zg Y [oilx—ee)—oi(x)] (3.14)
i=1

ifp=e, @, +e, @+ ...4+¢,¢,1s a vector field. Notice that V}* is a lattice approx-
imation to —div, and 4,= —VF*V,, that is

dip)=e"2 Y [p(x+ee)—20(x)+o(x—ze)]. (3.15)

i=1
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We are using the following notation of functional (variational) derivatives. Let
X cl2 denote a convex set and define ID () as the space of f: 2 —IR such
that if 6, 62 and 6 =6 —a, then

fle)—f@)=[é(x)Df(x,6+qd)dxdq, (3.16)

where IDf: ¥ > 12, is strongly continuous. If X is dense in IL2 then IDf is
uniquely defined. If X=0,, as in (3.12), then IDf{(x, 0)=IDf(y, o) if xeC,(y)
is a natural convention we accept, that is, IDf(x, 6)=¢ ¢ 8f(0)/do(x) in this
case.

Now we are in a position to identify the limit (3.1). In view of (2.25), F’
defines a one-to-one map of IL2 onto itself by F'(1)(x)=F'(A(x)), and the law
of large numbers, see (2.23), implies that §(4)=g(F'(%)) if geC,,(IL?). Similarily,
if AeHH! and feC,(IL2), then from (3.12) by the chain rule we obtain

lim (G, fdp, = —+[<{grad A(x), grad D (x, F'(1))> dx
g

Df(x, 4)

= | Cgrad (), rad 5 s

S dx. (3.17)

This means that IP* (1) =g(4,), where 2, is a continuous trajectory in IL2 satisfying
2F" (A(x) 0, 4 (x) =4 4(x),  Ag=4 (3.18)

in a weak sense. In view of the correspondence p=F'(1), the Egs.(1.6) and
(3.18) are equivalent. Let us remark that (3.1)+(3.3) extend to some g¢C,,(IL2),
but g+ g(F'(A)) in such cases, see [13]. Of course, both (2.23) and the solvability
of (3.18) need a proof, but the crucial step is certainly the compactness argument
allowing us to pass from (3.6) via (3.12) to (3.7). The basic ideas are exposed
as follows.

In the spirit of passing from (3.11) to (3.12), we interpret the rescaled process
* as a trajectory in £, satisfying

1
dot=> 4, V’(w?)dt—% P A2t dt+VE AW, ob=ceQ,  (3.19)

where wi(x)=¢Y e;_, wy;(t/e*) if xeC,(ek), the sum being for j=k+e;,
i=1,2, ..., d. This means that the current, see (1.3) is considered as a vector.
The linearized equation (first variational system) of (3.19) is obtained by differen-
tiating both sides of (3.19) with respect to some parameter of the initial configura-
tion. We get

1 o
8,0)=5 4.La,() (] -3 42 1), (320)
where 8,=08/0t, a,(y)=V"(wi(y)). Let p,=pa(s, x; t, y), 0Ss<t, x, yeR? denote
the fundamental solution to (3.20), that is, u,=p,(s, x; t,*) satisfies (3.20) for
t=s with initial condition p,(s, x; s, y)=¢~ ¢ if yeC,(x), and p,(s, x; s, y)=0 if
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y¢C,(x). Since p, is just the functional derivative of wi(y) with respect to «f,
by the chain rule we obtain a representation for IDIR, , in terms of p,, namely
if ,=R_,g, z>0, then

Df.(x, o)=E[Y:(0, x, 6, g)|wi=0], c€Q, gelD,(2,), xeR? (3.21)

where

Yi(s, x, 0,8)= [ " [p(s,x;t, ) Dg(y, o)) dy dt. (3.22)

In view of (3.16) and (3.22), the compactness criteria we need for f, and V,IDJ,
can be reduced to some regularity properties of the fundamental solution, p,.
The very same estimates are sufficient to prove the equicontinuity of {IB'g dy, ,
as a function of £>0. In the next two sections we prove some a priori bounds
for Y} that do not depend on ¢>0 and the Wiener processes wé, as well. Since
(3.20) is a parabolic equation, we do not need too much information on its
coefficient, measurability of @, and the obvious bound |1 —a,(y)|<c<1 will do.
The methods of [12-14] are simplified by using the backward equation associat-
ed with (3.20) and the perturbative treatment of the problem will be combined
with interpolation of operators in a sense of M. Riesz and Stein.

4. The Energy Inequality

In this section we are going to develop I2-estimates for a backward equation
associated with (3.20). Suppose that we are given two continuous trajectories
in @, a, and h,, s=0, such that |ax)—1}<c for every x and s with some
c<1;z>0,220, >0 are arbitrary constants. We are interested in the following
equation,

aSAEuS—E &2 A2y +h, 4.1

—d ==
SuS+ZuS 2 2

the reason is very simple. Our fundamental quantity, Y7 satisfies (4.1) with a,(x)
=V"(w5(x)) and hy(x)=D g(x, ).

We start with some elementary vector calculus on the lattice. Remember
that if u and v are vector fields, then

S, 09, = 0,(x) Cu(x), v(x) dx, (4.2)

and |u|?=<u, u),. In the forthcoming calculations the following properties of
our weight function 6, will be exploited. Since —8'(x)<8(x) for every x=0,
we have

|grad 0, (x)| <|r| 0,(x), (4.3)

0,(y) 2 0,(x) exp(jrx—ryl) (4.4)
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for every x, yeIR? and reR, whence
16,(x)— 6, =lrx—rylexp(rx—ryl) 0,,(x) 0,5 () (4.5)

The energy inequality for (4.1) can be localized by means of the following three
lemmas.

Lemma 1. If |er|<1 and |u|,< 0, |v|,<co with some reR, where u: RY ->IR?
is a vector field, while vell? is a scalar, then for every b>0 we have

1
|<u, V.03, —<Vi¥u, U>r|§5|u|rz+3dbr2 lol?. O

Proof. Let uy, u,, ..., u; denote the coordinates of u. Since VF is the formal
adjoint of V, with respect to the usual scalar product {-,- >, an easy calculation
yields

(u, V3, = VX[, (x) u(x)] v(x) dx

1 d
=<{Viu, v>r+; Y ([0, (x—ee)—6,(x)] ui(x) v(x) dx,
i=1
whence by (4.3), (4.5) and by the Schwarz inequality we obtain

d
|<uaVsU>7_<Vs*ua U>r|§3r2 |ui|r |U|r7

i=1
which completes the proof as 2uv<u?/b+bv? []
Lemma 2. If |er| <1 and u, vell2(R?), then for every b>0,

1
{u, 4,05, <44, u, v>,+3 lul2+9b(rd/e)* lv[Z. [

Proof. Since 4, is a symmetric operator, we have
Cuy 4,09, = [ 4.[0,(x) u(x)] v(x) dx

={d,u,v),+¢&" 2 i j[@,(x+se,-)~0,(x)] ulx+ee) v(x)dx

i=1

+e 2 i (16, (x—ge)—0,(x)] u(x—see) v(x) dx,

whence by (4.3), (4.5) and by the Schwarz inequality we get
Cu, 4,03, <A, u, v3,+6d vl e ul, vl

which implies the statement by a direct calculation. []
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Lemma 3. Let u and v be vector fields such that |ul,< o0, |v|,< o0, and |er|<1,
then for each b>0 we have

1
{u, V,V¥v)>, <(V,V*y, v>,+§ |ul?+36b(rd/e)* |v|)2. [

Proof. In a very similar way as above, we obtain
(u, V, Vi# 03, = [{VVEL0,(x) u(x)], v(x)) dx

d d
=g %) Y [0(x+ee;—ce)u(x+ee;—ee;) v;(x)dx
i=1 j=1
d

~—s“2i Y [0 (x—ee) u(x—ee) v;(x) dx

i=1 j=1

d d

—& 2 Y [0 (x+ee)ux+ee)vi(x)dx

i=1j=1

+e72 Zd: Zd: [6.(x) u;(x) v;(x) dx

i=1 j=1

d d
<<V, V¥ u, v>+12§ Y Y ful o),

i=1 j=1

where u; and v; are the coordinates of u and v, respectively, which completes
the proof. [

Now we define the current of a configuration, that is, an inverse operator
of the discrete divergence.

Lemma 4. To every oeQ, there corresponds a vector field, v=K_ o, such that
the coordinates of v belong to Q, —V*K,o=0 is an identity, and |K, o|,
2K, |0lqif r>0, |re| =1, where K, depends only onr and d. [

Proof. In view of the additivity of K,, we may, and do assume that ¢ vanishes
outside of an octant, say

0 =[xeR%: (x,e,>=—¢/2,q=1,2, ..., d].
q

We define v in terms of a directed random walk, X,, on Z? being a Markov
chain such that P[X,.,=j|X,=k]=1/d if j=k+e, q=1,2,...,d, all other
jumps are excluded. Let i, keZ, j=k+ e, and denote p;(k, j) denote the probabili-
ty that our walk, started from i, hits both k and j; if (k, j) is a negatively oriented
bond, i.e. j=k—e,, then p;(k, )= — p;(j, k) by convention. Observe that

. [0 if i+k
S nled=3y i

Jili—kl=1
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therefore K, o =v defined by

v(x)=¢) e, o(ei) pik, k+e) if xeC,(ek)

g=1 ieZd

satisfies — V¥ v=0. On the other hand, p;(k, j)=0 if k—i¢0., and if ¢ (k) denotes
the sum of the coordinate of ke Z¢, then

4
Y. Y pik k+e)=1 for p@i)<m,

a=1 ¢k)=m
while

d
Y. 2 pilk k+e)=1+o(k),

g=1 ic0;

thus the Cauchy inequality implies the statement by a direct calculation. [
The main information on the dynamics is contained in

Lemma 5. Suppose that acQ,, |a(x)—1]=c<1 for all x, and let
1 o,
L,v= —ZU—EVS(GVE* v)+§ eV, 4, V¥,

where z=0, =0, >0 and v: R 5IR? is a vector field. There exists a constant,
C, depending only on ¢, d, a such that

2o, Lo+ V. h),+ 2z |v|Z+c(1—c) |VFv|?<2Cr |u|?+ C |h|?

whenever he Q, and jer|=1. [

Proof. Lemma 1 and Lemma 3 imply that

24v, Lv+V,h),+2z |v|}

S —(1—0) |VFo|}—ae? |V, VFu|2+2{V*V, h)
+(A+) byt w2 +3r2(L+c)db, |VFv|2+b5 1 |v|?
+3dr?b, [h|2+ae?b3 ! |v|2+36ad?r* by |V, VFu?

S[A+c)by 4+2bs Y rae?by ] o2+ by ' +6dr?*b,] |h)?
+[3(1+c)dr*b +b,—(1—0c)] [VFv|?
+[36ad*r*by—ac*] |V, V¥v|?,

where by, b,, b3, b, are arbitrary positive numbers. The statement follows by

setting b, =(1—0)%/2, by=(e/6rd)?, b,=1/#* and b,=(1—c)?[6(1
+cdr?]7. O
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Suppose now that u, satisfies (4.1) for sS T< o0, and z2z' 2z,=Cr? |er| <1,
then Lemma 5 implies immediately that

T
IV, uol? +c(1—c) [ exp(2z,s—22's) |4, ugl? ds
0
T
<exp(2z,T-22T)|V,ur|?+C [ exp(2z,t—22zt) | h,|7 dt. (4.6)
0

Multiplying (4.1) by 2 u,, from Lemma 2 we obtain
— 0, |usl? + 27 [u [ (1 +0) lugl, | A, ugl, +2 |ul, [ Al

—as? |4+ 8 [+ 9balrd)? 14,

whence by (4.6)
luol? Sexp(22, T—22 T)[|ug|? +|V, url7]

T
+2C [expz,t—221) | |2 di. (4.7)
0

(4.6) and (4.7) yield a priori bounds for f,, IDf,, V,IDf, and ¢, [E'gdy, ,. The
weak equicontinuity of f, is based on

Lemma 6. Let B denote a ball of 2. For every B, and for each >0, r>0
and K < oo there exists a weak neighborhood of 0 in I, U (¢4, @3, ..., ¢,), such
that lo(0)|<pB whenever Qe lo|_,+|V,0|_, =K and
5€Bm[Jy(q)ls 5 SRR q)n) D

Proof. Let H,(K) denote the set of pell, such that @&, for some >0 and
IV.o|_,+]o|_,£K. Since |I,0|,Z|0],, this definition makes sense. In view of
the F. Riesz criterion of compactness, the set H,(K) is precompact in the strong
topology of IL*(R?, and hence also in that of IL2 ,,(IR%. Indeed, estimating
[6_,,2(x) 9*(x)dx separately in the ball [xeR?: |x|<2n/r], and outside of it,
since e *ZLO(u)<5e~ " we obtain that

o2, Ze" lolg+5" e o2, 22K 5% o],

if @eH,(K). Therefore, for each y>0 we can select a finite sequence,
@1, P2 oo, @y from L2, in such a way that | — |-, 2<7 for each peH (K)
with some k=1, 2, ..., n. Let 6e Bn U, then

) =10(0)— )|+ () =Y+ sup lo 125

which completes the proof. []



306 J. Fritz

To prove the equicontinuity of V,IDf,, we have to compare two solutions,
u, and i, to (4.1) with different a,, h, and d,, h corresponding to different initial
configurations, ¢ and &. Since

as As us_ds As as:‘(as_ds) Ae us+ds As(us_us)v

from (4.6)

|Vs uO—Ve uOlrzéc j eva ]ht—Etlf dS+C j e—Zs I(as-’as) As uslf ds (48)
0 0

where 0<72<2z—2z, and |er|£1. For the second term we need an IL*-bound
with some ¢ > 2.

5. Singular Integrals and Interpolation

In this section we investigate an integral operator, F, ,,
B h(s, x)= [ 7% [ pa(s, x; 1, y) h(t, y) dy dt, (5.1)
4]

where z>0 and p, denotes the fundamental solution of (3.20). Remember that
P, . depends also on &>0, we need bounds that do not depend on & Let R%
=[0, o0) xIR¢, and introduce T4(R%) as the space of locally integrable h: R%
— R with norm

o 1/q
|h|,,q=[§ [6,0) 1kt I dy dt] . (5:2)
0

We want to prove that 4, P, , is a bounded map of ILZ(R%) into itself, at least
if ¢>2 is small enough.

Lemma 7. For each g =2 we have a constant, C, such that C,—2 as q— 2 and
|Ae Pl,OhIO,qécq |h|0,q lf he]LqO(]R%I—) U

Proof. The main problem is that of the boundedness of 4, P, o, that is the point
where singular integrals enter the stage, see the Appendix of [29]. Following
this approach, the statement has been verified if d=1, see Lemma 5 in [14],
but p, factorizes if a=1:

d
pi(s, x5 t, )= [ k(s xi5 £, y)),

i=1

where x; and y; denote the coordinates of x, yeIR% and J, is the associated
one-dimensional kernel. Since the functions of type

ht, =y O Te ()

i=1
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are obviously dense in I4(R%), the above factorization property reduces the
statement to the one-dimensional case by a direct calculation.

In view of the Riesz-Thorin interpolation theorem, see [28], the proof is
completed by showing that C,=2 may be assumed. Since P, ,h satisfies (4.1)
with a,=1 and z=0, we have

_aslvs usl%: _—|Aaus|(2)'_a£2 |V8Asus'(2)_2<Asusa hs>0a

whence |4, uly , <2|hl,, , by the Schwarz inequality. [

Now we are in a position to prove the main tool of the compactness argu-
ment.

Lemma 8. Suppose that a; is a continuous trajectory in Q, satisfying |ay(x)—1|
=c<1, and let C and C,, q=2 denote the constants of Lemma 5 and Lemma 7,
respectively. If ¢C,<2 then we have a constant, M,, depending only on q and
¢ such that

4B bl SM, B, for held@®RY),  z2Cr, Jer|SL [
Proof. The bounds (4.6), (4.7) imply that (4.1) is uniquely solved in I.2 whenever
hell2(R%), |re[<1, 22 Cr? and the solution is given by u,(x)= P, , h(s, x). Since
Q, nILZL(R? consists of bounded functions if » <0, this uniqueness result extends
to all g=2 and r<0. In particular, as a,= 1 +(a,— 1), we have

Fo:h=F . h+31h (a—1)AF, .h (5.3)
where a—1=aq,(x)—1 is acting as a multiplication operator, whence
|Bhlrg=Cylhlgt3cCylR bl ,, (5.4)

at least if r=z=0, see Lemma 7. Letting g go to two, we obtain the statement
in this particular case, the general case follows by interpolation. Indeed, replacing
dtdx by e”*"dt 0,(x)dx, and using the Stein interpolation theorem, see Theo-
rem 4.1 in [27]} or Theorem 2.11 in [26], we can extend Lemma 7 to all z=0
and reR with the same C,, which completes the proof. []

Now we are in a position to start the proof of Theorem 2.

6. The Compactness Criteria

This section summarizes the final information on the microscopic dynamics.
Just as before, wf and @} are different strong solutions to (3.19) with identical
Wiener trajectories, a, = a,(y)= V" (@ (y)), |a,(y)— 1| c <1, p, denotes the funda-
mental solution to (4.1), and K, and C are some universal constants, sec Lemma 4
and Lemma 5.
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We shall prove Theorem 2 first for some functions of class D, Let T <2
be convex, and denote ID;(X) the space of gelD,(X) for which we have some
r>0 and g> 2 such that

g =sup g(o)|<o0, [Dg] ~r=Sup IDg(+, 6)|-, <o, (6.1)
L.(Dg)= Sl_lpxlng(', 0)—Dg(-, §)l-,(o—6l) " <oo, (6.2)
Dg] ~rg=SUD [§0-,(x) IDg(x, 6)|dx]"" < co0. (6.3)

Theorem 1 can be extended to functions of class ID/,(2) defined as the set of
weakly continuous gelD(2) such that besides (6.1), with the same r>0, we
have

HVng”—r:SuIE) IV.IDg(:, )|, < 0. (6.4)
Finally, let g} (o) =g(@}) if w§ =0, and
Xi(o, g)= | e " glw)) dt, (6.5)
0

then Dgi(x, 6)=[p,(0, x; 1, y) Dg(y, w))dy, and Y7 (0, x, s, g)=DX:(x, g, g),
see (3.22).

Lemma 9. Let ¥ <0, [re| <1, 2> Cr? and gelD,(R,), then

() Dg|?+ (V. Dgill; <exp(Cr*)[|Dg|?+2 |V, Dgl|7],

(i) DX, QIF + IV, DX5(e, -, 97 SCz—Cr?)~ ! Dgll?. O
Proof. Both statements are direct consequences of (4.6) and (4.7). In the case
of (i) we choose z=0, T=¢ and h=0, while T=00 and h,(y)=IDg(y, ?) for
@. 0O

The following lemma is based on Lemma 4.

Lemma 10. Let >0, re<1, z= Cr? and geID,(Q,), then

P 5
@) c(l—c) | e Bl|o}|; |ob=0]dt<K]|ol52q+5 (2d/rY,
0

() c(l—c) § e |wf— @} dt < K7 |0* — 0" 2y,
]

(i) c(I—c) f e™* [[Dgi(x, 0) 4, A(x) dx[} dt < |V, A [ Dg|2,. O
0

Proof. Introduce the current, v of wf by v =K, ¢ and

1 N o
dv;()=7Ve[a.() wiy)] dt—5 &2V, 4, wi (y) dt —dwi(y),
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where 4,(y)=[V'(0:(y)— V'(0)]/wi(y), thus wf=~—VFv, and the drift of v} exp(
—zt) turns out to be IL,v%, thus the Ito lemma, Lemma 5 and Lemma 4 imply
(i) by a direct calculation. The proof of (ii) is quite similar, but even simpler;
the current of (w¢— &f) e ** satisfies 0, v =1L, v with

&, (y)=[V"(@; )~ V" (@F (v [} () — & ()]~
To prove (ifi), let
ut(y)=§pa(07 X3 L, y) As ;»()C) dx;

and let v, denote the solution to é,v,=IL, v, with initial condition vy =V, 4, then
—VF¥v,=u,e””, whence by Lemma 5

cl—o) f e ™ |7 dt<|V, AL,
o]

which completes the proof of (iii) by the Schwarz inequality. []

The problems of weak equicontinuity reduce to Lemma 6; remember that
C, denotes the constant of Lemma 7.

Lemma 11. For each >0, r<0, K< oo, ¢>2 such that cC,<2, and for every
ball B<1L2 there exists a weak neighborhood U=U,(@, ¢,, ..., 9,) of 0ell2 such
that if [req|<q—2,222Cr?% gelD(Q,), 0,6€Q,, 6=0—46, then 56 BN U implies
() 1X3 (0, 8)—X3(G, g)| < B whenever |IDgl, <K,
(i) |gi(o)—gi(@)|<pif i+ |Dg|,+IV.Dg|,=K,
(i) DX;(-, 0, 2)—DXi(, G, &7 +|V.DX:(, 0,8) -V, DX:(:, 6, 9) 7 <
whenever |Dgll,+ L, (g)+1Dgll,, =K. O

Proof. In view of the definition of functional derivatives, we have
1
Xi(o, g)—X2(G, 9)={0(x) [ DX%(x,6+ud, g)dudx,
0
thus (ii) of Lemma 9 implies the conditions of Lemma 6, which proves (i). Similar-
ily,

1
8i(0)—gi(6)=[8(x) [ Dgi(x, 6 +ud)dudx,
0
whence (ii) follows in the same way. The proof of (iii) is a little bit more involved.
Using a decomposition aA,u—aAd,i=(a—a) A, u+ad,(u—a), from (4.6) and
(4.7) we obtain that the left hand side of (iii) is bounded by 3CJ, +(3C/4)J,,

where

Ji={e | Dg(-,0)—Dg(:, &)|? dt,
0

h= [ e[ 0,) |as(x)— @, 2[4, B, h(s, )] dx ds,
0
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£=2z-2Cr? a,x)=V"(w,(x)), d,(x)=V"(d,(x)), h(t, y)=Dg(y, &). In view of
(6.2), the estimation of J; reduces to that of Js,

@
J= [ e |wf =i, dt
0

={0(x) [ e [ pa(0, x; t, y) k(t, yydy dtdx,
0

where k(t, y)=0_,(x)[0i(y)—di(y)], r<0, and d is the same as in the proof
of Lemma 10. From (ii) of Lemma 10 we obtain that k is uniformly bounded
in IL2 ,(IR%), (4.6) and (4.7) imply the conditions of Lemma 6, that is, J; is small
iféeBnU.

The second term, J, can be estimated by means of Lemma 7 and Lemma 8.
Using 0,(x)=0,,(x)6_,(x) and the Hélder inequality with powers g/(g—2) and
q/2, we can bound J, by a product of two factors such that the second factor
is controlied by Lemma 8, while the first one turns out to be a power, 1-—-2/g,
of J,,

Jo= [ e7[0,0) a()—a () 2 dydt
0

=[6(x) [ e [ pa(0, x; 1, yy h(t, y)dy dt dx,
0

where d and Z are the same as above, ¥ = —rg/(g—2)>0, and

ht, y)=0,() |V (@; ()= V" (@ NP2 [wf(y)—a; ()] "

Since V' is bounded by assumption, this % is uniformly bounded in 1% (R%),
thus the proof of (iii) can be completed by repeating the argument above. [

The results of this section are sufficient to select a uniformly convergent
subsequence from f,, IDf, and from V,IDf,, too.

7. The Initial Distribation and the Limiting Equation

The a priori bounds summarized in the previous section allow us to select
convergent subsequences from f, and V,IDf, as ¢ — 0, thus (3.2), the law of large
numbers for yu; ,, is sufficient to pass to the limiting resolvent Eq. (3.7). The
final identification of limit points of the resolvent, see (3.8) and (3.9), reduces
then to the existence of the semigroup P* defined by the limiting hydrodynamic
Eq. (1.6).

The study of the inhomogeneous Gibbs states u; will be based on an auxiliary
dynamics having p, as its only stationary state. For each AeQ and 6e€Q we
define a Markov process R(t) in Q as the strong solution to

dR,=1(—0, HR) dt +dw,, R,(0)=c,, keZ’ (7.1)
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where wy, keZ? is a family of independent standard Wiener processes. Solutions
to (7.1) can be constructed in the same, well known way, as to (1.4), see [5].
It is more remarkable that (7.1) is just the stochastic gradient dynamics associat-
ed with the energy function H,=H(0)—)_ 4,0, thus y, is a stationary measure
of (7.1), provided that u, does exist as a Gibbs state on .

Since V is convex, it is quite easy to derive a priori bounds for (7.1). Using
2z(x—2z+y)<x%—22z%+y? we obtain

dRZ<), R dt—(1—c)RZdt+2 Y (R2—R?)dt+dt+2R, dw,

li=kl=1

SQ2—2¢)"? A} dt~[c(l—c)+ad] R dt

+% Y Rdt+dt+2R,dw,. (1.2)
li—kl=1

We also have a fairly effective coupling for (7.1). Let R denote another solution
with initial configuration 6eQ and profile 1eQ, while the Wiener trajectories
are the very same for both realizations. Like above, we obtain that 8, = (R, — R})*
satisfies

o

d6ydt<(2—20) 24— P~ [e(1~0)+ad] 5+

Y s (13)

[i—kl=1

In a stationary regime the left hand sides of (7.2) and (7.3) vanish in the mean,
thus the following lemma can be used.

Lemma 12. Suppose that 0 b<1/2d, and u, ve Q satisfy

@) wSv+b Y u;  for keZ’,

lji—kj=1

then w, < Y Ji—;v; for all k, where J,20 vanishes exponentially as |k|—o0; J
jeZd

is given by (7.4). O

Proof. Since both u, and v, increase slower than any exponential rate, iterating
(i) infinitely many times we obtain (ii) with

J=2mn~* | [1 —2b§: cos{w, ei>]_ ' cos{w, k) dw. (7.4)

C2(0) i=1

The positivity of J is a direct consequence of its iterative construction, an expo-
nential bound follows by integrating by parts. [

All the information we need about u; is summarized in
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Proposition 1. For every AeQ there exists a unique Gibbs state, u,, specified
by (2.15) as a Borel probability on Q such that

@ fd%u;.(do)éK Z Jk—j(1+)“];)a

li—kl=1

where K depends only on ¢, o, d, and b=ao[2c(1—c)+2ad] L. For 4, 2eQ we
have a joint distribution, p; ; on Q x € such that

(i) Jor—6 p3(do, de)SK 3 S j(4—7)%

li=kl=1

Consequently, if pt= {0, u,(d o), then

(i) PE—FU)PSK Y Je o= 22
|j—ki=1
(iv) LY oloy—p* mdo)SK Y @f.
keZd keZd

Finally, F' admits a Lipschitz continuous derivative, F" is bounded, and it is
bounded away from zero. []

Proof. The basic idea is easy: since V is convex, each u,, AeQ belongs to the
domain of Dobrushin uniqueness, cf. [7, 18]. In fact, we can follow a completely
elementary argument. Suppose first that p, has been defined already as a Gibbs
state on Q, and let G* denote the generator of our auxiliary process, (7.1).
The associated Dirichlet form can be written as

jf1 Glfz dp,=—% Zj(akfl) Opfrdu,. (7.5)

keZd

Therefore, p, is a stationary state of (7.1), thus (i) follows from (7.2) by Lemma 12.
To prove (ii) we construct p, ; first as a stationary state of the coupled evolution,
then (ii) follows from (7.3) via Lemma 12. Since u, is certainly well defined
if A equals a constant outside of a finite volume, (i) and (ii) extend by continuity
to all AeQ involving also the existence and uniqueness of p;.

Suppose now that ¢: € R vanishes at an exponential rate, and let ¢(o)

=Y. ¢4 61, F,(v)=log [exp(v 9(0)) 41;(d 0), then
Fo0)={ (o) exp(® @(0)—F,(0)) dp; = ¢(0) d 14 0y (7.6)
F (0=} ¢ulon—pi)]* 11(d o), (7.7)

thus (ii) implies (iii), (iv), the uniform Lipschitz continuity of F" and the Lipschitz
continuity of F” by a direct calculation. To obtain a lower bound for F”, let
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R,=>(R,—F'(v)), 0H,=Y (6, H—v), where both sums are over C,,(0)nZ¢ and
observe that

F')=lmQ2n+1)7f[ 3 (o—F®)]* wdo), (7.8)
n—> o0 keC2,(0)Z4
dR}=—R,0H,dt+ Y 2R, dw,+(2n+1)*dt. (7.9)
keCa,(0)Z4

Starting (7.1) with initial distribution pJ, we obtain that { R, H, dud=(1+2n)".
Integrating by parts, we obtain an identity

0 if |j—k)>1
{@H—v)(0;H—v)dpl=1{2ad+[V"(c)dud i j=k (7.10)
—a if li—k|=1,

consequently
fRZdp)22fR,0H,dp)—[Hz du;
22Q2n+ 1) =1 +c+2ad)2n+ 1) +20d2n—1),
which proves F'(v)=z1—c. [

Now we turn to the existence problem of the limiting semigroup. In fact,
we have two equations,

0, p.=div[D(p,) grad p,], (7.11)
2F"(A,) 0, ls=A41,, (7.12)
they are related to each other by p,{x)=F'(/,(x)) and D(u)=1/2F" (v) if u=F'(v).

Suppose that p, and J, are classical solutions, and 0<c; <D <c,, then

at Ipt|3S _261 |gradpz|rz+2rcz |Pz|r ’gradpz|r

=£—¢ Igradptlz+(rcz/cl)2 |pt|r2a

whence for all r =0 we obtain an energy inequality,
t
[pl7+ci [ explest—css)|grad p,l? ds<exp(cst) | pol7, (7.13)
0

where c¢;=(rc,/c;)?. The equation for grad /, is also self-adjoint, thus we have
a second energy inequality, namely

t
lgrad A7 + ¢, [ exp(cst—cas) |47 ds<Sexplest) grad Aol7.  (7.14)
0

Proposition 2. For each A€M} there exists a continuous trajectory, p,elll, =0
satisfying (2.20) with initial condition po=ceH! given by o(x)=F'(A(x)). More-
over, if A=2,(x)=E(p,(x)), where E is the inverse function of F', then i,cH],
|grad A,|? <|grad 1, |? exp(c;t) for all t 20, =0, and there is no other weak solu-
tion having such properties. [
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Proof. For smooth initial data one can construct classical solutions by means
of a Galerkin approximation, see [19]. If A, varies in a bounded set of H?
then (7.13), (7.14) and the Riesz criterion of compactness show that p, remains
in a strongly compact set of IL2 for finite time. From (7.14) we see that p,
is an equicontinuous function of time, thus the Arzela-Ascoli theorem implies
the existence of weak solutions satisfying the desired H!-bound, see (7.13) and
(7.14).

Suppose now that p, and p, are weak solutions in the above sense, and
Po=Po. Let §,=p,— p,, and introduce w, by

t
w,=% | grad[E(p)—E(p)] ds. (7.15)
0
Observe that div w, =4, in the weak sense. Indeed, for smooth ¢

[<grad g, o,y dx=1 | [<grad ¢, grad[E(p) — E(p,)]> dx ds
0

=—4 [ [[491[E(p)—E(p)l dxds=—[o(x) 5,(x) dx,
0

see (2.20), consequently

O; oo, |F = 0,(x){w,, grad[E(p) —~ E(p)]> dx
—2¢, 16,17 +2¢,7 [0 8], = (ca/2) |, |7,

whence w,=9,=0 by the Gronwall lemma. [

Now we are in a position to complete the proof of the main result. Consider
first the scaled distributions y, , corresponding to u, with A, =I,A(¢k). (iii) of
Proposition 1 implies (2.22), while (iv) and the Markov inequality show that
(o) converges also in probability to [ ¢(x) po(x)dx. In view of (i), y, , is tight
in the weak topology of IL2, thus (2.23) extends from C,(I2) even to T, (X)
by the Stone-Weierstrass approximation theorem, where X is a union of the
increasing balls B,<IL? such that y, ,(B,)— 1 uniformly in £>0 as n—co; thus
we have (3.2), (3.3), and we can also pass to (3.7). The uniqueness of the limiting
resolvent Eq. (3.7) follows from the existence of IP* as a strongly continuous
contraction semigroup in €,,(IH2), see Proposition 2. Some more technical details
of the proof are given in the next section.

8. Proof of Theorems 1 and 2

First we prove a variant of Theorem 2.

Theorem 3. Suppose that J.eH. and gtelD,(2,) for each >0 such that the norms
(6.1)6.3) remain bounded as ¢ — 0. If we have some geID,(IL2) such that

(i) lijlgj g°(0) ur.do)=g() for ik,
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and p,eIH}, t =0 solves (2.20) with p,(x) = F'{A(x)), then

(i) Jim VB g°(0) p,.(d o) =§(4),

where 1€l 2 is defined by p,(x)=F (A(x)). O

Proof. In view of (i) of Proposition 1, for every increasing sequence of balls
B, of IL2 we have another sequence of balls, B, =IL2 such thatif ¥=UB,, ¥=UB,,
then AeZX implies p, (Z)=1 for all £>0. The convention g°(s)=g*(I,0) extends
g° to 1.2 in a trivial way. Consider the functions f,: L2 x (0, .0) > IR,

f(o.2)= [ e B g°(0) dt,
0

Df,:12x(0,0)—1? ,and V,IDf: L2 x (0, o) >1L? ,. Lemma 9 and Lemma 11
imply that each of them is a bounded and equicontinuous function of (o, z)eB
x[zy,2,] if B is a ball of 1.2, and 0 <z, <z,<00; therefore the Arzela-Ascoli
theorem applies. We can select a subsequence, &, — 0 such that f,(o, z) > f (0, 2),
IDf.(+, 0,2) > hy(*, 0, 2), V.IDf,(-, 0, z) > hy(+, 7, z) along ¢, for each geZ and
z>0, and the convergence is uniform on compacts of type B, x[z;, z,1; IDf,
and V,ID/, converge in the topology of L% .. Moreover, f, h; and h, are continu-
ous on each compact B, x[z;, z,], consequently the definition of functional
derivatives implies that felD (%) and h,=IDf. Similarily, as IDf, and V,IDf,
converge simultaneously, we see that f, is weakly differentiable, and 4, =grad h,.
Since V, 4 converges strongly to grad A, Proposition 1 yields

lim [ f, (0, 2) ;.. (d0)=F (0o, 7) i 2>0, ZeZ, (8.1)

where py(x)=F'(A(x)), while

lim {{<V,, A(x),V,,Df, (%, 0, 2)> dx p ., (d 0)

=0

={<{grad A(x), grad IDf (x, po, z)> dx 8.2)

for all z>>0 and le > nTH.. This means that we can pass to the limiting resolvent
Eq. (3.7), thus the uniqueness of solutions to (7.3}H7.4) implies that

flpo, )= e™* g(4) dt;

thus (iii) of Lemma 10 implies the equicontinuity of [IB'g®dy, , as a function
of time, which completes the proof. [

To conclude Theorem 2 from Theorem 3, we have to show that the family
of time evolved measures, y; P/, >0, is a tight one.



316 J. Fritz

Proof of Theorem 2. Let h(t)= [ |o|? p, ,(d 6), then

H(O)=2{§(4, 2(x)) p.(0, x; £, y) 0,(0) i (y) dy dx dp; .,

where a(t, y)=V"(w;(y)). Lemma 10, Proposition 1 and the Schwarz inequality
imply that if » >0 and re<1 then

t+1

§ [h@+ @)*1dt<C.(% 1), 120,

where the bound does not depend on &>0. Therefore, again by the Schwarz
inequality, h() Sh(s)+ C}* if t<s<t+1, thus

SENwfFlws=0] 1. [do) < C.(% )+ C;2 (4, 1). (8.3)

This means that we can select a ball, B, , such that yu, ,P/(B, ) is arbitrarily
close to one for all ¢>0, which completes the proof by the Stone-Weierstrass
theorem. []

The following statement is slightly stronger than Theorem 1.
Theorem 4. Let gelD,,(IL2) and suppose that wéeQ, converges weakly on 12 to
some poeIHL, then B g(wh)— g(p,) as €0, for each t>0, where p, solves (2.20)
with initial condition p,. [

Proof. In view of (ii) of Lemma 11, for every ball B, and for each >0 there
exist a y>0 and a finite sequence, ¢, ¢,, ..., ¢, from IL? , such that

| g(0) =B g(I, po)l < B if 6€Q,, 6—poeB, | (0)—(po)l<y (84)

for k=1,2, ..., n. Suppose first that po=F'(4), and o is distributed by u, ,; by
the law of large numbers, see Proposition 1, it follows that

fim [T g(0) y,.(d o) — R g(I, po)] =0. (8.5)

On the other hand, if o=, then @(wh)— @(p,) for each pell? ,, thus wf

is bounded in IL2, consequently

lim [ g(wh)— T gL, po)] =0, (8.6)

which reduces the problem to Theorem 2. [
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Remark. The weak equicontinuity property expressed by (8.4) allows us to extend
both Theorem 2 and Theorem 4 to all initial data, p,=F'(4) such that (2.20)
is uniquely solved. It is not really interesting, but it seems to be nontrivial

to

decide if gelD), could be replaced by ge@,, in Theorem 4.
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