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Summary. A well-known theorem of Kom16s is extended to integrable func- 
tions taking values in a reflexive Banaeh space. 

1. Introduction 

Let (T, J,, #) be a finite measure space. The set of all integrable real-valued 
functions on T is denoted by 5r A celebrated discovery of Koml6s [11, Theo- 
rem la]  is as follows: 

Theorem (Koml6s). Suppose that { f k }  C ~CP~ 1 is a sequence with 

sup ~ IAI d~< + oo.  
k T 

Then there exist f , e ~  and a subsequence {fn} of {fk} such that for every 
further subsequence {fro,} of {fro} 

n 

1 ~ f,,, (t) ~ f ,  (t) 
n i=1 

a.e. 

Koml6s' result has been seminal for the development of a whole class of 
limit results. Such results are unified by the so-called "subsequence principle". 
Originally this was formulated by Chatterji [8] as a heuristic principle; it received 
firm theoretical underpinnings by work of Aldous [-1] and, more recently, Berkes 
and P6ter [6]. Within this theory Koml6s' theorem comes forward as a natural 
counterpart of the strong law of large numbers. 

The purpose of this note is to demonstrate that Koml6s'  theorem can be 
extended to an infinite-dimensional setting in a straightforward manner. Our 
motivation for this extension lies in certain applications to limit theorems in 
the theories of differential inclusions, mathematical economics and optimal con- 
trol. These will be discussed elsewhere, except for the Corollary following Theo- 



186 E.J. Balder 

rem A. It is interesting to note that alternative tools for such applications figure 
in [2, 3, 4, 5], and that in fact an important technical tool used in [1] and 
[-6] can be found in "infinite-dimensional" form in [-3, 4]. 

2. Main Result 

Let (X, IL" l[) be a reflexive Banach space. The set of all Bochner-integrable func- 
tions from T into X is denoted by 5r ~. In this setting the following extension 
of Koml6s'  theorem can be given, 

Theorem A. Suppose that {f,} c 5r 1 is a sequence with 

sup S IIAII d / ~ < + o e .  
k T 

Then there exist f.e~.~x 1 and a subsequence {fro} of {fk} such that for every 
further subsequence {f,,,} of {f,,} 

1 ~ fm,(t)__+f,(t) weakly in X 
n . 

a . e .  

Proof There exists a null set N such that fk(T\N) is a separable subset of 
(X, 1i'll), k = 1, 2 . . . .  [9]. Let Y be the closed linear subspace of X which is 
generated by the union of all sets fk(T\N), k = l ,  2 . . . .  ; then (Y, II" ]l) is clearly 
a separable reflexive Banach space. Hence, the dual space Y* of Y is certainly 
separable for the dual norm. Let {y*} be a countable dense subset of Y*, and 
denote the duality between Y and its dual by ( ' , ' ) ,  as usual. We apply an 
obvious (but tedious) diagonal method, based on successively applying Koml6s'  
theorem to suitably chosen subsequences of {IIAII} and {(y*,f , )} ,  j = l ,  2, .... 
This gives the existence of functions cpo, ~ol, q~2,-., in 5r and a subsequence 
{f,,} of {fk} with the following properties: For  every subsequence {fmi} of {fro} 

1 i J/f~(t)ll q~o(t) a.e. in T \ N ,  (1) - -  - - 9 .  

n i = 1  

1 
(y*,fm,(t)}-oq)j(t), j = l ,  2, ... a.e. in T\N.  (2) 

n i = 1  

Denote by M the union of the exceptional set for (1)-(2) and N if {f,,} itself 

acts as the subsequence; of course, m is a null set. Define also s,.'=~. ~ fro. 
g t  

m = l  

Let t~ T \ M  be arbitrary. By the triangle inequality and reflexivity of Yit folllows 
immediately from (1) that there exist ytE Y, liY~[] < ~bo(t), and a subsequence {s,p(t)} 
of {s, (t)} such that s,p (t) ~ Y, weakly in Y. By (2) this gives 

<y*, y,} = q)j(t), j =  1, 2 . . . . .  (3) 
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Since {y*} separates the points of Y, it follows from (3) that every limit point 
of {s,(t)} must equal Yr. Hence we conclude that for every te  T \ M  s,(t) converges 
weakly to a point Yt in Y Afortiori this implies that for every t in T \ M  s,(t) ~ Yt 
weakly in X. Define f ,  (t)'=Yt for t ~ T \ M  and f ,  (t).'=0 for t e M. Then it follows 
elementarily from the Pettis measurability theorem that f ,  is strongly measur- 
able. Also, for every t 6 T \ M  we have seen that ][f,(t)] I = [lyt[l<=(po(t). Since 
q~o is integrable, it follows that f ,  is Bochner-integrable. Finally, let {fmi} be 
an arbitrary subsequence of {f,,}. Then the argument leading to (3) can be 

repeated for s', :=1  ~ f,~c Thus, there exists a null set M' such that for every 
n . z = J .  

t e M '  the weak limit z t of {s',(t)} exists and satisfies (y*, zt) =q~j(t), j =  1, 2 . . . . .  
It follows that zz=f,( t)  for almost every t. Q.E.D. 

We give one immediate application of the above result; more can be found 
in forthcoming work of the present author. Our application concerns an influen- 
tial existence result by V.L. Levin [12, Theorem 11, which runs as follows, 

Corollary. Suppose that I: =~9~x a ~ ( - o %  + 001 is a quasiconvex functional which 
is lower semicontinuous in measure and that B c Yx  ~ is convex, closed in measure 
and uniformly bounded in 2Sl-norm. Then I attains its minimum on B. 

In [121 X is a reflexive Banach space, just as here. The possibility to use 
Koml6s' theorem in the finite-dimensional case was already pointed out in a 
remark in [12, p. 13851. Our present result shows that the validity of Levin's 
remark is actually not subject to any restriction. For more information and 
yet another proof of the Corollary (next to Levin's original one) we refer to 
[52. 

An obvious modification of Theorem A is suggested by the role of weak 
compactness in its proof. From now on we suppose that (X, [r" II) is a Banach 
space which need no longer be reflexive. 

Theorem B. Suppose that {fk} c ~ :  is a sequence with 

{fk(t)} is relatively weakly compact a.e., 
sup I Ilfk[I d # <  +oe.  

k T 

Then there exist f , ~ s  and a subsequence {fro} of {fk} such that for every 
further subsequence {f~i} of {fro} 

1 
fm,(t)--*f,(t) weakly in X a.e. 

n i = 1  

Proof The proof is almost the same as the one given above, so it suffices to 
concentrate only on the points of difference. Instead of (1) we now use the 
first of the above conditions (together with the Krein and Eberlein-Smulian 
theorems [10, 19.E, 18.A]) to prove (for t fixed) the weak convergence of some 
subsequence of {s,(t)} to some element y~ of Y By [7, III.311 Y* contains a 
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c o u n t a b l e  subse t  {y*} w h i c h  s e p a r a t e s  t he  p o i n t s  o f  Y((Y, II" II) is Suslin).  So  
(3) c o n t i n u e s  to  be  val id .  T h e  r e m a i n d e r  o f  t he  p r o o f  is t he  s a m e  as be-  

fore.  Q . E . D .  
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