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Summary. Certain nonparametric product experiments &' can asymptoti-
cally be approximated by multinomial experiments obtained by a finite inter-
val partition of the sample space, the real line. For specific families £, defined
in terms of bounded Fisher information and monotone likelihood ratios
with bounded derivatives we study the problem to calculate a partition which
is optimal in the sense that it minimizes the maximal loss of Fisher informa-
tion caused by the discretization. This leads to a minimax problem. By con-
sidering partitions of the sample space into k intervals which have equal
probability under a density & and then letting kK — oo we obtain an expansion
for the quantity “loss of Fisher information™ which is of order k™% under
regularity conditions. The corresponding minimax problem for the first order
term of this expansion is shown to be the unique solution of a free boundary
problem.

1. Introduction

We shall study the problem of approximating certain nonparametric experiments
(models) by finite dimensional (parametric) experiments. The dimension of their
parameter spaces will have to increase with the desired degree of approximation.
This provides a possibility to treat questions concerning the behaviour of statisti-
cal procedures by examining the approximating experiments for which the whole
theory of parametric inference is available.

The nonparametric experiments considered here will be families of distribu-
tions on the real line. Several ways of approximating these experiments are
possible, we choose to work with multinomial experiments derived by a partition
of the sample space into intervals. The quality of approximation will be measured
by the maximal loss of Fisher information.

By restricting to partitions generated by a continuous probability density
it is possible to extend methods of Freedman, Diaconis (1981) and thus obtain

* This work has been supported by the Deutsche Forschungsgemeinschaft



160 S. Luckhaus and W. Sauermann

an analytic expression for the quantity “loss of Fisher information”. This further
enables one to solve the minimax problem mentioned above. Although this
is only possible for very special nonparametric experiments, the methods devel-
oped here should be of some independent interest, since approximations of this
type are common in other areas of statistics.

We shall start by describing more closely the asymptotic framework. Suppose
that for n=1,2,... we are given a family &, of probability measures on the
real line endowed with the field of Borel sets and that each %, contains a fixed
nulldistribution B,. Conditions on the families £, under which the product exper-
iments #"'=(P". Pe%) can be approximated (in the sense of LeCam’s deficiency
distance A) by multinomial experiments .#, which arc generated by a fixed
interval partition of the sample space were investigated by D.W. Miiller (1979).
The experiments .#, can be obtained as follows. Let w=(A4,, ..., 4,) be a parti-
tion of R! into k intervals. The set of all such partitions will be denoted by
F(k). Let i(x) be the index i for which xeA;. If X has distribution P then
i(X) has distribution P=(P(4;), ..., P(4;)) on {1,2, ..., k}. The product experi-
ments (P": PeZ) are then equivalent to multinomial experiments .#,.

For describing the conditions on the families 4, which guarantee that the

experiments .#, and % have similar statistical attributes, let h*(P, Q)= | (}/dP
—1/dQ)* and h}(P,Q)= §(/dP—]/dQ)* denote the Hellinger and conditional
A

Hellinger distance. Assume
(1.1) there exists a constant C, such that n h*(B,, P)< Cfor alinand Pe%,.

Under this condition the product measures Py and P" (Pe#) do not completely
separate as n— co. Further assume that there is no information in rate events:

(1.2) for every £> 0 there exist 6 >0 and n, such that n k% (R, P)<¢for all Pe,
nzny, if Fy(4)<9,

and that
(1.3} the likelihood ratio 4 P/d R, is monotone for PeZ,.

Then (cf. D.W. Miiller (1979)) for each ¢>0 we find a number k and we #(k)
such that A(2", #,)<¢ for large n, where .#, is the multinomial experiment
associated with « as described above.

For any probability measure P on IR' define the function &p.,el?(R) by
{p.,=n*((dP/dPR)*—1) where by convention {p.,= —n* on {dF,=0}. If for a
sequence (B) {p,., converges to g in I*(R), we shall call the function g the
asymptotic direction of the sequence (B). In this case g determines most of
the asymptotic behaviour of the binary product experiments (B, P"); in particu-
lar 4||g|l3=4 [ g* dP, is the Fisher information of the sequence (F,, P"). Similarly
(cf. D.W. Miiller (1979), Lemma 4) 4 |z, g||3 is the Fisher information of the
corresponding sequence (B, B). Here =,g denotes the orthogonal projection
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of g onto the linear space spanned by the indicator functions 1, of the intervals
A;, ie.

k
nwg= ) la | gdR/R(A).
i=1 4;
So for the sequence (B) the quantity

4(lglz — Imo gli2)=4(lg — 7y glI3)

18 the loss of Fisher information due to using w.

For asymptotic purposes we may therefore define the families #” to be con-
sidered by specifying the set of possible asymptotic directions, which will be
a subset & of L?(R,). Since

Nj

C
§LrndBlS 50"

and
§83.,dBsnh*(R, P)SC,

every ged has to satisfy

(1.4) fgdR,=0
and
(1.5) fg?dpscC

(or, in other words, the Fisher information is uniformly bounded). Also g should
be monotone. Here we shall assume

(1.6) gisnondecreasing.

We replace the information condition (1.2) by the following stronger condition
(1.7), which is better tractable mathematically. It was intended not to exclude
the normal shift model (g’ = const).

(1.7) gis absolutely continuous and g' <M.
Now define
(1.8) 9 :={gel*(B)| g fulfills (1.4)~(1.7)}.

For this model we want to find a partition we.# (k) which minimizes the maximal
loss of Fisher information, that is we want to solve the minimax problem

(1.9) inf supiig—mn,gl3.
wef (k) geD

Clearly the size k of the partitions has to be held fixed, because for k— oo
the loss of Fisher information will tend to zero.
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2. Expansion of the Approximation Error

In this section we derive an expansion for ||g—mn, g|/3 when the number of
intervals of w tends to infinity. Thereby we extend methods of Freedman and
Diaconis (1981) and Ghurye and Johnson (1980). Proposition 2.7 of the former
reference treats the case that P, is the Lebesgue measure A! restricted to the
unit interval (0, 1), and that g, is the “equidistant” partition of (0, 1), i.e.,

(2.1) &=(Byx, .-, B,

i—1 i
BWZszfQ

(for ease of notation we neglect the points i/k which form a By-nullset). If g
is absolutely continuous and g'e L*(F,), we may apply Proposition 2.7 of Freed-
man and Diaconis (1981) to obtain

where

2 1
(22) g = gll3= 4%§ grdR+o(k™?)
0

as k— oo, where [, =length of B, =k ™ In order to give an idea of the proof
of (2.2), note that we have

2 1
g, g3 = —%s g?dR,
0

if g’ is constant on each of the intervals B;;. (2.2) will follow by approximation.

We want to generalize (2.2) to the case of general partitions. For this purpose
we now assume that h is a probability density on IR! and that wm,e(k) is defined
by

2.3) o, =(41k, ..., Ax), Wwhere
Aik=(zi—lﬁzi)ﬂ —w:ZO<Zl<...<Zk:OO,

and each A;, has probability k™' under the probability measure with
density h.

The length [ (x) of the interval A4;, which covers xeR' is approximately
k™*h(x)" 1, so one would expect

-2

k !
8=, 813~ [ 27000769 ).

The following proposition shows that this is true for rather arbitrary k and F,
We assume that h and w, are given as above and that F, has a density f.
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Proposition 2.1. Under the following conditions

@ [ g*h *fdi'<c0, and | gifdit<oo,

— — @

(if) f and h are continuous and strictly positive,
(iii) there exists >0 such that f/h is nondecreasing on (— oo, — o) and nonin-
creasing on («, oo), we have
-2 w
T [ g2h=2fdA +o(k™?).

— D

“g—nwkg”§=

Proof. Let H be the distribution function of h. By Definition (2.3) H(z))=i/k
and therefore the image of w, under the map H: R'—(0, 1) is the equidistant
partition g,: H(A;,)= B,;. Therefore if we substitute z=H ~*(¢) in the integral

|g— 7, gl = { (g(2) =70, £(2))* Py (d2)
we obtain

(2.4) lg— 0, g13= 187, £13, 0,

where g(f)=goH '(t), Q is the image measure of Py under the map H and
7, is the orthogonal projection of L?(Q) onto the linear span of {I,_ [i=1,...,k}.
One easily verifies that Q has density q=foH ~'/ho H™! with respect to A! and
that geI*(B,) if and only if geI*(Q). Let

k—Z 1 ,
g2do.
)

Aky=1g—%,, 8l3,0—
We are going to show

(2.5) A(k)=o0(k™?);

i o
since [ g?dQ= [ g'>h™2fdJ", this will prove the proposition.
4] —

Now we have an equidistant partition, but since Q need not be the Lebesgue
measure, the methods of Freedman and Diaconis (1981) which we want to use
have to be modified for our purpose. With the abbreviations

-2

k
my= [ (@) -7, g(1)*0@dt) and ny=—=

J‘ g—/Z dQ
Bix 12 B

ik

(2.6) Alk)y= imik—nika

i=1
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and writing

lk1)+ [ 2(w)du

i—1

k

@) 2= g(

we get

3 ! g d ’ d
me= 1 (8055 1 869.06@9) 0w

B

) I<_f_ “)d”_Q(B,k)B{lflg(“)duws)) Q)
k
= . d d
(S o qur-gs( 1§ ramown).

Now

k

T (1 gwad o= | f 0@ 0 s

Bir Bix Bix

)(v) du dv Q(dt)

k-

= | Jg(u)g(v)jl W 1,_, \(v) Q(dr)dudv
()T

Bix Bix

= Jg(u)g(v)Q«uvv ))dudv

Bii. Bix

and

[ fgwduo@d=f [0, \@duo@)
Bik_i_;_ Bir Bix ( )

and therefore
i i
v me gorlenty L.
€0 20) 900 40 Yigl ) dudo

where

Vinlio )= (a0 g(0)* [Q ((evog)- offe)ell %»} 50 15, 0)

Q(Bu)
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It is necessary to examine the tail behaviour of the approximation. Let f=
H(—a); according to (iii) g is nondecreasing on (0, §) and nonincreasing on
(1—p,1). Let 0< p* < and split the sum in (2.6) into three parts:

[kA*] + 1 k—[kpH—1 k
A(k)= 2 (my—ny)+ Z (M —n) + Z (my,— )
i=1 i=[kpH+2 i=k—[kp¥]
= 3 (mg—ng)+ Y, (my—ng)+ Z (m— 1)
ieI{D (%) iel(2) (8% ieI(3(f%)

(here [x] denotes the integral part of x). .
Consider the third sum. If ieI{> =I{3(8*), then i= k— [k f*] and
i—1 [kp*]+1 1

> >1—pB*_—__ —
=1 . 2> 1-8

if k is large, and therefore ¢ is nonincreasing on B;,. Thus for u, veB;, and

iel®,
0 uvv,i quv o) i-——uvv s
(géu)q(v);))é (q(u)< o )é"ﬂ(%zg)

o) (oo ele] o)
@@ OB} \ q@ 0B, | = 26

and therefore we have the estimate

Wi, )| S 2k g, () I, (v), i i€L.

kL

1A

Also

IA
5
oo

Consequently
| Y my—nm S Y |myl+ Y ny
iel(3 iel(® iel(®

267t Y | §lEWlEZ®law) )t dudy

ieI(3 By Bux

k2 .,
+FZ fg*do

ieI§c3) Bir

-2 1

s k -
=2k71 Y ([ Ig@lq@idw?+—- | §°dQ

ieI(3 By 1-kpM+1
-

k-z 1
ézk—z Z J‘ g/ZdQ_’_F j‘ g—IZdQ

ieI(® B 1 lkp1+1
k

1

=Q+Hk? | g?dQ

_[kpF1+1
===
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by the Cauchy-Schwarz inequality. We conclude that for each £¢>0

| z (my—ng)| Sek™?

ieI()(p¥)
if 8* >0 is small enough (use (i)). We similarly can conclude

| Y (my—ny)lSek™?

ieI(H(#¥)

if * >0 is sufficiently small.
So in order to prove (2.5) we only need to show that for each f*>0

2.9 2 (mik_nik):o(k_Z)'

11 (5%)

First note that | ) By <[p* 1—B*], and as g is positive and continuous
ieI(3)(p*)

there exist 0<y< B such that y<q(t)<B for f*<t<1—pf. Therefore we find

step functions g, which are constant on the intervals B;, and approximate g

uniformly on [f*, 1 —f*]:

sup  |g(t)—q, (1) -0 as k—oo.

prst<1-pr
We may assume that y<gq, ()< B. Let

)

= 1 -
Pulu, v):= |4 ((u v, K k-1

’ IB,-,((V) IBik(U)-

For estimating v/, (4, v) — @y (4, v) consider for u, ve By, ie I#(B*)

o)

e (>

ik ik
[ a@de | q@dt

@@ q@)* (@) g0
ilk
J la-a0ldt
uvv Sy _%
<t ] 040 40 @0 )

<y sup g(®)— @@+ BTy 22)/B sup  lq(F — g0l

pre<i-pr prse<i—pr
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A similar estimate holds for

effegeflog) # () ()

(@) q@)>* 0By k™1 ¥

therefore, since  sup  |q(u)* —q,(u)?| converges to zero, there exist a constant
prst<1-p*

C, and a sequence 4,, J,—0, such that

(Wi (1, ©) — @y (u, V)| £ C k_lan

if ic I (B*), u, veBy,.
This entails (compare (2.8)) that

(2.10) | Y my— Y (18w g0)* q()* @ulu, v) dudv|

ieI(2 iel(2
telg() :eIl(()

<Cok™'6, ). | [ 18 qw)? g (v)q®? dudy

iGI,(}) Bix Bix
-2 52
iel(® Bix
B

1.—. %
<Cok™28, | §2dQ=0(k™?)
ﬁ*

(use the Cauchy-Schwarz inequality).
It follows from (i) that we find step functions t, taking the value t;, on
B;,, which approximate §'g* in L2([f*, 1 —§*]):

1-—p*

[ @4*—1)*dr' >0 ask-—oo.
ﬁ*

Therefore (writing I for I{? (%))

(2.11) > 18w g® aw) ) @ulu, v) dudo

iel(®
= ) [J @) t() pu(w,v) dudv+R,,
iEIl(cz)

and

Ry= Y ” [2' (1) g(w)* &' (v) q(v)* — o (1) (V)] @ix (4, v) du dv

i 2
1EI§()

= 2 T @0 qw? — 1) &' () 4@ @ue(u, v) dudv

iel(2
151’2)

+ Y [ (@ ©) a@) — () i (u) @u(u, v) du dv

iel(2
zeI;{)
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and since @ (u, v)| L2k~ I (4) I, (v), we have

IRi=2k71 Y [ I8@a@Pldv [ 18/ (w) g —t, ()| du

I'GI’(CZ) By Biy
F2UTLY [ 0] du [ 180)a0) — )] dv
iEILl) By Bij
S27T Y U [ @t -tPdit ko | 7240y
iEI;cz) Bix Bix
+2kTUY (T Atk | (@ )P dANy
iEIiz) Bij Bix

1-p* 1-p* 3
<23( [ g0 [ @ai-npar)
B* B*
1~p* 1—p 3
+2k“2( [ it | (g'q%—tk)Zdzl)
B* p*
—o(k™),

where we repeatedly applied the Cauchy-Schwarz inequality.
Finally consider

(2.12) Y Tt t ) pu(w,v)dudv="Y & | | oulw,v)dudv
iel(» iel(2)  Bix Bix
k™ 2
—iegm 12 12
t2dit
12 lE;Z)B;“k ¢
k 2
=1 Z j g%d0+o(k™?)
i€l Bix
= Z n,-k+0(k_2).
ieI,(cz)

The second equality is obtained by evaluating the integral. Now combining
(2.10), (2.11) and (2.12) yields (2.9) and the proof is completed.

Remark. One might be interested if for a fixed R, the expansion stated in Proposi-
tion 2.1 holds uniformly for a given set of pairs (g, k) of functions on R It
is more natural to discuss this question for the corresponding expansion (2.5)
which involves the transformed functions g and g. So assume 7" is a set of
pairs (g, q), where g is an absolutely continous function on (0,1) and g is a
probability density on (o, 1). Let

={g|(g, q)e¥ for some q}
and
v5=1{q|(g, q)e ¥ for some g}.
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Assume

(i)  The functions {g'*q|(g, g)e ¥} are uniformly integrable in L*((0, 1)), and
[g2dQ <o for (g, q)e 7,

(ii,) for each compact interval K <(0, 1) the functions g'|x (ge77) and the
functions gl (g77,) are equicontinuous (f|, means the restriction of a function
f to K).

(iii,) there exists 0<f=1/2 such that each ge? is nondecreasing on (0,5)
and nonincreasing on (1 —4, 1),

(ivy) for each compact interval K =(0, 1) there exist y>0 and B such that y<gq
<BonKk,ifge?5.

Then we have

(157, 81,0~ 5 [27d0) >0

as k— oo, uniformly in (g, g)e 7"

The proof of this is similar to the proof of Proposition 2.1. One has to
approximate g’ and g uniformly by step functions. Because of the equicontinuity
assumption (ii,) the quality of this approximation does not depend on (g,q)

As for the tail behaviour note that (i,) implies that f g2do+ j g2dQ—-0
uniformly in (g, gje ¥ if §*—0. 1—p*

3. The Minimax Problem

Motivated by Proposition 2.1 we replace the term |g—n, g||2 in (1.9) by its
. k72 .
first order approximation l—zj g'?h™?f (from now on we shall omit the symbol

dA! in the integrals, since integration will always be understood with respect
to Lebesgue measure) and solve the corresponding minimax problem find h, € .#
such that inf sup [ g'*h™?f= supfg’2 hi?f, where 4 ={he '(R")|h20, [h=1}

hett geP

and & is defined by (1.8). Here we make the general assumption on f that
there exists a probability dens1ty ho with j ho?f<oo. The next lemma shows
that we can replace the set & by the sets @ or & which are defined in the
following way:
2 = {gel’(R)|gis absolutely continuous, 0< g’ <M, and [ g> f < C},
F={ged|{g*f=C}.

Lemma 3.1. We have

Supfg’zh *f=supfg?h f.

gD
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If @ is not the empty set, then

sup f g2 h™*f=sup [g?h™2f.
geY geD

Proof. The first assertion of Lemma 3.1 is an immediate consequence of the
inequality f(g—(fgf))*f<[g*f To prove the second assertion we first show
that 2=+0 if and only if for the function g, (x)=Mx—{Mzf(z)dz we have
{g.f2C. The “if”-part is obvious, set g=a g, for a suitable a€[0,1]. Now
assume that thereis a g in &, then [ /=0, [ g*f=C and 0< g <M by definition.
Let g.(x)=(1—s) g+ s M (x—X,), where g(%,)=0.

£22g and [g,f=s|M(x—%) f(x)dx.
Therefore
=82 f—s*(J M(x—Xo) f(x) dx)?
=g’ f—s*-p, p>O0.
On the other hand
M(x—%o)— [ M(x—%) f(x)dx=Mx— [ Mx f(x)dx=g,(x),
)
g JE&f=(1—5)g—sg,
J@—Ja.NP=-s)f+sfgrf
=[8&f-s{g /(&N
=g f—s(C—fgif)
Thus | g2 f = C since otherwise the two inequalities would contradict each other
for small s.
Now it is easy to prove the second part of the lemma. If geZ, {g*>f<C,
we set go=sg+(1 —s)g, g,€2 and g;=g". As | g2 f is continuous in s and [ g3 f
2C> g} f we find s, with { g2 f=C.

From now on we shall assume Z+0. Otherwise g, solves the maximum
problem.

Lemma 3.2. Suppose {h~? f< oo and | x* f(x)dx < co. Then

(3.1 sup [g'2h 2 f=maxM[g h™2f.
g2 gD

and

Proof. The right hand side of (3.1) is indeed a maximum because the functional
g’ =g h™2f is weak*-continuous on the dual L'(RY)* of I'(R') and the set
9, consisting of the derivatives g’ with g— g fe 2 is weak*-compact. The last
assertion follows from the weak*-compactness of the set

{he :(R)*|0<h< M}
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X 2 x 2
because the map g'— § (j g’) fx) dx—(j(j g’) f(x) dx) is continuous on 9.
0 0 M

To see this let g,e, and g,—he P, weakly*. Define g,(x):= | g,. g.(x)SMx
[4]

and g,(x)= {10, & = § [0,y h= | h=: H(x). Therefore by Lebesgue’s dominated
0
convergence theorem
fenf—( e ) —=[H f—(Hf)

Next we are going to construct, for a given ge %, an approximating g,e% such
that g, is 0 or M ae. [A'] and g,—g  weakly*. We partition I, ={x| 2(x)<0}
and I, ={x|g(x)>0} into intervals I{ =(a{, b}) and I} =(a}, b}) of length at most
&. Set

g(@))+M(x—a)), fora{<x=dj+M™'|¢
17

g(b’), for al+M™! | g <x<b]

1
g"'(x)z 0, for XERI_(L UIz)
g(aé), for aééxébé_M—l f P

i

gb)+M(x—b}), forbj—M™'j g <x<bi.

¢

We note that g,€% and |g,—g| < M e. By compactness we find ¢,—0 and he 9,
such that g; —h weakly* and clearly g'=h. Since M g,=g,> we have

M(gh™?*f=Mlim{g, h™?f=lim|g>h 2f

and therefore
max M [ g h™2f<sup|g?h™*f.
geg ged

Now equality is immediate since
g?<Mg forallge@.

Remark. In general the supremum on the left hand side of (3.1) will not be
attained. This is because a possible maximum g, of the quadratic functional
is also a maximum of the linear functional and has to fulfill [g>h™?f
=M fgyh™?f. Since g <M g,, we can conclude g =M g, on {h"2f>0}. So
on this set g, takes on only the two values 0 and M. On the other hand the
maximum of the linear functional can easily be shown to be unique. In general
its derivative will have values strictly between 0 and M. Therefore g, cannot
be the maximum of the linear functional, which is a contradiction.
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Though this is not needed in the sequel, let us point out now to calculate
for fixed h, h ™2 fe [}(IRY), the maximal g for the linear functional.

Proposition 3.1. Suppose

fgih™2f=sup (g h ?f.

geP
Then g, = —v}/f, where v, is the unique solution of the free boundary problem
with constraint
1Y _,
(3.2) — 71),1 —M-Hh *f—Av,)20,

v,(—0)=v,(c0)=0, and 1>0
1
such that {— (v})*=C.
f
(Here we denote by H the Heaviside function

{0}, for u<0
H(u)=3[0,1], for u=0
{1}, for u>0,

and for zeR! and A<IR! the expression z+ A4 has to be interpreted as {z}+ A4
={z+alacA})

Proof. (a) Derivation of the Formula. We denote by Uj(x) the closed J-neighbour-
hood of x. According to Lebesgue’s density theorem (see e.g., Hewitt-Stromberg
(1965), Theorem 18.2), for almost all points x, and x, with g7(x,)>0 and g/ (x,)
< M there exist ¢>0 and y>0 such that

AM(Uslx)n{gy>ep)>7 0
and
MUs(x) 0 {gh<M—eg})>yé

for small 6> 0.
Setting

(3.3) P, (%)= | Tusienier >0 dt/2H Uz (x) 0 {g) >e})

— 0

s, %, (X) = j Iy, nigs <m—glt) dt/2M (Us(x2) N {gh <M —e})

—
we conclude

f(gl—/h 0P, 5, T 42 5(Pa,x2)2f— fg%f= —2115.f(/’5,x1g1f+2)~25§(P.s,ng1f+R
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where |R| < const - (A2 + A3) 6. Now for 6 >0

f%,x,.glf—* jglf (i=1,2)

Xi

and this is strictly positive by the monotonicity of g, and by g, *0, g, f=0.
So we find sequences A} -0 (i=1, 2), §,—~0 of positive numbers such that

21 fglf
(34) i; - x; and gl_/u 5\’ (pév,x1+}'v 5\: q)év,xzeg'
’ j.glf

To prove this note first that the condition on the derivative for this function
to belong to & is fulfilled for small 4,, 1, and 6. Secondly [gif<C, and
—24, 6§ Qs ., 81 [+22,0( @5, 81 f=0is equivalent to

ﬂ: I¢a,x2 g2 f
Ay j@a,xz g f

So (3.4) follows from the estimation of R. By the maximality of g,

— 50§ @ R+ 30, [ 05, h 2 f S0

and therefore for almost all x;, g1(x;)>0, and x,, gi(x;) <M we get

h_zf(XZ)Sh_zf(xl)‘
jg1f fg1f

So we find a Lagrange parameter />0 such that

() h72f(x))>Af g, f implies g;(x;)=M
and

(i) h~2f(x;)<A | g f implies gi(x,)=0.

X2

Setting v,(x):= | g, f we get the formula.

X
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(b) The Monotonicity of A—v,. Suppose 1, =4, and v; is a solution of (3.2)
for A=1; (i=1,2). Multiplying the difference of the Egs. (3.2) with (v, —v,)*
we get

—(% (vl—vz)')' (0 —v2)"
CMHBf Ay v)— H ™ — 43 03)) (0 —02)* 50,

Now MHM 2f— A v)—HMh *f—1,v,) (v, —v,)* <[ — 00, 0]. This is clear for
<v,. For v; >v, we have — 4, v, < — 4,0, < — 4,1, and the statement follows
from the monotonicity of H. As a consequence we get

_(% (ul—vz)')' (0, =) <0

and hence

3? (% (0 —vz)’>’ (v, —vy)" 20.

)

Integration by parts yields

> 1
— ?(01 —v3) (s —Uz)+)’+7 (01— 02) (v —1,) "2 20,
Since the boundary terms vanish we get (v, —v,)* =0 and v, Lv,

(c) Uniqueness of the Solution of (3.2). For fixed A, v, is unique by (b). Conse-
quently it is the solution of the minimum problem

(+) 5%(v’)2+2Mj(%h‘2f~v)+—>min

whose Euler equation is (3.2). Now take 4,>4,, by (b) v, =v,,. Suppose

1 L
;)= j? (v3,)% then by the minimality of v;,

Iy
(o) = (om0

Since on the other hand —v,, = —v,, we have equality

(e =i

and since

j—}(val>2= j%(v'b)z,
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v, solves the minimum problem () for 4, as well.
By uniqueness of the solution of (*) we therefore have v,, =v,,. This proves

that for 4, > 1, either ji
of (3.2) is unique. S

After this digression let us resume the investigation of the minimax problem.
We want to interchange the order of sup and inf. The only obstacle to apply
a minimax theorem is the noncompactness of .# in the weak*-topology. So
instead of .# consider for L>0

1 .
(v),)* < [—J;(vjlz)2 or v,, =v,, and therefore the solution

My ={he}RY)|0<h<L, [h21}.

My is a convex set, compact in L'(IR')*. The functional h— [g'f/h* is lower
semi continuous on

M=y R [h™2f < o0}

For 2eR!
{he )| [g' h™2f<2}

is compact.
So we may apply the minimax theorem (see e.g., Kindler (1979)) to get

inf sup g’ h™>f=sup inf {g'h™2f.

hedty ge D geD he My
For he M' =4 ~{h| fh_2f< oo} denote by h; the function hy :=h A Le.#j . For
geD and he 4’

fgho’f= | ghi’f+ [ gh*f
h=L} {h>13
<[gh>f+ML >
Hence
inf [g'h™?f<inf [g'h 2f
he M’

he d§,
<inf{g'h™2f+ML?

he M’

and therefore

inf sup [g'h™2f< inf supfg'h™?f

he d’ geD hedly geD

=sup inf [g'h™2f

2D he My,

Ssup inf [g'h™2f+ML 2

geD he '
As L was arbitrary we have

inf sup [g'h™2f<sup inf [g'h™2f.

hetl’ gD ged hedl’
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The converse inequality is trivial, so

inf sup {g'h™2f=sup inf [ g'h™2f.

hedl' ge D 2D hedl’

We are looking for a solution h; of

inf sup [g'h™2f=sup g hy’f.
P

he ' gec9D g
By the preceding argument

Supjg'hf2f=sup inf J‘g,h_zlf=:(x,

ged g8e D hedl’

Therefore we are going to calculate h,:
inf {gh 2f=[g h °f
hedl’

and g:
sup [ ¢/ f= [ g1y,
g€

As (gl hTf<a={g h,*f< | g hy?f by the strict convexity of h>h~ > f

hi=h on {g} >0} (later we shall show: g{ >0a.c.).

g1

So let h, be the (unique) minimum of { g’ h~? f. Take as a variation

by () =Th(X) + I, 25 (x) L0 ()]/C(4, 9),
Clh, 0)= j. lhe+Ipnio]=1+1 f .

{he2 8}
By the minimality of &,
02 [g'he*f =g hi’f
= [g flhy?~C(4 0) hy )+ [ g f(C(A, @) hg 2 — 1y ?)
= | 240 (—[g'hg 2 f+g(x) hg *(x) f(x) dx+0(A),

{hyz &}
and therefore

§oot(—fgh *f+gx)hg *(x) f(x)dx=0.

{hg 28}
Taking as a variation h; =(h, + 1 ¢)/[ (h, + 1 ) with 1>0, ¢ >0 we get

foG)(—fgh 2 f+g (x) hy *(x) f(x)) dx=<0.
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So we have
h,=const - (g’f)%
=@y P
(incidentically this proves: the existence of hoe L'(R") such that {hg?f<oo is

equivalent to f sell (RY)).
Now we can calculate g;. As

(gh =N

g, fulfills ) ,
fgif)= sup fEfr
ge

We proceed as in the proof of Proposition 3.1. Take as a variation

g1 _/11 5v Ps,, %1 + 12 6\’ Ds,, x>

with
1 f g f
oo = (compare (3.4)),
’ fglf

X1

where ¢; ., are defined by (3.3). We calculate

SO (& N300 S S5 (g1.) " (x2)
j g f f g/

X1 x2

(*)

if g1(x;)>0 and g}(x,) <M. An immediate conclusion is that g;>0 a.e. or g; =0
a.e. Also if 0 < gj(x)< M then

_SE@NT) _
j g f

X

I(x) 1>0

(independent of x). Therefore if I(x)> A we must have gj(x)=M and if [(x)< ]
then g{(x)=0 (compare with (%)).
Now assume g; >0 a.e, then /=1 a.e. We shall prove that

£\

ljglf

() g1(x)=inf {M,
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Case I: M < f:(x) 2. Since g;(x)=< M, we then have gi(x)< —f:(i ’
Afef 2fef
or (equivalently) I{x)> A, and hence g;(x)=M.
_ £ie) \3 . . o
Case II: M = [————\ . Under this hypothesis we get I(x)= 4, since [(x)> 4
A f g f
) x S(x) M3
would imply g(x)=M and %——= [{(x)> A contrary to the hypothesis. But
I(x)=4 is equivalent to fef

g1(x)= & Ezi*—ff(—xé; (where /1*=/1‘%).

A j af (j gf )~
Hence (x=) is proved. Setting v,.(x)= | g, f yields

3.5) —(-Jl7 v;*> —inf{M, A* 252} =0

So we have proved the major part of

Proposition 3.2. The minimax solution hy is given by h; =h, =(g} f )%/j (g1 f )%, and
g, is determined by g, = —v./f, where A*>0 and v,. is the unique solution of
(3.5) with the constraints

(1) vz(—00)=05(0)=0,
(i) fw?/f=C.
Proof. We still have to prove uniqueness.

(a) Let 4, =4, and v;, be solutions of (3.5) with constraint (i). We claim
that v,, <v, . Testing the difference of the Egs. (3.5) with (v,, —v,,)" we get

j% [(vs, —02) " T2+ [(inf{M, 4, f2v53} —inf{M, A, f20;3}) (v, —v,,)* =0.

But
A3 (X)SAa02,3(x) i vy, (X)20,,(x)
1
$0 j? [(v;, —v;,)*]?*=0 and consequently v;, <v;,.

(b) Let v and & be solutions of (3.5) with constraint (i) for Lagrange parame-
ters A and 1. Assume that

5%(0')2:@6:5%(17)2.
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We already know that either v <¢ or v=¢. Furthermore v and ¢ are the unique
solutions of the minimum problem

] 71; (v')*—2 [ &(4,v) > min

for their respective Lagrange parameters. Here
B4, v)=inf{M v, 53 M3 f3} +[2M3 )3 f3— 20707 7] "

(3.5) is the Euler equation of this minimum problem.
In case that 7 = v we obtain — &(4, 7) < — P(J, v), and therefore

] (% @) — (4, 17)) < (% (#)?— ®(4, v)) =C— [ (), )

SC—[P(hv)= j(%

By the uniqueness of the minimal v in this case we get v=0. This proves that
in any case we have 1 <v.

Now according to (a) condition (i) uniquely determines the solution of (3.5)
for each 1*, and according to (b) condition (ii) uniquely determines A*. Thus
we have proved Proposition 3.2.

We turn to the interpretation of the results. Assume that f is continuous,

{x?f(x)dx < o0, and j"f%< oo. Then (g®dP, is finite for geZ and there exists

W) — (4, u)).

hoe# with {hy?f<oco. Assume further that f%(x)/f tf()dt— oo for |x|—co,
then it follows from the d1fferent1a1 equation (3.5) that for |x| large enough
g1(x)=M and therefore h(x)~ f (x) and f(x)/h (x)~ f (x); hence the pair (g, k)
fulfills the conditions of Propositon 2.1 for every ge%. Compare h, with any
he # such that (g, k) fulfills these conditions for every ge 2. We then have

fgih 2f—supfg hi’f<sup (g h™2f

g2
and according to Lemma 3.2

sup [g'2hy*f<sup [g?h™2f.

geP ge9

What does this mean for the respective loss of Fisher information? Let wj
and @, be the partitions associated with h, and & according to (2.3). k, is better
than / in the sense that for each ge? we find §e 2 and k,, such that

lg—mo (@3 <lg—7a, ()13, if k>ko.

Our results have to be interpreted in this way, since the expansion of Proposition
2.1 is not uniform on 2 x 4.
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Example. We solved the free boundary problem (3.5) numerically for f(x)
=(2x) " exp(—x?2/2) and M =1 (by scaling we may always standardize in this
way). For a choice of 1*’s we obtained the results:

A* M C [gihi2f
0.01 1.0 0.0934 13.15
0.05 1.0 0.2944 21.08
0.1 1.0 0.4689 25.19
0.2 1.0 0.7213 29.38
0.3 1.0 0.8974 31.58

The following exhibits show the functions g, and k,. In each case g, has tails
of the form constant+ M - x, and hy has tails proportional to exp(—x?/6), that
is proportional to the normal density with mean 0 and variance 3.
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