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Summary. Consider an array X =(X;;, i, jeIN) of random variables, and let
U=(U;) and V=(V;;) be orthogonal transformations, affecting only finitely

many coordinates. Say that X is separately rotatable if UX VTLX for arbi-
trary U and ¥, and jointly rotatable if this holds with U=V, Restricting
U and V to the class of permutations, we get instead the property of separate
or joint exchangeability. Processes on R%, R, x [0, 1] or [0, 1]? are said
to be separately or jointly exchangeable, if the arrays of increments over
arbitrary square grids have these properties. For some of the above cases,
explicit representations have recently been obtained, independently, by
Aldous and Hoover. The aim of the present paper is to continue the work
of these authors by deriving some new representations, and by solving the
associated uniqueness and continuity problems.

1. Introduction

Consider an infinite two-dimensional array of random variables X =(X;, i, jeN).
We shall say that X is separately (or row-column) exchangeable, if its distribution

is invariant under permutations of both rows and columns, ie., if (X; j)i(X piay)
for all permutations (p;) and (q;) of N. If this condition holds with the same
permutation for rows and columns, ie., if (X ij)i(X nipy) for all (p), we shall

say instead that X is jointly (or weakly) exchangeable. In the above definitions,
it is clearly enough to consider permutations (p;) such that p,=i for all but
finitely many i.

Aldous [1] and Hoover [11] proved independently that an array as above
is separately exchangeable iff it is distributed as

Xijzf((x: éia r]j> ;"ij)z isjEN’ (1)
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for some measurable function f: [0, 1]*—>R, where the quantities « and ¢&;,
> 4ij i, jeN, are ii.d. random variables, uniformly distributed on [0, 1] (U(0, 1)
for short). Hoover also showed that an array is jointly exchangeable iff it is
distributed as

Xij=flo &, &5 Aiy)y 1, jEN, ¥

for some function f as above, where «, ¢y, &5, ... and 4;;, i<j, are iid. U(0, 1),
while 4;=0 and A;;=4;; for all i and j. Aldous gives the same result without
proof, in the special case of symmetric arrays (where X,;=X;; and hence f(-,
X, Vs -):f(-, Vs X, '))

Since the representation in (2) will play a basic role in this paper, we shall
give a short proofin Sect. 3 below, modelled after Aldous [1, 2]. (Note incidental-
ly that Aldous attributes certain crucial ideas in the published proof to J.F.C.
Kingman. His original argument was more complicated. Hoover’s unpublished
proof [11] uses ideas from formal logic and non-standard analysis, and may
be hard to read for most probabilists.) Notice that representation (1) follows
immediately from (2), since the two representations are equivalent for
(i, )e(2N) x (2IN —1). This observation will often be useful in the sequel.

Aldous, in his brilliant paper [1], goes on to prove a conjecture of Dawid
[5], giving the general form of a separately rotatable (or spherical) array. By

this we mean an array X as above, such that UX V7L X for all linear operators
U and V on R®, which transform a finite set of coordinates orthogonally while
leaving the others invariant. Transformations of this type will be called rotations
below, and for these the matrix notation above will often be convenient. The
general representation theorem states that an array is separately rotatable, iff
it is distributed as

Xy=0ly+ Y o éutp  ijeN, 3

k=1

for some random variables ¢ and a;, o5, ... with ) a7 < oo, where the quantities
Aijy i and ny, are iid. N(0, 1) and independent of ¢ and (). In fact, the
general array is known to be a mixture (in the distributional sense) of dissociated
ones, where (X;;, i vj<n)and (X;;, i A j>n) are independent for each n, so Aldous
restricts his attention to the latter and obtains a representation (3) with constant
coefficients. He also needs a moment condition for his proof. Given Aldous’
work, it is not hard to supply the additional arguments needed for the general
version, which is done in Sect. 4 below. Even this result will play a key role
in subsequent sections.

In Sect. 5, the characterizations in (2) and (3) will be combined with some
methods from Aldous’ paper to yield a corresponding representation in the

jointly rotatable case, where it is assumed that UX UT£ X for all rotations U.
For the special case of symmetric arrays, our representation becomes

Xij=p 0yt oa(i;+ i)+ A Ein—90i). L jeN, 4
P

=1
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where d;; denotes the Kronecker delta, while the A;; and &, are iid. N(0, 1)
as before, and p, ¢ and o, a,, ... are arbitrary random variables independent
of the 4; and &, and satisfying ) o <oco. Dawid [5] discusses the further re-
stricted case when the finite subarrays are non-negative definite. In this case
(4) simplifies to

Xy=poy+ Yy ol LjeN, (3

k=1

with non-negative p and o, 5, ... satisfying ) o, < 0o, as conjectured by Dawid.
In fact, Dawid proves that the representation (5) is equivalent to (3) above,
and so his conjecture was essentially settled already by Aldous’ paper.

The last two sections are devoted to exchangeable and continuous random
processes X in the plane, as introduced in Aldous [2]. Here the definition of
exchangeability is stated in terms of the increments of X over finite rectangles
1, given by

X()=Xb,d)—X(a, d)—X(b,c)+X(a,c)

when I=(a, b) x (c, d). We shall say that a process X on R, R, x [0, 17, [0, 1]
xR, or [0, 1]? is separately exchangeable, if the array of increments of X
with respect to an arbitrary rectangular grid has this property. The definition
of jointly exchangeable processes on R3 or [0, 1]? is similar, except that we
have to consider square grids emanating from the origin. For definiteness, we
shall assume in both cases that X (s, 0)=X (0, r)=0.

In Sect. 6 we show that a process on R? is separately exchangeable and
continuous iff it is distributed as

X,=pst+oA,+ i (a; Bj(s) C;(t)+ B; B;(s) t+7;5 C;(t)), (6)

j=1

for some random variables p, ¢ ands «;, B, y;, JeN, with Y (o« + 7 +77) < 0.
Here 4 denotes an independent Brownian sheet, while the B; and C; are mutually
independent Brownian motions, which are also assumed to be independent of
everything else. The same representation is valid for processes on IR, x [0, 1]
or [0,1]? but now with the B; and C; interpreted as Brownian bridges in
appropriate cases, and with the Brownian sheet A accordingly tied down. Our
proof of (6) depends on the simple observation that exchangeability is equivalent
to rotatability for continuous and suitably tied-down processes on R .. By this
coincidence, the representations of rotatable arrays derived in previous sections
become the basic tools to analyze exchangeable processes in higher dimensions.

In the final Sect. 7, we characterize jointly exchangeable processes on IR .
For the special case of symmetric processes, our representation formula becomes

Xg=pst+3sant)+o(d,+ Ay

+ i {o;(B;(s) B;(t)—s A t)+ (s B;(t) +t B;(s)) +7; B;(s A 1)}, Y]

j=1
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where p, 9, ¢ and the «;, f; and y; are arbitrary random variables satisfying
Y (o« + B3 +7y?)<oo as., while A is an independent Brownian sheet and the B;
are independent Brownian motions, as before. This may be compared with Con-
jecture 15.20 in Aldous [2], where it is suggested that instead

Xg=pst+3(sat)+taA(sat,svit)+ i a; B;(s) B;(t). (8)

Jj=1

Note that the centering of the product terms B;(s) B;(t) is necessary for conver-
gence in general. The missing components Y §;s B;(t) and ) ;¢ B;(s) represent
centered drift terms in the horizontal and vertical directions respectively, them-
selves exchangeable, while 3(s A 1)+ Y y; B;(s A t) represents an exchangeable pro-
cess along the diagonal.

We conjecture that (7) and the more general non-symmetric version below
remain valid for jointly exchangeable processes on [0, 1]%, with 4 and the B;
tied down as before. We might also mention the open problem of characterizing
jointly spreadable arrays and processes, where spreadability is defined as in [16].

Once a characterization problem has been solved, the next step becomes
to examine the associated problems of uniqueness and continuity. Here the
former is to identify the equivalence classes of representations giving rise to
the same distribution, while the latter problem consists in describing the topolo-
gy in the so defined representation space that corresponds to weak convergence
for the distributions of X. This program will be carried out below for the repre-
sentations in (3), (4), (6) and (7). (Note that the uniqueness problem for the
representations in (1) and (2) has already been solved by Hoover [11].) We
shall use the approach from the univariate discussion in [14]. Thus for each
case we shall introduce a suitable set of directing random elements, p say, to
be given as functions of the coefficients in the representation formula, such
that convergence in distribution of p and X will be equivalent.

Our discussion of the main problems, as stated above, will be preceded
by some general prerequisites in Sect. 2. Here we shall present some results
based on the powerful section theorem (cf. Dellacherie and Meyer [6]), which
will provide the technical tools to extend a representation from the dissociated
to the general case. Likewise, they will yield without cffort the X-measurability
of the directing random elements directly from their uniqueness in the dissociated
case. Throughout the paper, we shall further make frequent use of the simplifying
device of randomization, based on the elementary Lemma 2.1 from [16]. In par-
ticular, this will enable us to proceed directly from an explicit formula for an

equivalent array or process (i.e. some X/iX) to an a.s. representation of X
itself. Section 2 will also contain the required background on the univariate
case, as well as a brief discussion of some processes related to Brownian motion
and sheet.

As for relevant literature, the lecture notes by Aldous [2] provide a broad
survey of exchangeability theory. The reader is especially urged to read his
Sects. 1415, dealing with the multivariate case. Several of our arguments below
have been patterned on similar passages in Aldous [1]. On such occasions,
we shall often give only a brief outline, so the reader may need to consult
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Aldous’ paper for details. Other references on the multivariate case, not men-
tioned before, are the papers by Dawid [4], Hoover [12] and Lynch [17].
A referee kindly calls my attention to the paper of Dovbysh & Sudakov [7],
and to a thesis by Hestir [10] “giving results like Theorem 6.1 (in a less sophisti-
cated way)’.

Our discussion of weak convergence and tightness for random arrays and
processes presupposes some general theory on the subject, as given in Chapters 1
and 2 of Billingsley [3]. We shall further need some weak convergence theory
for probabilities on measure spaces, as provided by Chapter 4 in [15]. The
reason for this is that, typically, one or more of the directing random clements
will turn out to be random measures on some appropriate space. Finally, we
shall often need to refer to [ 14], not only for the basic univariate representations,
but also for its elementary randomization Lemma 1.1, which will often yield
immediate extensions of our weak convergence results from the dissociated to
the general case.

2. Preliminaries

In this section, we shall first derive some general measure theoretic results,
which will be useful in proving the main theorems of the paper. Say that
(Q, F',P’) is an extension of the probability space (@2, #P), if it is of the form
(Qx I, F x %, P x ) for some probability space (I, 4, 4), which may e.g. be taken
to be the Lebesgue unit interval. Note that random elements on 2 extend imme-
diately to " with the same distribution. The procedure of constructing random
clements on an extended probability space will be called randomization.
For easy reference, we first restate the simple Lemma 1.1 of [16]:

Lemma 2.1. Let & and 1 be random elements in the spaces S and T respectively,

where S is separable metric while T is Polish, and assume that = f(n) for some
Borel measurable function f: T—S. Then there exists, on a possibly extended

probability space, some random element n’—i—n satisfying E=f (') a.s.

The next result will be needed to extend a representation formula, obtained
under suitable conditioning, to the unconditional case.

Lemma 2.2. Fix a probability space (2, #P), a o-field 4 =%, and three Polish
spaces S, Tand U. Let £: Q—S,n: Q- U and f: TxU—S be measurable mappings,
and put m,=P{f(t, n)e}. Assume that

Plée|9]e{m,;teT} as. (1)
Then there exists a 9¥-measurable random element v in T and an independent

random element 1’ é17 on some extension of §, such that £=f(z, n') a.s.

Proof. Let & and J denote the Borel o-fields in S and T respectively, and
conclude by Fubini’s theorem that m, B is J-measurable for every Be % Writing
u for a version of P[fe-|¥], it is further seen that uB is %-measurable for
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all Be £Letting B ;, B,, ...€% be measure determining in S, we get

A={{w, DeQXT: p,=m}=}{(w, ©): p, B;=m,B}eG x T

i=1
Note also that the projection of 4 on © has probability 1, by assumption.
By the section theorem (cf. [6]), there exists some ¥-measurable random element
7 in T, such that y=m, a.s. Choosing by randomization some " in independent
of 7, we get by Fubini’s theorem

Plce |t]l=p=m=PLf(z,n")e"|7] as,

which shows that (&, r)i( f(z, 1), 7). By Lemma 2.1, there exists some random
pair (7, r;’)é(r, #') on an extension of Q, such that &é=f(, %) and =1 as.
Thus £=f(z, n') a.s., and moreover #' is independent of =, since (, n’)i(r, 7). O

More can be said when the m, are invariant and ergodic under a suitable
class of transformations. Here we are using the terminology of Sect. 12 in Aldous

[2].

Lemma 2.3. Let the measures m, in Lemma 2.2 be invariant and ergodic under
some countable group of measurable transformations of S. Then the random mea-
sure m, is a.s. unique and £-measurable, and there is even a E-measurable choice
of 1. Moreover, the distributions of & and m_ determine each other uniquely.

Proof. Let 9 be the o-field of invariant Borel sets in S, and put $=¢"1 f = F
From Dynkin [8] (cf. Theorem 12.10 in [2]) it is known that P[£e-|.#] is
a.s. ergodic, and that the integral representation of P&~ * over the ergodic mea-
sures is unique. Hence the random measures m, and P[¢e+|.#] have the same
distribution. Since the range of m is analytic, it follows that P[¢e «|.#]e{m,, te T}
a.s. Thus Lemma 2.2 applies with ¥=.4 so there exists some .#-measurable
random element 1’ in T satisfying

Plte:|Fl=m, as. 2
Let us now return to the relation
m.=P[{e-|9]=P[le-|7]. )]
Here the left-hand side is a.s. ergodic, so
P[I|t]€{0,1} as, Ief
and it follows easily that
I={P[I|x]=1}ec(z) as, Iesf
This shows that .# —o(1). We now obtain from (2) and (3)

m,=P[{e-|F]1=E[P[le |1]|F]=E[m.|F] as.
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Letting B be an arbitrary Borel set in S, we get
Em.Bm,B=EmBE[m, B|¥]=E(E[m,B|#])>=E(m, B)?,

d
and since m,, = m, as above, it follows that

E(m, B—m, B)>=E(m,B)*>—E(m, B)*=0.

This shows that m,=m,. a.s., so m, is a.s. unique and .#-measurable. It follows
in particular that P¢™! determines Pm; . The converse is also true, since
P l=Em,. T[]

In the applications we have in mind, ¢ is the array of coefficients in the
representation formula for X, and m, is the distribution of X when 7=t is
fixed. Now suppose that f is a measurable mapping from T to some space
V, such that m, and f, determine each other uniquely. If the mappings between
m, and f; can be shown to be measurable, a.s. Pt ™!, then the conclusion of
Lemma 2.3 will remain true with m, replaced by p=f.. and p can serve as a
directing random element for X. The following result yields the desired measura-
bility when V is Polish.

Lemma 24. Let & and n be random elements on some Polish probability space
Q, and taking values in the Polish spaces S and T respectively. Assume that £=f (1)
a.s. for some mapping f: T—S. Then f can be chosen to be measurable.

Proof. Recall that the range A={(¢, n)(w); weQ} is analytic in Sx 7. Add to
S an extra point 0. By the section theorem (cf. [6]) there exists a measurable
mapping g: T—Su {0} with g(y)eS as., and such that

(8@, neAu({o}xT), tel.

This means that (g(y), n)e A as., so g(m)=f(m=Las. [

We need to make some further remarks on the application of the above
results. First recall that the separate or joint exchangeability of a process on
a continuous parameter space was defined in terms of transformations of the
associated increment arrays rather than of the process itself. However, there
exists in each case a countable group G of measurable transformations of the
process, such that exchangeability is equivalent to invariance in distribution
under G.

To see this, let us e.g. consider the case of joint exchangeability for continuous
processes X on JRZ, the other cases being similar, We then define for fixed
h>0 the processes

Y, )=X((ih, ih+s)x(fh, jh+1), s, tel0,h), i,jeN.

It is easily seen that the joint exchangeability of X carries over to the array
Y*=(Y}). Moreover, there exists some measurable mapping f, such that X
=f,(Y"). Writing T,Y"=(Y,.,) and T; X =£,(T,Y") for finite permutations p

of N, it follows that T} X £ X for all p.
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Conversely, this property implies that T, X" £ X* where X" denotes the array
p P

of increments with respect to the h-grid. Thus X is jointly exchangeable iff
it is invariant in distribution under the transformations T, with h=27", neN,
and with p a finite permutation of IN. These transformations clearly form a
countable group.

A second remark concerns the ergodicity of the measures m,, required in
Lemma 2.3. In our applications below, the arrays or processes X, corresponding
to m, will have representations with constant coefficients, and so will be dissociat-
ed, when defined on IN? or R?. (In case of processes, this means that the associat-
ed arrays of increments are dissociated.) The desired ergodicity then follows
as in the usual proof of the Hewitt-Savage 0-1 law (cf. [9]). For processes
on [0, 17% or R, x [0, 1], the conclusions of the lemma may instead be obtained
via the transformations in Lemma 2.8 below.

We turn to the characterization of continuous and exchangeable processes
on IR, or [0,1]. Recall that a one-parameter process X is exchangeable, if
Xo=0 and if the increments of X over an arbitrary set of disjoint intervals
of equal length form an exchangeable sequence. For continuous processes, it
is clearly enough to consider intervals with dyadic endpoints. Say that an
R¢valued process B is a Brownian motion or bridge, if the component processes
are independent Brownian motions or bridges respectively in R. The following
result extends the one-dimensional version in [14]. Here and below, we shall
use a self-explanatory matrix notation.

Lemma 2.5. An R%valued process X on IR . or [0, 1] is continuous and exchange-
able, iff a.s.
X,=at+oB,, teR, or [0, 1], 4)

for some random vector o in R?, some random d x d-matrix o, and some R%-valued
Brownian motion or bridge, respectively, B. Here o and oo™ are a.s. unique and
X-measurable, and their joint distribution determines that of X.

The representation (4) can be established in the same way as in the one-
dimensional case, i.e., via weak convergence as in [14], or by the martingale
argument in [2]. The last statement is an easy exercise in the use of Lemmas 2.3
and 2.4 above, given the fact that, in the two cases,

Eexp(ia’ [f—3[la"f]);
Eexp(ia” {f—3[l1a" (/=)
where f is an arbitrary R-valued and measurable function with | f|eL; nL,.

(It is of course enough to consider simple step functions of this type.) Alternative-
ly, we may obtain o and ao” directly as

Eexp(ijdeX)z{

o=limt X, or a=X,, ooT=[X,X], as,

t— oo

where [X, X] denotes the d x d-matrix of mixed quadratic variations for the
components of X.



Representations in Bivariate Exchangeability 423

Using characteristic functions as in Theorem 5.3 of [14], we may ecasily
deduce the uniqueness of extensions (which incidentally remains true in the
presence of jumps):

Corollary 2.6. Let X be an R%valued continuous and exchangeable process on
R, or [0,1], and let Y denote the restriction of X to some subinterval [0, ¢]
with £>0. Then PY ! determines PX ~*.

We shall also need the following multi-dimensional version of Schoenberg’s
theorem (cf. [2, 5]). Say that an R“valued random sequence X =(X;;, i<d

ijs P==Ws
jeN) is rotatable, if XULX for every rotation U. For a process X on R,
or [0, 1] to be rotatable, we require that X be continuous in probability, and

that the above property should hold for the increments over an arbitrary set
of disjoint intervals of equal length.

Lemma 2.7. An R%vpalued random sequence X =(X
a.s.

i<d, jeNN) is rotatable iff

ij>
d

Xi= . oy i=1,...,d, jeN, (5)
k=1

for some random d x d-matrix ¢=(0;;) and some i.id. N(0, 1) random variables
&j» k=d, jeN. Similarly, an R4-valued random process X on R or [0, 1] is
rotatable iff

X,=0oB, as, tcR, or [0,1], (6)

Jfor some random matrix o as above and some d-dimensional Brownian motion
B. In both cases, ¢ 0¥ is a.s. unique and X-measurable, and its distribution deter-
mines that of X.

We conclude this section with an elementary discussion of some processes
related to Brownian motion. First recall that a Brownian sheet is a centered
Gaussian process X on IR% with covariance function

EX,  Xip=06Aas)tnat), s t,0elR,.

Starting from X, we may construct the further processes
Y,=X,,—5X,, sel0, 1], teR .,
Zo=X,—tXy—sX;+stX, =Y,—tY,, s te[0,1],

with covariance functions

EY, Y., =(sAns—ss)tAt), 5, 8€[0,1], ¢, teR .,
EZyZy,=(sAns'—ssYWtnt'—tt), s,5,tte[0,1].

All these processes will be referred to as Brownian sails. (The process Y above
is also known as the Kiefer process.)

In the next result, we list some simple relationships which will be needed
below. For their proofs, it suffices to compute the covariances.
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Lemma 2.8. Starting from a Brownian motion W and a Brownian sheet X, we
may construct a Brownian bridge B and Brownian sails Y and Z through the
Sformulas

B(s)=(1—s) W(%) se[0, 1],

Y(s, t)=(1—s)X<—1—S—;, t), se[0,1], teR,,

Z(s, )=(1—1) Y(s, 1—i£)=(1—s)(1~:) X (ﬁ i) s, te[0, 172

Conversely, W and X may be obtained from B, Y and Z through

W(s)=(1+s)B(1L+S), seR,,

X(s,t)=—-(1+s)Y(—S~,t)=(1+s)(1+t)Z<—L t) 5, teR , .
1+s

1+s 1+t)°

We finally state a simple consequence of Lemmas 2.5, 2.7 and 2.8, which
will play an important role in Sect. 6.

Corollary 2.9. Let X be an R%valued, continuous and exchangeable process on
[0, 1] with X, =0. Then the process

t
Y{t)=(1+1) X (1—>, teR .,
is rotatable. +t

3. Jointly exchangeable arrays

The purpose of this section is to give a proof, in the spirit of Aldous and
Kingman (cf. [1, 2]), of the representation formula (1.2) (equation (2) of Section 1)
for jointly exchangeable arrays of random variables.

Theorem 3.1. An array X =(X, i, jeIN) of random variables is jointly exchange-

able iff
Xij:f(‘x: éi: éjs /'Lij)a iajEN: (1)
holds a.s. with 2,;=0 and A;;=24;, for some measurable function f: [0, 1]*>R
i<j.

and some i.id. U(0, 1) random variables o, &, &,, ... and 4,

It is clearly equivalent to write instead of (1)
f(O(, éi: éja lij)’ l<]s
Xi=1S (0 & &5 As)y >,
18 S i=j,
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for some measurable functions f: [0, 1]*>IR and g: [0, 1]*—IR, and some i.i.d.
U (0, 1) random variables a, £; and /;; as above.

For the proof, we shall need some simple exercises on conditional probabili-
ties, valid for arbitrary random variables, sequences or arrays &, n, {, &,, 14,
... Throughout this section, conditionally independent or ii.d. will be abbreviat-
ed c.i. or c.iid., respectively.

Lemma 3.2. (2) & and y are c.i., given {, iff (£, {) and n are c.i., given (.

(b) If (&4, &) and n are c.i., given {, then £ and n are c.i., given (¢,, O).

(©) If &, &,, ... are ciid. and c.i. of (ny, n,), given {, and if { is n,-measurable,
then &, &,, ... are ciid. and c.i. of n,, given n,.

@) If (¢,,...,¢&) and &, are c.i., given n, for each nelN, then &,, &,, ...
are c.i., given .

Lemma 3.3. If the pairs (¢}, 1), jeIN, have the same distribution, there exists
some transition kernel m, such that

PL¢ie|nd=my;,) as., jeN.

Proof of Theorem 3.1. Define Y;;=(X;;, X;;), i, jeIN, and note that the joint
exchangeability of X carries over to Y=(Y};). By the Daniell-Kolmogorov theo-
rem, we may extend Y to a jointly exchangeable array indexed by Z2. Write
A=(Y;,ivj=<0) and B=(B,, B,, ...), where B;=(Y;;, j=i, 0, —1, -2, ...). For
neZ ., we further define Y"=(Y;, i,j=1, ..., n), B{=(Y;;,j=1,0, —1, ..., —n) and
Ci=(Yy;, ..., Yy;). We shall show that

(i) For each neZ,, the pairs (C}, B), i>n, are ciid. and ci. of Y”", given
(4, By, ..., B,).

It is clearly enough to prove the corrersponding statement for the pairs
(C?, B, with meN arbitrarily fixed. But the latter pairs are exchangeable over
(4, By, ..., B,, Y", and hence c.i.id. and ci. of that array, given the directing
random measure p. By Lemma 3.2(c) it remains to show that u is measurable
with respect to (4, By, ..., B,), which is obvious since the extended sequence
(Ct, B, i=...,—m—2, —m—1, 1,2, ..., is exchangeable with the same directing
measure u. Taking n=0 in (i), we get in particular

(ii) By, B,, ... are c.iid., given A.

Using Lemma 3.2(a, b), it is further seen from (i) that

(iti) C,,isci. of Y, given (4, B),

(iv}) Ci,,isci. of B, given (4, By, ..., B,+ 1)

From (iv) with n=1 it is seen that Y;, is ci. of B, given (4, By, B,), and by
the exchangeability of ¥, we then get more generally

(v) Y;is ci. of B, given (4, B;, B)), for all i, jeIN with i=j.

On the other hand, it is seen from (iii) and Lemma 3.2(d) that C! is ci. of
(C3,C3, ...), given (4, B), ie. that Y, is ci. of (¥, 1<i<j=2), given (4, B).
Using the exchangeability of Y and applying Lemma 3.2(d) again, we may con-
clude that

(vi) the elements Y;;, 1 <i<j, are c.i., given (4, B).

Statements (ii), (v) and (vi) will be needed below.

We next conclude from the exchangeability of Y that (4, B, B;, Y;;) has

the same distribution for all i, jeIN with i+j. Hence, by Lemma 3.3, there exists
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some transition kernel m between suitable spaces, such that
PLY,e+|A, B;, BJ=m(4, B;, B;;*) as.,, 1i,jeN with i) (2)

From the definition of ¥;; it is seen that, if H is an arbitrary Borel set in IR?
and H'={(x, y)eR?; (y, x)e H}, then a.s.

m(A, B;, B;; Hy=m(A, B;, B;; H'), i,jeN with i=%j. (3)
But then (2) remains true with m replaced by the kernel
ma, b, c; Hy=4m(a, b, c; H+1im(a, c, b; H),

and so we may henceforth assume that (3) holds identically.
The next step is to use the ‘coding’ argument of Aldous [1, 2] together
with Lemma 2.1 above, to conclude from (ii) that

A"—‘p(OC), BiZQ(% 5i)’ iGN, a.s., (4)

for some measurable functions p and ¢, and some i.i.d. U(0, 1) random variables
o and &, &,, ..., defined on a possibly extended probability space. Since X;;
is a component of B;, we get in particular

Xiizg(aa éz) a.8., iGN, (5)
for some measurable function g: [0, 1]*—IR. Writing
m'(a, x, y;*)=m(p(a), 4(a, x), q(a, y);*), @, x, ye[0, 1], (6)

we may next introduce two measurable functions f;, f5: [0, 1]*>TR, such that
whenever 4 is U(0, 1)

P((fl:fZ)(aa X, Vs )L))_lzm’(a’ X, y;.)a a, X, ye[oa 1] (7)
In that case, (3) shows that also
P((fZ:fl)(az Y, X, )L))—lzm’(a, X, y;'): a, X, y€[0, 1] (8)
Defining
fl(aa X5 Vs Z): X<y,
f(a> X5 Y5 Z)= fZ(a’ ¥ X, Z), x>ya
g(a, x), x=y,
we get

(fl:fZ)(aa X, Vs Z)> x<ya
(fZ:fl)(a: Y, X, Z)a X>J’-

If Ais U(0, 1), it follows by (7) and (8) that
P(f(a x,y, A f(a,y,x, M) '=m'(a,x,y;"), axye[0,1] x+y. (9
We finally take 1j;, i<j, to be iid. U(0, 1) and independent of o, &, &,, ...,

ijs

let 2;;=0 and A};=A};, and define
Xi=f (o &, & Ak L jEN (10)

(fa, x,y,2).f(ay, x, Z))z{
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If we can show that (X ;-j)é(X ;)» it will follow by Lemma 2.1 that the original
array X =(X;;) has a similar representation.

Now (6), (9) and (10) imply that the pairs Y;=(X};, X}) with 1<i<j are
conditionally independent, given «, &,, &,, ..., with conditional distributions
m(A, B;, B;;+), so the same thing is true under conditioning with respect to

(4, B), in agreement with properties (v), (vi) and (2) for the Y;; Hence Y and

Y'=(Y;) have the same conditional distribution, given (4, B), and we get YL Y,
as desired. [

4. Separately rotatable arrays

The main purpose of this section is to remove the second moment condition,
imposed by Aldous [1], to prove that separately rotatable arrays of random
variables have the form (1.3), as conjectured by Dawid [5)]. We shall also solve
the associated uniqueness and continuity problems.

Theorem 4.1. An array X =(X;;, i, jeIN) of random variables is separately rotat-
able, iff a.s.
Xy=02i+ ) o lunps  LjeN, 1

k=1

for some random variables 620 and «; > 0,2 ... 20 with ) af <o a.s. and some
independent set of iid. N(0,1) random variables 1;;, &y, W, i,j,keIN. Here o
and the a, are a.s. unique and X-measurable, and they are a.s. non-random iff
X is dissociated.

Proof. As before, we may extend X to a separately rotatable array indexed
by Z*. Write A=(X,;, i vj<0), and note that X * =(X;, i Aj>0) remains sepa-
rately rotatable under conditioning by A. Moreover, it is clear from the proof
of Theorem 1.4 in Aldous [1] that X is conditionally dissociated, given A.
Finally, we shall prove below that E[X?,|4] <o a.s. We may then conclude
from Theorem 4.3 in Aldous [1] that X has conditionally the form (1) with
constant coefficients, and the unconditional result will follow by Lemma 2.2
above.

To show that E[X?,|A4] < o0 a.s., let us first conclude from Lemma 2.7 above
that X;;=0;&;; for some random variables ;=0 and ¢;;, where the latter are
ii.d. N(0, 1) for fixed i and independent of o;. Since g; is clearly A-measurable
when i <0, and since E &< 0, it follows that

E[X%IA]l=06f E[&}]A]l<0  as, iZ0.
The symmetric argument shows that also
E[X}]4A]l<w as, j=0. (2)

Let us now fix i=1, and put ¢;;=¢; and X,;=0, &;=7;. By the conditional
form of Schwarz’ inequality, we get
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d

a] E[(nz_1+...+n35)2|A]}%.

2
E[nﬂA]=E[ S .

E2 4+

& 2
é{E [(52_1+m+62_5)

Here the second factor on the right is a.s. finite by (2), while the first one
is a.s. finite since

& )2 de a2
E(——— CEERE(E 4 42 ) S [t et dr < oo,
E2 .+ 8 1 ! > §

where x<y means that x=0(y). Thus E[#?|4]< o0 a.s., which completes the
proof of the first assertion.

In order to prove that the coefficients in (1) are a.s. unique and X-measurable,
it suffices by Lemmas 2.3 and 2.4 above to assume that they are non-random.
But in that case it is easily verified that

Eexp(it X )=exp(—3a? ) [[(1+a?t) 7% teR, (3)

i=1

from which the uniqueness follows by the theory of analytic functions, or directly
by differentiation.

Here we have already used the obvious fact that arrays X with constant
coefficients are dissociated. Assuming conversely that X is dissociated, it is seen
as in Sect. 2 that X must be ergodic. Moreover, the sequence of coefficients
is clearly invariant under separate rotations of X, and hence measurable with
respect to the invariant o-field for X. Hence the coefficients are a.s. non-random
in this case. [

For every separately rotatable array X as in (1), we shall define an associated
directing random measure y on R, by

ﬂ=0250+ zaféaja (4)
j=1

j=

where §, denotes the measure with a unit mass at x. Recall that m,——m
(m, tends weakly to m) for bounded measures m, and m on R, iff m, f—mf
for every bounded continuous function f on R ,. Here m f denotes the integral
[ fdm. The corresponding notion of convergence in distribution for a.s. bounded

random measures u, and p on IR, is denoted by y,,—Wd—> . It is known that
this convergence is equivalent to u, f LN uf for every bounded and contin-

uous function f. Moreover, a sequence (u,) is known to be weakly tight, and
hence relatively compact with respect to the above notion of convergence, iff
(u,R ) is tight and moreover

lim limsup P {u,(r, c0)>e}=0, &>0. 3

r—ow n—> o
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Analogous results hold for random measures on R and more general spaces.
(For a complete discussion, sec Chapter 4 in [15].)

For arrays of random variables, convergence in distribution is defined with
respect to the usual product topology in R®. Here we shall solve the continuity
problem for the representations in (1), by characterizing convergence in distribu-
tion of separately rotatable arrays in terms of their directing random measures.
Theorem 4.2. Let the arrays X, X,, ... be separately rotatable and directed
by uy, tts, ... Then X,,—L»someX iff ,u,,-—‘fd—> some y, and in that case X is separate-
ly rotatable and directed by some ' 2 I

Proof. If X is separately rotatable and directed by u, then (3) and (4) yield

__lf log(1+x%t%)
2 x?

Eexp(itXn):Eexp{ y(dx)}, telR, (6)

where the inner integrand on the right is defined by continuity to be equal

to t2 at x=0. Assume first that the u, are non-random with hy——ssOme i,
and note that even u must be of the form (4). From (6) it is seen that the
one-dimensional distributions of X, converge as n— oo, with limits given by

(6). This shows in particular that (X,) is tight. If X ,,——d——>X along some subse-
quence, then even X will be separately rotatable and dissociated, so X must
be directed by some non-random measure y'. But then (6) holds for both u

and y/, and it follows as before that y/=p. Thus X ,,—d—>X along the original
sequence, with X directed by u. By Lemma 1.1 in [12], the conclusion extends
immediately to the case of random directing measures y,, such that

yn—fd—wome 18

Assume conversely that X,,——‘i—>X, and suppose we can show that (u,) is
weakly tight. If ,u,,Ld»,u along some subsequence, it follows as before that
X,,—d—+some X' along the same subsequence, with X directed by some u’éu.
Thus X is directed by some u"i,u, so the distribution of u is unique, and the
convergence u,,—ff—m holds along the original sequence.

To see that (u,) is tight, conclude from the subadditivity of log(1+x) for
x =0 that

o?t*+ Y log(1+a?t?)zlog(l+0* 2+ Y log(l +aft?)

i=1 j=1
>log (1 + 2 (0'2+ > ocf))=log(1 +t2uR ).
ji=1

Using this, we get from (3) for any r, t >0

1

Ecos(tX;;)<Eexp(—%log(l+2uR,)=E(1+2puR,)"*
SP{uR, sri+(1+2r) 2 P{uR, >r}
=1-(1—(1+2r)")P{uR, >r}.
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Substituting X, and p, for X and g, and letting n— oo, r—c0 and t—0 in this
order, we obtain
lim limsup P {g, R, >r}=0. (7

Since u,(r, 00)>0 implies that u, R . >r?, (7) yields in turn

lim limsup P {y,(r, 0)>0}=0. 8)

¥ o0 n—> o0

The desired tightness follows from (7) and (8). [

We shall next prove a rather straightforward extension of Theorem 4.1, which
will be needed in Sect. 6.

Lemma 4.3. Let X, Y, Z and T be arrays of random variables X;, Y, Z; and
T, i,jeN, such that

(UXV, YV,UZ, T)<(X, Y, Z, T) )

for all rotations U and V. Then we may write T=p and a.s.

X;j=0A;+ Yool Y=Y Bl Zi=) mtip LjEN, (10)

k=1 k=1 k=1

for some (X, Y, Z, T)-measurable random variables p, o and oy, By, v, k€N, with
Z(ock + B2 +y3)< 0 a.s., and some independent set of i.i.d. N(0, 1) random variables

Aijs Eis Mjr> 1, J, keNL If we assume that o, B, 7,20 and a,2a;2...20=ay,
and that o, =0 implies B,=7,=0 for k=2, then the coefficients in (10) will be
a.s. unique, apart from rotations of the sequence (B, vi), keIN, within index sets
where the o, assume a common value.

Proof. The array (X, Y, Z, T) is separately exchangeable, so by (1.1) it has a
representation

(Xij: Yi: Zj: T)=f(0(, éi’ His ‘9ij)5 i:jENr (11)

for some function f and some iid. U(0, 1) random variables «, £;, #; and 9;;,
i, jelN. The proof in [1] shows that « may be chosen as a ‘coding’ of A4,
a stationary extension of (X, Y, Z, T) into the index domain {(i,j): ivj<0}.
Since (9) remains conditionally valid, given A4, it suffices by Lemma 2.1 above
to establish the representation (10) with non-random coefficients, in the case
when o is constant. In that case, (11) reduces to

Xij=f1 (&, His Sij)a Y.=£2(&), Zj:fs(”lj)a i,jeN,

for some measurable functions f;: [0, 1]*->R and f,, f5: [0, 1]>IR.

Since E X2, < oo by Theorem 4.1 above, we may henceforth proceed as in
the proof of Theorem 4.3 in Aldous [1]. Thus we may first subtract from X;;
a component o 4;;, such that the 4;; are iid. N(0, 1) and independent of the
¢; and n;, while the remainder X;;—o4;; is of the form h(¢;, n;). As in [1],
we may further write

fn '71 z O gk(é gk(rl_]) i,jE]N,
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for some constants ¢,=0 and some orthonormal sequences (g,) and (g in
L,[0, 1].

The argument in [1], p. 597, next shows that the random variables f,(¢)
and h(¢ y,), ..., h{&, y,) are jointly centered Gaussian for every nelN and ae.
W1, ---» Y€L0, 171*, whenever & is U(0, 1). Again we may change the definition
of h on a null-set in [0, 112, to make this statement hold everywhere. By the
Hilbert space argument in [1], p. 596, we may then conclude that f,(£) and
25(8), g1(8), ... are jointly centered Gaussian. Adding another Gaussian function
g, to the orthonormal system g,, g3, ..., we get an expansion f,(&)=)_ B, gx(£)
for suitable constants f5,. Applying the same argument to f; and the g, and
putting g, (&)=¢&;, and gi.(;)=n;. i,j, keN, we finally obtain the representation
(10).

To prove the uniqueness assertion, it is enough by Lemmas 2.3 and 2.4
to consider the case of non-random coefficients. A simple computation then
shows that, for any ¢, u, velR,

Eexp(it X, +iuY,+ivZ))

© 1 1 & wpi+o?yi+ituve; By,
_ 1+2202) % e e f2gr i J iV
Jl;[l( a]) Xp( 2 g zjgl 1+t2 2

From this expression, we may obtain ¢ and the o, as before by putting u=v=0.
Next we may divide by (3) to identify the sums

i B i Vi i%‘ﬁj?’j
Pl E A Al Y A A i N

Here we may differentiate at the origin, to construct all sums of the form
Z 2 Zk: Z,))JZ Jan Zﬁj?} 12k+1’ kEZ+' (12)

If o, >0, we may finally divide by «2* and let k— oo to obtain the sums

Y8 Xk LB (13)

jeJ jed jed

where J={jeN: a;=a,}. Subtracting the corresponding sums from (12) and
continuing recursively, we may construct all sums as in (13) with J={jelN:
a;=x}, x>0, and finally also 1 and y;. [O

5. Jointly Rotatable Arrays

The aim of this section is to characterize the class of jointly rotatable arrays
of random variables, and to solve the corresponding uniqueness and continuity
problems in the special case of symmetric arrays, for which the explicit represen-
tation was given in (1.4).
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Theorem 5.1. An array X =(X;, i, jeIN) of random variables is jointly rotatable,

iff a.s.
Xy=poy+od+a A+ Y Y g éu—0;0u), ijeN, (1)

k=1 1=1

for some random variables p, o, ¢’ and oy, k,leIN, with o+, =0 for k=l
and Y)Y of,< o0 a.s., and some independent set of iid. N(0, 1) random variables
A and &y, i,j, ke N. The random variables p, (6 +¢’)* and Y)Y o}, are a.s. unique,
as are the oy, apart from order. Moreover, the coefficients in (1) can be chosen
to be X-measurable, and they may further be taken to be non-random iff X is
dissociated.

Note that the double sum in (1) converges in probability and that the limit
is a.s. independent of the order of summation. To see this, reduce by conditioning
to the case of constant coefficients. In this case the series converges in L,,
since the products &, £;; are orthonormal for k, [eIN when i#j, and for k<!
when i=j. Furthermore, the variables ¢, — 1 are iid. with zero mean and finite
variance. Note also that the double sum reduces to Y o, (£4—1) when i=j
and to Y3 oy, &y &, when ij.

When X is symmetric, we may write X;;=4(X;;+X ;) to see that (1) holds
with 6 =¢" and with a; =0 for k1. Thus (1.4) holds in this case with o, = ay;.

Proof. To prove that arrays as in (1) are jointly rotatable, we may clearly assume
that the coefficients are non-random. By independence, we may then treat the
arrays ¢;; and ;4 4;; and the double sum separately. For 4;; the result is well-
known from linear algebra, and for the double sum it follows easily from Lem-
ma 2.7 when the summation is finite, and then in general by approximation
in L,. In case of A;+1;, notice that the arrays 2*(£;&;— ;) and &n;—&;n;
have mean zero and the same covariances, when the &; and #; are i.i.d. N(O, 1).
By the multivariate central limit theorem, it follows that ;;+ 2;; can be approxi-
mated in distribution by jointly rotatable arrays of the form

2\ ¢ .
Xij=(_> Z(éikéjk_éij)a i,jeN,
n/ x=a
and

Xij=n_% Z (i M — Ejx i) i,jeN,
k=1

respectively, where the &;; and #;, are iid. N(0, 1). This shows that the arrays
Ay A;; are jointly rotatable, and hence completes the proof of the sufficiency
part.

Our next aim is to establish the representation (1) for an arbitrary jointly
rotatable array X. Since rotatability is stronger than exchangeability, we get
by Theorem 3.1 a representation of the form

Xij=f(aa éia éj: r’ij): i=j€N> (2)

with #;;=7;; and 5;;=0, for some measurable function f: [0, 1]*>IR and some
iid. U(0, 1) random variables «, &;, £,, ... and #;;, i<j. Rotating by U, we
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get an array UXUT with the same distribution, and hence with a representation
(UXUT)ij =f(, &, &y LjeN, (3

for some o/, (&) and (y;;) as above. Here we may assume that o'=a, and that
§3=¢; for those indices j which are not affected by U. Indeed, we get these
relations automatically, if we use the coding construction of Sect. 3, based on
a stationary extension X’ of X, and on the corresponding extension UX'UT
of UXUT,

Under these conditions, X remains jointly rotatable, conditionally on o.
By Lemma 2.2, it is enough to prove that almost every conditional distribution
agrees with the distribution of (1), for some non-random choice of coefficients.
Now (2) shows that X is conditionally of the form

Xij =f(éi7 fja nij)a i,jGN, (4)

for some measurable function f: [0, 1]*—>R, with the same £; and #;; as before.
Again, the representation of a rotated array UXU” may be assumed to use
the same variables ¢;, for indices which are not affected by U. To simplify
the writing, we shall henceforth consider a fixed conditional distribution satisfy-
ing these assumptions, and suppress the conditioning from our language and
notation.
Next we note that the restriction of X to the index set I=2N)x(2IN—1)
is separately rotatable and dissociated. Hence Theorem 4.1 shows that E X7 < oo
for i+j, so the arguments in Sect. 4 of Aldous [1] apply, and we get for (i, j)el
a decomposition
Xij=g(&:, Epmp) +h(&, &) as., &)

where the variables g(&;, &, #;5), (i, ))el, are iid. centered Gaussian, while
h(x, )= Y % g(x) g(y) in Lp([0,17°) ()
k=1

for some constants a,, a,, ... with ) af <o, and some orthonormal sequences
21, 82, ... and g, g5, ... in L, [0, 1]. Moreover,

R, §)=EL[X;;16, &1 as. ™

for all (i, jlel, and hence by symmetry whenever i<j. Comparing (4) and (5),
it is clear that we can choose

fy,2)=g(x, vy, 2)+h(x,y), xyz2€[0,1] with z%0, ]

so even (5) extends to arbitrary i=j.
To analyze g, we note that the array Y=aX +bX " =(aX;;+bX ) is jointly
rotatable for fixed a, beR, since for any rotation U,

UYUT=U@X+bX"UT=aUXUT+b(UXUT LaX+bX"=Y.
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Moreover, even Y has a representation (4) in terms of the same random variables
&; and #;;, since in fact

Yj=aX,;+bX;=af(&, & m)+bf () &y B, jeN.
Thus the above arguments apply to Y as well, and show that the variables
ag(&i & M) +belSs & 1)
=a(X;—E[Xy|&, & +b(X ;i —E[X ;31 &5, 5D
=Y;—E[Y;|& &1
are iid. centered Gaussian for (i, j)el. By Corollary 3.13 of Aldous [1], they

must then be independent of &,, &,, ... Since a and b were arbitrary, it follows
that each of the pairs

(g(&;, fj: i) g(éj, i ’Yij)): i<j, ©)

is bivariate centered Gaussian and independent of &,, £,, ... But then it must
also be independent of the other pairs in (9), which means that all these pairs
are ii.d. centered Gaussian and independent of £,, &,, ... We now put

§*= E(g(&, fj, ’1ij))2: rs’= Eg(&, éj: "Iij) g(fj, 5 ﬂij),
and define

s, a’=~;~ (1 +7)% (1 —r)).
Letting /;;, i#j, be iid. N(0, 1) and independent of the &;, it is easy to check

that the array (o A;;+0' ;;, i%j) has the same distribution as (g(&;, &, 1)), i%).
By Lemma 2.1, we may then redefine the 4;; such that

{4 6," 77ij)=0'/1ij+0" ;°ji as., i¥Fj. (10)

We shall next examine the functions g, and g; occurring in (6). Let us then
fix a rotation U = (uy,), write X' =(X;)=UXUT, and note that X' has a represen-
tation (4) with &; replaced by &. Let us further denote the shell-o-field (cf. [1,
2]) of X by & and note that & is also the shell-o-field of X'. Fix indices
i<j such that U only affects components number 1, ..., j—1. Combining (7)
with Lemma 3.7 of Aldous [1], we get

h(&, E)=E[X};1&, E1=E[X|#]=2 uy E[X | ¥]
k
=Zuik E[ij|fk= éj]zzuik h(&y, éj)-
k k

Assuming that &;=¢; and using (6), we hence obtain

Y 0t g€ (E) =Y Uit 2,(E)=0 as.
n k

By Fubini’s theorem, the same relation holds a.s. for almost every realization
(g ees xj-q, xp) of (&4, ..., &5, &). Since g), g5, ... are orthogonal, it follows
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that
2.(E) =D u gu(&) as., i nelN. (11)
k

Interchanging the roles of rows and columns, we get in the same way

gn(&)=Yuugu(&) as, ineN. (12)
k

The next step is to replace the sequences (g,) and (g;) by a single orthonormal
sequence. Let us then introduce the Hilbert space H in L,[0, 1] spanned by
21, €2, ... and g4, g5, ..., and note that

h*u(x)={f(h(x, y)+h(y, x)) u(y)dy, ueH,

defines a compact and self-adjoint operator on H. Thus h* has a complete
orthonormal sequence of cigenfunctions h,, h,, ...€H. In particular, we get
an expansion

h(x, y)=3 Yoo () bi(y) i Ly ([0, 17%), (13)

where Y Yo=Y o} < co. Moreover,

h(x, y)+h(y, x)=ZZ(aij+<xji) hi(x) h;(y),

so a;;+o;;=0 for i#j. From (11) and (12) it is further seen that

ha(&) =)t ha(&) as,  inelN. (14)
k

It follows in particular that the array (k,(£,) is rotatable in k, and since the

&, are further independent, we may conclude from Lemma 2.7 that h, (&), b, (%),

... are iid. N(0, 1). This proves the representation (1) for i==j, with &, = h, ().
To extend (1) to the diagonal, we put

Yij=zzakz(fik fjl—éijékl): Z,;=X;—Y;, i, jeN,

k!

and conclude from (14) that (Y, Z) is jointly rotatable. To determine the distribu-
tion of Z,,, we put Z’=UZU?, where the rotation U=(u;) is such that u,,
=Uy =Uy, = —U,,=2" % and compute

d
12=3Z 1~ 2yt 21— Z)=Zy,. (15)

Here the variables Z,,, Z,, and Z,, Z,, are independent, while Z,, and Z,,
7, are Gaussian, so it follows from Cramér’s factorization theorem (cf. [9])
that Z,, is N(p, s?) for some p and s. Computing the variances in (15) yields
by (10)

12s*+2(c—0d))=0’+0'"?,
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s0 s =(0+¢’)%. Thus we may extend (10) by writing
Zijzpéij+o-lij+o-,iji: i,jEN,

where the 4;; are iid. N(O, 1).

It remains to prove that Y and Z are independent. To see this, choose
for each neN a rotation U =(u;;,) with uy,=...=u,, =n"*% Writing Z’=UZU",
so that Z=U"Z'U, we get

1 n n 1 n n 1 n
Z==73 ZZQJ‘:; > 2(1_5ij)Z§j+; Y (Zi—p)+p
i=1

i=1 j=1 i=1 j=1

=8,+T,+p.

Here ET?=n"1(c+6")*>—0, so. S,,+p-—P—>Z“. Writing & =(¢;,), it is further

seen from (14) that S, is independent of Z'=UE and hence of Z=UTZ’, Hence
Z,, is independent of Z, and the same thing is true for each Z,,. Since the
sequences (Z;;, &1, &;s, ...), i€eN, are mutually independent, it follows that the
whole diagonal (Z,,, Z,,, ...) is independent of Z, and hence of Y. The indepen-
dence of Y and Z now follows, since the non-diagonal part of Z was shown
before to be independent of (¢, &,, ...), and hence of the diagonal plus Y.
This completes the proof of the representation (1).

If the coefficients in (1) are non-random, then X is clearly dissociated. Con-
versely, a dissociated array X is not affected by conditioning on A4, and as
the above proof shows, a representation exists in the conditional situation where
the coefficients are non-random. In the general case, it is seen from Lemma 2.3
that the coefficients can be chosen to be X-measurable. It remains to prove
that p, (6 +0')% )Y af and the «, are as. unique, and by Lemmas 2.3 and
2.4 it is then enough to consider the dissociated case. The uniqueness of p,
(6 +0¢")? and the oy, is then obtained from the formula

Eexp(tX ) =exp(pt+3(a+0) ) [T(1 -2t ) * exp(—ta),  (16)

k=1

valid for small ¢, while the uniqueness of (¢ —¢’)*> and > ¥ &2, follows by applying
Theorem 4.1 to the restriction of X — X7 or X respectively to I=(2N)x (2N
—-1). O

In the symmetric case, i.e. when

X=poy+o(ly+in+ Y luln—0y) ijeN, 17
k=1

we may associate with X the directing random elements p and p, where

u=20*60+ Y ofé,,. (18)

k=1
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Note that y is a random measure on R in this case, since the «, may be both
positive and negative. In the space .# (R) of bounded measures on IR, we define

weak convergence —— as before, and write 2, for the corresponding notion
of convergence in distribution. The same notation will be used for convergence
with respect to the associated product topology on R x .# (R).

Theorem 5.2. Let X,, X,, ... be symmetric and jointly rotatable arrays directed
wd
by (0, py), neN. Then X,,—d—>someX iff (0ns ty)—— some(p, u), and in that case
d
X is symmetric, jointly rotatable, and directed by some (p', u'y=(p, y).

Proof. In the symmetric dissociated case, formula (16) becomes

Eexp(tX,,)=e€xp {pt+202 -1y [log(1—2tocj)+2tocj]}

Jj=1

1 log(1—2tx)+2t
—exp {pr— | PEOEIIEE Lal, (19)

where it is assumed that |¢|<%(max|e;)”'. Here the integrand on the right
is defined by continuity to be —2t* at x=0. Note also that the restriction
of X to I=(2IN) x 2IN—1) is separately rotatable and directed by the measure

‘u/:20'250+ Z(xlgélajl' (20)
=1

J

Let us first assume that the directing pairs (p,, it,) are non-random, and
that p,—p while U,——>p, where y must again be of the form (18). Then the
measures p, in (20) will converge along with u,, so Theorem 4.2 shows that
the non-diagonal elements of X, form tight sequences. As for the diagonal ele-
ments, we get even convergence in distribution, with the limits satisfying (19).
This is because max |o;| stays bounded by the weak convergence of u, We
may thus conclude that (X,) is tight, with every limiting array X satisfying
(19). Since even the limits are dissociated, symmetric and jointly rotatable, p
and p must be the directing elements of X, so the limiting law is unique, and
we have in fact convergence X ,,—d—>X . As before, the result in this direction
extends immediately to the non-dissociated case.

For the result in the opposite direction, it is enough as before to show
that X ,,——d—>X implies tightness of the sequences (p,) and (u,). Considering the
restrictions to the index set I and using Theorem 4.2, it is seen that the associated
sequence (u,) is tight, which clearly implies tightness of (u,). From the first
part of the proof we may then conclude that the reduced arrays X,—p,(9;;)
form a tight sequence, and since X, converges by assumption, the desired tight-
ness of (p,) follows by subtraction. []
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6. Separately Exchangeable Processes

In this section, we shall prove the representation (1.6) of separately exchangeable
and continuous processes X on R2, R, x [0, 1] or [0, 1]%, and we shall further
solve the corresponding uniqueness and continuity problems. Recall from Sect. 2
the definition and elementary properties of Brownian sails. Say that a process
X is dissociated, if its increment arrays have this property.

Theorem 6.1. A process X on I=R?%, R, x[0, 1] or [0, 1]? is continuous and
separately exchangeable, iff a.s.

Xs,=pst+0As,+i(ochj(s)Cj(t)+/3ij(s)t+yjsCj(t)), s, 0el, (1)

J

for some random variables p, ¢ and a;, B;,v;, JEN, with Y (2 + 3 +y?) <0 as.,
some independent Brownian sail A, and some independent sequences (B;) and (C;)
of iid. Brownian motions or bridges. The coefficients in (1) may be chosen to
be X-measurable, and if I1=R%, they may further be taken to be non-random
iff X is dissociated.

First of all we need to show that the right-hand side of (1) defines a continu-
OUS Process:

Lemma 6.2. The series in (1) converges a.s. uniformly on bounded sets.

Proof. By Fubini’s theorem, we may take the «;, §; and y; to be non-random.
By Lemma 2.8 we may further assume that I=IR?%, so that the B; and C; are
Brownian motions. By an obvious scaling argument, it is enough to prove a.s.
uniform convergence within the unit square.

For this purpose, put ¢;=B;(1) and #;=C;(1), jeN, and decompose the
sum S in (1) into three parts T+ U+ V, corresponding to the decomposition
of each term. Let us first assume that these sums are finite. By Doob’s inequality,

we obtain for U
Esup|U(s, )P <E|Y B; ;17 =) B7
j

st<1 j

and similarly for V. (Here x<y means x=0(y), as before.) In case of T, we
may use Doob’s and Schwarz’ inequalities, as well as the scaling and symmetry
properties of Brownian motion, to obtain for fixed s<1

2
Z“j &imj Z“J; & nj
J J

SSPEY o &Y o it
j k

52 224\ < 2(3 42\’
2(EYae) =o(xa).
J J

4
Esup|T(s, t)|*<s?E =s2E

t<1

Thus )
Esup sup|Tk2™ ", 6)—T((k—1)27", t)|4§2_"(2af) ,

kg2n 11 j



Representations in Bivariate Exchangeability 439

so by Minkowski’s inequality and a.s. continuity,

sup [ T(s, 7)]

s.t=1

E

Y. sup sup|T(k27" t)—T((k—1)27", t)]”
4

neN k=2m t<1

1

S(gaf)%ZZ_"/“S(Z oc})z.

nelN Jj
Summarizing these results, we get

Esup |S(s, >3 (af + 7+ )

s,t<1 J

Returning to the case of infinite sums, let S, denote the n-th partial sum,
and conclude from (2) that, for m<n,

Esup [Su(s, D—S.(s, )*=< Y (@F+Bi+77).

st<1 j=m+1

By a standard argument, there must then exist some continuous process S on

0, 172, such that
[0, LI, such tha sup|S, (s, )—S(s, )| =0 as., 3)

st<1

as n—o0 along some suitable subsequence. Hence (2) extends to infinite sums
by Fatou’s lemma, and we get in particular

HmE sup|S,(s, £)—S(s, t)]*=0.

BP0 gy

Since the terms of S are independent, we may finally invoke a result in Itd
and Nisio [13], to conclude that (3) remains true along the original
sequence. []

To prove the necessity of (1), we shall need two further lemmas, both exhibit-
ing exchangeability preserving transformations.

Lemma 6.3, Let the real valued process X on [0, 11 be separately exchangeable.
Then so is the R*-valued process

Y(s, )=(X(s, 8, sX(1,0), tX(s, 1), stX(L, 1)), s, te[0, 1].

Proof. By the definition of exchangeability for continuous parameter processes,
it is enough to prove the corresponding statement in the discrete case. Let
us thus assume that X =(X;;, i, je{l, ..., n}) is a separately exchangeable array
of random variables, and write

Yij:(XijaX.jz Xi-’X..)’ i,je{l,...,n},

where the dots indicate summation over the corresponding indices. It is then

required to show that (Ypiqj)é(Yij) for arbitrary permutations (p;) and (g;) of
(1, ..., n). But this follows immediately from the fact that
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Y,

p

"qiz(Xl’i'lj’ X~‘1j’ XPi-’ X)
=X, X, %X.X) ije{l,..,n},

where X =(X pg)

Lemma 64. Fix I=IR, or [0, 1], and let X be a continuous and separately ex-
changeable process on I xR . Then the process

Y, t)=(1—t)X<s, 1%:) sel, tef0, 1),

has a continuous and separately exchangeable extension to I x [0, 1].

Proof. From Lemmas 2.5 and 2.7 it is seen that Y is separately exchangeable
on I x [0, 1), and this property is clearly shared by a possible continuous exten-
sion of Yto I x[0, 1]. It is thus enough to show that such an extension exists.
By scaling, we may then assume that I=[0, 1], in which case it is equivalent
to show that Y is a.s. uniformly continuous.

To see this, let W, and W, h>0, denote the moduli of continuity of Y
on [0, 11 x[0, 1) and [0, 1] x [0, 1], respectively, and let W}’, h>0, be the corre-
sponding modulus for the restriction of Y(s, t)— Y(s, 1) to [0, 1] x [%, 1). Then
W<W'+W", and from the exchangeability of Y it is further seen that W” < W,
Since Y is a.s. uniformly continuous on [0, 1] x [0, 1], it follows that W,—0
a.s. as h—0, which means that Y is a.s. uniformly continuous even on
[0, 11x[0,1). ™

Proof of Theorem 6.1. Let X be given by (1). Then X is continuous by Lemma 6.2.
To see that X is also separately exchangeable, we may clearly take the coefficients
in (1) to be non-random, and by independence it is then enough to consider
separately the individual terms of the form pst, 6 A, or a B,C,+BB,t+ysC,.
For the first and last of these the result is obvious, and for the second one
it follows easily by Lemmas 2.5 and 2.8.

Suppose conversely that the process X on I=R?%, R, x [0, 1] or [0, 1]?
is continuous and separately exchangeable. In order to prove the representation
in (1), it suffices by Lemmas 2.8 and 6.4 to take I=[0, 1]2. In this case we
may define

Xg=Xu—sXy;, X=X, —tXy,,

4)
X./s/t=Xst—SX1t_th1+StX113 S, tE[O, 1]:

and conclude from Lemma 6.3 that the R*-valued process

(X.,s’t’ SX/lt’ tX;la StXll)a S, tE[O, 1]5
is separately exchangeable as well. Equivalently, the process (X7, X,) is condi-
tionally exchangeable in ¢, given (X}, X,), while (X;, X7,) is conditionally
exchangeable in s, given (X,, X,). Note also that X, =X7,=X,;=0.
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Let us next define the processes

S t
Y =(+9) X [ 1), V=0+1x(1,—),
=X () v=tenx (L)

Yy=(+s)1+9x7 (-2, L s, teR ®
st 1 +S> 1 + t 5 > +>

and conclude from Corollary 2.9 that the pair (¥,;, Y3) is conditionally rotatable

int, given (Y;, X,,), while (Y7, Y;) is conditionally rotatable in s, given (Y}, X ;,).

In terms of the increments of the process

(Ys/t” N Ylt: tYs,.s StXll): S, IEIR+: (6)

this is precisely the hypothesis of Lemma 4.3, so on every fixed square lattice,
we get a representation of the form

Xiu=p, Yi=0A,+ ) o;Bis)Cjt),
j=1
o w (7
Y=Y B;Bjs), ~ Yi=) v, Ci), s,teR,,
i=1 j=

ji=1

for some X-measurable random variables p, ¢ and «; f;, y; as in (1), some
independent Brownian sheet 4’, and some independent set of ii.d. Brownian
motions Bj; and Cj, jelN.

Halving the grid size yields a similar representation (7), and by the uniqueness
part of Lemma 4.3, we may take the coefficients to be the same. Continuing
recursively, it follows that the finite-dimensional distributions of (6) for dyadic
s and ¢ are the same as for the processes in (7). This result extends by continuity
to arbitrary s, telR .. By Lemma 2.1, we may then assume that (7) holds a.s.
for all s and t.

From (7) it is seen that the process

Y;IZY;III—FSY:;'{_tK,.—'_StXII: S, tE]R—Fa

can be represented by the right-hand side of (1), but with 4, (B;) and (C;) replaced
by A4', (B}) and (C}). Moreover, we get from (4) and (5)
t
(1 —S)(]. —t) Y(I—S:;, 1—_;)=X;;+SX,1t+tX;1 +StX11a S, tE[O, 1)

Hence (1) holds with

(st
A== -0 4 (71 5).

Bj(s)=(1—s)B}(—S——), cj(t)=(1-t)c;.(i—), jeN, s, te[0, 1),
1—s 1—1¢

which have the desired distributions by Lemma 2.8.
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It remains to show that the coefficients in (1) can be taken to be non-random,
whenever X is dissociated. One way of seeing this is to extend a fixed increment
array for X to the index set Z?, and notice that the subarrays indexed by
IN? and (—N)? are independent. As seen above, both determine measurably
the coefficients in (1), to the extent described by Lemma 4.3. Indeed, under
the stated conventions, the coefficients p, o and the a;, as well as the rotational
invariants in (4.13) are all uniquely determined. Thus all these parameters are
independent of themselves and hence a.s. non-random. In this case, there is
clearly even a non-random choice of the f; and y;, [

To every process X as in (1), we shall associate the directing random elements
p and p=(u,, ..., py), where the y; are a.s. bounded random measures on R ,
given under the normalizing condition «;=0, jeNN, by

[ee)

ﬂ1=U2 50+ Z“]Z 5ocj7 Hy= Zﬂ]z 5051-7
j=1

j= j=1
H3= Y v} 6, ta= Y, %G (B7 +77) b,
j=1 ji=1

As before, —— denotes weak convergence in the space .# (R,) of bounded

measures on R ,, while %, denotes convergence in distribution with respect
to the associated weak topology. The same notation will be used for convergence
in the product spaces (#(R,))* or R x (#(R,))* when endowed with the
corresponding product topologies.

On the other hand, the processes X in (1) will be considered as random
elements in the space C(I) of continuous functions on I=R%2, R, x[0, 1] or
[0, 172, and here the associated topology is taken to be that of uniform conver-
gence on bounded sets. Convergence in distribution with respect to this topology

will be denoted by -—d—>, and we shall write —2 for convergence of the finite-

dimensional distributions. Note in particular that X n—d>X for random elements
in C(R%) or C(R, x [0, 17), iff convergence holds for the restrictions to an
arbitrary rectangle [0, a] x [0, b]. Thus the theory reduces in both cases to that
of C([0, 11%), for which most results in Chapter 2 of Billingsley [3] remain valid
with obvious changes. In particular, a sequence (X,) of random elements in
C([0, 13?) is tight, iff (X, (0)) is tight and moreover

lim sup P{w(X,, h)>¢e}=0, &>0, 8)
h—=0 n

where w(f,*) denotes the modulus of continuity of the function f.
The following theorem justifies the above terminology for p and u, and
solves the uniqueness and continuity problems for the representation in (1).

Theorem 6.5. The directing random elements p and u of a continuous and separately
exchangeable process X on IR2, R . x [0, 1] or [0, 1]? are a.s. unique measurable
functions of X, and the distributions of (p, p) and X determine each other uniquely.
If X,, X,, ... are processes as above and directed by (p,, 1), neN, then the
statements
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(i) X,,~—d—>some X, (ii) X,,ﬂ»some X, (iil) (o, u,,)——w—d—>some(p, 1) are equiva-
lent and imply that X is separately exchangeable and directed by (p, ).

In order to apply the tightness criterion (8) to the processes in (1), we shall
need a bound for the modulus of continuity in a special case. Recall that f<g
means f= 0(g).

Lemma 6.6. Let X be given by (1) with vanishing p, o and f;, v;, jeN, and
let X’ denote the restriction of X to [0, 1]2. Then

ElwX', WI*?<h*EY «f, he[0,1]. )]
j=1
Proof. By Fubini’s theorem, it is enough to consider the case of non-random
a;. Let us first assume that X is defined on IR?. Proceeding as in the proof
of Lemma 6.2, we get with s, &, t restricted to [0, 1]

sup sup|X(s, t)— X (s, t}]

[s—s'|g£2-m ¢

4

<

—~

Y supsup |X (k27" ) —X((k—1)27", t)IH

n>mk<2n ¢

,S(Zocf)z » 2-"/4s2-m/4(2 a;)z.

J nzm j

The symmetric argument yields the same estimate with s and t interchanged,
and (9) follows by combination.

If X is instead defined on IR, x [0, 1], the transformations in Lemma 2.7
yield the above estimates for the restrictions of X to [0, 1]x[0, 1] and
[0, 1] x [3, 11, from which (9) is obtained by combination. Similarly, (9) follows
for processes on [0, 1]? from the estimates obtained via Lemma 2.8 for the
restrictions to the squares I xJ with I, J=[0, 3] or [4,1]. OO

“We shall also need the following simple result about convergence of measures.
Recall that a sequence of Radon measures u, on some topological space con-

verges vaguely to u (written u,— p), if i, f—pf for every continuous function
S with compact support.

Lemma 6.7. Let (u,) be a weakly tight sequence of bounded measures on R,

and assume that p,——p on (0, o0). Then p, f—uf for every bounded continuous
function f: IR, —-R with f(0)=0.

Proof. The tightness implies that (p1,) is weakly relatively compact, so it is enough

to consider weakly convergent subsequences. But if y,——>y, then y'=p on
(0, o), and therefore u, f—p' f=uf. [

Proof of Theorem 6.5. To prove the first assertion, it suffices by Lemmas 2.3
and 2.4 to consider the case of non-random coefficients. The uniqueness of
p and p then follows as in the proof of Theorem 6.1 from the uniqueness part
of Lemma 4.3. Conversely, u determines the coefficients in (1) to the extent
described by that lemma. Thus it remains to show that rotations of the type
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mentioned there do not affect the distribution of X. Let us then assume that

Xo= i (o; B;(s) C;(t)+ B; B;(s) t+7;5 C;(t)), (10)

i=1

and that, in matrix notation, f'=Uf and y'=Uy for some rotation (orthogonal
matrix) U. Then
X,=aB{C,+tp"B,+sy"C,
=aBIUTUC,+tBTUB,+syTUC,
=aB,"C,+tf' "B, +syTC,,

with B;=UB; and C,=UC,. Since clearly (B, C’)é(B, C), this shows that X
has a second representation as in (10) with (', ") in place of (B, y). Thus both
pairs yield the same distribution, as asserted.

Let us next consider sequences of processes X, directed by (p,, 1), and
show that (iii) implies (i). By the continuity of the mappings in Lemma 2.8,
it is then enough to consider processes on [0, 11%, and by Lemma 1.1 in [14]
we may further take the p, and p, to be non-random. If (p,, u,)—— some(p, u),
then the sequences of parameters p, 6, Y a7, Y. f7 and )y} for these processes
are clearly bounded, so it is seen from (1) and Lemma 6.6 that (X,) is tight.

IfX ,,—d—>X " along some subsequence, then X’ will also be separately exchange-
able, say with directing pair (p’, u'). Here p’ and y' must also be non-random.
In fact, this would be obvious for processes on R?, since X’ would then be
dissociated like all the X,. For processes on [0, 1]? it then follows by the map-
pings in Lemma 2.8.

It remains to prove that (o', u')=(p, p), since (i) will then hold by the unique-
ness result above, with X as a process directed by (p, p). To identify (p’, &),
let us drop the subscripts of X,, p,, i, ... for convenience, and write

U=2X(, D-X(1,1), V=2X(1,1H-X{1,1),
T=4X(} 3 -2X G )-2X (1, H+X(L, 1)

Using the transformations in Lemma 2.8, it is secen as in case of Lemma 4.3
that

Eexp(irp+itT+iuU+ivV)

1 12 12 w2 B+ y2+ituva;f,y;
—exp|irp—t 20— Y log(l+£2 o2) —~ R i6; ,]
exp [lrp S0 2121 og( o?) 2}2:1 1+

. 1 [ log(l+¢*x? 1 [ W?p,+0? dx
=exp|:lrp__2~J‘ g( x2 )‘ull(dx)__EJﬂ( #21+t2.l;’?;)( )

ituv [ (e® puy+x° p3—ps)(dx)
t J x(1+1¢* x?) ] D
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Here the exponent on the left is continuous in X, while the one on the right
is continuous in (p, 4) by Lemma 6.7. The same relation must then hold in
the limit as n— oo, i.e. for the process X' and the pair (p, y). Since this relation
is also true with (p’, ¢') in place of (p, u), it follows as in case of Lemma 4.3
that indeed (p’, i)=(p, u).

Since (i) trivially implies (ii), it remains to show that (ii) implies (iii). By
Lemma 2.8, we may then restrict our attention to processes on IR%. Assuming
(i), it is enough, as in case of Theorem 4.2, to show that the sequence of pairs
(0, 1) s weakly tight. To see this, drop the subscript n as before, and write
X ;=p+ T+ U+V,where U and V denote the sums in (1) with coefficient arrays
(B;) and (y,) respectively. Proceeding as in (11), we get

log(1+1t* x?)

. . 1 12 + us)(d
Eexp(ltXll)zEeXp[ztp—Ef«—?—ul(dx)~—2— (B2 +p3)(d x)

1412 x?

+£3_J" (c? o +x7 g —u4)(dx)]
4 x(1+£2x%) ’
$O

_ 1 log(l+1¢*x?
Eexp(ie X, sE exp| —7 | LD )

and it follows as in case of Theorem 4.2 that the sequence of random measures
4, 1s weakly tight.

This implies in particular tightness of the variables T above, so e¢ven the
sequence of variables p+ U + V must be tight. Now

t2
Eexplit(p+ U+ V)]=Eexp [itp—j(‘uz-kua)]R],

so for any ¢ >0 we get

tZ
Eexp[it(p+U+ V]| <Eexp [—3 (Mz+ﬂ3)R]

SP{(+ ) RZc)+e 7P P (1, + uy) R>c}
— (1 =) P{(, + uy) R >},

which shows as before that the sequence of random variables (u,+ pus)IR is
tight. Thus the random measures u,+p; form a vaguely tight sequence, and
since clearly p,(dx)<2x2%(u,+ p3)(dx), the same thing must be true for the
measures ,. Since g,, u; and u, are all zero outside the support of u,, the
above conclusions extend immediately to weak tightness. This proves the desired
tightness of the sequence (u,,).

From this it follows in particular that the sequence of random variables
T+ U + V is tight, so the same thing must be true for p. Thus even (p,) is tight,
as well as the sequence of pairs (p,, it,). [
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7. Jointly exchangeable processes

Here we shall characterize the class of jointly exchangeable and continuous
processes X on R%, and we shall further solve the corresponding uniqueness
and continuity problems, in the special case of symmetric processes X, for which
the representation reduces to (1.7).

Theorem 7.1. A process X on R is continuous and jointly exchangeable, iff a.s.

Xo=pst+0Ay+06 A +3(sAt)+Y Y 0;(Bils) Bj(t)—;5(s A 1))
i J

+3 (Bt Bj(s)+ ;s Bj(t)+v;Bi(sAt)), s, teR,, o))

J

for some random variables p, o, o', 3 and a;;, B;, B, 7, i,jEN, with o;;+a;=0
for i%j, and such that )Y af;<co and Y (B;+ P +y})<oco, some independent

Brownian sheet A, and some independent sequence (B)) of i.i.d. Brownian motions.

The random variables p, 9, (60", Y a2, > B2, Y B2 Y95 Y. BB Y. B,v;
and Y By; are a.s. unique, as are the u;; apart from order. Moreover, the coeffi-
cients in (1) can be chosen to be X-measurable, and they may further be taken
to be non-random iff X is dissociated.

First we need to examine the convergence of the series in (1).

Lemma 7.2. The series in (1) converge in probability with respect to the uniform
metric on every compact set, and the limit is a.s. independent of the order of
summation. If a;=0 for i, then the convergence is even a.s.

Proof. 1t is clearly enough to consider the case of non-random coefficients. The
last term in (1) can be treated as in case of Lemma 6.2, so we need only consider
the double sum, S say. By a scaling argument, it is further enough to consider
convergence within the unit square. We shall prove below that

Esup S2<Y ) aZ, 2)

s, t=<1 i j

provided the summation is finite. In the general case, we may then obtain the
desired convergence and uniqueness of the limit by applying (2) to differences
between partial sums. Note that (2) extends to the limit in this case. If «;;=0
for i=j, then the terms will be independent, so we may use [13] as before
to strengthen the conclusion to a.s. convergence.

To prove (2), take s<t, and note that

Sst:Zaii(Biz(S)_S)+z Z“ijBi(S)(Bj(t)—Bj(S))z T+ U,
i i j
since o;;+0;=0 for i%j. Write o;= ;)% and let &; and #; be iid. N(0, 1)
random variables. By Doob’s inequality, we get

Esup TPSETE=Y o0} E(& - 1> <Y of.

s=1
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Using Doob’s and Schwarz’ inequalities plus the symmetry of N (0, 1), we further
obtain for a fixed se[0, 1]
4
E sup U<EU% <s’E 'ZéiZaﬁn}-
i

tefs, 1]

2

2
ﬁszElZ@(Zocijnj)
i J
4
SPEY a8 D0 (San)
i i i
4
=SZZOCi2Ef?ZOC;2E(ZOCU11j>
i i i
2 2
sf(g@) =s2(zza3j>.
i i j

The proof may now be completed as in case of Lemma 6.2. [J

Proof of Theorem 7.1. A process X as in (1) is a.s. continuous by Lemma 7.2.
To see that X is also jointly exchangeable, it suffices by the same lemma to
consider the case of finite sums. We may further take the coefficients in (1)
to be non-random, and consider separately the three terms pst, oA, +0'A,,,
9(sAt), and the remainder of X. For the first and third of these, the joint
exchangeability is obvious, and for the second it follows from the joint rotatabil-
ity of the corresponding terms in Theorem 5.1. Finally, the result for the remain-
ing expression in (1) follows easily by the exchangeability of Brownian motion.
This establishes the sufficiency of the representation (1).

Suppose conversely that X is continuous and jointly exchangeable. Our first
aim is to reduce the discussion to the case when X is dissociated. Let us then
denote by X, the array of increments of X with respect to the square grid
of size 27" Note that the sequence of arrays X, is consistent, in the sense
that an element in X, is the sum of the corresponding elements in X, whenever
m=n. By Kolmogorov’s thcorem, we may extend ecach X, to the index set
Z2, in such a way that the consistency and the joint exchangeability are both
preserved. Let A, 4,, ... be the restrictions to (—Z ,)? of these extended arrays.
From the discussion in Sect. 3 it is clear that X, is conditionally jointly exchange-
able and dissociated, given A,. The same thing is then true for all X,, with
m=n. Fixing m and letting n—oco, it follows by martingale theory that X,
is conditionally jointly exchangeable and dissociated, given all the A4,. Since
m was arbitrary, we get the same property for X. By Lemma 2.2, it is then
enough to show, in the dissociated case, that X has a representation as in
(1) with constant coefficients. We may thus assume from now on that X is
dissociated.

In that case, it is seen from Theorem 3.1 that any fixed increment array
(X;;) as above has a representation

Xij:f(éia fj’ Xij) a.s., i,jENa (3)

for some measurable function f, where the variables £, &,, ... and y;;, i<}j,
are 1id. U(0, 1), and moreover y;=0 while y;;=y;;. On the other hand, the
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increments of X within squares indexed by I=(2IN)x (2IN—1) combine in an
obvious way to form a continuous, separately exchangeable and dissociated
process on IR?%, so by Theorem 6.1 we have on I another representation

Xy=p+oi;+ Y o lunpt+Plutyny as, (el @)

k=1

where p, ¢ and the oy, B, 7, are constants, while the 4;;, &;, and #;, are iid.
N(0, 1). We need to show that we can choose

A'ij:g(éia ‘fj: Xij): Ci=8x(&1)s ﬂjkzg;c(fj)a (5

for some functions g, g; and g;. In that case, (4) determines the functional
dependence in (3) for i=j, so (4) remains valid with the 4, &;, and #;, given
by (5), for all pairs (i, j) with i==j.

To prove (5), we shall need some relations between (3) and (4). First note
that

P=EXij:Ef(fi, €j7 Xij):‘f('a','),

where the dots on the right indicate integration with respect to the corresponding
variables. Applying the law of large numbers to both (3) and (4), it is further
seen that a.s.

o © ‘
lim P Y Xinjm1=p+ Y B éu=f(&, ), ie2N,
j=1 k=1

lim — zXZi,j:P+ Z =, &), Jje2N—-1
1

1
n-ow N2 k=1

Combining these relations with (3) and (4), we get for (i, j)e!

oA+ 2 & fikﬂjk:f(fia s Xij)_f(éia.ﬂ')—f('a fja')"“f('a‘a'):
k=1

z ﬁk éisz(éi7.>')—f('='a')7

k=1
i Vel =f (=, &) —f(5050).

The set of arrays on the left (together with p) is clearly separately rotatable
in the sense of Lemma 4.3, so from the proof of that result it is seen that

o A+ g o Eain=0" (&, & 1)+ X o gil(ED) g (€D,

k=1 k=1

z Bilu= z B g:(&)), z VeHie= Z Vi g;c(fjl
k=1 k=1 k=1 k=

1
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for some constants o', o, B, 7% and functions g, g, g, Where the latter are
such that the random variables on the left and right have the same distributional
properties. This shows that (4) and (5) are simultaneously true, but possibly
with some new set of coefficients p, o, o, ., y, and random variables 1,
Eis Hine all with the same properties as before. As already pointed out, the
result extends immediately to arbitrary (i, j) with i=j.

Applying the same argument to the array (aX;;+bX,) for arbitrary a and
b, and proceeding as in the proof of Theorem 5.1, it may next be seen that

o Aij=0" Ai+0" Xy, iE],

for some constants ¢’, 6” and some iid. N(0, 1) random variables 1;;, i%j,
independent of (£;). Moreover, the ;, and #;, are seen as before to be jointly
Gaussian for fixed j, so we may again use the spectral theorem, to obtain a
representation for i+j of the form

z (o Sx i+ Be En v i) = Z z otgr Si S+ Z (Br &t i S,

k=1 k=1 1=1 k=1

where the coefficients on the right satisfy a;,+ o, =0 for k =/, while the variables
& are iid. and N(0, 1). For convenience, we may change the notation and
assume from now on that

Xj=p+o,dj+o_ A+ Y gy 5j1+2ﬁk Eat O i i),
k1 k .

where the 4;; and ¢, are iid. N(0, 1) random variables, while p, 6, o_ and
the ay,, B, and y, are constants satisfying oy, + o, =0 for k<1, and moreover

0 a0 0 a0
Y Yoaj<oo, Y Pi<oo, Y yi<co.
k=1 1=1 k=1 =1
Note that this agrees with (1) if we put 6. =0, o_=0¢"and y;=p.
Halving the grid size, we get a similar representation for the corresponding

!

increments X;;, say with coefficients p’, o', 0, o, By, v Hence the original
increments X;; have another representation of the form

Xy=4p' +26% Ag+20 X+2 3 % ot Eiye En+2%2 3 (B Sinet 7k Eis
k1 k

where the random variables on the right are again ii.d. N(0, 1). Equating the
expectations yields p=4p’, and by applying the law of large numbers as before,
we further obtain a.s.

G4 Aijto )“ji+zz(xkl i ii=20" A+20 i}i“"zzza;clélik &
PR k1

Z(ﬂk StV éjk)=23/2 Z(Bllc Eie+ vk Ein)
x x
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Thus the X;; have the same joint distribution for i as the variables

,0’+O'/+i§j+0"_i}i+zz<1;czé é}l"f—Z(ﬂk lk+’))k jk)
k1

1 —_
:§+E @+ ’Iii+6— Aﬁ"'zzakl Sin 5jl)+2 3/2 Z(ﬁk St e fjk):
k1 k

in full agreement with (1). Continuing recursively, and using the fact that both
X and the process in (1) are continuous, it follows that the entire set of increments
outside the diagonal is distributed as in (1). By Lemma 2.1, we may thus construct
a Brownian sheet 4 and an independent sequence of ii.d. Brownian motions
B;, such that the increments of the two processes in (1) agree a.s. outside the
diagonal.

To extend this result to the diagonal, we write

Y(s,)=pst+0oAd,+06" A+ Y o;;(Bi(s) B;(t)—(s A 1) b))

i

+ (Bt By(s)+ B;sBi(e), s, £20. ©

Let us further write X® =(X{}) for the increment array of X with respect to
a grid of size 27", and put

Y(s, )= 1{i27"<s, j27"<¢, i+j} XW, 5,20, neN.

i
For fixed dyadic s and ¢ and for large enough n, we get with £ N (0, 1)
E(Y(s, )= Y (s, ) > =(s A ) {27 %" p2 + 27 (0 + ¢)?
+2TPE(E 1)) Y af 4272 Y (B + B -0,
i j

so Y, (s, t)-—P—> Y(s, t) for dyadic s and t. Note in particular that Y is measurably
determined by X and independent of the choice of representation.

Let us next define Z=X—Y and Z,=X-Y,, and note that Z,,—P—+Z at
dyadic points. Since moreover
Z,027" 27 =Z,((A) 27" (A2, G jeN,
we get the same relation for Z, so there must exist some continuous process
U with U,=0, and such that
Z(s, )=Z(snt,snt)=U(sAt), s,t=0. N

From the joint exchangeability of X®, it is further seen that (X, Y,)™ is jointly
exchangeable for m=n, and hence also for m<n. Letting n—oo for fixed m,
we may conclude that (X, Y)™ is jointly exchangeable. The same thing will
then be true for the IR*>-valued process (Y, Z) on R2..
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Writing UP=U(i2"")—U((i—1)27"), we get from (7)
Zgl)z Uin)éu, l,]EN,

which shows that even the process (Y (s, t), sU(¢)), s, t 20, is jointly exchangeable.
Proceeding as for X above, we may then obtain a representation as in (6) for
each component, in terms of a common sequence of Brownian motions B;.
Using the law of large numbers as before, it is seen that the constants o, ¢
and all the o;; and §; must vanish in the formula for sU (t). Thus we get, jointly
with (6), a representation of the form

sU@=9st+ ) 7;sB;®), s,t20,
=1

J

where $ and the y; are constants with ) y7 < co. By (7) it follows that

Z(s, t)=3(sAnt)+ i’ijj(S/\t), 5,t=20, (8)

ji=1

and adding this to (6) yields (1).

In view of the results in Sect. 2, it remains only to prove the uniqueness
assertions. Then recall that the diagonal process (8) is measurably determined
by X, and that the processes Y f;B;(s) and )’ f;B;(t) can be measurably recov-
ered through the law of large numbers. All these processes form together a
mixed Brownian motion in IR3 with drift (8, 0, 0) and mixed quadratic variations
Yvh Y BL Y B Y. viBy v B and Y B; B, so these quantities are a.s. unique.
Subtracting the corresponding terms from (1), we end up with a jointly rotatable
process, for which the a.s. uniqueness of the parameters p, (6 +¢’)> and Y ) af;
as well as of the sequence («;;) follows by Theorem 5.1. [

When X is symmetric, the representation (1) simplifies to (1.7), i.e. we have
o'=o0, B;=f; and o;;=0;6;;. In this case, we may introduce the directing random
elements p, 3 and pu=(u, ..., ia), where the p; are a.s. bounded random measures
on R, given by

#1=2O_2+Za_]?5aj’ ﬂZZZﬁJgaaj’
J

J

M3=ZVJ; 5aj’ ﬂ4=z(ﬁj+yj)2 5“1" ©)
j j

The uniqueness and continuity problems for the representation (1.7) have the
following solutions in terms of the triple (p, 9, u).

Theorem 7.3. The directing random elements p, 3 and p of a symmetric, continuous
and jointly exchangeable process X on R?% are a.s. unique and X-measurable,
and the distributions of (p, 9, u) and X determine each other uniquely. If X,
X, ... are processes as above directed by (p,, 3., W), n€IN, then the statements

(i) X,—someX, (i) X,~~5someX, (i) (o 90 )—">s0me (p, 9, )
are equivalent and imply that even X is such as above and directed by (p, 3, p).
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For the proof, we shall need a tightness criterion for the processes X in
(1.7), regarded as random elements in C(IR2%).

Lemma 7.4. Let B,, B,, ... be independent Brownian motions, and put

Xa(s, )= Y o,;(B;(s) Bj(t)—snt), s, teR,, neN,

ji=1

where the a,; are non-random. Then (X,) is tight if

o
sup Y, 07;< 0.
n j=1
Proof. For s, t =0 we write

Y, (s, )=X,(s, s+1)
= ioc,,j(Bf(s)—s)+ 3 o, ; B;(8)(B;(s +1)— B;(s))
=1

j=1 Jj

=Ty(5) + Uy(s, ).

Proceeding as in the proofs of Lemmas 7.2 and 6.6, we get

E |W((J,,, h)lzf\h% 2 alzlj’
j=1

J

which shows that (U)) is tight.

As for (T;), we write M ;(t)=B?}(t)—t, and note that dM;=2B;dB; by It&’s
formula. Since the martingales M; are further orthogonal, we obtain for T,
the quadratic variation process

oo [vo] t

[T, T.],= Z fxfj[Mj, Mj]t=4 Z ar%j f B?(S)ds-
j=1 j=1 0

Hence

Esup[T,, TLi-,<4h Y o, Esup B} )< Y, a2,
j= =1

t=1 j=1 s=1 j

which shows that the sequence ([ T,, T,]) is tight. Since T,,= W,-| T, T,] for some
Brownian motions W, it follows that even (T,) is tight.

The above results combine to show that (Y,) is tight. The tightness of (X,)
then follows from the fact that X,=Y,o¢p, where ¢ denotes the continuous
mapping

oS, t)=(sAt,svt—sAt), s5t=0. [

Proof of Theorem 7.3. Let X be directed by (p, 9, ), and note that p and 8
are a.s. unique and X-measurable by Theorem 7.1. To prove the same thing
for pu, it suffices as before to consider processes (1.7) with constant coefficients.
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By the proof of Theorem 7.1, we can construct the processes

T(s, t)=0(A,+A4,5)+ i a;(B;(s) B;(t)—s A t),

(10)

e o}

U= BB, V=3 7,B@), s 20,
=1

j=1 J

as measurable functions of X. A simple computation further shows that, for
|t| sufficiently small,

Eexp(t Ty, +iuU +ivVy)
12 u2ﬁ2+vzy?+2uvﬁ-y})

_ 2,2 _ = _ A X J J Jr
__exp<2t 2j§'1{10g(1 2ta)+2ta;+ 1—2ia,

1 (log(1—2tx)+2tx
=exp{——f BUZZI0H2EX ) (4x)

2 b
_1 (u2'u2 + Uzl’t3 +UU(/J4—'/12 _—:u3))(dx) (11)

2 1-2tx ’

where the first integrand is defined by continuity to be —2t% at x=0. Putting
u=v=0 yields the uniqueness of x,. Using a recursive argument as in the proof
of Lemma 4.3, it may next shown that the sums

YL Yk Y B

jeJ jeJ jed

are unique for all index sets J of the form {jeIN: a;=x}. From these we may
easily construct the measures p,, u; and u,.

Conversely, these four measures determine the parameters o and «;, f,
7;, apart from order and from rotations of the sequence of pairs (f;, y;) within
groups of indices where the a; assume a common value. As in case of Theo-
rem 6.5, it is clear that such rotations do not affect the distribution of X. Thus
(p, 3, u) and PX "1 determine each other uniquely. The uniqueness part of the
theorem now follows by Lemmas 2.3 and 2.4.

Let us next consider a sequence of processes X, directed by (p,,, 3,, i), neN.
To prove that (iii) implies (i), we may assume as before that the p,, 3, and
i, are non-random. From (iii) it then follows by Lemma 7.4 that the correspond-
ing sequence of triples (7,, U,, V,), as defined by (10), is tight. Moreover, these
triples are clearly jointly rotatable and dissociated in the obvious sense, so
the same thing must be true for any limiting triple (7, U, V). The proof of Theo-
rem 7.1 then shows that even the latter must be of the form (10), say with
coefficients ¢’ and o}, B, 7, so (11) must hold for (T, U, V) with the associated
measure . But (11) is also true with the limiting measure y, as may be seen
by proceeding to the limit in formula (11) for (7, U,, V,). As above, we may
then conclude that y'=p, so (T, U, V) is uniquely distributed, and we have in
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fact convergence (7, U, V,,)—d—>(72 U, V). Thus (i) holds by continuity with X
directed by (p, 9, u).

To complete the proof, it remains to show, as in case of Theorem 6.5, that
(i) implies tightness of the sequence of directing triples (p,, 3,, i) For this
purpose, consider first the increments of X over a square grid outside the diago-
nal, and conclude as in case of Theorem 6.5 that the sequence of triples (p, gy, t,)
is tight. Using the implication (iii) =(i), we may next conclude that the sequence
of processes

pst+ i{aj(Bj(s) B;(t)—sAt)+B;(s B;(t)+t B;(s)}, s, 120,

j=1

is tight, and by subtraction from X we get tightness of the variables Z, in
(8) for fixed s and ¢. Taking ¢ >0 and writing

|Eexp(itZ,,)|=|Eexp(it3—1t*Y v}

<eexp(-30°51})
<1—(1—e %) P yi>cl,

it follows easily that the sequence of sums ) y? is tight. The same thing must
then be true for the measures pa, since their supports are contained in those
for uy. The formula p, <2(u,+ p;) shows that even the measures p, are tight.
From the result for ) 77 it is further seen that the processes Y, y;B;(s A t) form
a tight sequence, and subtracting these from (8), we get the same result for
3(s A t) at every fixed (s, t), and hence also for the variables 9. [J
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