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Summary. The limiting behavior of one-dimensional diffusion process in an
asymptotically self-similar random environment is investigated through the
extension of Brox’s method. Similar problems are then discussed for a ran-
dom walk in a random environment with the aid of optional sampling from
a diffusion model; an extension of the result of Sinai is given in the case
of asymptotically self-similar random environments.

Introduction

Let Z={&(x), xeZ} be a sequence in (0, 1), that is, £€(0, 1)%, and let us consider
a random walk {X,, n=0, 1, ..., B} in the environment = such that

%{Xn+1=X+1]Xn=X}=£(X),
Pei{X, 1 =x—1|X,=x}=1—-¢(x), xeZ.

We consider a product probability measure Q=[] g, on (0, 1)% where ¢, is
xeZ

a given probability measure in (0, 1) independent of x. Thus {£(x), xeZ, Q}
is a family of iid. random variables. The full distribution governing {X,} is
2= [ Q(dZ) . Sinai [13] proved the following: if

o 800

1*6(36)2 _ 2
log——~—§(x) }—a <0,

0<EQ{

then o2(log n)~2 X,, has a limit distribution as n— co.
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Recently Brox [2] obtained a similar limit theorem for the one-dimensional
diffusion process X (t, W) described by the stochastic differential equation

dX()=dB(t)—(1/2) W (X (1) dt, X(0)=0,

where W= {W(x), xeR} is a Brownian environment independent of a Brownian
motion B(t). Schumacher [11, 12] obtained a similar result for a considerably
wider class of self-similar random environments (including symmetric stable
ones) and stated, without detail of proof, that Sinai’s result can be derived
from the diffusion case with the aid of optional sampling.

It was known that the limit distributions for Sinai’s and Brox’s cases are
the same, but its explicit form had been unknown until Kesten gave it in [9];
the same result as Kesten’s was obtained also by Golosov as we have heard
from Kesten; see also [3, 14] for the corresponding results in a similar but
different model.

In [7] we discussed the following:

(A) The limiting behavior of X(t, W) for a general random environment
W which is asymptotically self-similar.

(B) Derivation of a result of Sinai type for a random walk from the diffusion
setup.

The discussion in [7] were divided into two cases: a special case and a
general case. However, in [7] the proof was given only in the special case and
the results in the general case were stated without proof.

The purpose of this paper is to give full proofs to the results announced
in [7] for the above problems (A) and (B) in the general case. In the special
case (which still covers the case of symmetric stable environments), there exists
a valley containing 0 whose bottom consists of a single point. However, in
the general case the following (i) and (ii) can happen.

(i) The bottom of a valley is not a single point but a compact set.
(i) There are no valleys containing 0.

Our definition of a valley is somewhat complicated, but still by making use
of a method similar to Brox [2] we can prove our main theorems; for example,
the distributions of (logt)™*X (¢) are tight (as t—o0) where o is the exponent
of the asymptotic self-similarity of the environment.

In Sect.1 we give the definition of a valley of an environment and state
our main theorems. In Sect. 2 we study some properties of valleys and in Sect. 3
prepare some estimates for an exit time from a valley of X (¢, AW). In Sects. 4~7
we prove our main theorems.

1. Main Results

Before stating main results we introduce some notations and definitions. Let
K be the space of nonempty compact subsets of IR equipped with the Hausdorff
metric p defined by

p(K;, Ky)=inf{e>0: K; = U,(Ky), K, = U (Ky)}
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for Ky, K,eK, where U,(K) denotes the open g-neighborhood of K in R (cf.
Borsuk [1] or Nadler [10]). The space K is a locally compact separable metric
space. Denote by W the space of real valued right continuous functions on
R with left limits and vanishing at 0. The space W is a Polish space with
the Skorohod topology. For We W, we set

W*(x)=W(x)vW(x—) and W, (x)=W(x)AW(x—)L
We define a space W¥* of environment as the set of We W satisfying

lim {W(x)— inf W}= lim {W(x)— inf W} =c0.
X [0, x} X~ [x, 0]

Let We W¥*. Then V=(a, b, ¢) is called a valley of W if the following four
conditions (i}iv) are satisfied.

(i) a,b,cekK,
—w<a Zat£b <bT=Zc Zet<w and at<c,

where a” =mina, a* =max o; b* and c* are defined similarly in terms of b
and ¢.

(i) If we set W,= max W* W= min W, and W,= max W*, then

[a=,at] [b-,b%} [e~,ct]
(1) Wa>We, Wo>Wg,
) Wp<W, (x)SW*(x)<W, for every xe(a™®,b"),
W, < W, (X)SW*(x)<W,  for every xe(b™,c™),
(3) @ a={xela",a"]: W¥*(x)=W,},
(b) b={xe[b™,b"]: W (x)=W},
(€) e={xelc™,c™]: W*(x)=W,}.
(i) If a"=b", then W(b™)=W, and W(a* —)=W,.
If b* =c™, then W(b* —)=W,, and W(c™)=W,.
Gv) H(@™,b")vH(c",b7)<(Wo— W) AW, — W),

where

sup  {(W(O)-W)}  if x<y

x<x'Zy' <y

H(x,y)={ sup {(WQ)-W()}  if y<x

y<y' =x' <x

0 if x=y.

b W(x—)=lim W(x—e¢). supW sup {W(x): xel}, lan inf{W(x): xel}. avb=max{a,b}, anbh
=min{a,b}. *!°
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For a valley V=(a, b, ¢), D(V)=(W,— W) A(W,— W) is called the depth
of V and A(V)=H(a",b*)vH(c*,b") is called the inner directed ascent of
V. Throughout the paper we use the abbreviation: D=D(V), 4=A(V), D,
=D(V)), 4;,= A(V)), etc. It is clear that A<D.

Remark 1. For a valley V=(a, Ib, €¢) of We W* the following statements (i) and
(ii) are easily verified.

(i) sup W*=W, v W,.
B-.b*1

(i) If #b?>1, then sup W*<W, A W,;

®-.b%)
if #@>1,then inf W, >W,;
@ ,a")

if #e>1,then inf W, >W,.

(c=,c™)

A valley V=(a, b, ¢) of W is said to contain 0 if a* <0<c¢™. Two valleys
V,=(a,,b,,¢,) and V,=(a,, b,, e,) are said to be connected at 0 if ¢; =a,
and a; (=¢{)S0=a; (=¢/).

Next we introduce a scaling map. For fixed «>0 and 1>0, let 7% be the
map: W— W defined by (z5 W) (x)=1"' W(1*x), xeR. For a probability mea-
sure v on W we denote by t5v the image measure of v under the map 5.
A measure v is said to be self-similar with exponent «>0 if 5v=v for any
A>0.

Proposition 1. (i) Let We W* and r>0. Then either the following (a) and (b)
holds: (a) there exists a valley ¥V =(a, b, €) of W containing 0 such that A<r <D,
(b) there exist two valleys V; =(at,, by, ¢;) and V,=(a,, b,, €,) of W connected
at 0 such that A, v A, <r<D; AD,.

(i) Let v be a self-similar probability measure on W with v(W*)=1. Then
there exists a subset W* of W* with v(W*)=1 such that for any fixed We W*
and r >0, either the following (a) or (b) holds: (a) there exists a valley V=(a, b, ¢)
of W containing 0 with A<r<D, (b) there exist two valleys ¥V, =(a;, by, ¢,)
and V,=(w,,1b,, ¢,) of W connected at O such that A, v A,<r<D; AD,.

This proposition will be proved in §2.
Given We W, we consider a stochastic differential equation

(1.1) dX()=dB@t)— (12 WX () dt, X(0)=0,

where B(t) is a {-dimensional Brownian motion. The meaning of (1.1} is not
clear a priori since the derivative W’ does not exist in general. By a solution
of (1.1) we mean a diffusion process starting at 0 with generator

d d d d
we 4 (e Sy ¢ 4
(12 (1/2)e dx (e dx) dm ds’

1 4 A=the cardinality of the set 4
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where s(x)= [ e"™dy and m(dx)=2e""®dx. Such a diffusion can be con-
0

structed from a Brownian motion by a scale-change and time-change (see [6]).
We denote the diffusion by X (z, W).
We are now in a position to state our main theorems.

Theorem 1. Let WeW ¥, W,e'W, A>0 and let us assume that W,—»W3 as
A— 00, Then the following (i) and (ii) hold.

(i) If Y=(a,Ib, ) is a valley of W containing 0 with A<r, <r,<D, then
Sor any open set U including b

lim inf P{X (e*", A W,)e U} =1,

A= rel

where I=[r,1,].

(i) If Vi=(0,,b;,¢,) and V,=(a,,b,,e,) are valley of W connected at
0 with A, v A,<r <r,<D; A D,, then it holds that for any open set U including
b, ub,

lim inf P{X (e*", AW)eU}=1,

A— oo rel

where [ =[r,r,].

Theorem 2. Let y and v be probability measures on W and let us assume that
v(W¥*)=1. If 15 u converges to v as A—o0 for some >0, then there exist Borel
measurable mappings
b,: W-oK
such that
(i) for any e>0
P{A X (e’ W)eU,(b, (W)} -1

in probability with respect to p as A— o0,

(i) the distribution of the IK-valued random variable 1, on (W, u) converges
as A—oo to that of the random variable (W) on (W¥*,v). Here Ib(W) is given
as follows: when W has a valley ¥V =(a, b, ¢) containing 0 with A<1<D (case
(a) in (i) of Proposition 1), then Io(W)=1. On the other hand when W has two
valleys ¥V, =(a,,1b,, e,) and V,=(at,,b,,e,) connected at 0 with 4;v A,<1
<D, A D, (case (b) in (ii) of Proposition 1), then b(W)=1b,ulb,.

Remark 2. In Theorem 2, v becomes automatically self-similar with exponent
o>0.

We proceed to the random walk problem. Let W% be the set of We'W
which are step functions flat on each interval (n/A% (n+1)/2%), neZ. Given

3 W, W always means the convergence in the Skorohod topology
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W, e W5, we consider the solution X*(t, A W) of the stochastic differential equa-
tion
dX(@t)=dB{t)—(1/2) AW, X () dt, X(0)=xeR.
Let
I[F=Ir¢=inf{t=0: X*(t, AW))eZ/}*}
and

E,":l}“f’nx:inf{th:

n—1 n-—1
X"(H— S LA m)—xx( y 173‘,/1W,1>

k=0 k=0

=l—a}’

n=1,2,....

We define new random variables by

(1.3) YE(n)=YF(n, ) Wg:p( ) m) n=0,1,2, ...

k=0

We write Y,(n)= Y (n, A W,) and Y(n)= Y (n, W;) for simplicity.
Theorem 3. Let We W¥, W,e W2, 4.>0, and let us assume that W,—» W as 1—co.
Then we have the following (i) and (ii).

W) If V=(a,b,ce) is a valley of W containing 0 with A<r,<r,<D, then
for any open set U including b

lim inf P{Y,([e*"], AWy)eU} =1,

A— o rel
where I =[r,1,].

@) If V,=(a,,by,¢,) and V,=(a,,b,, ¢,) are valleys of W connected at
0 with A, v A, <r, <r,<D; A D,, then for any open set U including Ib; b,

lim inf P{Y,([e*], A Wy)eU}=1,

A—oo rel
where I=[r;,1,].

Theorem 4. Let u be a probability measure on W, and let yi, n=2, be the image
measure of p on Wi, under the map ti,,,. Suppose that u; converges weakly
to v as n— oo for some a>0. Then there exists a sequence of Borel measurable
mappings
b, W,-K, nz2,
such that
(i) for any >0

Y(n, W)
P{ (log 1y

evaabn(W))}-»l

in probability with respect to y as n— o,
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(i) the distribution of the K-valued random variable b, on (W, y) converges
as n—o to that of the random variable b(W) on (W¥*,v) which is defined as
in Theorem 2.

Given We W,, we see easily that {Y(n, W), n=20} is a Markov chain on
Z with the transition probability

P{Y(n+1, W)=x+1|Y(n, W)=x}=£(x),
P{Y(n+1, W)=x—1|Y(n, W)=x}=1—¢(x),
where
(1.4) EX)=(14"@-W—In"1" xeZ.

Therefore Theorem 4 can be rephrased as in the following theorem, which is
an extension of Sinai’s theorem.

Theorem 5. Let {£(x): xeZ} be a family of random variables with values in (0, 1).
Let {Y(n, &), n=0,1,2,...} be a Markov chain on Z with the environment {&(x),
xe€Z}. Define W,e W, by

1-¢(x)
<(x)

W, is flat on each interval (n, n+1), nel.

We(x)— Wy (x—)=log , xeZ

Let p be the probability distribution of W; and let u; be the image measure of
u under the map 1., n=2, a>0. If u; converges to a probability measure v
on W with v(W¥*)=1 as n— oo, then there exists a sequence of Borel mappings

b,: (0,12-K, nx2,
such that

(i) for any >0

P{(logn)™* Y(n, &)e U,(b, ()} — 1

in probability with respect to u as n— oo,

(i1) the distribution of Ib, converges, as n—oo, to that of (W), which is
defined as in Theorem 2.

2. The Proof of Proposition 1 — On Valleys

We prepare two lemmas in order to prove Proposition 1.

Lemma 2.1. Let >0 and We W¥*. Then the following dichotomy occurs.

(i) There exists a valley V of W containing 0 such that A<r=<D.

(i) There exist two valleys YV and V, of W connected at 0 such that A; v A,
<r<D,AD,.
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Proof. The proof is not difficult although tedius. Let
T, =sup{x<0: W*(x)— inf W =r},
(x, 0]

T,=inf{x>0: W*(x)— inf W=r}.
[0, x)

In the above (and also in the below) inf W and inf W should be understood
. (0,01 10, 0)
as W, (0) and 0, respectively.

We notice that 0< T, < o0 and — oo < T; £0 by the definition of W*. Now
set

b, =inf{0=x=>T,: W, (x)= inf W},
(

x, 0]

b,=sup{0=<x=<T,: W,(x)= inf W},
[0, %

K=W*(bt)7 i=1,2,

M= sup{W*(x): b <x<0}, if b;<0
10, if b, =0,

Mo — sup{W*(x): 0=<x=<b,}, ifb,>0
270, if b,=0,
_(sup{b,<x=0: W*(x)=M,}, ifb <0

“o, if b, =0,

_(inf{0<x<b,: W*(x)=M,}, if b,>0
270, if by =0.

Next we define the following sets:

a(l)={x: ;=x<0, W*(x)=M,},
a)={x: 0=x<T,, W*(x)=M,},
bM)={x: 0zx2T,, W,(x)=V},
b(2)={x: 0<x<T,, W,(x)=V,}.

We notice that if T; <0, then
(21) H('Tla b(1)+)= H(O, bl): H(Oa bZ)’ H(T29 b(2)")<r.

In fact, if H(T,,b(1)*)=r, then for any positive integer n, there exist x, and
y, such that T, <x,<y,<b(1)" and

2.2 Wy )—Wix)+1/nzr.
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If x,, y,— T as n— o0, then by the right continuity of W, (2.2) implies a contradic-
tion. Therefore we can assume that x,— x, and y,—y, as n—o0. Then

(2.3) Ti<xo=yo=<b(1)™ or T,=x,<},.
Thus employing (2.2) we see that
W*(vo) = Vi 2 W*(yo) — W (xo) 2T

This contradicts the definition of T;. Thus we obtain the first inequality. In
the same manner we can prove that H(T,,b(2)7)<r. Other inequalities are
clear by the definition.

Now the proof is divided into the following four cases:

1] T,<0 and W >V,
[ T,<0 and V<V,
[11] T,<0 and W=7,
[1I1] T, =0.

The proof in the case [I] is divided into seven subcases [I-1]-[I-7].
[I-1] IfM,=M;and M, <V, +r, then V=({T;}, b(2),{T,}) is a valley contain-
ing O with A<r=<D.

Since M, <V, +r<W*(T}) and V, <V, we have
2.4) WMy=V, < W, (x)SW*(x)<W*(T;) for TI<x<b(2)".
Asis easily seen,
(2.5) W=V, <W,(x)SW*(x)<W*T,) for b2)" <x<T,.
By using (2.1), we see

H(T, by) SH(T;, b(1)*) v sup (M, — W(x): T, <x<a,} v H(0, by)<r.

Since H(T,, b(2)7)<r by (2.1), we have
(2.0) A=H(T,,b))v H(T;,b(2)7)<r.

By the assumption,

D=(W*(T,)~ V) An(W*(T)—V2)
2(WHT) = V) A(WH(T)—-V)zr.
Therefore we see that the valley V=({T;},b(2),{T;}) is a valley containing
0 with A<r<D.

[I-2] If My>M,, M,=2V,+r and a,>0 then V=({T,},b(1), {a,}) is a valley
containing 0 with A<r<D.
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We notice that a, <b(2)”. We have
2.7 W*()>W*(X) 2 W, (x)> W=V, for T, <x<b,.

Since for every xe(0, a,), M, — W, (x) <r <M, —V; by the assumption, we have

238) W,(x)>V, for 0<x<a,.
Thus
(2.9) W <W,(x)SW*(x)<W*(ay)=W, for b(1)* <x<a,.

Clearly we have

H(a,,b(1)")S(M,— inf W, )v H(a,,b(1)")<r.
[0, a2]

Since H(T;, b(1)")<r by (2.1),

(2.10) A=H(T,,b(1)*)v H(a,, b(1)")<r.
By the definition and the assumption, we have

(2.11) D=(W*(T)—-V)rn(M,—V)2r.

Thus (2.7), (2.9), (2.10) and (2.11) imply the assertion [I-2].

[I-3] If M,>M,, M,=2V,+r and a,=0, then we show that V,
=({T;},b(1), @(2)) and V,=(a(2), b(2), {T,}) are two valleys connected at O
with A, v 4,<r<D,AD,.

We notice that M,=0 and b,>0. Obviously M,=0 and, if b,=0, then
M, =V,=0. Therefore 0=M, =V, +r implies V; <0. This contradicts V,<V,.
Note that a(2)" <b(2)". Since M, — W, (x)<r for every xe(0,a(2)*)and r< —V;
by the assumption, we have

W,(x)>V; forevery xe(0,a(2)").

Thus V| satisfies the condition (2) in the definition of a valley. To prove 4, <r,
we observe that

H(a(2)*,b))<H(a(2)*,0) vsup{W(x)—W(y):b; <x<0<y<a(2)*} v H(0,b,)
<(M,— inf W,)vH(©b)<r.

(0,a(2)*)

Since H(T;, b(1)*)<r by (2.1), A, <r. Therefore V, is a valley with 4, <r<D,.
Clearly V, is a valley with 4, <r<D,. This is the assertion [I-3].

[I-4] If M,=M zV,+r, then V,=({T;},b(l),a(l)uva(?)) and V,
=(a(hua),b2),{T}) are two valleys connected at 0 with 4,v A4d,<r
<D, AD,.
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Apparently b, <a(1)”, a(2)" <b(2)” and W, (x)>V; for every x€(0, a(2)")
since M, —W,(x)<r<M,—V, by the assumption. Thus it is enough to show
that A; vA,<r<D,AD,.

H(a(2)", b))
<H(a(2)*,0)vsup {W(x)—W(y): by<x<0<y<a(2)*}v H(0,b,)
<H(@a(2)",0)v(M;— inf W,)vH(©,b,)
(0,a(2) %)

<H(@2)"0)v(M,— inf W,)vH(,b,)

0,a(2)*)

<r.

H(a(1)", b,)
<H(a(1)~,0) vsup{W(y) —W(x): a(l)” <x<0<y<b,} v H(0,b,)
S(M;— inf W)v(M,— inf W,)vH(,b,)
)

(a(1)~,0) (a(1)-,0

SM— inf W )vH(Q,b,)

(a(1)~,0)

<r.
The above estimations together with (2.1) imply that

Ay=H(T;,b(1)")vH(@(2)", by)<r
and

Ay=H(a(1)", b)) v H(T;,b(2)7)<r.
Since D, A D, =7, we have obtained the assertion [1-4].

[1-5] K M;>M,and M, <V, +r, then V=({T,}, b(2), {T,}) is a valley contain-
ing O with A<r<D.

By the assumption and (2.1) we have

H(T,, b)) SH(T, b(1)") vsup{W()— Wix): Ti<x=y,b(1)" <y<b,}

<H(T,b(1)")v(M,—V)vHQO,by)<r
and
H(T,,b(2)7)<r,

from which [1-5] follows.

[I-6] If M,>M,, M;=V,+r and a, <0, then V=(a(1), b(2), {T;}) is a valley
containing 0 with A <r<D.
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It is enough to prove that A <r<D. As is previously done,

H(a(1)",b,)
<H(a(1)~,0)vsup{W(y)—W(x): a(l)” <x<0<y<b,} v H(0,b,)

SM,— inf Wyv(M,— inf W vHODbH,)
(a(1)~,0) @(1)~,0)

<r

and
H(T,,b(2)")<r.

It follows that A=H(a(1)", b,) A H(T,, b(2) ") <r. On the other hand
D=(W*(T)—= V) An(M;—V3)=r.

[I-7] If M;>M,, M2V, +r and a,=0, then V,=({T}, b(1),a(1)) and V,
=(a(1), b(2), {T5}) are two valleys connected at 0 with A4, v 4, <r<D; AD,.

Clearly V, is a valley with 4, <r<D, since b(1)* <a(1)”. The only thing
we have to show is only that V, satisfies A, <r<D,. We see that

H(a(1)",b))<H(a()~,0)v(M,— inf W,)vH(O,b,)
(a(1)~,0)
<H(a(1)~,00v(M,— inf W)VH(,by)<r
(a(1)~,0)

and
H(T,,b(1))<r (by(2.1)).

This shows that A, <r. We also have
Dy=(M=Vo))v(W*(T))—V3) Zr.

The proof in the case [1] is omitted, since it is similar to that in the case

(1.
Now we proceed to the case [II]. Since the proof is similar to the previous
argument, we only list results.

[11-1] K M,=M, and M,<V,+r, then V=({T;}, b(1)Ub(2), {T,}) is a valley
containing 0 wth A <r=<D.

[[1-2] If M,>M, and M,2V,+r and a,>0, then V=({T;},Ib(1), {a,}) is a
valley containing 0 with A <r<D.

[11-3] If My>M,, M,2V,+r and a,=0, then V,=({T;}, b(1),@(2)) and V,
=(a(2), b(2), {T;}) are two valleys connected at 0 with 4, v A, <r<D; AD,.
[I1-4] If M;=M, and M,2V,+r, then V,=({T;}, b(1),a()va(2) and V,
=@(Dua2),b2),{T,}) are two valleys connected at 0 with A4; v A,<r
<D,AD,.
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Finally we treat the case [III]. We need more notations. Set

~q

=sup{x<0: W*(x)— inf W=r},
(x,0)
inf{x: 0>x=T, W, (x)= inf W}*,
(x.0)

b

Il

=W, (),

{(x: 02x=T, W,(x)=V},
sup {W*(x): 0=x=5},
d=sup{0=x=b: W*(x)=M},
8={x: 0=x=bh, W*(x)=M}.

R Bt <
il

We notice that T<0 by the definition. The proof is divided into four subcases
[III-1]-[1I1-4].

[III-1] If 5=0, then we show that V=({T},b(2),{T,}) is a valley containing
Owith A<r<D.

Since 5 =0, we have
(2.12) W*(T)>W*(x)Z W, (x)>W(0—)=r forevery xe(T, 0).
Thus what we have to notice is that 4 <r<D. First we show
(2.13) H(T.0)<r.

If H(T,0)=r, then for every positive integer n, there exist x, and y, such that
T'<x,<y,<0and

(2.14) W(y,)—Wi(x,)+1/n=r.

We may assume that x,—x, and y,—y, as n—co. By We W, it is impossible
that x, =y, =T or 0. Hence it holds that T<x,<y,<0 or T<xy=y,<0. Then,
from (2.14), we obtain

W(yo) = W0 —)Z W*(yo) — Wy (xo) 2.

This contradicts the definition of 7. Thus we have (2.13). By using (2.12), (2.13)
and (2.1) we see

A=H(T,by)v H(T,,b(2)7)
=H(T,00vH(O,b,)v H(T,,b(2)")<r.

Since D =(W*(T)— V,) A(W*(T,)— V3) =¥, the proof is established.

[III-2] Ifb<Oand M>W(0—), then V=({a}, b(2), {T;}) is a valley containing
0O with A<r<D.

4 The infimum of the empty set is understood to be 0



514 K. Kawazu et al.

[III-3] If <0, M=W(0—) and V+r=M, then it is also clear that V
=({T.}, b(2),{T,}) is a valley containing 0 with 4 <r <D.

[II1-4] If b<0, M=W(0—) and V+r<M, then V,=({T;},b, &) and V,
=(&,b(2), {T;}) are two valleys connected at 0 with 4, v A, <r<D; AD,.

Therefore we have proved Lemma 2.1 completely.
Given We W#* and r>0, set

B,=B,(W)={bekK: there exists a valley (at, b, ) of W with 4 <r < D}.

Lemma 2.2. For every We W* and r>0, B, is locally finite in the sense that
for every compact set K in R,

#{beB,: bnK=*0}<o0.

Proof. First we notice that for every b,,b,eB,, b,+b,, it holds that
[b7,bi1n[b;,bi]=0. Suppose that it is not true. We can assume that by
<b; £b{ without loss of generality. Then clearly W, =W, with respect to
the corresponding valleys V, =(a,, b,, ¢,) and V,=(a,, b,, ¢,). On the other
hand, by <aj <b; and W*(a;)— Wy, 2r. This implies A; >r, which contradicts
the definition of B,.

Thus, for any b,,Ib,eB, with b} <b;, we see

(2.15) sup {W(x)—W,t=r, i=12.

bl Sx<by

This implies the local finiteness of B,. In fact, suppose that for a compact
set K <R, there exists a countable sequence of sets b,eIB, such that b, " K=+
and b, +b,, for n==m. Then {b, } is a bounded sequence. After taking a suitable
subsequence, it can be assumed that either the following (i) or (ii) holds: (i)
b, <b} <b, Zb}, for all n=>1, or (ii) b, <b, 1 <b, £b, for all n=1. If
(i) holds, then (2.15) implies that W has no left limit at b= limb,/. This is a

n— o

contradiction. If (ii) holds, then from (2.15) it follows that there exists
x.€(b,f1,b;) such that

(2.16) W(x,)— Wiy, 21/2.

On the other hand, from the definition of W, , there exists y,e[b,,;, b, ] such
that

(2.17) W(y,) < Wy, +r/4.

Let b=1lim b, . Then from (2.16) and (2.17) it follows, letting n— oo, that W(b)

n—o0

< W(b)—r/4. This is again a contradiction. The proof of Lemma 2.2 is finished.

Lemma 2.1 implies (i) of Proposition 1. So we prove (ii) of Proposition 1.
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Let r>0, WeW* and let V=(g,b,e¢) be a valley of W with A<r<D.
We define a®, b® and ¢ as follows:

aP={x: b} Ex<b~, W*(x)= sup W*}
(6,571

if there exists the nearest left neighboring point b, of b in B, and a® ={— o0}
otherwise;

b"=b;

e”={x: b* <x<bh;, W¥*(x)= sup W*}
+,031]

if there exists the nearest right neighboring point b, of b in B, and ¢®”= {0}
otherwise. Then, VO =(a®, b®, ¢®) is a valley of W with A <r<D.

It is easily seen that (i) if W has a valley V¥ containing 0 with A<r<D,
then V@ is a valley containing 0 with A®” <r<D™, and (ii) if W has two valleys
V, and V, connected at 0 with 4,<r<D;, i=1,2, then V{? and V¥ are two
valleys of W connected at 0 with AP <r<D{",i=1,2.

We define the mappings &;(=P; y): (0, 0)>R*, i=1,2, by

(@*, "=, b 7)) if Whasa valley
containing 0 such
that A<r<D

(2.18)  &;:re(0,00) >4 (a”*, B, BT "7, if Whas two

valleys connected

at O such that

A vA,<r<D, AD,.

Owing to Lemma 2.2, B, ={b": beB,} are locally finite sets decreasing in
r. This implies that @;, i=1,2, are step functions which have finitely many
jumps in each bounded interval away from 0.

Let v be a self-similar probability measure on W with exponent «>0 and
v(W*¥)=1. It is easily seen that for >0 and 4>0

(2.19) V@5 W)= 1"* VA (W),
Thus we have the scaling property
(2.20) {A7VE(W), r>0,v} £ {(VOW), r>0, v},

where < means the equality in distribution.
I r is not a jump point of (W), We W*, then

ADW)<r<DO(W) or AP(W)<r<DP(W)
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according as W has a valley containing 0 for » or W has two valleys connected
at 0 for r. Therefore, in order to complete the proof of Proposition 1(ii), it
is enough to show that, for i=1, 2,

pi(r)=v{ris a jump point of @;} =0.
Since the set of jump points of @, is locally finite,
ji=inf{r>1: & hasajump at r}
is strictly larger than 1. Therefore we obtain
pi(n=v{j;=r}]0 asr|l.
By the scaling property (2.20), p;(r) is independent of » > 0. Consequently p;(r)=0,
i=1,2.

Keeping in mind the definition of a valley, we can easily verify the following
lemma.

Lemma 2.3. Let V=(a, b, c) be a valley of We W*. Then for any £>0, there
exists a set of numbers

at=a*(e), a*=a*(e), bT*=b*(), br=b%(e),

satisfying the following:

@ (1) d*<a*=a"<b b <PT,
br<b*<bh* <& <" ZéT,
2) at<at, br<b*, T <ié.
(i) at(e)tat, br(e)1hE, &E(e)lc,
at(ela*t, bE@EIbE, ¢ (e)lc, aselO.
(iii) Wit’lbfﬂWgWua—e, (zifléf_)ng—s.
(iv) sup {W(x): xe(b~,b)u (", b)) < W, +e.

3. Some Lemmas for Exit Times
Throughout this section, we maintain the assumption of Theorem 1, that is,
WeW*, W,eW, 1>0,

and
W,—-W as A—oo inthe Skorohod topology.
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Thus there exist ¢;,>0 and ¢,, A1>0, such that ¢,]0 as A—0, @, is an order
preserving homeomorphism on IR, and

(3.1) sup [Woq,(x)—W,(x)|+sup o, (x)—x|<e,.
x€e xeR

From now on, we fix these {¢,, >0} and {¢,, 1>0}.
Let m(dx)=2e""®dx and s(x)= | " dy. Let {B(r), =0} be a standard
0

one dimensional Brownian motion and set
1 t

(3.2a) L(t, x)=1im — j L, x+(B(3) ds,
elo €

t
(3.2b) A(t)= [ e 2WET1BO g
0

= j e_ZW(S_l"‘))L(t, x)dx.
R
Then

(3.3) Xt W)=S"1(B(A'))

is a diffusion process starting at O with speed measure m(dx) and scale function
s(x).

Now we set for zelR
(3.4) X (t, Wy=z+X(t, W?

where W?(y)= W(y+z)— W(z). Then X*(t, W) is a diffusion process with genera-
tor {1.2) starting at z.
Fora<c, let

7(a, ¢)=inf {r>0: B(t)¢(a, c)}
and
L(a,c,x)=L(z(a,c), x), xeR.

Then the following lemma can be proved by using the well-known scaling rela-
tion of B(t) (see [2]).

Lemma 3.1. For every A>0 and a, ceR, it holds that

{1 L(g, ¢,x), xeRYZ{L(Aa, ¢, Ax), xeR}.
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Set

(3.5)

(3.6)

(3.7)

(3.8)
(3.9)

(3.10)
(3.11)
(3.12)

s,00= [ 70y,
0

t

Ay(t)= [ e™24Wals3 ' BOD g

0

— | e722Wa63 D (g, x) dx,

R
X,0)=X(t,AW))

=s; {(B(4; (),
X3O=x+X({t, AW, xeR,

Ty(a, c)=inf {t20: X, (1)¢(a, ¢)},
T,(a)=inf{t=20: X,(t)=a},

Ty(x; a,c)=inf {t=20: X3(t)¢(a, c)},

Ti(x; a)=inf {r=0: Xi(t)=a}.

As is easily proved, we have the following lemma.

Lemma 3.2. (i) Let a<0<c. Then

T;(a,c)=A;(t(s;(a), s,(0))

= f e~ W3 [(s,(a), 5,(c), 5,(2)) dz.

(ii)) Let a<x<c. Then

where

(3.13)

(3.14)

c—x

T.(x; a,¢)

a—x

c

s

a

z
s;(x;2)= [ 7iVdy =™ 272
0

$(x;2)= [ 2200 gy,

X

f e_AWA(Z)L(%(xQ a), 8,(x; ¢}, 8,(x; 2)) dz,

x+z
AW,
j‘ eAWa dy’

x

K. Kawazu et al.

| e EE L(s,(x; a—x), s,(x; ¢ —x), 5,(x; 2)) dz
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Lemma 3.3. Let V=(a, b, ¢) be a valley of the environment W with inner directed
ascent A and let 6>0. Let F, and F, be arbitrary closed intervals included in
(a*,b*] and [b~, c7), respectively. Then, for any sufficiently small ¢>>0,

(1) xieanlP{Tl(x; ay, by =Ta(x; b)) — 1,
(ii) iILfP{TA(x; aly, bl <etA M 1,
xeFy
(iii) xieI}vsz{Tl(X; 5(71), ca)="T(x; E&))} -1,
(iv) 1r;f P{Ty(x; by, éy) <e*4+9} 1

as A—o0, where ajy=@7(a"(e), bhy=0; (b (e)), etc. are defined in Lemma
2.3.

Proof. Set F,=[u,v]<=(a”,b*]. We may assume that u is a continuity point
of W without loss of generality. We choose a positive number ¢, so that Lemma

2.3 holds with e=¢, and ¢y <W,— sup W. Let ¢>0 be an arbitrary number
[u,b%)
such that 0 <4e< gy A J. Then, noticing (3.1) and (iv) in Lemma 2.3, we have

sup {W,(3): ye(u, b))} Ssup{Weoe,(y): ye(u, b} +e;

Ssup{W(y): ye((u), b%)} +¢;
SW,—¢gptete,

for sufficiently large 1 by the continuity of W at u. In the same manner, using
(3.1) and (iii) in Lemma 2.3, we have

inf{W,(y): ye(dGy, a3)} Zinf{We 0, (0): ye(@s), dgy)} —e
Zinf{W(y): ye(@*,a")}—e;

; W/u —& _81 .
Thus we see that, for every xeF,
P{T}(x; 5&), ~a))< T, (x; b(‘;))}

b by
=< j elWA(}’)dy)/( j" eiW,l(y)dy>
x ¥

aci)

bes i
( j)ezWA(y)dy)/( f)ezwm)dy)
u h

a2y

A

(c"—a")
(@*—at —2e,)

IIA

ei(2€+281_80)_,0 as/l—»oo.
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Let us prove the formula (ii). We employ a two dimensional Bessel process
{R(1), t Z0} starting at 0. Then it is known (cf. [6], p. 75) that

(3.15) {L(—0,1,1—1): 0St<1}2{R(1)*: 05t <1},
(3.16) {tR(t™): t>0} £ {R(#): t>0}.

Let us fix xe F, and set, for 4, < y§5(“;),

3(y)=8,(x; ¥)/8,(x; 5(4;1)),
iy)=1-9(y)

) bisy
=SA)'(x; b(-;'))_l j elWﬂ(z)dZ.
¥y

Then, by (ii) in Lemma 3.2, we have

. i’&“) .
T, (%34, b(jrwu)i f e MO L(8,(x; aly), 8,(x; by, $,(x; M) dy=K, + K,
Gk
where K; and K, are the integrals over (d(,x) and (x, 15(*,'1)), respectively. By
Lemma 3.1, we have
(3.17) K1 £8,(x; by | 729 Lio(@), 1,9() dy

adx)

=8,(x; B(E)) j e A L(— 00,1, 4(y) dy

ai,)
E&) x
AW — AW
< [ 4z | e a0 gy sup L(— o0, 1, 1)
x At t20

S(bGy—agy* ettdr et sup L(— a0, 1,1),
s

where we used the following estimate

sup {W,(2); x<z<bg} —inf {W,(y); 4% <y <x}
Ssup{W(2); ¢, (x)<z<b*}—inf (W(y); a* <y <, ()}
+2e+2¢; (by(3.1)and (iii), (ii) in Lemma 2.3)
SA+2e+2¢,.
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On the other hand

)
(3.18) K, 28,(x;b3) | e 40 Lia(agy), 1, () dy

. besy
<8,(x; b)) | e PO L(—0,1,1-5(y)) dy
(by (3.15) gnd (3.16))

L6,0e: b | {e 793} 50) RGO) ™ dy

bity biz)
= {30 RGO dy | P00 maong;
X y
é(b'(-;)_d&))Z el(A+28+2£ﬂ)Jl’
where

b

(3.19) Ji= [ GO)RGH) ) (b ~x)" dy

and we used the estimate
sup {W;(2)— W, (): x <y<z<biy}
Ssup{W(z)—W(y): a* <ysz<b®}+2¢,
{by(3.1) and (iv) in Lemma 2.3)
ZA+2842s;.
By easy calculation, we see for every t >0
E{*R(t Y} =t"2E{tR(t™")|*}=t"*E{R(t)*} =38,

and hence we have by Schwartz’s inequality
biy .
(3.20) E{Z < § E{GONPRGE() 1)} (b —x) " dy=8.

Consequently by (3.17), (3.18), (3.20) and Chebychev’s inequality, we have
P{ n(xa d(-;,) ) B(_;)) > gt +6)}
<P{K,>(1/2) ¥4+ 4 PIK,>(1/2) A+
SP{supL(— o0, 1,)>(1/2) (b — ;) ~2 e*@~ 257 2e0}
y=<0

+ P> (1/2) (b — ahy) ™2 €026~ 2o}
SP{supL(—0,1,y)>(1/2) (bt —ad* +2¢,)"2 MO 20201
y=0

+32(c™ —at +2¢g)*e 2407227220 .0 as Ao o0

uniformly in xe F;.
In the same way we can obtain (iii) and (iv).
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Lemma 3.4. Let ¥V =(a, b, ¢) be a valley of the environment W with inner directed
ascent A and depth D. Let $>0 and F be an arbitrary closed interval included
in(a*,c”). Then, for a sufficiently small £>0, it holds that, as A— 0,

P{Tl(B(J,E); ﬁ&)’c-&))>el(D—5)} -1,

P{T(bGy; asyca)>e*® P} =1,
and
inf P{T; (x; 4),¢c)>e*® ™9} > 1,

xeF
where 4= '@+ (e)), by =05 (B* @), etc.

- Proof. Setting F;=F n(a*,b*] and F,=Fn[b~, ¢™), we take a sufficiently small
£¢>0 so that Lemma 3.3 holds. Remember that 0 <4¢<J. We can assume w,
<W,, so D=W_—W,. Noticing (3.1) and (iii) in Lemma 2.3, we have for suffi-
ciently large A

(3.21) A7 og $:(by; ¢y

¢y
=27 log | 27200y
¥

=2 og{(¢™ —& —2¢;)exp[Ainf {W,(x): 3 =xZégyt1}
22" og(¢™—¢ —2e)+W,—e—g¢,
ZW.:"E‘*‘SL
where
e,=A"log(¢™ —¢ —2¢&) Allog(a* —a* —2¢,))—e,
-0 as A-o0.
In the same manner, recalling W, <W,, we have
(3.22) 27 og 18, (By; G| 2 W, —e+ ¢
Set
H,= |§A(5(3); agl A §/1(b.(1:1)§ ¢ay)

31()’)=§).(B(J:1); » H/l_l-

and

Then (3.21) and (3.22) imply that

H,zexp{A(W,—s&+¢&))}.
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Then, by Lemma 3.1 and (iv) in Lemma 2.3, we see that

A Y A
T )’:T;,(b(x), a(zy» C(z))

d g, @ N rsEN A (A= A
=H, E e MO L(3,(a%y), 62 3, dy
ady

IV

bisy
H, | e "0 L(—1,1,3,(y) dy
by

S+ Dty AD—2e+s85—
é(b(z)‘“b(z))e( ) N

where

L,=inf{L(—1,1,y): ye(3,(6%), 5B} -
Thus
(3.23) TW> (bt —b+ —2g,) P 2e%e—ed [

On the other hand, we have
(3.24) 5,(b5)—0, as A-oo, and 4,(b%)=0,
because
12, (b)) = (b —bs) exp [Asup {W, (x): xe[bg, b1} e *Pemeten
<(b*—b* +2¢)exp{ — AW, —Wp+2e+¢,—¢)} >0 as A—o0.
Therefore by (3.23) and (3.24), which implies L; >0 a.e., we obtain
(3.25) P{TP <e*® N <P{L,<(b* —b* —2¢;) L e 0 2e+eshmea)

-0 as A-co0.
The second formula is obtained in the same manner. The third formula is proved
as follows. Let xe F. Then we can assume xeF,. Therefore
P{T,(x; ﬁ(;), C)> ety
2 P{T,(x; 5(&), Cy)> e*®~ P and T)(x; d(:p B(_E)) =T (x; ba))}
=P{T; + T,(x; B(JE))> e*®=Pand T, (x; &(4/—1), B&)) =Ty (x; b(tl))}
(where T =inf {t>0: X3(t+ T;(x; b)) (@ ¢}
2 P{T,{ > el(DﬂD} +P{TX(X; 5&” b(J/rl)) =T,(x; b(ﬁ))} -1
(by employing the strong Markov property)
=P{T; (b, aly, éa)>e ™2}
+ P{T,(x; dgly, by =T, (x; b))} — 1

-1

as A— o0 by (3.25) and Lemma 3.3.
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4. The Proof of Theorem 1

In this section we prove Theorem 1 by using the coupling method. We maintain
also the assumption of Theorem 1 throughout this section, that is,

WeW*, W,eW, 1>0,
and
W,—- W as A— o0 in the Skorohod topology.

Therefore we also have the relation (3.1) for the homeomorphism ¢, on R
and the positive numbers ¢, .

Let V=(a,Ib,¢) be a valley of the environment W. Let ¢ be an arbitrary
small positive number. We employ the abbreviation 4*, 5", ag, etc., for
a*(e), b~ (e), ;1 (@* (e)), etc., respectively.

In addition to the diffusion process X73(t) we also consider a reflecting diffu-
sion process X (t) on the interval [ddy, ¢zl with (local) generator

d d
4.1 LiWa 4 [ =W
1) 7€ 0 (“’ dx>
and with initial distribution
¢y
4.2) ml(dx)=e“lwﬂ(x)dx/ [ e ?¥04y.

adz)

Since m, is an invariant measure of the reflecting diffusion X,(t), the process
X, (1) is stationary. Now we couple the processes X3 (¢) and X,(t) as follows.
Enlarging the basic probability space on which X3(¢) is defined, we assume
that X3(¢) and X,(t) are defined on a common probability space (the enlarged
probability space) in such a way that (i) X5(f) and X,() move independently
according to their own probability laws until they first meet each other, (ii)
after the first meeting time they move together up to the (common) exit time
from the open interval (4j,, ¢;)) and that (iii) after the common exit time they
again start moving independently according to their own probability laws.

Remark. In the above (iii) we may even make the process stop at the common
exit time since we do not use the process after the exit time.

It is not hard to construct such a coupling. We denote by P, the probability
measure on the common probability space. Let

oy=inf{t=0: X3(t) =X, (®)},
1= inf{t 203 X5(0) ¢(5(J/rl) > C'(jl))} » XE€ [&(3) s Cyl-
Note that ¢ is hidden in d%,=¢; '(@"(¢)), etc. Then the above (ii) means that
X5()=X,(t) for 6} St < T3

First we show the following lemma for the valley V =(a, b, ¢) of the environ-
ment W.
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Lemma 4.1. Let U be an arbitrary open set including b. Then for sufficiently
small £>0, it holds that

m,(U)—>1 as 2L-oc0.
Especially we obtain
my((Bay b)) > 1 as Ao,

Proof. For every sufficiently small £>0 it holds that, for every sufficiently large
/]“7

UoU;=¢; ({x:1a” SxZc™, W > W(x)—2¢}).
Consequently using (iv) in Lemma 2.3 with the above £>0 and (3.1), we obtain

s,
m@ps( | emoay| [emmong
e

fags, c\Ua
S((ép—a) e AW, +2¢ ~e)/((bg) — 5&)) e~ MW eten)

ST —at42e)(b—b"—2g) te 7220 50 as A-oco.

To prove the second assertion, it is enough to prove

4.3) mz((d(tl)’ 5(71))) -0
and
4.4) my, ((5():1), cp)—0 as A-o0.

Notice that
inf (W, (y): a%y<y<b} Zinf (W(y): 6" <y<b™} —e; =2 W +27,—¢;

for some #,>0 by the shape of the valley. Since 5~ <b~ and We W*, we can
find b, b?eRR such that b* <b~ <bh?, b <b? and

sup{W(y): b' <y <b?} Wy +1,.
Therefore, noticing
sup{W,(y): by <y <bfy} Ssup{W(y): b' <y<b’}+e, Wy +10+25,
we have
m; (@), b))

b3y b{a
< | e"lWW’dy/ [ e *ma00 gy
adz)

r b
S(b™—at+2¢) (> —b' —2¢,) te *M0T2:0 5,0 as L—oc0.

Thus (4.3) has been proved. In the same manner, we can prove (4.4).
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Lemma 4.2. Let 6 >0 and let F be an arbitrary closed interval included in (a*,c™).
Then for sufficiently small €>0

infP, {7 <e*™*9 51 as A->o0.
xeF

Proof. Let us choose a sufficiently small ¢>0 which guarantees Lemma 3.3
for F=Fn(a*,b"], L=Fn[b~,c”) and §/2 in place of § in Lemma 3.3 and
guarantees also Lemma 4.1. Let us set F{=F, n{x: x<bj,} and F{'=F, n{x:
x>b(;}. First we discuss the case xeF;. We have

inf P, {03 < T, (x; B3y}

xeFq

= inf P, {X 20)e[x, 5(;)] and X (T (x5 b(ﬁ))) e[x, BJ}]}

xeF{

> inf 2m, ([x, bi])—1

xeFi

22m,([bg,, b)) —1—>1  asi—oo by Lemma4.1.
Together with Lemma 3.3, this implies

inf P, {0} <* A+ o)

xeFi

> inf P, {6 < T, (x; by and T, (x; by) <e*A 92}

xeFi

= inf P, {o} S T;(x; b3y} + inf P, {T;(x; b)) < et 42} —1
xeFy

xeFi

-1 as A—oc0.
Next we discuss the case xe F;’. We have
infIP; {g <e*“* 9}
Fy’
3 A{A+& - A(A+d/2
glFr}lf]Pl{o-f{<e 4D and T;(x; b)) <e*r™@ 2}
1
gl;:lf P, {o}*+ T,(x; b)) <e*“*? and T,(x; b)) <e*+9?}
1

(by using the strong Markov Property)
2P, {oh <D (1 -T2}

+inf P{T, (x; by) <e™*92} —1
Fi

—1 as A- o0 (by Lemma 3.3).
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Here o7 =inf {t>0: X5 (T (x; b;y) +1) =X, (T;(x; b)) +£)}. Thus we obtain

inf P, {of<e*™*?} 51 as Ao o0.
Fy

The estimation over F, is verified in the same manner.

The Proof of Theorem I(i). Let V=(a, b, ¢) be a valley of W containing 0 with
A<ry<r,<D and U be an open set including Ib. Since a* <0<c¢™, we can
pick up a closed interval F such that 0e F<(a™, ¢”). We choose a sufficiently
small ¢>0 such that for é with 0<d<(D—r,)A(r;,—A4) and F, (i) Lemma 3.4,
4.1 and 4.2 hold and

(1) P, {T,(d},¢)>e*P"M 51 as A-o0,
(4> “(2)

where the notation Tj(a,c) stands for the first exit time from (a,c) after o7
for the process X, (¢). Let re[r,,r,]. Then

P{X(e*, AW,)eU}
=P, {X}(e")eU}
2P, {07 <e*, X7 (e*)eU and e*2 S T} (A, ¢}
=P, {0 <€, X, (e eUand e < T, (), ¢}
2P, {a) <’} +m,(U)+ P {2 < T;,(d(tl)a Ea)y—2
-1 as A—- o (byLemmad4.2,4.1and34).

To prove the latter assertion of Theorem 1, we prepare another lemma. Let
us assume that the environment W has two valleys ¥V, =(a,,b;,e;) and V,
=(a,, b,, ¢,) connected at 0. We can pick up continuity pints x;e(af,c;) and
x,&(ay, ¢z ) of Wsuch that

(4.5) H(c{,x))<4, and H(a;,x))SA4,,

where H(+, *) is the function introduced in the definition of a valley (Sect. 1).

In fact, when by <c;, by the definition of the inner directed ascent, any
continuity point x; in (b, ¢y ) satisfies H(c;, x,) < A, since H(c]{,b7)< A4,.

We consider the case where by =b{ =cy. Then, since af <c; and W,
=W(by —) by the definition, we can find out a point x, of continuity of W
such that af <x; <by and Wy < W(x)< W, + A,/2 for every xe[x,, b ]. There-
fore H(c{,x,)<A,.

In the same manner, we can pick up a continuity point x,e(a;, c;) which
satisfies (4.5).

Hereafter we consider a pair (x,, x,) fixed.

Lemma 4.3. Let 6>0. Then

P{T;(x;, xp)<e*™:V2* 51 g5 L—o0.
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Proof. The method of this proof is almost the same as that of the formula
(ii) in Lemma 3.3. We employ a two dimensional Bessel process {R(t): t=0}
starting at 0 and let

(4.6) Ty, X2)= | e "2 Ls; (xy), 5,(x2), 5, 0) dy=K{ + K,

x1

where K] and K’ are the integrals over (x,,0) and over (0, x,), respectively.
Let us consider Kj. Choose ¢>0 so that 4¢<d and set

a1 (M) =5 0)/Is2(x1)l,
(M =1+a(y)

y
=I5, (xy)| 7  #Madz.

e

Then

0
4.7) Ky Z15;0x0)| [ e #7A0 L(~ 1, 31(x,), 9, () dy

X1

0
<s3(xy)] f e_AW'l(y)L(— 1, 00,4;(y) dy

X1

(by the symmetric property of Brownian motion)

SIEHEN] fe_m“”L(— 0,1, —a(y)dy

*1

(using (3.15) and (3.16))

0
L1s,(x)l [ e #7395, R(5,(y) ") dy

0 y
= [ 70)RG () dy [ 72772004z

X X1
2 A(4,+2e+2¢ 7
S(xy—xp)? eHtF2er e g

where
0

Ji=§ a0 RGG) ) (—x) ™ dy.

Here we used the estimation for sufficiently large 4
sup {Wy(2)— W, (3): x; <z y <0}
Ssup{W,(2) = W,()): x; <z=y<{i}
Ssup{W(2)—W0): @ilx)<z=y<ifj+2é
<A, +2e42¢,.
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In the same way, we obtain
(48) '2§(x2 _x1)2 eA(A2+25+28,1) J;’,’,

where

X2

Ji= [ 5 () RG,(5) ") x; dy,
0

X3
G () =5,(x,)"" | 27 dz.
¥y

By using Chebychev’s inequality as in (3.20), we have

P{T;(x;, x,) > et A1v 4249}
SP{K}|>(1/2) e? A1V 4:2+9 | PIK! > (1/2) e* v 4249}
S64(x,—x) e ?40726728) 0 as ) —o0.
The Proof of Theorem 1(ii). Let W have two valleys V,=(a,,b,,¢;) and V,
=(a,, b,, ¢,) connected at 0 with A=A, vA,<D,AD,=D. Let I=[r,r,] be
an arbitrary interval such that A<r, <r,<D and U be an arbitrary open set
including b, ulb,. We choose §>0 so that 6 <(r, — A) A(D —r,). Since x; was
chosen as an inner point of (a;, ¢; ), we can find out a closed interval F; such
that x,e F<(a;t, ¢;), i=1, 2. Then we have, for rel,
4.9) P{X (e, AW))eU}
= P{X;(e"eU, Ty(x, x) <47}
=P{X;(eMeU, Ty(x1,x;)=T,(x,) <e*™ ™9}
+P{X,(eMeU, Ty(x;, x;)=T,(x;) <e***?}
{by the strong Markov property)

eA(A+8)

= | P{T(x,x)=Ti(x)edu} P{X3 (& —u)eU)
0

eA{A+ )

+ | P{Ty(x,,x5)=T,(x,)edu} P{X3*(e* —u)eU}.

By the coupling method, we show that, for i=1,2,
(4.10) inf  P{Xj(e’—u)eU}=1+0(1) as A—o0.

ue(0, eA A4 +8))

For a suitable positive number ¢ and for each i=1,2, we consider a reflecting
diffusion process X; ;(f) on the interval [d;;,¢;;] with generator (4.1) and
with initial distribution

éi_(/l)
m; ;(dx)y=e 2"t dx/ [ e @ gz,

aitay
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For each i=1,2, we couple X3!(t) and X, ,(t) in the same way as we have
done for X%(t) and X,(¢). The probability measure on the common probability
space is denoted by IP, ;. Lemma 4.1 and 4.2 are valid with 6>0, m;=m, ,
and F=F, i=1,2. We can choose ¢ to guarantee also Lemma 3.4 with V,,
0 and F, i=1,2. For each i=1,2, denote by ¢7i(1) the first meeting time of
X7i(t) and X; ,(¢). Then

P{X"i(e“—u)e U}

A{O—xl(/’{)<e“A +6) l(e;“_u)EU el(D 6)< n(xw al(ﬂ.): 1(,1))}

2 infP, , {o7(A) <@+ 4+ m; (V)

xeF;

+ inf P{T,(x; i3y, ¢z > €*P ™9} =2

xeF;

—1 as A- o (owingtoLemmas4.2,4.1and 3.4).
Inserting (4.10) into (4.9), we have
P{X(elr’lm)eU}gP{n(xhx2)<ei.(A1vA2+6)}+o(1) as A—oo.

This leads to the conclusion by Lemma 4.3.

5. The Proof of Theorem 2
5.1. We Prepare Lemmas

Lemma 5.1. Let S be a Polish space with a Borel probability measure u. For
any £¢>0 and Borel map f from S to the space K defined at the beginning of
Sect. 1, there exists a continuous map f, such that

(5.1) E{ps(f. N)} = [ (£ (%), () mldm) <e,

where py(+,*)=p(-,")A L.

Proof. Choose a countable dense family {K;, i=1,2,...} in K and, for each
KeK, let ¢,(K)=K, where

I=min{i: 1<i<n, p(K;, K)= min p(K;, K)}.
15jsn

Then clearly ¢,(K)— K as n— oo. Therefore, there exists an n such that

(5.2) E{pi(@nof, )} <e/2.
We set

AP = {xeS: (pnef) (=K}
= {xeS: f(x)ep, 1K)},
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Then A{, 1 <i<n, are mutually disjoint and | A" =S. Choose compact subsets
F® of A such that .

u(A® —F™<e2n, 1=Zi<n,
and if we set 6=(1/2) min 6;; where 0;; is the distance between F" and F

15i<jsn

in S, then 4 >0. Therefore we can define a continuous map f, by

0) if x¢ ) Uy(E®)

fx)= =
— (1)
5_9(;217'_)[(1_5 if XEUE(E(n))a

where U;(F™) is the d-neighborhood of F™ and 6(x, K) is the distance between
x and K. Then

E{pl(f;:’ (pnof)}<8/2

and this, combined with (5.2), implies (5.1).

Lemma 5.2. Let S be a Polish space and let X, X, (nelN) be random variables
with values in S. If X, converges to X a.s. as n—o0, then, for any K-valued
Borel function f on S, there exists a sequence { f,},en of IK-valued Borel functions
such that f,(X,) converges to f(X) as n— 0 a.s.

Proof. Let u be the probability distribution of X. According to Lemma 5.1
we can find a sequence {g,} of continuous maps on S to K such that

E{pi(g(X), f(X)} = §P1(gk,f) du<k™2

Then by the Borel-Cantelli lemma, g, (X) converges to f(X) as k— o0 a.s. Since
X, converges to X as n—> oo a.s., we can choose n; <n,<... such that

P{Sup pl(gk(Xn)7 gk(X))>k_l} <k_2‘

Therefore by the Borel-Cantelli lemma

sup p1(g(X,), 8u(X) >0 as k—oo as.

nxng

Set
X for 1<n<n
f00= g1(x) = 2 ~
g.(x) for m=n<n,..q, k=2,3,....

5 The notation r K stands for {rx: xeK}
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Then
max  p,(f,(X,), f(X))

nEe<n<ng.iq

< max  py(g(X,), g (X)) + p1(g(X), (X))

nEe<n<ng+i

< sup p4(g(X): 8 (X)) + 01 (g (X), f(X)) >0 as k— o0, as.

Lemma 5.3. For any fixed 0.>0, 1>0 and We W,
(X4, A5 W), t20} £ {47 X (421, W), t =0},
Proof. By the definition of the process we have

X(t, A W) Es M B(ALLQ),
where

X
Sa,(X)= [ 570 dy
0

t
Aa, l(t) = Aa, l(ta B) = f e_ZIti W(s;i(B(s))) dS
0

and B(t) is a one dimensional Brownian motion. Since

A=x

Se,a(X)= [ "EVdy=27" | "D dy=27"5(4"x),
0 0

we have s, 3(x)=47%s"'(4*x). If we set B,(t)=A"" B(A**t), then B,(t) is a Brow-
nian motion and we can see that

Sei(B(AqL(t, B)£5. (B, (4, 4(t, BY)),

t
Aa,}.(ts Ba)= j‘ e—Zir;W(s;_;(Bm(s)))dS

0
A2
=) 2¢ j’ e“ZW(S*’(B(S)))dS
0

=A"2*A(A*"t, B).
This implies
Az 56 B)=A"2" A7 (1*%0).
Therefore we obtain
Sa 1 (Bo(Ay (6, BY)=A"* X (A**1, W).

This shows the conclusion.
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5.2. The Proof of Theorem 2. Let m(+, *) be a metric in the space of probability
distributions on K, compatible with the weak convergence. For a Borel measur-
able mapping b: W —1K, we write

(5.3) M (B)=m(Z(B), £ (b)),
where #(b) is the distribution of K-valued random variable b defined on
the probability space (W, u) and .#(Ib) is that of b(+) on (W, v). Let

(5.4) P(A; D)= [ u(dw) ij{r“X(e“’-, W¢ U (b(W))} de+ M (D).

Set
(5.5) &(J)=inf &(1; b),

where the infimum is taken over all Borel measurable mappings b. Then, for
each 1>0, we can choose a Borel measurable mapping Ib, (W), such that

(5.6 Y(A)=P(4; b)) <P+ 1/A.
In order to complete the proof of the theorem, it is enough to prove that

(5.7 lim ¥(4)=0.

A=

Let {4,} be any sequence such that 4,>0 and 1,—occ as n—o0. Then, since
75, u—v weakly as n—o0, by Skorohod’s realization theorem of almost sure
convergence, we can find W-valued random variables an and W defined on
a suitable probability space (3, P) having the following properties:

(a) the distribution of W and Wy are v and 7% _p, respectively,
(b) Wy — W in the Skorohod topology as n— oo, P as.

Since v is a self-similar measure, Proposition 1 shows that W has either a valley
V containing 0 with 4 <1<D or two valleys V; and V, connected at 0 with
A v A,;<1<D;AD, as. P. Therefore by Theorem 1, for every ¢>0 and for
any sequence {r,} with r,— 1 as n— oo, we have

(5.8) P{X (e 2, W3¢ U,(b(W)} -0 as n—-oo as. P.

On the other hand using Lemma 5.2, we can choose Borel functions b,(W)
on W to K such that

(5.9 IBn(an)—»b(VV) as n—o as. P.
Thus (5.8) and (5.9) imply

(5.10) P{X ("™, A, W)¢ U (B, (W2)} -0 as n—co as. P.
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Since
(5.11) (Wi, PYE (W, 5, W (5, W, ),
(5.10) implies that, as n—co,
P{X (g™, 1,75 W)¢U,(Ib,(c3, W)} >0  in probability p.

Setting 7,=1—2a(log 4,)/4, to apply the scaling property of Lemma 5.3, we
obtain

(5.12) P{i; " X (™, W)¢ U, (B, (x5, W)} -0
in probability pas n— co.

Now (5.9), (5.11), (a) and (b) imply
(5.13) M(bB,)-»0 as n—oo.
Combining (5.12) and (5.13), we obtain

P() <Py B,(55, ) >0 a5 n—oo,

This proves (5.7).

6. The Proof of Theorem 3

In this section, we assume that there are W,e W5 and We W* for some «>0
such that

(6.1) W,— W  in the Skorohod topology as 4 — 0.

We use the same ¢; and ¢, as in the beginning of Sect.3. Thus (3.1) holds.
Remember that for every aelR, a;, is the abbreviation of ¢; '(a). We consider
the Markov chain {Y;*(n,A W,)} on A~ *Z defined by (1.3). The proof of Theorem 3
is similar to that of Theorem 1; we prepare lemmas on exit times of the Markov
chain from valleys of the environment W and employ a coupling technique
to complete the proof.

Now we introduce some notations. Let ¥V =(a, b, ¢) be a valley of the envi-
ronment W. We set, for arbitrary small ¢ >0,

47 =min{2k A7% 2k A7 Z A%},
by =min{2k 2™*: 2k A*2 b},
bf =max{2k A *: 2k A7*<BY),
¢y =max {2k A7%: Zk,l“’éé(})},
where k represents an integer, d* =a"* (¢), b~ =b" (¢), etc,, are defined in Lemma

2.3.
We can easily see the following lemma.
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Lemma 6.1. For any xeR and A>0, {)**I}»X, n=1,2,...} are i.i.d. random vari-
ables, for any 1>0, and their common distribution is that of the hitting time
of {t1} for a Brownian motion starting at 0. The distribution has expectation
1.

Next we set
Nl(ll,l2)=min{nENU{0}l Yl(n)¢(ll,lz)},
N, (x5 Iy, L)=min{neN U {0}: Y7 (n)¢(l;, L)},
N, ()=min{neNu {0}: Y,(n)=1},
N,(x; D=min{neNuU{0}: Yi(m)=1}
for I;,1,,l,xe A *Z.
Lemma 6.2. For any closed interval F=[u,v] and for sufficiently small £¢>0
let
Ny(x; 45,b7)  if at <u<v<b™,
N ={Ny(x;b;,¢7) if b~ <u<v<c,
Ni(x; é;5,¢7) if at <u<v<c.
Then, for any >0,
lim inf P{|(A** [+ A= I+ ...+ A>Ty, /N, ,—ll<n}=1.

A= xeF
Proof. We exhibit the proof in the case where N, ,=N,(x; 45,b;) and a* <u
<v<b™. We have
sup P{{(2** 5 +... + 2> Iy )/N, ,—1|>n}

xeF

<sup P{ sup |(A**[5'+ ...+ A%*T3)/n—1|>n}

xeF n=Ny, i
<sup P{N, ;<m}+sup P{sup|(A**I7+...+22*[)/n—1]|>n}
xeF xeF nzm

for every m>0. For large m, the second term is small by the law of large numbers
owing to Lemma 6.1. The first term can be made arbitrarily small by taking
4 large enough.

Lemma 6.3. Let 6>0 and let F, and F, be arbitrary closed intervals included
in (a*,b*] and [b~,c"), respectively. Then, for any sufficiently small £>0, it
holds that

lim inf P{N,(x; 4;,b;)=N,(x; b})} =1,
A= 00 xeFy

lim inf P{N,(x; 4] ,b;)<e*“+MN =1,
A= o0 xeFy

lim inf P{N,(x; B, ¢;)=N,(x; b;)} =1,

A= o0 x€F,

lim inf P{N;(x; by, &;)<e* ™+ =1.

A= xeFy
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Proof. Set F,=[u,v]<(a*,b*], we can assume that u is a continuity point of

W without loss of generality. Choose e, < W,— sup W and ¢>0 so that 0<4sg
[, b+]

<gond.  Let N, ;=N,(x; af,b}) temporarily. Then IF+...+ Iy .,
=T,(x; 4;,b;). The first formula is verified by the same manner as in the proof
of (i) in Lemma 3.3. Now the second one can be verified as follows:

inf P{N, (x; 4, b}) S 24 +9)

xeF;

=inf P{I5+ ...+ I3 S I5+ ...+ A**I§, )N A7 et + o)

xeF1

> inf P{|(A2* IF + ...+ A2°Z. )N, ,— 1| <¢}

xeF1

+ inf P{T;(x; 45, b])S(1—g) A7 2= 249} 1

xeFy

-1 as A—o0 (byLemma 3.3 and6.2).

We can obtain the other formulas for F, in the same manner.
Similarly we can prove the following lemma by Lemma 3.4 and Lemma
6.2.

Lemma 5.4. Let 6> 0 and let F be an arbitrary closed interval included in{a™, c™).
Then for a sufficiently small >0

lim infP{N,(x; 45, ¢&;)>e*®P~ 9} =1.

A= xeF

To complete the proof of Theorem 3, we employ the coupling method again.
We proceed as in Sect. 4.

In addition to Y{(n) we consider a reflecting Markov chain ¥7(n) on
[a;, ¢ 1n AT Z starting at y, which, so long as it is in (4],¢;)NA™*Z, has
the same transition function as Y;*(n). This reflecting Markov chain has a 2-step
invariant measure m, given by

Koexp{—AW,(a])} if k=0,
Ko(exp{—A W, (@ +(k—1)A"*)}
+exp{—AW, (4 +ki™%}) if k is even,

6.2 ai +kA™})=
(6.2) my({ay +k2™"}) 0<k<A*(&] —a}),

Koexp{—4W,(& 179} if k=245 — ),
0 if k is odd,
where
¢z -1
(6.3) K0=(/1" | e‘“"ﬂ‘”dy) )
at

We also consider a reflecting Markov chain Y,(n) on [4},¢7]1nA™*Z with the
same transition matrix as that of Y}(n) and with initial distribution m,. We
then couple Y;*(n) and Y,(n) as follows: Enlarging the probability space on
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which Yj(n) is defined, we assume that Y3 (rn) and Y,(n) are defined on a common
probability space (the enlarged probability space) in such a way that (i) they
move independently according to their own probability laws up to the first
meeting time, (ii) after the first meeting time they move together up to the
(common) exit time from (4], ¢;) and (iii) after the exit time they again start
moving independently. We denote by [P, the probability measure on the common
probability space. Remember that the process Y, depends on £>0.
Let us define the first meeting time M7 of Y*(n) and Y,(n) by

(6.4) Mi=inf{neNU{0}: YF(n)=Y,(n)}, xe[a;,&;]1ni *Z.
Before giving the proof of Theorem 3 (i), we list two lemmas. The first one
1s proved in the same manner as in Lemma 4.1. Here we omit the proof.

Lemma 6.5. Let U be an arbitrary open set including . Then for sufficiently
small e>0

m,(U)—=1 as A- .

In particular m,([b;,55]) =1 as A— .

Now we see that

6.5 lim P,(,()eU)=1.

In fact, by easy calculation, for le(4;, é;)n A~ *Z we have
P,(Y.()=)
= [m,(dy) P, {V,(1)=1|%,0) =y}
=m, (1427 B { T () =11 T,0) =14+ 277
+m (=27 BT, ()=1|T,(0)=1-2"7

_(Ko(exp{—AW,(I—1"9} +exp{—AW,()}) if1)*is odd,

R if 12* is even.
Here K, is defined in (6.3). Therefore this implies (6.5) in the same manner
as in Lemma 6.5 compared with the formula (6.2).

The next lemma can be proved by using Lemma 6.3, Lemma 6.5 and almost
the same argument as that of Lemma 4.2.

Lemma 6.6. Let 6> 0 and let F be an arbitrary closed interval included in (a™,c™).
Then for a sufficiently small £>0

lim inf BP,{Mi<e“tM =1,

A= xeFnZ=>
even

where ZZ,.,, is the set of all 2k/2%, keZ.

The Proof of Theorem 3(i). Let V=(a,Ib,e¢) be a valley of the environment
W containing 0 with A <r,<r,<D and U be an arbitrary open set including
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b. Then we pick up a closed interval F such that Oe F=(a*t,c¢™). We choose
a sufficiently small ¢>0 so that Lemma 6.5 and Lemma 6.6 hold for §={(D
—1,) A(r,— A)}/2 and for the closed interval F.
We couple Y,(n) and Y,(n) on [4], &5 1. For re[r, r,], we have
P{Y;([¢], A W)U}

=B (¥ ([e"])eU}

2P {M?<e, Yy([¥])eU and e <N, (4}, ¢;)}

2B, (M <e*} + P, {V,([e"]eU}

+P{e <N, (4], ¢7))—2.
The first term goes to 1 as A—o by Lemma 6.6 and the third term goes to
1 as 21— o0 by Lemma 6.4. Since
P, {Y,([*])eU}

_ [m,(U) if [e*]is even,
TP {Y,()eU}  if [e*Tis odd,

the second term goes to 1 as A—oo owing to the formula (6.5 and Lemma
6.5.

Lemma 6.7. Let V, =(a;, b, ¢,) and V,=(a1,, b,, ©,) be two valleys connected
at 0 and 6> 0. Choosing (x,, x,) as in (4.5), we set

Xy ,=min{2kA17% 2k A= x,}

Rq,,=max {2k A7% 2k AT*<x,}.

Then, for every ¢ in {0, 8), we have

lim P{N,(%;, ;. %, ;) <exp{i(4, v A, +)}} =1,

A=

Proof. Using an abbreviation N, for N,(%, ;, X,, ;) for the time being, we see

P{N,<exp{A(4; v A, +9)}}
=P{R+. ..+ [ <A IR+ .. .+ 22 LPYN A7 2 exp {A(A; v 4, +9)}}
= PIT,(x1, X)) <(A?* I3 + ... + A2 IY )Ny P A7 2% exp {A(4; v A, +0)}}
ZP{|(A** IR +...+ A IQ)/N,— 1] <¢}

+P{T,(x1, X;)<(1—g&) A **exp{A(4, v A4, + )} —1

—-1 as A—o byLemmad4.3and Lemma 6.2.

The Proof of Theorem 3 (ii). The proof is similar to that of theorem 1 (ii). Therefore
we exhibit only its outline.

Let ¥V, =(a,,b,,¢,) and V,=(a,, b,, ¢,) be two valleys of W connected
at 0 such that A<r,<r,<D, where A=A, v A,, D=D, AD,. Let I=[r,1,]
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and U be an arbitrary open set including Ib, ulb,. We choose >0 so that
d<(r,—A)A(D—r,) and closed intervals F;, i=1,2, such that x;eF,=(a;’, ¢;).
We choose a positive ¢ which guarantees Lemmas 6.2, 6.3, 6.4, 6.5 and 6.6
for V,, 6 and F, i=1,2. We have
P{Y, ("], AW)eU}
ZP{YA([eh])E U, Ni(Rq, 1, X2, )= No(%q,2) <e;1(,4+a)}
+P{Y,(["NeU, Ny(%;,:, %5, ) =N,(%,, ) <e*“*?}
(by the strong Markov property)
= Y P{N;(%y, 1, %2, ) =N, (%, 2) =k} P{Y;j**([e"]—k)e U}

0Kk <er(d+d)

+ z P{N;.(ﬁLA:ﬁz,z)=N1(22,1)=k} P{Yfz"‘([e)"]—k)eU}.

0 <€x(er(Aa+d)

Using Lemmas 6.6, 6.4 and 6.5 and the formula (6.5), we obtain by coupling
method

(6.6) inf  P{Yf*([e’]—k)eU}=1+0(1) as A—oco.

0<k<ei(A+d)

Therefore we obtain the estimation

P{Y,([e"]), A Wye U}

ép{Nz(be332,/1)<euA+6)}+0(1) as A— o,

which, combined with Lemma 6.7, implies Theorem 3 (ii).

7. The Proof of Theorem 4

We prepare the following lemma which can be proved by using the definition
(1.3), Lemma 6.1 and Lemma 5.3.

Lemma 7.1. For any fixed 0 >0, A>0 and We W,,

(AW, n=0,1,2,..} £{27Y(n, W), n=0,1,2,...}.

The Proof of Theorem 4

Since pi—v, by Skorohod’s realization theorem of almost sure convergence,
there exist Wy, -valued random variables W, and W-valued random variable
W on a suitable probability space (Q P) with the following properties:

(i) The distributions of W and W, are v and u, respectively, n=2;

(ii) W, — W in the Skorohod topology as n—oo P-as.
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Since v is a self-similar measure, Proposition 1(ii) implies that, P a.c., W
has either a valley V containing 0 with 4 <1<D or has two valleys ¥V, and
V, connected at 0 with 4, v A, <1<D; AD,. Thus Theorem 3 implies that

(7.1) P{Y,ppu(n.logn W)¢ U,b(W)} >0 as n—oo Pas.,

where Ib(W) is defined in Theorem 2. Using Lemma 5.2, we see that there exist
Borel mappings b, on W to K such that

(7.2) b,(W)—>b(W) as n—o, P-as.

Thus

(7.3) P{Yigg(n, 1ogn W)¢ U, (b,(W,)} >0 as n—oo P-as.
Since

(7.4) (Was PY LW, Tgn 1) = (Tl W, 1),

the formula (7.3) implies that

(7.5) P{Yioga(n, logn - tiyg, W) U, (I, (thog, W)} — 0

in probability pasn— co.
Employing the scaling relation of Lemma 7.1, we have

(7.6) P{(logn)™*Y(n, W) U, (B, (tfogn W)} =0

in probability pasn — co.
Therefore, if we set
(7.7) b,(W)=b,(th, W), n=12, ...,

then we obtain the first assertion of the theorem. On the other hand, combining
(7.2) with (i) and (ii), we see that the distribution of random variables b,(W)
on (W, ) converges weakly to that of b(W) on (W¥*,v). Thus the proof of
the theorem is completed.
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