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Summary. We consider a O-recurrent ergodic Markov chain on (E, %),
generated by a kernel P. Again we consider couplings of two chains (,X,),
(,X,) starting with the initial distributions v respectively p and evolving
with P. The coupling consists of two randomized stopping times: 7, S, with
L(Xp)=2L(X5)

Under additional regularity assumptions we characterize the existence of
“short” couplings for two chains (,X,), (,X,) by the property: (v—p,h)=0
for all harmonic functions h fulfilling certain growth conditions. By “short”
we mean that the probability to hit E/im before T respectively S decays
faster than the analogue quantity for the recurrence times of v and u. Here
the A, are constructed in terms of recurrence times for a certain class of
measures (4,,1E).

We will also show that the couplings of the chains (X7)ns (X e
obtained by stopping the original chains, when first hitting [ 4,,, converge
to a coupling of the original chains, which is also distinguished from other
exact couplings by space-time properties. We use these results to character-
ize the recurrent potential kernel.

0. Introduction and Main Theorems

a) The Problem

In this paper our interest is focussed on a Markov kernel P on (E, %), which is
m-Harris recurrent, ergodic and has a non-finite (but ¢-finite) invariant mea-
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sure w. The Markov chain with initial distribution v and transition kernel P is
denoted by (,X,),.n. # denotes all “special sets” introduced in [4].

Our main goal in this paper is to sharpen and extend results on the
longterm behaviour of the chain obtained in Part I. Specializing the results of
Part I gives the following:

For any two probability measures v, u on (E, %) we can find memoryless
randomized stopping times T for (,X,) and S for (,X,) such that

() Z(Xn)=2(X) (LX)=Law of X) (m
(i) T,S< o as. 2)
(i) 1A =0 (n(A)=31(X) EA=21,(X)) ®)

n+¢ is o-finite.

Or in our terminology (compare Part I): T, S form a successful coupling for v,
u with disjoint effects #, £ The effects are the negative respectively positive
part of a solution of the Poisson equation (I —P)(*)=v—pu.

For O-recurrent Markov kernels one can go further and ask whether a short
coupling exists for a given pair of measures v, u. What do we mean by “short”
here? There are two possible approaches to this. Let us look at examples.

1. Consider a simple random walk on Z. Let v be concentrated on the
origin and let u be a probability measure with mean 0 and finite variance.
Then we can conclude from well known results (Skorohod’s lemma) that there
exists not only a coupling S, T with S, T <oo, but one which is “very short”,

namel
Y E(S)<ow, T=0 as. 4

2. Another way to look at “short” couplings can be derived from Theorem
1 (Part I) and results of Ornstein [7]: Take for example a symmetric random
walk on R! with finite variance and absolutely continuous transition density.
For two probability measures v, p on R' with equal means and compact
support there exists a successful coupling for v and g such that the effects #, &
have the property

lim n{x)=lim é(x)=0;, nAE=0. (5)
So this coupling is not only successful but is short in the sense, that sets “far
out” are visited seldom by the chains (,X,), (,X,) before the stopping times T’
respectively S.

Phenomena as described in our first example have been studied in the
transient case by H. Rost [5]. We will focus here on O-recurrent kernels and
ask when two measures have a “short” coupling, where “short” refers here to a
sharpened and generalized version of Eq.(5). Again we want to show that the
question whether v, y have a short coupling or not can be resolved by looking
at {(v—u,hy for certain (unbounded) harmonic functions k. This will be in
Theorem 3. These considerations will also shed some new light on the in-
terpretation of the recurrent potential kernel as introduced in [6]. We will
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show that this potential kernel defines a solution to the Poisson equation
(I —P)(-)=v—pu which is related to the effects of a coupling with very curious
spatial and space-time properties. This will be formulated in our Theorem 4.

b) The Concept of a Short Coupling

Our concept of a short coupling is based on the comparison of the stopping times T, S
constituting the coupling withtherecurrence timesof vand p.Soletusfirsthavealookat
recurrence times.

Definition 1. Suppose that P generates a m-Harris recurrent chain.

a) We call a randomized stopping time R a recurrence time of v if:
(i) ISR<o as. (6)
(i) L(Xg)=V. (7

b) We call a recurrence time for v minimal, if the expected number of visits
of X, to any set Ae# before R is smaller or equal than for any other
recurrence time of v.

Proposition 0 ([8]). If the measure v is absolutely continuous with respect to m
then a recurrence time of v exists. If we denote by = an invariant measure of P
and assume that v is bounded by a multiple of = then a minimal recurrence time
R of v has the property

Y £(,X,, n<R)=an a=inf(alan—vz=0) (8)
n=20

In order to compare stopping times forming a coupling of (v, ), with the
minimal recurrence times for v, g, we need a class of sets characteristic for
recurrence times of measures in a class &, to be introduced precisely in Sect.
la). This class contains for example measures with finite mean in the random
walk situation.

Definition 2. We call a sequence of sets 4, 1E a sequence of characteristic sets
for P if for every measure ved,, a minimal recurrence time R for v has the
property:

Prob(,X, hits [ A, before R) ~ m~*. 9

These sets describe the diffusive behaviour of our chain. To construct these sets
we need a solution U*(g) of the Poisson equation (P* —I)(*)=g (ge%,") with
certain additional properties, which will characterize the solution uniquely. We
will construct the map U* in Sect. 1b) (45)~(47). Here #,* denotes bounded
functions supported by sets in ./ (compare 29). We generate characteristic
sequences 4, now as follows: (compare Sect. 1, Proposition 3)

A, ={U*(@g)<m} (10)
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We will see later that the asymptotic shape (m— o) of the 4, does not depend
on the choice of g This special choice of (4,) will be justified through
Theorem 4 and via (45)-(47).

Furthermore, we are able to define the for the following very important
cone of harmonic functions:

Definition 3. A function f, measurable on (E, %), belongs to % iff
@ P*f=f (11)
@ 3. 3. If1Sa+bU*(g). (12)

ge#3 a,beR+ :
For example in the case of a simple random walk on Z' we have:
F ={ax+flo, fcR"} (13)

and characteristic sequences have (asymptotically) the form [ —m,m].

Sequences with (8) and U* exist if we require that our kernel P fulfills
certain regularity conditions which will be summarized in a condition (N¥*) in
Sect. 1. Now we are able to define the crucial notion of this paper.

Definition 4. We say that two randomized stopping times S, T of (,X,) respec-
tively (,X,) form a short coupling of v and p if for every characteristic sequence
(A4,,) generated as in (10) we have
Prob(,X, hits [ 4, before S)+ Prob(,X, hits [ 4, before T)
=o(m™1). (14)

The following notation will be used frequently:

Definition 5. Fix a characteristic sequence (4,) for the kernel P. Then we
denote by (,Xy).n the Markov chain which is obtained by freezing ,X, when
it first reaches the set [ 4,,.

¢) The Results on Short Couplings

For our main result we need a regularity condition (N*) for P which we will
introduce in Sect. 1 in detail.

Theorem 3a. Let P be a Markov transition kernel with property (N*). Consider
two measures v, peé&(P).
The following statements are equivalent (compare Definitions 3-5):
(1) There exists a short coupling for v, p.
(i) <v—u,h>=0 VheZ. (15)
(iii) Let (A,) be a characteristic sequence of P generated by some ge F).

For any sequence of couplings (S,,, T,) with disjoint effects of the chains
(X Dhkers (X Eiew We have

Prob(S,,= + o)+ Prob(T,,= + o) =0(m~?). (16)
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Corollary 3.1 (Application to hitting probabilities ). Let (A o) be a characteristic
sequence and (B,) any sequence with B,c[ A, YneN. Denote by H. H? the
hitting times of X, respectively ,X, for the sets B,. If v and p have a short
coupling then

12X ) =L (Xl =0(n™ ). (17)

If the above relation holds for all sequences B, with B, <[ A, then v and p have
a short coupling.

An example:

Let P(x,y) by the transition kernel of a symmetric random walk on Z* with
finite variance ¢. Then P fulfills the regularity conditions (N) and (N*). We can
show:

1. The characteristic sequences generated by a function ge #;" have asym-
ptotically the form:

A, =c*[—m,m] (18)

2. Probability measures v, 4 on Z' with finite means have a short coupling
if and only if

fkv(k)z fku(k). (19)

Theorem 3b. The effects n, £ and the final distribution p of a short coupling for v
and p can be calculated as follows:

7{A)=lim (Z (v—,u)P") (4)

n— @

(20)
E(A)= lim ( z (v—p) ) (4) VdAdeo
(Here of denotes all special sets [4]).
p=-N+nP4+v=—¢+¢P+p. (21)

In the case of a random walk on Z* for example this means that #, ¢ can be
calculated by the recurrent potential kernel a(i,j) [6] through

+

Y, 6W-p®ak) €)= (z(v () -utatk.)

—

10~

whenever the measures v, u have finite mean and fulfill (19).

If we compare Theorem 1 (Part I} and Theorem 3 we notice a formal
resemblance. In both cases the existence of the desired coupling is equivalent
to the requirement {v—y, h>=0 for an appropriate set of harmonic functions.
In the case of successful coupling we consider the set of all bounded harmonic
functions, while in the case of a short coupling (for recurrent P) we consider all
harmonic functions which are bounded by a slowly growing subharmonic
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function. Furthermore, the effects of successful or short couplings (with disjoint
effects) are obtained via the potential kernel for the kernel P generating the
chains.

d) Space-Time Structure of a Coupling; Recurrent Potential Kernel

In this section we will show that effects #, £ given by (20) and the correspond-
ing final distribution (given by (21)) are distinguished by two remarkable
properties stated in Theorem 4. We need some preparations:

1. Consider a characteristic sequence A4, generated by some g'c#'. For
two measures v, ued,, look at the chains (,X7), (,X}) obtained by freezing the
original chains when they first hit [ 4,,.

By Theorem 1 of Part I, there exist couplings (7,,,S,,) of these chains which
have disjoint effects. These effects denoted by ™, &™ and the final distribution
p™ are uniquely determined. In order to understand the spatial structure of
the original-coupling we study the behaviour of (™, &™), p™) for m — co.

2. Now we want to include the space-time structure into our considerations.

Definition 6. Consider the time-space chains (, X, k), (,X,,k). We call a pair §,
T’ of randomized stopping times for these chains a space-time coupling of v and
w, if

L(Xg,S)=L (X7, T), (22)

Now given any successful coupling T, § of v and u with disjoint effects, we can
find a space time-coupling (not necessarily successful) such that

$L8 as, TZT as. (23)

(Apply Theorem 1 to the space-time kernel and the measures £(,Xg,S),
L(X 7, T)Y.

Consider now special couplings S, T of v and yx, which single out the purely
spatial aspect in the different position of v and u with respect to P; or more
precisely:

Definition 7. We call a coupling S, T of v and u regular, if there exists a space-
time coupling S, T" of v, u with the property (23) and for which exists a
sequence A;TE such that for every jeIN:

lim (E > L e, kerr, 7y —I{HXkeAj,ke[S,S')}) =0.
n— o0 k=0
Theorem 4. Let P be an ergodic m-Harris recurrent Markov kernel on (E, ).

(a) Assume that P has the property (N*). Let (4,) be a characteristic
sequence for P. Then we have: (with the notation as introduced in 1 above)

lim g™ (A)=n(4); lim E™(A)=&(4) V: A with n(A)<oco. (24)

m— o0 m— o0

p=1-l—lim (p"™). (25)

m— o0
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With
a)= (tim S0—0 P (4) (26)
e B V Ae(P)
£(A)= (lim Z(v—u)P") (4) 27)
n—w
p=-—n+nP+v=—L+{P+p (28)

Statements (24) and (25) hold also m-a.e. (i.e., if we consider the m-densities of
the involved measures ).

(b) Assume that P is normal. Then for every pair v, u of probability measures
in &, (P), there exists a regular successful coupling with disjoint effects.

The effects n, & of any regular successful coupling for v, ue&,(P) with disjoint
effects are given by (26), (27) and the final distribution by (28).

Remark. This result justifies especially our choice of sequences among the
characteristic sequences for P which we performed in (10).

1. Recurrent Chains from the Point of View of Stopping Sequences

In this chapter we will introduce the regularity conditions (N), (N*) and their
most important consequences. (Proposition 2, 3). We also study the class of
measures &; appearing in Theorems 3 and 4, and prove a crucial lemma on
subharmonic functions.

a) Some Classes of Measures

Our ultimate goal will be to study couplings of measures in a certain class &,.
In order to obtain a better understanding for this class &,, we study also
related classes &, &,, &5, which are easier to identify. The basic class is &,. In
the case of a discrete state space E the basic class &, would contain all
measures with finite support. In the case where the dynamical system (P, E) has
a suitable topological structure &, would contain all measures with compact
support which are dominated by an invariant measure. We need again the
following class of sets (which is a subclass of the special sets in the sense of
Neveu):
K
Ae;;/c»bgo 3 (Z P*(x,B)=bn(B) VBSA,xeA). (29)
k=0

K<

In the general case we define the classes &, as follows:

Definition 8. Let P be an ergodic m-Harris-recurrent Markov kernel who ad-
mits a positive o-finite invariant measure = which is not finite. For a probabili-
ty measure v on (E, &) we define:

(a) ve&, <= There exists a set Ae.Z which supports v and v is dominated
by a multiple of .
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(b) ve&, < There exists a ueé, and two stopping sequences (v, (v,)), (& (1)
with final distribution y respectively v and o-finite effects.

(c) veé, < There exists a decomposition E=Y A, with 4, and a
measure Aed, such that we can find for every v1, a recurrence time of the
form (v¥) @ (uf) where (v),. starts in v1, and has final distribution |v1, | 4,
while (i), starts in ||v1, || 4 and has final distribution v1, and the effects of
these recurrence times have the property

o) [ee)
> Y vE+ub  is a o-finite measure. (30)
k=0 n=0
(d) Assume that P has the property that for some Aes/ there exists a
positive and finite solution f of the equation

(P*—D)(f)=1, with the additional property:

31
{v—u, P**(f)>  converges to 0 for all v, ueé&,. Gh)

Let f be such a subharmonic function. Then we define for a probability
measure v on (E, %)

ve&,(f) <= {(v,f)<oo and v is dominated by a multiple of x. (32)
One easily shows that: §, =&, =8,=6;. (33)

Example 1. For a symmetric random walk on Z* with finite mean the classes
&, &,, & coincide. In fact in this case a probability measure on Z' is in &, (i
=1,2,3) if it has finite mean.

Example 2. For a left continuous random walk on Z' with mean 0 and infinite
variance the classes &; do not coincide.

We come now to our first sufficient criterion for a measure v to be in &,
(besides the trivial one ved,).

Proposition 1. Assume that P is ergodic and m-Harris recurrent with o-finite

invariant measure m, satisfying n(E)= + 0. Let f be a subharmonic function with

property (31) above. Let A be a measure in &,. Denote by F,(v) the effect of the

(v, A)-filling scheme. (34)
If there exists a positive function a(+) such that:

FW=(advr (33)

P*(a)—acl}(E,n) (36)

then a measure veé&, belongs to &, if there exists a partition E=Y A, Ao
such that:

i v1g]*<oco. (37)

K
Here ||t||® denotes the essential supremum of the n-density of the measure T.

Remark. In Sect. 2b) there will be a proposition guaranteeing &, =& in certain
cases.
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b) The Property (N) and main Consequences

For our further considerations the following notion will be very useful: Let €
be a collection of measurable subsets of E and let m be a positive o-finite
measure on (E,%). We say a sequence (f,) of functions in L'(E,m) converges
locally with respect to (%, m) to a function feI}(E,m), if

f=lmf, ae, lim|(f,—/)1,4'=0 V, Ae®. (38)

n— oG n-—+ 00

A sequence of measures (v,) with v, <m is said to converge locally with respect
to (¢,m) to a measure v(v<m), if the m-densities of the v, converge locally to
the m-density of v. We write shortly

v=(4,m)—lim v,. (39)

n— o

Now we formulate a regularity condition on transition kernels which is central
for our theory. The main and most important consequences of (N) are con-
tained in Proposition 2.

Definition 10. The property (N).
Let P be a Markov transition kernel on the state space (E, %). We say P
has the property (N), with respect to some o-finite measure m on (E, %), if:

(1) P is null recurrent and ergodic. We denote by = a positive and m-
continuous o-finite invariant measure of P. (40)

(ii) P is normal in the following sense:

Y. (v—u) P* converges for n— oo locally with respect to (o4, m); for all

k=0

measures (v, y)e&, X &, (41)
(i) P(x,-)eé,,V xeE. (42)

(iv) There exists a partition E=) A, with (4,)S. such that we have the
following inequality for the n-densities p(x,*) of the measures P(x, )

kz Ip(x,) 141" <0V xeE. (43)
=0

Let P be a Markov transition kernel with the property (N). For all pairs
v, ueé, we define an operator U by

(v—p) U=(,m)—lim (i(v—,u)P") Vv, ued,. (44)

n—w \Q

An important property of the class &, is the possibility to extend the domain
of the operator U to the set {v—pu|v,ued,}. The most important consequence
of property (N) is (for proof see Chap. 4):

Proposition 2. Let P be a Markov transition kernel with property (N).

(a) Y. (v—p) P* converges locally with respect to (/,m) for all v, ueé,.
0
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(b) For any function geZF," there exists a positive and finitely valued
Junction k with the properties

(1) (v,k) <o Vved, (45)
(i)) (P*—I)(k)=g m-a.c. (46)
(i) {v—pU,g>=—v—pk) Vv,pueé,. (47)

In fact this function is uniquely determined if we require that it is the minimal
Sunction with (i)-(iii ). We denote it henceforth by k=U%*(g). Note that:

(Pr=DU*=I, O-wUgr =-—nU) 47)

Furthermore, if g,, g,€%, then there exists a real number c such that with
Setting a=<7'c,g2>, b=<7l',g1>

laU*(g,) —bU*(gy)l=cl  m-ae, (48)

Remark. The last estimate shows that the class &;(f) as defined in (32) does not
depend on f, if P has the property (N) and furthermore that A, ={U*(g)<m}
does not depend on g very much if m— co.

¢) The Property (N*)

First, we need some preparations.

Definition 11. Let P be a Markov transition kernel with property (N). We

define a set & of positive measurable functions on E by setting

7 . *
feF =Pzt 3. .3, fSa+bU*(@) (49)
We say that a positive function f is slowly increasing with respect to P, if P*(f)
is not much bigger than k on the set {x|f(x) <k} for large k.
More precisely, define

o KAP Loy D
a,(f):=sup k{AP, 155>

where the supremum is extended over all finite m-continuous measures A
concentrated on {f <k}.
We say f is slowly increasing, if

(50)

lim a,(f)<1. (51)
k— 0
Definition 12. “The property N*”.
We say that a Markov kernel P has the property (N*) if in addition to (N) the
following holds.
For every ge#," the function U*(g) is slowly increasing.

Example. A random walk on Z' with finite mean has property (N*): Let us
finish this chapter with the most important consequence of property (N¥).
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Proposition 3. Let P be a Markov transition kernel with property (N¥). NConsider
a minimal recurrence time R of a probability measure ved,. Let (A,) be a
characteristic sequence of P, generated by geF, ; (10). Then we have, when we
denote by a,, the quantity Prob(X, hits [ 4, before R)

lim (a,my=c<m,g) with c:=inf(bjv=bn). (53)

m-> 00
d) A Criterion for &,=6&,
With the notion introduce so far we can complete our knowledge about the
classes &, (i=1,2,3) of measures and their natural relations.

Proposition 4. Let P be a Markov transition kernel with property (N). Now if the
Jollowing conditions hold.
(i) E,:={U*(g)<n}esd YneN (for ge Z;"). (54)
(i) There exists a partition of E: E=Y B, and real-valued functionals o, (v, 1)
defined for v, ueé, such that

@ v-—pU=Yu0,malylly <a,n, lima,=0 (55)
k [ade Y
(B) lim<{mlg ,P*"(15)>=p for some BeH
with m(B)>0 and f>0. (56)
then we can conclude
&,=8;. (57)

Example. A symmetric random walk on R' with finite variance and absolutely
continuous transition density. (B' =(~o0,0], B>=(0, + «0]).

e) Some Basic Relations Concerning Subharmonic Functions

We start with a very basic combinatoric relation for stopping sequences. As in
Part I we use the fact that all problems concerning randomized stopping times
can be translated into problems concerning measures on the statespace via the
notion of stopping sequences (compare Part I, Sect. 1).

Lemma 1a. Let (v,), . be a stopping sequence with initial distributionv and final

distribution p, such that ||v|=|pl. Furthermore let [ be a subharmonic function
with {v,f> < o0, f=0. Then

@ 3 f>= > —Ip+ o+ O+ v+ v, 8D (58)

where g:=P*(f)—f; I, ;:=v, P —v,, ;. (59)

In order to formulate the second part of this lemma we need to introduce
some more notations.
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Let f be a slowly increasing subharmonic function in % Define the sct A,
={f=m}, d,;: v, =v,Pd,
Then we define

\7(’"’=—v(d0 i ﬁ (14, Pd); 1o, ) (60)
j=1k=1

g1 =g (%, 101,20 -d0) )
7= 3 (oo 115 dk)) =L, . 62

Note: If a stopping sequence (v,),.y is derived from a randomized stopping
time T of (,X ),y then with H, :=inf(k| X, e[ 4,) we have
V"(A4):=Prob(,Xy €4; T>H,) (63)

p"(A):=Prob(, X4, T<H,
Lemma 1b. ) Xz )

VD=5 =<0 > +<T 8- (65)

Proof of Lemma 1. a) Is shown by induction over n (details omitted).
b) This follows from a) by considering the stopping sequences (v%), . de-
fined by

Vi, =09 Pd, 1,  with d,: v,  =v,Pd, (66)
Part a) gives for each k
a1 > =) =g+ - L L)+ O+ V08D (67)
Now by construction
G [OSEIL, I+ o+ L 7P 47 f ) <0 (68)
<J§n: Vi g> <t 8> (69)

which leads together with (67) immediately to b).

2. The Proof of Theorem 3

a) Proof of Theorem 3a

1. (d) = (i1)
Now, if ((v,)(¢,),ex 18 @ short coupling of v, u, we have n [[¥| =0(1) and by the
fact that P has property (N¥) that: (i, /> ~n- ||?"|. Therefore we conclude with
(65):

<p—v, U*(g)) =<n.8). (70)
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From this we obtain with part a) of Lemma 1

lim {v,, U*(g)>=0; <p, U*(g))<oo. (71)

n— oo

This gives for a harmonic function h with |h|<a+bU*(g)

lim ¢v,,h>=0 (similar lim {y,,h>=0). (72)

n— oo n— o0

Now define ('), x> (5),en DY
v, P=LY +v,. 1, mP=0% +u,. (73)

and conclude from (58) by using I7+... +I Tp (i=1,2) and <{p,U*(g)> <o
that

=y ==, B+ + o+ DL ) =S+ A LL ) 0. (74)

g.e.d.
2. (i1) = (i)
The proof of this part relies on the following facts, which allow us to
reduce our problem to one dealing with a kernel of a type much easier to
handle.

Lemma 2. Under the assumptions of Theorem 3, the following holds:
(a) For the implication (ii) = (1) it is sufficient to consider only kernels with
the additional property
xéJEm({x})>O. (75)

(b) If P fulfills the assumptions of the theorem and has property (75) it is
sufficient for the proof of the implication (ii} = (i) to show that this holds for
v, ue&H(P) with

v=p, U¥(14,9)> =0. (76)

In the following we will in view of Lemma 2 (a) assume, that our kernel has
the property (75).

Now in order to prove (ii) = (i), assume that for v, ue&*(P) exists no short

coupling. This implies that for an exact coupling with effects (v—p) U™, (v
—w U~ we have: (upper index with respect to {U*(1,,,)<n}, see (60)-(62))

lim (9] + &) n=a>0. (77)

h— o0

By part (b) of our Lemma2 we can furthermore assume without loss of
generality

vy U (1) =0, (78)
We will construct a harmonic function h with
v—why=a%0 |h|Sb+c-U*(1,). (79)

The construction proceeds as follows:
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(i) Consider the sets (7 denotes the m-density of v!)

AT ={0-p U >0 n[E, A7:={G-HT 20}n[E,  (80)
where ‘

E,:={U*1y)=n}

and define functions A*, k= as follows:

n>''n
n zeA] n zeA,
B () 0 zeAd;u{x} - 0 zed] uix} 81)
n \2)= : . w (2)i= . . )
harmonic continued ) harmonic continued

elsewhere elsewhere
Now we define a sequence (h,),. of bounded functions on E by

n

In order to apply a compactness argument to this sequence (h,),., we will
consider h, as element of (L'(E, t))*, with the measure t defined as follows:

T:=(U*(1,,)+1)dm(+) (assume m(E)=1), (83)
Here we associate g [+, g]e(L'(E,1))* with
[f.gl:=[f-gdm feL'(E,q), g]<a’'+b' U*(1yy). (84)

From the general theory of normed spaces it is known that a sequence in
(LNE,1))* is weak-#-compact if the sequence is bounded in the norm. Therefore

we show
|h,|<a+bU*(1,) for some a,beR". (85)

For that purpose consider
h,:=h7 +h,  (Note |h|<h, VneN). (85)

From the construction of (h,),. we know that there exist numbers a,, b,=0
and functions k,, I, 20 such that

n: 'n=—

P*(En) _En=an l{x}—krn P*(U*(g)An)_U*(g)/\n:bn 1{x}_ln‘ (87)

This implies

P*(h,—U*(g) An)—(h, — U*(g) An)=(a, —b,) L, —k,+1,. (88)
Now observe that 1. k,=0 and conclude that
h,—(U*(g)An) is subharmonic and bounded on E,\{x}. (89)

Since by definition k, —U*(g) An=0 on [:En u{x}, we can conclude

B, SU*(1, ) An<U*(,) VneN. (90)
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Now select a subsequence (7;) SIN such that (h, ); converges in the weak-*-
topology of (L}(E,1))* and define

his=w-s-lim b . (91)

J 0

This function & has the properties
lh<U*(1,); P*(h)—h=cl,, forsome ceR. (92)
(i) Our harmonic function k is now defined as
hi=h—cU*(1,). (93)

It remains to show that {(v—uh>+0. To see this note first we have by
construction of A and with (v+yu, U*(1,)> <co

G- hy=lim (v—p,h, > (94)

j=w
and since we assumed that (v—pu, U *(1,4)> =0 we also have

<v—,u,h>=hm <V—/l,hnj> (95)

jow

But from Lemma [ b we obtain
=ty by = (I =1,y >+ B =57, 1y > T =8, 1y €, (96)
and this gives us since {(v—w) U, 1, > =(v—u, —U*(g)> =0 that
=Py > = (P = 7, 1y >+ = Py 97)
and so we get by noting {p, U*(g)> <o and p’, /" p that

0= gty = lim (v — g,y = Tim (7% — %, by, >
| lim

J—r ©

= lim (|7 + @™ [)=a>0.  q.ed. (98)

j= o
3. (i) < (iid).
This follows immediately from the following lemma.

Lemma ([8]). Consider a coupling [v,(v,); wu, ()] for v, ue&(P) with effects
=pU*, (v—pU-.

Prob(T,= + o0)+ Prob(S, = + oo) < ||7]| + | 7| (99)
7| + | i&"|| < Prob(T, = + c0)+ Prob(S, = + c0)+o(n=Y). (100)

b) Proof of Theorem 3b

From Lemma b we conclude for the coupling (v, (v,); i, {11,))
7 UH(@) =<v, U*(g)) — {p1, U*(g)> +<iT", &> (101)
CEm U*(2)) =<1, U*(g)> — <5, U*(8)) +<&" &> (102)
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so that by using the following consequence of the property (N*¥)

U@ =7l n+o(l) (103)
we obtain that for a short coupling with effects #, ¢

= U*g)=—-{n—-¢ 2. (104)

With Theorem 2b of Part I it follows that there is at most one pair of dis-
joint effects #, ¢ for a coupling of v and u with the identity (104), namely
(v—pU*T~. qed

¢) Proof of Lemma?

We proof this lemma by constructing a new transition kernel Q which satisfies

the conditions of our lemma but also preserves the fact that v, u have no short

coupling. We will not prove that the new kernel has property (N*), we will just

show that we have all the properties we used in the proof of Theorem 3, Part 2.
1. Define the following Markov transition kernel Q on (E, %).

0:=1/2 i‘ (1/2 Py". (105)

Furthermore, we define the operator Uj by setting
Ue)=U,(e—g+1lgl™ Vgef"(P) (106)

Now UJ has on #,(P) all the properties stated in Proposition 2b and further-
more Ug(g) is slowly varying with Q. We omit the straightforward but lengthy
calculations here (see [8]).

The following fact is essential to show that for our problem @ is equivalent
to P: suppose for v, ue&;(P) exists a function h with

Q*(hy=h, |h|<a+bU}(g) for some geFy' (P) (107)

and for suitable a,beR ™.
Then an elementary calculation shows that (compare {8])
P¥(h=h, |h|<a' +b Uk(g) for some a',b'eR™. (108)

Now, a lemma of Neveu in [4] shows that Q is m-Harris recurrent and has the
following property which will be important for our next step

Gile 021,00, (109)
where 7 is a positive o-finite invariant measure of P (and also of Q!).

2. To proceed further we have to obtain a transition kernel with an atom.
So we consider a statespace Eu{+} and “extend” Q@ to a Markov fransition
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kernel Q on (EuU {*}, %) in such a way that we have
v—p, Ué(l{*})>=0, Qérﬁ with nﬁ:=m+5{*}. (110)

QO is constructed as follows: choose Ae.Z(Q)n.(P) and a function k(-)on E
such that

(i) 0=k(x)<1 VxeE, 1,,k=0, 1> [kdn>0 (111)
(i) 0z1,®(an1,) for some a>0. (112)
(i) <v—p, U§(k)>=0 (113)
(iv) (n1,)Qe&,(Q), S‘ingS(UE(IA)(x)KOO- (114)

Fix a number be(0,q). Then define Q according to the following list:

O(x,B)=Q(x,B); V: xe[A4, BeR (115)
O(x,B)=0Q(x,B); V: xeA, BclA4 (116)
Q(x,B)=0Q(x,B)—bk(x)n(B); V: xed, BCA, (117)
O(x, {(*})=bk(x)n(4); V: xed (118)
Q({*},B):(£ Q(-,B)dr)n~Y(A4); V: Be®. (119)

We define the operator U¥ on %" (P) now as follows:

Uf(g) on E

Ug(g)=1, ° 120
5@ {(n(A»-%nlA,U;(g» on {x} (120

a )_{CIUQ*(IC)«H:ZIE on E  c:=b(1+b{mk))~*

{*}

v |0 on {% cyi=1=b{m k> (1 +b{m k)"

(121)
One again verifies (using (i)-(iv) above) that U3 5 (1,,) has the properties (ii)-(iii)
in Proposition 2b and is slowly varying with Q. For details of this straightfor-
ward calculation we refer the reader to [8]. The following _statement is now
crucial for our considerations: suppose we have a function h on Eu {*} such
that

Q*(hy=h, (v—phy+0, |h=a+bU(1,) (122)
then we obtain by setting

hi=hig+cUgk)  ci=—=b((m1,hy—h({x}) (123)
a function with the properties |

=why 0,  Q*(W)=h, |hlSa,+a, UF(L,) (124)

for some a,,a,eR™*
(this is obtained by an elementary calculation).

3. Observe now that Q is a Markov transition kernel for whom the
arguments in (75)-(98) apply. Therefore, putting Part 1 and Part 2 ((107), (108),



448 A. Greven

(123), (124)) together allows us to conclude, that if v, u have no short coupling
with respect to Q then there exists a P-harmonic function h with [h|e % (P) and
{v—p,hy=0. In order to prove our Lemma 2 it remains now to show, that if v,
u have no short coupling with respect to P, then they have no short coupling
with respect to Q.

To prove this observe that Lemma 1b implies

v, u have a short coupling <V, /> =<{p.f>
with respect to P and with < {(uf><<{p,f> VfeF*(P) (125)
final distribution p Lp, f> <0

Here we used that U*(g) is slowly varying for the “=-" direction. But with the
definition given in (120) and (121) this equivalence holds also for Q. Now
observe that if f is a positive P-subharmonic function then the function

i f)=f(x) for xeE, f{s})=(nlef>(m(4)~! (126)

is 0 subharmonic and lies in Z(Q). Therefore the equivalence (125) and
Q({x}, E)=1 imply our assertion.

3. The Proof of Theorem 4
a) Proof of Theorem 4b

1. We will show that by the (v,(v—p) U"), (u,(v —) U~) flooding schemes a
regular exact coupling is defined, which has final distribution p. For this
purpose we will apply Theorem 2b (Part I) and therefore we are going to show
that the assumptions made there, are met in our situation. Denote by #, , the
effect of the (v, x)-filling scheme. Since

M,o 20 1, ,—1, P=v—p (127)
we have:
;(vw)Pk:m,,L—m,,lP"*lgnw (128)
Y—pwPt=—n, +n, Pz —ny,, (129)
0

and furthermore since v, pe&*(P) we also know
My ,+",,=an for some aeR™. (130)

By definition of U we get from (128), (129), (130)
Iv-mUl=an. (131)

This gives immediately that the assumptions of Theorem 2b are fulfilled for
[(v—w U] and that therefore there exists a coupling with this effect and final
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distribution p. (It can be obtained by the (v,(v—p) U™*), (g, (v —p) U ")-flooding
schemes as shown in the proof of Theorem 2b in Part I). To show regularity of
a coupling [v,(v,); i (1,)] obtained as described above, we use the following

Lemma 3. Under the assumption of Theorem 4b, we have for a coupling [v,(v,);
()] with o-finite effects (if we denote by ",pz) the continuation to a space-
time coupling (22, 23)) that

)= (SO0 P) B)- (Y- ) B VBe (132)
0 0
where

VB~ % G105 B) (133)

By the definition of U the right side of (132) converges to O for every Be.,
and therefore our coupling is regular.

2. The uniqueness of the effects and final distribution of a regular exact
coupling with disjoint effects is an immediate consequence of our Lemma 3.

Proof of Lemma 3. From the definition of p*, 42 and the time-space operator P
it follows
ZVP ka—l— Z Z (PH P (j,*) V: neN (134)
j=0 k=0

and therefore with the analogous relation for (u,), we conclude

i(v— Z(vk #k+Z Z( —p?) P(j,) V: neN. (135)

0 j=0 k=0

On the other hand, we get from relation (32), Part I since P is transient

k;( —p?) P, Z Pl ) =pR0L)- (136)

A

Now note that by construction of (8} ),cpe> (07 )ken:

(p*—p?) P (j,)  VjeN (137)

II
MN.

B =Y P )

0 k
o
2,0

With the two last equations, we obtain the assertion immediately from Eq.
(135).

18

k 0

(ﬁ ) VjeN. (138)

||
II M&.

b) Proof of Theorem 4a

O. The main ingredients of our proof are the following lemmata (the straight-
forward proof of Lemma 4 will be omitted, Lemmas 5 and 6 are proved in
part c) and d) of this section).
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Lemma 4. Let P be a Markov transition kernel with the property (N*). Consider
a successful coupling [v,(v,); u, (w,)] with effects given by (v—p) U™, (v—p) U~
Here we assume v, uc&,. Let g be a function in #,;" . Denote by p™, n™, &" final
distributions respectively effects of the couplings for v, u with disjoint effects with
respect to the transition kernel 1g -P+1,, where E, :={U*(g)<m}. Then
n"[E™] is dominated by the effect 0f the (v, ,u) [(,u, v)] flllmg scheme.

Lemma 5. Under the assumptions of Theorem 4b we have for all geLl, (E, n)
(i) lim <{n",g>=<n.8> ni=(v-—mU"*

n=> o0 (139)
lim (", g>=<¢&, 8> E=(v—p U~

(i) lim{p"g>=<{p,g> —p:=(v—pUT(I—-P)—v
ne o (140)

=(v-pU-(UI~-P)—p

The following notation will be useful in the sequel

A=) (3 (e PP Lg)i ve=(—gs,)" (141)
n= 10
Lemma 6. Under the assumptions of Theorem 4b we have
@) "=y U+(" =& =(v—pU (142)
(i) V. 3 :0"-p@)UlLy=(v3—pp)U+0,7m) 14 (143)
Bed 6,€R
(iii) lim (Vy—p%) U(B)=0 V: Bed(P). (144)
lim (" - U=0 m(:)-ae, V: BeA(P) (145)

where V denotes the m-density of v.

1) Let us first study the behaviour of ("), ("), and strengthen (139) to
an a.s. statement. By using Lemma 6 (ii),(i) and Lemma 5 (i), we can conclude
with Lemma 6(iii) that

lim [ ") U]=0 m()ae. (146)

n— oo

Now by using the equations in Lemma 6(i) and the fact #™ A &" =0, we obtain
(T denotes the n-density of a measure 1)

limf"=7 lim &=¢. (147)

n— o h— oG
The dominated convergence theorem can be applied now (see Lemma 4) to get

=(Z,m)—limy"; E=(,m)—lim & (148)

n— o n— o0

2) Now let us consider the sequence (p"),on- (149)
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From the Poisson equation for #" we obtain

pr=y'P—nt+v—y" (150)
We know already that
lim 7" =7 (151)

and by the dominated convergence theorem together with Lemma 4 we can
also conclude from (151)
lim 7" P=7j P. (152)
Now, by construction v converges a.e. to 0. Putting these statements all
together leads to
lim p"=#P—fj+v=p m(*)ae. (153)

n—

Now we have the following situation:
p"=0, p=0; limp"=p aec,;

H— oG

10— <p 1> VAeLU(E,n). (154)

n— o

With standard techniques from measure theory one concludes from (154)

lim (3" — L) =0. ge.d. (155)

R—

¢) Proof of Lemma 5

1. First we analyze the behaviour of ({#"g>),an> ((€%.8)),en- By using
Lemma 4 we obtain the following inequalities (denote by #, , the effect

of the (v, p)-filling scheme, (38) Part I) (156)
n'sn, ,sn,,+n,,=an for some acR~* (157)
¢'=n,,<n,,+tn, ,=an for some aeR™. (158)

The inequalities (15~7) and (158) show that the n-densities of #", &, (we will
denote them by 7", &") form a weak-*-compact sequence in the space

(LNE, m)* < L°(E, 7). (159)

Now let 7%, 1= be weak-*-limit points of (7"),.y, respectively, ("), and
choose SN such that (77),,.s, (E™),.s cOnverge to T+ respectively 7~ in the
weak-#+-topology of (L'(E, ))*. We will show that this implies

Fr=(v—p) U~ (160)
Fr=(v—p) U~ (161)

which means that (7"),,_s; (E’")mes are convergent in the weak-s-topology and the
limit points are (v—u) U™ respectively (v—u) U~ and that is just our assertion.
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Now in order to show (160) and (161) note that it is sufficient to show
v—p, U¥g))+<FT—-17,g>=0 Vgel'(E, n). (162)
To show this identity observe that by Lemma 1 and Theorem 1b (Part I)
=" U@y =<v—p, U*(@)> +<{n" =&, g)  VmeS. (163)
It remains therefore to show that

lim (V" —u™, U*(g)3)=0. (164)

m—

But we assumed that P has the property (N*). Using (N*) ((52)) and the fact
v+, U*(g)> < oo we obtain (E,:={U*(g)=n})

<V +p" Lyg, UR@D =" + 1 p™ 1, 1) (m+0(m)) (165)
U+ p" Lg,,, U@ =Vl + o™ ¢, ) (m+0(m). (166)
Now apply Lemma 1 and get
[+ =02, 0™ Lz ol =00~ (167)
(165), (166) and (167) the desired result (102) g.e.d.

2. Now we analyze the behaviour of ({p",g>),.n- By Theorems 2a and 3a
we have the following Poisson equations:

n'—n"P=v—("+p") (168)

n—npP=v—p. (169)

Furthermore, we know that v'<n, ,+#, ,=an and limy"=0 ac. Therefore
we have no®

lim (v, g>=0 Vgel!(E,n). (170)

n— oo

Since geL!(E, IT) implies P*(g)eI}(E, m); the relation (139) has the consequence
lim (" P,g>=<{nP,g> VgeL'(E,m). (171)

n— oo

Putting (170), (171) together gives now

lim <{p™ g>=<{p,g>. qe.d. (172)

m— oC

d) Proof of Lemma 6

1. First we need some results on properties of the extension of the operator
U to the following set M
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v—ueM <> v, u are probability measures on (E, ) with

@) Y (v-p P <an VneN, for some aclR™. (173)
0
(i) The m(-)-densities of ) (v —p) P* converge m-a.e. (174)
4]
Define (v— ) U = (7, m) — lim ( (v—u))P" for (v—g)e M. (175)
. n— oo 0
Next we show the following facts, using the definition of U and M:
() (A, m)—lim [(v—p)UP"]=0 (176)
p) Ul—P)y=Ion M (177

(y) Let (v—w)eM. If for v, u' the effects 5, & of the (v,v), (u, w)-filling
schemes have the property

(o, m)— lim (y+ &) P"=0 (178)
then
(v —uHeM. (179)

2. Here we prove Lemma 6(i). From the fact that

(Z,m)— lim (" + &) P" =0 (180)

m-— oo

we conclude by using (178) above, that (v* —u™eM YmelN. We have from the
construction of #™, £&” the following Poisson equations

"= U =P)=v"—u" (181)
" =&MU =Py=(v—p) = (V" — ™). (182)

An elementary calculation shows then

(V=@ PE=((" =" U+ (" = &™) — (" = ") U + (g™ = M) P+ (183)

OM!

Let n go to infinity and get by using (176)
V= U=(v"=ygmU+H"—-E VYmeN. ged. (184)

3. We omit the proof of the Balayage relation (ii) for the operator U. It can
be carried out completely in our framework.

4. The proof of the assertion (iii) of our Lemma 6 uses the following facts:
there exists a system of sets @ <.o/ which contains an exhaustion of E with
(denote by ¥ the m-density of v)

(%) YV lim (% — @) PU =0 m-a.e. (185)

BeZ m— o

(%%) YV lim (V3 — i) =0 m-a.e. (186)

Be? mox



454 A. Greven

Before we show () and (%), let us show how to finish the proof by these
means. By the Poisson equation for U (we get from (%) and (x%))

lim (- U=0 wm-ae, VBed. (187)

m— a

We will show in the proof of () that there exists a function g{-): E->R™ such
that for all BeZ

VE+Ug. g SN<co  VmelN. (188)
(v —up) Ul SV +ug,9>  mnt|vg—pgl, g>m, ! (189)

At this point it is clear that we can conclude from (187), (188) and (189) with
the dominated convergence theorem that

(f,m)— lim [(Vi—pm U]=0 VBe®?. qed (190)

m— o0

In order to show () we establish the following: there exists a kernel U(x, ), a
function g(x) and a system of sets & such that

(i) AcD=>AcAP);I ¥V q(x)SN;3I V: U*(g)(x)gl\—f (191)
N xeA N xeAd
(if) & contains an exhaustion of E (192)
(it)) lim (Z (ﬁ—ﬁ)P") =[(F—@)(x) U(x, y)dm(x) m-a.e., (193)
noo \k=1 o E

for all measures v, ue&,(P), which are concentrated on some set A€9.

() U, yI<qa(x)7(y); m@m ae. (194)
Now apply this to a measure (v — ) with BeZ and get

(53— P) U =[ (05~ 5 U, ) dm(x)  m-ae, (195)
(Vg — i5) (x) U(x, y)| < const - [V — [ig] E(y). (196)

Then from the fact that lim |[v}—pk | =0 one concludes (x).

We can define U(x,y), ¢(x), 2 as follows: choose some 1€é&,(P) with ||A]]
=1, and note that by property (N) (iv) we have (6, P)e&,(P).

U(x, A):= lim (Z (5XP—/1)P§A)) for all AesZ(P). (197)
k=10

U(x,y) is a version of the m ®m density of the measure U on (E X E, Z® %),
which is defined by setting for all 4, Be#/(P)

U(A,B):={ U(x, B)dm(x) (JU| has finite variation on
A

sets in 7 ® 9). (198)
g(x):=inflalan—n;_p ,=0) (s p ,:=ceffect of the
(6, P; A)-filling scheme). (199)

It is now straightforward to show (191)-(194) and We omit the details.
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6. Now in order to show (**) choose A in the construction of U(x, y) to be
(r 15). Consider the stopping sequences (v,),cn: ()pen generated by the (v, 7w Lp),
(4, 15)-filling schemes. Denote the effects by # respectively ¢. Then one ob-
tains (details are left to the reader)

Vg — 5] =1((v — )¢, )8l (200)
=" =" +(PT —pDis,J8 (201)
S=n")+E =M +Inlp—pTl+inly—p7] (202)

+lpT—p5l-mly+1pT— P51+ Ux, ) d]pf —p%1 ()|
Sm=1")+(E - +Inig—pTi+n 15— p7l ‘
+lpT —p5 1 m g +ipT — %1 +<lpT — P51, 4> 7 15. (203)

From the last inequality (%) is an immediate consequence observing that by
construction for i=1,2

0, "6 pptens2uly, o tnly, (nlp,q)<co. (204)

4. Appendix : Proof of Proposition 2b

Since Proposition 2b is heavily used in the proof of our main theorem we
sketch the proof here. The uniqueness proof is straightforward, so we con-
centrate here on showing that if P has the property (N), there exists a positive
finite function f with the properties (45)-(47). We will need the following fact
which also appears in different formulations in [3] and [4]. For the proof we
refer to Part I, Sect. 5b.

Lemma 7 ([8]). Let P be a m-Harris recurrent and ergodic transition kernel.
Consider a measure pu which is supported by a set Acs/ and dominated by a
positive o-finite invariant measure of P. Then the effect vy, , of the (v, w-filling
scheme has the property that n, ,(A) is bounded by a constant for all probability
measures v on (E, #).

a) We will define f by a twofold limit procedure.
First we choose a sequence (B)1E with B,es/ and a measure ied, with
support in B,. Denote by D the map which assigns to a finite positive function
h the measure h-dn. (n is a positive o-finite invariant measure of P). Now we
define continuous linear functionals FF on L*(B,, ) by setting

Fnk(l)=<D(l)—||D(l)[| A, — Zn:P*k(g)> Vi leL® (B, 7). (205)

Property (N) (iii) allows us now to define

F*:=w-x-lim E¥. (206)

-0
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Since the functionals (FF),, can be represented by m-continuous measures on
B,, the same is true for F* by the theorem of Vitali-Hahn-Saks. So we have
F*()=[f,-ldn  with f,el!(B,,m). (207)

Now, define

f’: ka+1'13k+1\3k+fo' (208)
k=0

Since we have Y (v—p)P¥z =7, ,» Wwith g, :=effect of the (v,w)-filling
k=0
scheme, we can conclude from Lemma 7, that

Ei()z —C DO (209)
or in other words f is bounded below. This allows us to define

fr=f + |infess (f(x)). (210)

xekE

It remains now to show that f has the properties (45)-(47)

(i) (45) is a consequence of the fact that f,e (B, ) ([8]).

(ii) (46) holds by construction for v, ueé,. So we have to show it holds for
v, ueé&,;. We will prove that

lim < i (v——i)Pk,g>=<v,f> Yveéd,. (211)
nso \k=0

e8]

By definition of & we have for a measure ved; a decomposition v=) v1,,
0
with Ake;z? so that the effects #*, & of the (v1, P, |v1 4. 4) respectively
(Iv1, I 4, v1,)-filling schemes have the property that ) #*+&* is a o-finite
0

measure. Therefore we can write (define for abbreviation 4, =4-[v1,,1)

o0

; G-NPI=Y Y (v1, i) P

j=0 k=0

i (v14)—A) P (212)

0 k=0

I
M8

k

il

Now observe that (rewrite the sum by using the Poisson equations for #*, &)
Y (v, — AP <y +vl, V:nelN. (213)
0

Since v+ Y. #*+&* is a o-finite measure and effect of a recurrence time it is of
k=0

the form an. This now allows to conclude from (212) with the dominated

convergence theorem, that (211) holds.
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(iii) In order to show (47) (the Poisson equation (P*—I)(f)=g holds),
consider a measure veé, such that vPed&;. As above we can show that

v, f>=1lim <i(v——/l)P",g>, VP fy=1lim <i(vP—/1) Pj,g>. (214)
0 )

R~ 0 h— 0

This means

OPf5>=vfr=lm v —vP gy =(vg> ([2]). (215)

H— 0

We rewrite this statement now as follows:
PE=D(f)>={v,g> Vv with ved,, vPeé,. (216)
One can show that there exists a sequence B, TE such that

(vSan for some acR™, v is supported by B,
for some kelN) = (ved,, vPeéd,). (217
(217) finishes of course the proof of (47).
The proof of the assertion (217) proceeds as follows.
Choose a sequence BL1E with Bieo (possible by the “lemma of Harris”).
Bi:={x|qx)+r(x)sk} B}={xt(x)<k}. (218)
Here
g(x)=inflaln,, p ;Sam) r(x)=inf(a]P(x,")<a-n("))

aP(x) |
dn A

o

t(x)= kz

=0

o0

(220)

Here, (4,) is the partition of E whose existence is required in (N)(iv).
By property, (N)(iii) g(x), r(x) are finite, by property (N)(iv) t(x) is finite.
Therefore, we can define an exhaustion (B,), of E by setting

B,=B!nB}nB;. (221)

In order to show that with this (B,) (217) holds, we have to prove that vPeé,
for v with v<an and which are supported by some B,. We show

Y 0P, A0+ L2 g+rdn+ vty n<Con CeRY. (222)
k=0

Here #* denotes the effect of the (vP1,,)P, A |v1l, |)-filling scheme and & the
effect of the (4 [|v1, |, vP1, )-filling scheme. The (4,) are the same as in (220).
A careful look at the definition of g(-), v(-), t(+) shows now that the proof of
(222) is straightforward (compare [8]) for details).

The proofs of Propositions 1, 3 and 4 can be found in [8] and are omitted
here.
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