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Abstract. A numerical study of asymmetric periodic solutions of the planar general three body 
problem is presented. The equations of variation are integrated numerically and the algorithms for the 
numerical determination of families of such periodic orbits are given. These orbits refer to a rotating 
frame of reference. The linear isoenergetic stability is examined through the stability parameters while 
the results are given in tables and figures. 

1. Introduction 

The significance of periodic solutions in the study of nonintegrable dynamical systems 
has been pointed out by many investigators since PoincarC. 

The most work on periodic solutions has been done on the Restricted Three-Body 
Problem, a simplified version of the Three-Body Problem. But whilst there have been 
numerous investigations into the symmetric periodic solutions only a few articles have 
dealt with asymmetric periodic solutions (e.g. Message, 1970; HBnon, 1965; Taylor, 
1983). This is due to the greater complexity in the numerical procedures and the large 
amount of computing time required to determine asymmetric periodic solutions. 

In the more complicated general three-body problem families of periodic solutions 
were computed only when it was proved that families of periodic solutions exist with 
fixed masses of all the bodies, with respect to a rotating frame (H&on, 1974; 
Hadjidemetriou, 1975). Since then, several families of symmetric periodic solutions of 
this problem have been determined. 

In this paper the algorithms for the numerical determination of periodic solutions of 
the general 3-body problem which are not symmetric with respect to the axis joining the 
two more massive bodies, are developed. Then, five families of such solutions are com- 
puted and their linear isoenergetic stability is examined. The study of the stability 
character of each orbit contains the numerical integration of the variational equations 
simultaneously with the equations of motion. The results are presented in tables and 
figures. 

2. Numerical Determination of Asymmetric Periodic Solutions 

We use a rotating system of dimensionless coordinates with origin at the center of mass of 
the two more massive bodies PI and P2. 
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The position of the three-body system is fully determined in terms of the coordinates 
x,y of the third body P3, the distance x2 of P2 from the origin and the angle B between 
the rotating and non-rotating system. 

In the rotating coordinate system the Equations of motion of the planar general three 
body problem are 

j; = Bx+x82+28~+i9y+p‘4x2, 

j; = (B+82)y-xe-2.k;e, 

22 = (msB* -i- P)x, - (1 - m&l -- j.f)“lxi + ma(1 -&lx, 

e = - 21b2/x2 + ms(1 - p)Ay/x2; 

or, in first-order form, 

(1) 

a1 - =x4 Bf,, dx, 

dt - = x, Pfi, dt 
dx, 
-=x,ef3 
dt 

dx, - = BX1 + X,X,” + 2X,X, +&X2 + tiX, 4 $19 
dt 

& - = (B+X&X2-X&-2Xc& &f-s, 
dt 

5 = (msB*+Xi)Xs-(1 -m3)(1 -p)3/X~+m3(1--11)AXlBf6, 
(4 

dt 

a, - = X8 e f7, dt 
d-53 - = - 2x8x6I-G + Ml - 4AX2/X3 A Lb 
dt 

where 

~~1,~2,~3,~4,~5,~6,~,,~S~ = cw,x2~~Ju2A~~. 

A periodic solution X(X0; t) of the above Equations will satisfy 

Xj(XO; t + T) = Xi(XO; t), if7 (3) 

where T is the period and Xe = (Xer, . . . Xes) is the initial-conditions vector. Further, 
without loss of generality, we shall fix initial values of y, 0 and 6 as follows: ye = 0, 
e. = O,eo = 1. The periodicity conditions are written in the form: 

x(x0, x20, io,$o, f20; T) = x0, (a> 

Y&o, x20, ko,Sio, i20; 0 = Yo, (b) 
x260, x20, ~o,Po, i20; T) = x20, (cl 
qxo, x20, ~o,Yo, f20; 79 = 20, (4 (4) 

~(x0,x20,~0,~0,~20; T) = 30, (e> 
i2(xo, X2Ol~O,jO, 220; T) = x20, (f-l 
@II, x20, fo,lo, i20; T) = 60. k> 
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In practice, the condition (4b) is satisfied ‘by force’ since we start and terminate the 
numericai integration when the orbit crosses the Ox axis. Further, due to the integrals of 
the problem only four of the remaining six periodicity conditions are truly independent. 
Essentially, therefore, the periodicity conditions are only four and in this work we have 
used the conditions (4a, c, d, f). 

From these periodicity conditions corrector-predictor algorithms can be established 
for the numerical determination of entire series of asymmetric periodic solutions. In the 
corrector phase we assume an initial state vector X0 which approximately leads to a 
periodic orbit of (approximate) period T, and seek to adjust this state vector by differen- 
tial corrections to improve iteratively the accuracy of periodicity. 

If we integrate the Equations of motion and stop at the second crossing with the 
Ox-axis (after one full revolution) we have, in general, 

X(X0; T) f x0. 

We seek corrections 6X0 = (6x0, 0, 6xoz, Co, Sjle, 6X20, 0,O) such that 

X(X,,+6Xo;T+6Tj = X,,+6Xo. (9 

Expanding in Taylor series and neglecting terms of order higher than the first, we have 

aXi 
+--6T = Xoi + 6X&y 

aT 
(i = 1,2,3,4,6). 

For i = 2 we obtain, in particular, 

ax2 gQx,,+- 
01 ax,, 

6x03 + $%x,+~GXo~+g%x&j+ 
04 05 06 

ax2 
$iT = 0; 

(6) 

(7) 

since, for t = T, x2 =y = 0 while SX,, = 6yo = 0. Solving now Equations (7) for 6 T 
and substituting into relations (6) we get 

Xi + Ui16X01+ 436x03 + 2+axo4 + Uj&Xos + U&X06 

= Xoi+6Xoi, i=1,3,4,6. 

where 

uii 
- axi ax2 A -- - 

ax, 2x0, fi’ 
i= 1,3,4,6, 

(8) 

(9) 

(‘variations at the crossing’; Markellos, 1977) 
If we assume Xo4 constant or equivalently SX, = 0, Equations (8) become 
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b11- 1)6X0, + u&f03 f udXo5 + U16SXO6 = x01 -x1, 

U3I~XOI -t- (a - 1)6x03 + u356xO5 + u36&xO6 = x03 -x3, 

U4l~XOI f u436Xo3 f u4dXo5 + U46hXO6 = x04 -x4, 

(10) 

&,16x01 t &36X03 + &56X,,5 + (t&j6 - 1)6X06 = x,,fj -X6. 

This system is the corrector of the algorithm. It is solved for the corrections 6X01, 
6Xos, 6Xos, 6X06, which are then added to the corresponding components of the initial 
state vector to obtain a better approximation to the periodic orbit with period T + 6 T. 
After repeated applications to the corrector we find (assuming convergence) the periodic 
(to the desired accuracy) solution characterized by the value Xo4 which is kept constant 
during the correction process. We then proceed to a single application of the predictor: 

(u*, - lwfo* + Ul3MO3 + UlSf=OS + U16flo6 = --u*4~04, 

U3lUOl + (u33 - l)uO3 + u35flO5 + u36ax06 = -u34aO4 > 

u4l~O, + u43uO3 + u45aO5 + u46flO6 = (1 - 1*44)~04, 

(11) 

u6lmOl f u63uO3 f u65~0, f @66- l)uOf, = --u64flW. 

This predictor is designed to obtain the approximate initial state vector X0 t AX0 
corresponding to another periodic orbit (along the family), characterized by the value 
X&=X@qtAx,, where the ‘increment’ AXo4 is arbitrary but small so that convergence 
of the subsequent application of the corrector is secured. The values of the ‘sensitivities’ 
Ujj involved in Equations (10) and (11) are computed from relations (9), where the 
‘variations’ aXi/aXoj are known through numerical integration of the linear variational 
Equations: 

dV -- 
dt 

= PV, 

where 

and 
V = (Vij) = (axi/axoj) 

i,j= 1 ,..., 8. 

3. Stability 

If X, is the vector, in phase space, corresponding to a periodic orbit and Xc, + &Xc, is the 
vector of a neighboring orbit corresponding to the same value of the energy and angular 
momentum integrals, then a transformation T is constructed which transforms the initial 
state X0 to the state X when the orbit crosses the surface of section X2 = Y = 0 for the 
second time (simple orbits). This transformation is expressed as 

where 
x = @@oh 

0 = (u1, 03, 04,U6). 

After linearization, the transformation (13) is written as 

(13) 

(14) 
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where 
6X = AGXO (15) 

FX = (6X1, AX,, sx,, sX,)T, 

6x0 = @X01> 6X03,6X04, SX061T, (16) 

and A is the 4 x 4 matrix with elements the first partial derivatives of the functions (ur, 
os, oa, ~~6) with respect to the initial conditions - i.e., 

i,j= 1,3,4,6. (17) 

The conditions for stability are: 

where 

and 

A > 0, IPI < 2, 141 < 2, 

A = a*-4(fi- 2) P = f@+m, q = f(a-4) 

(18) 

(19) 

(20) 

(21) 

(Hadjidemetriou, 1975). The elements aij can be determined as functions of the elements 
vii of the ‘variational’ matrix from the expressions 

where 
(i = 1,3,4,6) (221 

and. 
D’ = Fd%, - FraFzs, 

F, = $ z g, F+&$; j= 1,3,4,6 (24) 
I I 1 1 

with Fi= E and Fz = P denoting, respectively, the energy and angular momentum 
integrals. 
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Fig. la-c. Typical orbits of the series A$, with the initial conditions: l(a). xol = - 2.330 48, x,, = 
0.749905, E=-0.093803; l(b). x,, =-2.33609, x,, = 0.719556, E =-0.112 165; l(c). x,, = 

-2.386 94,x,, = 0.693459,E=- 0.122642. 
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4. Results 

Following the considerations and techniques described in the previous paragraphs, we 
started the computation of asymmetric periodic solutions of the general three body 
problem using initial conditions of such solutions of the restricted problem given by 
Markellos (1977) and HCnon (1965) for values of the mass parameter p = 0.25 and b = 
0.5. This can be done since Hadjidemetriou (1975) has proved that almost all the periodic 
orbits of the restricted problem can be continued to the general problem by increasing 
the mass of the originally massless body. 

(i) Series A$Jor k0 = - 0.17292. 

The starting point (xc = -2.3310,& = -O.l7292,3j, = 1.9017) belongs to the bifurca- 
tions series Aso given in Markellos (1977). The series presented here is formed by gradual 
increase of the mass m3 of the third body, while p is kept constant 0-1 = 0.25). In Table I 
we list the initial conditions, the energy constant E, the period T and the stability para- 
metersp and CJ of the selected orbits of this series. 

The period of the orbits changes along the family decreasing from T- 12.4773 to T= 
10.9992. Also the energy constant varies along the family from E = - 0.093 80 to E 5 
- 0.122 64. The values of the stability parameter p and CJ in the last two columns imply 
that no stable orbits exist in the part of the series A:, we computed. In Figures l(a)-(c) 
selected orbits of this series are presented in the (x,y) plane. In Figures 3 and 4 projec- 
tions of the series A:0 characteristic curve, in the (m3, xci) and (m3, xo5) planes, are given. 

Fig. 2. Projection of the characteristic of the family A$,, on the (E, x,,,) plane. 
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Fig. 3. Projections of the characteristics of the seriesAfO and A$ on the (m,, x,,,) plane. 
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Fig. 4. Projections of the characteristics of the series A!,, andAg,, on the (m,,x,,) plane. 
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(ii) Family As for m3 = 0.2. 

This is a family of asymmetric periodic orbits with starting point the member of the series 
A$, which corresponds to m3 = 0.2. The initial condition which varies in the predictor 
step and is kept constant during the corrector step of the algorithms is &. The initial 
velocity of the third particle decreases, reaches a local minimum and then increases to the 
infinity. 

Numerical data for this family are given in Table II. As it is seen in this table the 
period T varies in a large interval. All orbits are unstable since there is no member of the 
family for which both inequalities IpI < 2, (41 < 2 hold. 

In Figure 2 we illustrate the characteristic curve of this family in the (E,xol) plane. 
The shape of the orbits of this family are very similar to the shape of the corresponding 
orbits of the series A$,. 

(iii) Series A& for i = 0.174 30. 

This series is generated from an orbit (x0 = -2.3214, X0 = 0.17430, $0 = 1.8922), 
member of the bifurcation series Alo of the restricted problem given in Markellos (1977). 
The series is also formed by gradual increase of the mass m3 while P is kept constant 
(/l = 0.25). 

In Table III the initial conditions, the energy constant, the period T and the values of 
the stability parameters p and 4 of selected orbits of this series are listed. All orbits are 
unstable. 

In Figures 3 and 4 projections in the (m3, x0,) and (m3, xe5) planes of the character- 
istic curve of this series are presented. 

(iv) Series by0 for i. = - 0.312 and family bq for m3 = 0.0052. 

We used as starting point an orbit of the restricted problem given by H&on (1965) for 
p = 0.5. This orbit is a member of the family bifurcated from the family b of symmetric 
periodic orbits originated from the collinear equilibrium point La. The initial con- 
ditions we started from, are x0 = - 1.7156, i. = - 0.03 12, E = 2.03 for m3 = 0. Increas- 
ing the value of m3 from zero to about 0.0052 we obtain a series of periodic solutions. 
Numerical data for this series are given in Table IV. In Table V part of a family of 
periodic orbits which is continuation of the orbit with initial conditions given in the last 
entry of the Table IV, is given for m3 = 0.0052. This series contains stable and unstable 
members. Illustration of an orbit of this family is given in Figure 5. 

(v) Series cfo for lo = 0.0245 and family cf for m3 = 0.05. 

The starting point is an orbit of the restricted problem given by Henon (1965) for p = 
0.5. This orbit is a member of the bifurcated from the family c of symmetric periodic 
orbits originated from the collinear equilibrium point Lr. 

The generating initial conditions for this series are: x0 = -0.3057, fe = 0.0245, 
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Fig. 5. Typical orbit member of the family bf. 
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Fig. 6. Typical orbit member of the family cy. 
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E = 2.373. For x0 = xo4 = 0.245 = const. we vary gradually the value of the third body 
m3 and compute a number of assymmetric periodic orbits for different values of m3. The 
initial conditions thus obtained, are listed in Table VI. The last periodic solution included 
in Table VI is continued for m3 = constant, to a family of such solutions. The numerical 
results obtained are listed in Table VII. In Figure 6 illustration of an orbit of the family 
cy is given. 



94 T. TSOUROPLIS AND C. G. ZAGOURAS 

References 

Hadjidemetriou, J. D.: 1975, C&s. Mech. 12, 155. 
H&on, M: 1965, Ann. Astrophys. 28,992. 
HBnon, M.: 1974, Celes. Mech. 6, 322. 
Markellos, V. V.: 1977,Monthly Notices Roy. Astron. Sot. 180, 103. 
Taylor, D.B.: 1983, Celes. Mech. 29,51. 


