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Abstract. In this paper, the connections between orbit dynamics and rigid body dynamics are estab-
lished throughout the Eulerian redundant parameters, the perturbation equations for any conic motion
of artificial satellites are derived in terms of these parameters. A general recursive and stable compu-
tational algorithm is also established for the initial-value problem of the Eulerian parameters for
satellites prediction in the Earth’s gravitational field with axial symmetry. Applications of the algorithm
are considered for the two cases of short and long term predictions. For the short-term prediction, we
consider the problem of the final state prediction of some typical ballistic missiles in the geopotential
model with zonal harmonic terms up to Jsz, while for the long-term prediction, we consider the
perturbed J, motion of Explorer 28 over 100 revolutions.

1. Introduction

Orbit computations of artificial satellites become one of the most important prob-
lems at present, this due to their wide applications in scientific researches, mission
planning and military purposes, etc. As far as the computation techniques are
concerned, the applications of the special perturbation methods to the equations
of motion in terms of the redundant variables, provide the most powerful and
accurate techniques that have been devised recently for satellite ephemeris with
respect to any type of perturbing forces (cf. e.g., Sharaf er al., 1987a, b; Sharma
and Raj, 1988; Awad, 1988).

Despite the many advantages of the Eulerian redundant parameters (cf., e.g.,
Carrington and Junkins, 1984; Vadali, 1988; Cid and Saturio, 1988) by which they
have gained popularity in recent years in the rigid body dynamics and in the
analysis of rotational motion of artificial and natural satellites, they have not
been seriously utilized in constructing special perturbation techniques for satellite
prediction.

The aim of the present paper is threefold. First, to establish the connections
between orbit dynamics and rigid body dynamics and these are the subjects of
Sections 2 and 3. Second, to derive general equations of motion in terms of the
Eulerian parameters (Section 4), these equations include perturbations which can
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arise from a potential and perturbations which cannot be derived from a potential,
also they are valid for any type of orbital motion {elliptic, parabolic or hyperbolic).
Third, to construct a general, recursive and stable computational algorithm for
the initial value problem of the Eulerian Parameters for satellite motions in the
Earth’s gravitational field with axial symmetry (Section 5). Applications of the
algorithm for short and long term predictions are illustrated by numerical examples
of some typical ballistic missiles and Explorer 28 satellite.

2. Rotation of a Rigid Body in Eulerian Parameters

2.1. EULERIAN ANGLES AND EULERIAN PARAMETERS

When defining the orientation of a body with respect to a reference frame a series
of pure rotations is used, and this results in an orthogonal transformation. The
associated rotations are the Eulerian angles, and they uniquely determine orien-
tation of the body. Start by assuming both the reference X, X, X5 and body-
fixed x;, x2, x5 frames coincide. One convenient sequence of rotations can be
listed as:

1. Rotation about X5 axis through angle ¢ to produce ', 8’, y', axes.
2. Rotation about «' axis through angle 9 to produce a”, B”, vy, axes.
3. Rotation about y” axis through angle ¢ to produce x;, X2, x; axes.

Each rotation is characterized as an orthogonal transformation. The «” axis which
is known as the line of nodes is the intersection of X, X, and x;, x, planes.
Combining this sequence of rotations we get for the transformation from X to x
the equation

x=cX, 2.1
where
x7 =[xy, X2, x3]; X7 = [ X1, X2, X5]; C=[Cy]; 4,j=1,2,3, (2.2)
Ci1 = cos ¢ cos ¢ — sin ¢ cos Usin i, (2.3.1)
Ci2 = cos ¢ sin i + sin ¢ cos J cos ¥, (2.3.2)
Ci3 = sin ¢psin 9, (2.3.3)
Cy; = —sin ¢ cos ¢ — cos ¢ cos Isin ¢, (2.3.4)
Cos = —sin ¢ sin ¢y + cos ¢ cos Fcos ¥, (2.3.5)
Co3 = cos ¢psin 7, (2.3.6)
Cz; = sindsin ¢, (2.3.7)
Csy = —sinJcos ¢, (2.3.8)
Ci3 =cos . (2.3.9)

The amplitudes of the Eulerian angles ¢, ¢ and ¢ satisfy the conditions
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0=y<2m; O=d=m,; 0=¢<2rw. 2.4)

According to this definition, we can express the Eulerian Parameters (s, uz, Uz, Us)
by means of the equalities

u = sm—cos <¢ ¢> u; = sin—qsin< (2.5.1)
2 2 2 2
+
Us = COS — sm (lﬂ ¢> ; Ug = COS Qcos( ¢> (2.5.2)
2 2 2
From these equations it is clear that
W+ i+t =1. (2.6)

Eulerian parameters define two quaternions, u = (uy, U, us, us) and its diametric
opposite —u = (—uy, —Uy, —us, —uUs), hence according to the real algebra of
quaternions (cf., e.g., Porteous 1969) u and its conjugate i are written as linear
combinations

u=u; + ity + jus + kuy ,
0=uy — iy — jup — Kug,

Where {1, i j, k} is the standard basis of the Euclidean space R* with the basic
rules i* = j* = k* = jjk = — 1. Since a symplectic inner product of two quaternions
g and p (say) is defined by (g, p) = qp, consequently, the norms of the quaternions
u and —u are given in accordance with Equation (2.6) as

wuh=w+u+uz+ui=1,
(~u, - =i+ +us+uz=1.

That is, # and —wu are unit quaternions, which means that every rotation is repre-
sented on the unit sphere S° in the Euclidean space R* by two points at the extremity
of a diameter.

Some important relations between Euler’s angles and Euler’s parameters are
given in what follows.

From Equations (2.3) and (2.5) we get

Ch=ui—-w3—uwb+ui;, Cp=2uuy+ usis), (2.7.1)
Ciz = 2(umuz — usy); Cay = 2(ugly — Usuy) , (2.7.2)
Con=—ui+us—us+ uﬁ 5 Coz = 2(uols + ugus) , (2.7.3)
Cz1 = 2(uius + usitg) ; Cso = 2(Uausz — uqliy) , (2.7.4)
Css=—ui—us+u3+u;, (2.7.5)

where

Il

3 3
2 Cy-Cy= 2 Ci
=1 j=1

i

0, i=2,3, (2.8.1)
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3 3
21 Ch=22Ch=1 k=123, (2.8.2)
i= i=1

Cs = C12C23 - C13C22 s
C2= Ci13C5; — Cii G, (2.8.3)
Cs3=C11 Coy — C12Cy .

From Equations (2.5), the inverse transformation from the Eulerian Parameters
(41, Uz, us, uy) to the Eulerian angles (¢, 3, ¢) may be written in the form

¢ =tan " {M} , (2.9.1)

Uilhg — U3

=2tan"" {\/%} , (2.9.2)

_ Uiz — Uzl
¢=tan"’ {-———-——} , 2.9.3
Uy + Uslis ( )
where
., U 9
a=u§+u§=sm25; b=u§+u§=coszg. (2.9.4)

However, ambiguities in the Eulerian angles will be removed by using the following
relations

sin ¢ = (uqus + wsuq)/ Vab; cos = (ujus — usuz)/Vab , (2.10.1)
sin=2Vab;, costv¥=b-—a, (2.10.2)
Sin ¢ = (s — touea)/ Vab; cos & = (uria + usus)/NVab | (2.10.3)

Also from Equations (2.5) we deduce that

Uy = (us sin i + u4 cos ) tan g = (U3 sin ¢ + 14 cOS ¢p) tang, (2.11.1)

. 4 . )
Us = (—us cos ¥ + uy sin ) tan 5 = (u3 cos ¢ — uy sin @) tan—z—,

(2.11.2)

9 . 0
us = (uy sin ¢ — u, cos i) cotg = (u; sin ¢ + u, cos @) COtE ,  (2.11.3)

9 . )
ty = (U COS tfr + Uy sin ) COtE = (u; oS ¢ — Uy sin ¢) COtE . (211.4)
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2.2. ANGULAR VELOCITY COMPONENTS

Frequently in the dynamics of rigid body one needs to express the components
(w1, w2, w3) of the angular velocity vector o about the body axes xi, x;, x3 in
terms of the Eulerian angles.

However in the present study we need the expressions of these components in
terms of the Eulerian Parameters (u;, us, us, ug), to find so the following analyses
are devoted.

2.2.1. Expressions of o, w,, w3 in terms of the Eulerian Angles

Referring to the axes of Section 2.1, resolve the angular velocity ¢ along y” and
B” axes so that the orthogonal components of i, §, ¢ are & along a”,  sin &
along B”, ¢ + 4 cos ¥ along y". Next resolve the components along the a” and
B" axes to the x,, x; direction, the result being

w; = Ysin Fsin ¢ + dcos ¢, (2.12.1)
w> = sin ¥ cos ¢ — sin ¢, (2.12.2)
w3 = ¢+ fcos V. (2.12.3)

Of course, the Eulerian rates can be expressed in terms of w;, @z, w;. In order
to avoid coupling of the rates, only normal components of ¢, ¥, and ¢ can
be used, because the Fulerian rates are not orthogonal. The three appropriate
components are:

(a)  sin ¥ which is normal to 4 and ¢,
(b) ¢ sin ¥ which is normal to i and ¢,
(c) & which is already normal to ¢ and ¢.

The transformation are then easily obtained as,

iy = cosec H(w; sin ¢ + w, cos @), (2.13.1)
¢ = ws — cot Hw; sin ¢ + w;cos @) , (2.13.2)
&= w;Ccos ¢ — w,ysin . (2.13.3)

2.2.2. Partial Derivatives of the Eulerian Angles with respect to the Eulerian Par-
ameters

From Equations (2.5) and (2.9) we deduce that

W _ T Gnliy— d)sin 2, (2.14.1)
ou, a 2

o _un_ cos% (¥ — &)/sin 9 s (2.14.2)
ou, a 2

W _Ha_ el (p+ d))/cosg, (2.14.3)
8u3 b 2
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a —_

W T ndy+ d)eos, (2.14.4)
6u4 b 2

%

——=2u1\/E=ZCos%(g[/——¢)cosﬁ, (2.15.1)
ouy a 2

d b .

—19=2u2\/:=251n%(¢f— #) cos Y (2.15.2)
ol a 2

9

— = —2u3\ﬂ-= —-Zsin%(w+ b) sing, (2.15.3)
8u3 b 2

9 _ —2u4\/£= —2cos3(¢ + d))sinﬁ, (2.15.4)
6u4 b 2

duy a ouy 2

9.9_: B ——aiz —cos%(([l—qﬁ)/sinﬁ, (2.16.2)
auz a 3142 2

6¢ Uy al,lf 1 )

= — = —— = COS3 + /CQS—, 2.16.3
= b o 3(W+ ¢)cos (2.16.3)
dp  —us oY 1 4

— = —= === —sin3(¥ + ¢P)/cos—. 2.16.4
dus b ous 20+ dicosy (2164

2.2.3. Eulerian Rates in terms of the Eulerian Parameters and their Rates

Since any of the Eulerian angles can be expressed as a function of the Eulerian
Parameters, then

&

4 4
0y 9= glfuf; b= 2 .

U; J

=32

o2}

Using Equations (2.14), (2.15) and (2.16) into the above expressions we get

l,[l: (_Mzbi]_ + uq Liz)/a + (bl41/i3 - u3u4)/b s (2171)

. . . b 7 { a
§= 2[(u1u1 * uatly) [~ (atls F stls ) \/g} : (2.17.2)

(]5 = (U2ll1 - ulllz)/a + (Lt4ll3 - l/l3l/l4)/b. (2173)
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2.2.4. Expressions for wi, w,, ws in terms of the Eulerian Parameters and their
Rates

Using Equations (2.17) and Equations (2.11) into Equations (2.12) we get

w; = 2(—u1u'4 + M4Lll + M3U2 - u2Ll3) N (218)
Wy = 2(—u2Li4 - L{3ll1 + u4L22 + u1d3) B (2.19)
w3 = 2(‘1/!3 ll4 + uzul - ulllz + u4LZ3) . (220)

These equations are what we required to set up for the present subsection.

3. Motion of the Orbital Frame

A most interesting connection between orbital dynamics and rigid body dynamics
could be established if we consider the orbit normal , the radius vector §, and
the orthogonal vector m = ¢ X § as a rigid body. Since this triad is a rotating
coordinate system, its motion can be investigated by applying well-known methods
of rigid body dynamics. The present section is devoted to establish the basic
formulations for the connection between orbital and rigid body dynamics.

3.1. ORBITAL FRAME

The unit vector £ is defined as a vector which always points at the body under
consideration (hereafter we shall consider such body as a given artificial satellite).
The unit vector n is advanced to § in the sense of increasing true anomaly f by a
right angle in the plane of instantaneous motion. Finally, the unit vector { com-
pletes the orthogonal set and is always directed along the angular momentum
vector H. The rotating triad &, n, { will be called the orbital frame.

Now, the first step for the connection between orbital and rigid body dynamics
is to find the relations between the unit vectors (§, m, {), the position and velocity
vectors (X, X) in the inertial frame (in which the orbital motion is described).

3.2. ReLaTIONS BETWEEN (€, M, {) AND (X, X)

The unit vector £ is related to the position vector x by
E=—, 3.1

where r = |x|. Since in the pure Keplerian motion ¢ is a part from an additive
constant the true anomaly f then
0= IX—XX rx—xx

ré  Vup

where p is the semi-latus rectum, u in the present study (artificial satellite motions)
is the Earth’s gravitational constant.
Finally, since the angular momentum H is given as

(3.2)
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H=Ht=Vupl=xxx,

then

1
{=——(xx%). (3.3)
vV up

Since p vanishes on collision orbits, Equation (3.2) and (3.3) then become mean-
ingless. We therefore exclude collision, hence p > 0. This is no restriction in
satellite applications since the central mass has finite dimensions.

3.3. ReELATIONS BETWEEN (&, M, {) AND (U, Us, U3, Uy)

The next step in our analyses is to find the relations between the unit vectors
(§,m, L) and the Eulerian Parameters. To obtain so, let us define the following
vectors

U Uz Us Uy
Uy —U Uy Us
u= , V= , W= , q= . (3.4)
Us |22 —Uz = U
Uyg —U3 Uz —Uy

Clearly, these vectors are mutually orthogonal. Since the unit vectors (€, , §) is
related to the unit vectors (I, J, K) of the inertial frame by the linear system.

& I
n{=CltJ]|,
S K

(3.5)

then by using Equations (2.7) into Equations (3.5) we get by taking account of
definitions (3.4) that

£E=A(u, (3.6.1)
n=A@)v, (3.6.2)
{=Amw, (3.6.3)
Uy —U U3 Ug
A =lu, u  us  us|- (3.7)
Uz —Uy Uy —Uz
Note that

AL)M = AM)L, (3.8.1)
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A(L) = c%{A(L)} = A(L), (3.8.2)

where L, M are column vectors in the four-dimensional space.
The relations between the rates could be obtained from Equations (3.6), (3.8)
and we get

£=2A(U)u, (3.9.1)
n=2AU)v, (3.9.2)
{=2AU)w. (3.9.3)

3.4. RELATIONS BETWEEN (U, Uz, Us, Us) AND (@1, 0,3, @3)

Differentiating Equations (2.5) with respect to the time ¢ we get

Ll1=%19u1 cotg—%(d}—é)uz, (3.10.1)
uzzéﬁuzcotg+%(¢— P uy, (3.10.2)
lis = —%1"}u3 tan§+%(¢+ b) uy , (3.10.3)
Uy = —%19u4tan§—%([p+ dus . (3.10.4)

Using Equations (2.13) into Equations (3.10) we get by the aid of Equations (2.11)
that

U, = %(w1u4 ~ wyliz + @), (3.11.1)
Uy = 5 (wUs + ooty — w3uy) (3.11.2)
s = 5(—wity + wotty + w3lt) , (3.11.3)
Uy = %(—wlul — waolly — W3l3) . (3.11.4)

These equations can be written in a matrix form as

i=5B(@)u, (3.12.1)
where
0 w3 —Wy w1
Bwy=| @ O e e (3.12.2)
w; —w 0 w;
—®; — Wy — W3 0

Note that the matrix B is skew symmetric.
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Referring to the column vectors defined by Equation (3.4), Equations (3.11)
could be written in another form as

i =3[wiq— W+ wsv]. (3.13.1)
It follows also that

v =3[0W+ wq — wsu], (3.13.2)

W =3[—wv + wu + wsq] . (3.13.3)

3.5. RELATIONS BETWEEN (£,7, {) AND (o1, w5, @3)

Using Equations (3.13) into Equations (3.9), then using Equations (3.6) in the
resulting Equations and the fact that

A(w)q=0,

we get
€= wm — wrl, (3.14.1)
n=wl— &, (3.14.2)
{=wf —wm. (3.14.3)

By these relations we come to the end of the present section after establishing the
basic formulations for the connection between orbital and rigid body dynamics.

4. Satellite Motions in Terms of the Eulerian Parameters

In this section, the equations of motion in terms of the Eulerian Parameters will
be derived.

4.1. FUNDAMENTAL EQUATIONS IN RECTANGULAR VARIABLES

The sixth-order system of differential equations in rectangular variables (x;, x5, x3)
describing_the rate of change of the position and velocity for a satellite orbiting
the Earth is given by
X+M§§=P=P*—a—‘{, 4.1)
r dx

where V' is the perturbed time-independent potential, and P* is the resultant of
all nonconservative perturbing forces and forces derivable from a time-dependent
potential, the other variables are defined previously.

The coordinate system is inertially fixed with x;x, plane corresponding to the
Earth’s equatorial plane. Associated with Equation (4.1), the energy equations
and the laws of energy defined, respectively as,

thM 1

= - E(X’ ), (4.2.1)
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h=h, -V (4.2.2)
and
h, = <a—‘{,x> —(P*, %), 4.3.1)
ax
h=— %/ — (P*, %), (4.3.2)

where (—h,) is the Keplerian energy, (—h) the total energy and (a, b) is used to
denote the scalar product of two vectors a and b. By means of Equations (4.2)
the decision on the type of the orbit could be made, if # > 0 it is elliptic, if 2 <0
hyperbolic and if # = 0 parabolic. This decision is very important, since the type
of the orbit is occasionally changed by perturbing forces acting during a finite
interval of time.

4.2. EQUATIONS OF MOTION IN TERMS OF THE EULERIAN PARAMETERS

Differentiating Equation (3.1) with respect to ¢, then using Equation (3.2) we get

. Vaw

E=— (4.4)
using

x=rk (4.5)
and

x=r+ g (4.6)
into Equation (3.3) we obtain

€=—ri(§><f§)- (4.7)

mp

Using the first derivative of Equation (4.6) into Equation (4.1) we get

ré +2"§+<H%>§=P‘ (4.8)
Since

r’=(x,x), (4.9)
then

7 =(x,X), (4.10)

i+ P2 ={x, %) + (X, %) . 4.11)
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Taking the scalar product of Equation (4.1) with the vector x, then using Equation
(4.9) we obtain

x, %) = (P, x)— £ (4.12)
r
Since p is given as
r2
p=—{&%)— 7%, (4.13)
Ji
then by using Equations (4.5), (4.12) and (4.13) into Equation (4.11) we get
F=@ 5+ B (4.14)
2 r
From Equation (4.14) into Equation (4.8), and using the fact.

P=(P,&E+ (P, m)m + (P, {)C
we deduce that

rE + 26k = (—%)g +(P, ) + (P, 0. (4.15)

Now differentiating Equation (4.4) with respect to ¢t we get

P Vpp 27, . Vup
2

> M 7§+TI

g—2p r

Note that, p is considered variable due to the existence of perturbations.
Using Equation (3.14.2) in the last equation we obtain

Comparing Equations (4.15) and (4.16) we get

w = —— (P, £)
875 4.17
Vup .17
w3 =—LL (4.18)

r

=

p=2r L@ n)= %w, £). (4.19)
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The value of @, may be obtained by substituting Equation (3.14.3) into Equation
(4.7) and we get

Viupt = rH{unt + o},

using Equation (4.18) into the last equation we get for both the perturbed and
unperturbed motions that

w2=0.

From the above equations and Equations (3.11) we finally have for perturbed
motions in terms of the Eulerian Parameters the following equations

U = %(w1”4 + wsis), (4.20.1)
i = 3(@1u3 — w3tt1) (4.20.2)
Us = %('—wlu2 + w3uy) , (4.20.3)
Ug = %(—wlul — w3u3), (4.20.4)
F=(P, &)+ ‘—:ﬁi - % : (4.20.5)

(4.20.6)

W =——(P, &), (4.20.7)
Vup

0y = @ . (4.20.8)

System (4.20) is of the seventh order, general since it includes perturbations which
can arise from a potential and perturbations which cannot be derived from a
potential, and uniform in the sense that it is valid for all values of the energy (that
is, the same equations describe the motion whether it is elliptic, parabolic, or
hyperbolic).

It is noted that in the pure Keplerian motion (P = V = P* = () we have

_Viup _de
2 b

r dr

w; = O; w3

(4.21)

where p = constant, is the semi-latus rectum of osculating orbit. The components
of the perturbing forces P(P = P* — 9V/9x) in terms of the Eulerian Parameters
could be obtained from Equations (3.6), (3.8.1) and we get

P:= (P, &) = (P, A(wWu) = (A" ()P, u),
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P,=(P,m)=(P,A(w)v) = (A"(u)P,v),
P§ = <Pa g) = <Pa A(u)w> = <AT(u)P7 W> .

Using Equations (3.4) and (3.7) into the above equations we get:

Py=P,Cyi; + P,Cyz + P3Cy3, (4.22.1)

P,=PiCy + P,Cx + P5Cy3, (4.22.2)

P,=P,Cs; + P,Csy + P3Cs3, (4.22.3)
where

P,-=P,-*—%; ji=1,2,3,

and C’s are given in terms of u’s by Equations (2.7). In general P;, j = 1,2, 3 and
dV/at are functions of (x, X, f) (see for example Sharaf er al., 1989) and hence
they can be expressed in terms of the Eulerian parameters throughout the relations
between x, X and these parameters. A typical example of such application will
be considered in the following section. Finally it is worth mentioning that, Equa-
tion (2.6) and the condition that w; = 0 [Equation (2.19)] could be used as checks
for numerical integration accuracies of the Equations (4.20).

5. Satellite Motions in the Earth’s Gravitational Field with Axial Symmetry

In this section, the initial value problem of the Eulerian Parameters will be
considered in full detail for satellite motions in the Earth’s gravitational field with
axial symmetry. A general, recursive and stable computational algorithm of this
problem will be established for any conic motion and for any number N =2 of
the zonal harmonic coefficients of the Earth’s gravitational potential. Applications
of the algorithm are considered for the two cases of short and long term predic-
tions. For the short-term prediction, we consider the final state prediction of some
typical ballistic missiles in the geopotential model with zonal harmonic terms up
to Jsg, while for the long-term prediction, we consider the perturbed J, motion of
Explorer 28 over 100 revolutions (about 580 days).

5.1. Expressions oF V, dV/dx aND (P, P, P;)
For the case of axial symmetry we have

ﬂ/=

0, 5.1
o G.1)

1% (%) 22 J(RIPYP,(sin T, (5.2)
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where V is the Earth’s gravitational field with axial symmetry, R is the Earth’s
mean equatorial radius; I the latitude of the satellite, J,, K = 2(1)N are dimension-
less numerical coefficients (note that the infinite series of Equation (5.2) is trun-
cated at some positive integer N) and Py(Z) is the Legendre polynomial in Z of
order / defined VZ €[—1, 1] as

(/2]

1 (_1)k(21 - 2k)! -2k

P(Z) = ol = k(I — k) — 2Kk)!

: (5.3)

[g] denotes the largest interger < q.

By the same argument that has been established by Sharaf and Awad (1985)
for the economical and stable recurrent computations of V and aV/éx in terms of
x, we can derive for the corresponding computations of these functions in terms
of the Eulerian Parameters the following formulations:

N
V= <E> E Jka 5 (54)
R/ k=2
2
v _ (IJ‘C—H‘;)G’ (5.5)
axl 1- C13
2
wv_ (@)G, (5.6)
axz 1- C13
av
= _:u‘pzs ) (57)
X3
where
1 N N
p==; G= X LFy; S= 2 LDy L= k+1)J, (5.8)
r k=2 k=2

Q’s and D’s satisfy economical and stable recurrence formulae of the forms

O = Qo{C130x-1— QoQi—2 + C13Q%—1 — (C13Qx—1 — QoQr—2)/k},

(5.9)
Dy = Qo{DoDi-1 — QoDi—2 + DoDy—1 — (DoDy—1 —

= QoD —2)/(k + 1)}, (5.10)
Fi= QoDi-1 — DoDy, (5.11)

Qo=Rp;, Q1= Q(2)C13; Do=Cy, D= 0-5Q0(3D% - 1) s (5-12)

C’s are given in terms of u’s by Equations (2.7).
Finally, by using Equations (5.5), (5.6) and (5.7) into Equations (4.22) (note
that P, = —(9V)/(dx;); j = 1,2, 3) we get by means of Equations (2.8) that
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N
Pi= up’Qo 2 LiDi-y, (5.13)
k=2
Cosp®
P, =220 ¥ 14D — DoQoDi1}, (5.14)
- C13 k=2
Casp® <
P,= % 2 {Dx — DoQoDy—1}. (5.15)
1- 13 k=2

5.1.1. The Special Case of N =2

Particularization of the above equations for the case N = 2 gives for the J, gravity
perturbed motions the following formulations

1
V= EJZMR2p3(3C%3 -1, (5.16)
av. 3
P —2-J2,uR2p4C11(1 -5C33), (5.17)
1
av_ 3
P EJZ,LRZp“Cu(l -5C3), (5.18)
2
av 3
P 5J2,uR2p4C13(3 -5C%), (5.19)
3
3 2 4 2
P.=— EJZMR p (1 -3C1s), (5.20)
P,,] = — 3]2,LLR2P4C13C23 s (521)
P; = - 3]2/LR2p4C33C13 . (522)
From these equations it is clear that
Cllﬂ‘F Clzﬂ'f’ C13ﬂ+3Vp=O (523)
X1 X Jx3

5.2. THE INITIAL-VALUE PROBLEM

In this subsection, we shall develop a general, economical and stable recursive
computational algorithm of the initial value problem of the Eulerian Parameters
for zonal gravity perturbed orbital motions. The algorithm is general in the sense
that it could be used for any type of orbital motion (elliptic, hyperbolic, or
parabolic) and for any number N = 2 of the zonal harmonic coefficients of the
Earth’s gravitational potential. Its recursive, economical and stability are due to
the usage of the fundamental equations of Section 5.1. With the substitutions

us=r; us=r; u;=Vup, (5.24)



MOTION OF ARTIFICIAL SATELLITES 37

Equations (4.20) reduced by means of Equations (5.13), (5.14) and (5.15) to the
system

Uy = 3(wiuy + wsity) 5 (5.25.1)

s = 3(wyus — wslty) (5.25.2)

s = 3(— s + @3144) (5.25.3)

Ug = %(“wlul - ws3ls), (5.25.4)

Us = Ue (5.25.5)

N

g = us'z{/qu 22 LDy + u2us' — M} , (5.25.6)

U7 = —#Cam g 4Dy — DoQoDi-1} (5.25.7)
us(1 — C3%3) k=2

where

o= ——PCm % LDy — DoQoDr- 1} (5.26.1)
usu7(1 — C3%3) k=2 ’

w3 = UsUs> . (5.26.2)

The initial conditions of the above differential system could be computed from
the initial position x4 = x(ty) and velocity %o = X(f) at the epoch ¢, throughout
the following two main steps.

STEP 1: To compute the initial value of V (= Vo).
1. Compute

ro = (xb1 + x& + x83)"”
O =Rirg
E = xu3lrg
H, = Q3E
2. Set
$=0
Ho= Qo
H,=H,
3. For all £ = 2(1)N, compute
A = QoHo
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G=EH,
B=G—-A
H, = Qu(B + G — B/k)
Hy «—H;
H, «H,
S8+ J.H,
4. Compute V; from
Vo= (w/R)*S

STEP 2. To compute the initial values of u;, j = 1(1)8.
5. Us = ro.

6. Compute
U = (¥o1¥o1 + XozXoz + XosXo3)/Us

_ 22 .2 :2 2 12
Uy = Ll5(X01 + X02 + X03 — Ug + 2V0)

C11 = xo1/us
Ciz = X2/ us
C13 = xo3/us

7. Foralli=1,2, 3, compute
Cai = (usXoi — Us Xoi)/uy
8. Compute
Cs1 = C12Cos = C13Cx2
Cap = C13C3 ~ C11Cas
Cas = C11C2 — C12C
9. Compute
us=(1+ Ci1 + Cap + C33)"?/2
wy = 0.25(Cas — Csp)/uy
Uy = 0.25(C3; — C13)/uy
us = 0.25(C12 — Cor)luas
10. Set
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The position and velocity in Cartesian space could be computed at any time ¢ #
to from u’s and their derivatives as follows

r=us

x1=r(ul —u3— u3+ uj)

Xo = 2r(Urup + Uslly) ,

x5 = 2r(usus — Usly) ,

X1 = 2r(uqtiy — Uslly — Uslis + Uglis) + X1UelT ,

Xo = 2r(uatiy + ugtip + uglis + Ustiy) + XaUelT

X3 = 2r(usti; + ugtls — uglip — Uslly) + Xs3Uglr .

The accuracy of the computed values during the numerical integration could be
checked by the conditions

wtud+ui+tui=1, (5.27)
Wy = u2d4 + u3d1 - u4ll2 - u1u3 =0, (528)

In addition to these two general conditions, the present problem provides a third
one which is the constancy of the total energy (since the potential with axial
symmetry is conservative), that is

AR =h(t) — h(0) =0, (5.29)

where h(t) and A(0) are the values of the total energy h at any time ¢ and at the
initial epoch ¢ = 0, respectively.

5.3. NUMERICAL APPLICATIONS

5.3.1. Test Cases

For the purposes of the numerical applications of our algorithm we consider two
types of test cases, the first type for short-term predications, while the second type
for long-term predications. For the first type, we consider four fractional orbit
cases typical of ballistic missiles all with the same initial time 7, = 0, while the
other initial values are listed for each case in the first column of Table I to IV, In
each of these columns, the type of the orbit, the initial values of x, X and E;; j =
1,2,...,7 are given, where

E = {a = (semi-major axis for elliptic or hyperbolic orbit),
. g = (Pericentre distance for parabolic orbit);

E; =n (mean motion); E3 = e (eccentricity); E4; =i (Orbital inclina-
tion); Es = (longitude of the ascending node); Es = = (argument of
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TABLE 1

Initial and final states with zonal harmonics up to J;4 for the test case No. 1

Initial

Final

Accuracy checks

Elliptic orbit

to = 0.000000000D + 00
x1 = 0.6478000000D + 04
X2 = 0.0000000000D + 00
x3 = 0.0000000000D + 00
%, = 0.7000000000D + 01
X, = 0.1000000000D + 01
X3 = 0.3000000000D + 01
Ey =0.6222020413D + 04
E, =0.1286387868D — 02
E5 = 0.9114797593D + 00
E,=0.1249045772D + 01
Es = 0.0000000000D + 00
Eg = 0.3547320780D + 01
E; =0.7053972527D + 00

Elliptic orbit

TF = 0.1800000900D + 04
x1 = 0.1097091933D + 05
x2 = 0.1435479581D + 04
x3 = 0.4304935816D + 04

X1 = —0.4446857760D + 00

x> = 0.5322856247D + 00
X3 = 0.1595330525D + 01
E; =0.6216360170D + 04
E, =0.1288145229D — 02
E3=0.9115450165D + 00
E,=10.1248776742D + 01
Es =0.6283113665D + 01
E¢=0.3546885311D + 01
E7 = 0.3025566073D + 01

CHECK]1 = 0.1000000000D + 01
CHECK?2 = 0.9859992902D — 21
CHECKS3 = 0.2629760517D — 11

TABLE 11

Initial and final states with zonal harmonics up to Jzs for the test case No. 2

Initial

Final

Accuracy checks

Elliptic orbit

to = 0.0000000000D + 00
X1
X2
X3
X1
X = 0.8523790555D + 01
X3 = 0.8253522788D + 00
E; = 0.6378135000D + 04
E, =0.1239448602D — 02
E; = 0.1100000000 + 00
E, = 0.1689129650D + 01
E5 =0.1660331717D + 00
E¢ = 0.4087910174D + 01
E; = 0.6459794785D + 00

0.9227347132D + 03

I

—0.7662907520D + 03

—0.5725639475D + 04
—0.6667070998D + 00

Elliptic orbit

TF = 0.190056000D + 04
x; = 0.1838084668D + 03
x> =0.4838898617D + 04
x3 = 0.5196034664D + 04
X1 = 0.1030753722D + 01
X, = —5053060649D + 01
X3 = 0.4825394487D + 01
E; = 0.6391944396D + 04
E, =0.1235434146D — 02
E5 =0.1123414668D + 00
E, = 0.1689032460D + 01
Es =0.1660642310D + 01
E¢ = 0.40980466850 + 01
E; = 0.2981988290D + 01

CHECK]1 = (.1000000000D + 01
CHECK?2 = 0.1609680237D — 17
CHECKS3 = —0.3442699195D — 13

perigree); E; =M (mean anomaly). The adopted units of the time,
distances and angles are respectively second, kilometer and radian.

For the second type of the test cases, we consider a typical highly eccentric satellite
orbit — Explorer 28. The satellite was launched on May 29, 1965. Orbital period
about 5.8 days, the initial values of x and x (Lowrey, 1972) are,
x1 = 6099.5844,
x; = 1.1047527,

x2 = 602.05128,
X = 9.8556127,

x5 = 2409.1608
X3 = — 4.4520836
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TABLE III

Initial and final states with zonal harmonics up to Js¢ for the test case No. 3

Initial

Final

Accuracy checks

Parabolic orbit

to = 0.0000000000D + 00
x1 = 0.9592151798D + 04
x; = 0.4539210547D + 04
x3 = —0.2198098325D + 04
x; = —0.6217477283D + 01
X3 = 0.4184991210D + 01
*¥3 = 0.4170160618D + 01
E; = 0.4783601250D + 04
E, = 0.6313483983D + 03
E5 = 0.1000000000 + 01
E,=0.1765051473D + 01
Es = 0.2658834582D + 01
E¢ = 0.4386710542D + 01
E; = 0.2447259744D + 01

Parabolic orbit

TF = 0.1946250000D + 04
x; = —0.1835330831D + 05
x; = 0.1095613853D + 05
x3 = 0.6018407546D + 04
X, = —0.3465737904D + 01
X5 = 0.2718405654D + 01
%3 = 0.4060604939D + 01
E; = 0.36720184021 + 08
E, = 0.2837342804D — 08
E; = 0.9998697206D + 00
E. =0.1765052094D + 01
Es = 0.2658836257D + 01
E¢ = 0.4386673859D + 01
E; = 0.8885995428D — 05

CHECK1 = 0.1000000000D + 01
CHECK?2 = (.2394687873D — 20
CHECK3 = —0.3049141110D — 08

TABLE IV

Initial and final states with zonal harmonics up to J;6 for the test case No. 4

Initial

Final

Accuracy checks

Hyperbolic orbit

fo = 0.0000000000D + 00
x1 = —0.7515331845D + 03
x> = —0.1719532694D + 05
x3 = —0.1922853605D + 05
% = —0.1358441628D + 01
x> = 0.7840211728D + 01
X3 = —0.5483792681D + 01
E; = —0.6378135000D + 04
E, =0.1239448602D — 02
E; = 0.5014684674D + 01
E4=0.1689129650D + 01
Es=0.1660331717D + 01
Es = 0.4126772960D + 01
E; =0.5832833793D + 01

Hyperbolic orbit

TF = 0.9753400000D + 03
x1 = —0.2063161960D + 04
x2 = —0.9384960103D + 04
x3 = —0.2434255191D + 05
%, = —0.1326442061D + 01
%> = 0.8144014726D + 01
X3 = —0.4987127484D + 01
E, = —0.6378225176D + 04
E, =0.1239422317D — 02
E5 =0.5014625734D + 01
E,=0.1689130265D + 01
Es = 0.1660332765D + 01
E¢ = 0.4126764512D + 01
E; =(.7585445186D + 00

CHECK1 = 0.1000000000D + 01
CHECK2 = 0.2547716287D — 20
CHECK3 = —0.1671315173D — 13

5.3.2. The adopted Physical Constants

= 398600.8 km®s 2, R = 6378.135 km.

The numerical values of the Earth’s zonal harmonic coefficients Ji; k=
2,3,...,36 are taken from Hough (1981).

5.3.3. Numerical Results

The previous equations of the present section were programmed and applied with
fixed step size, fourth-order Runge—Kutta-Gill method, together with the basic
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equations (see for example, Escobal, 1965) for converting x, x to the orbital
elements of any conic motion. Conditions (5.27), (5.28) and (5.29) are used for
checking the accuracies of numerical integration. Although the program is de-
veloped to include up to any number of Earth’s zonal harmonic terms J,,, however,
the numerical computations are done with terms up to Jss. The output of the
program was arranged for each case study in the second and the third columns of
Tables I to IV, where CHECK 1, 2, 3 correspond respectively to the conditions
(5.27), (5.28) and (5.29). Tables V and VI represent the applications of our
algorithm for long-term predication of the J, perturbed motion of Explorer 28
Satellite during 100 revolutions given at every 10 revolutions. The accuracy of the
computed values is also checked by the conditions (5.27) to (5.29). The first
condition is exactly satisfied, while the second and the third conditions are satisfied
respectively up to 107'7 and 1072 at least.

In concluding this paper, the connections between orbit dynamics and rigid
body dynamics are developed throughout the Eulerian redundant Parameters and
utilized to establish special perturbation technique for the initial value problem
for any conic motion of artificial satellites. A motion prediction algorithm using
the Eulerian Parameters has been developed for the motions in the Earth’s gravi-
tational field with axial symmetry. The algorithm is of recursive nature, and
moreover could be applied for any conic motion whatever the number of zonal
harmonic coefficients may be.
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