
Chapter 8 
Fracture Interaction Behaviors 

8.1 Introduction 

Problems arising from hydraulic fracturing involve the nonlinear coupling of rock 
deformation and fluid flow, the nonlocal character of the fracture elastic response, 
the time dependence of fracture propagation and the interacting interference between 
the pre-existing and induced fractures. These problems will result in the offsetting of 
the fracture path and leak-off of fracturing fluid and then complicate the analysis of 
hydraulic fracturing [10]. Whereas the economic production from these reservoirs 
tends to depend on the efficiency of hydraulic fracturing stimulation treatment [26]. 
So fully modeling hydraulic fracturing is necessary and significant in optimizing the 
fracturing parameters and stimulating reservoir production. 

Early research efforts concentrated on modeling the propagation of single planar 
hydraulic fracture (HF) in linear elastic, impermeable and homogeneous rock. As 
the horizontal in-situ stress in the overlying and underlying layers is much larger 
than that in the reservoir layer, the growth of HF height is expected to decline and 
ultimately stop, and therefore the phenomenon of constant fracture height appears 
[20, 30]. When the fracture length is sufficiently small compared to the fracture 
height, this hydraulic fracturing problem can be theoretically simplified to a plane-
strain model, well-known as KGD and PKN models [11, 13, 18]. These models 
typically rely on the simplification of the fracturing problem either with respect to 
the fracture width profile or the fluid pressure distribution. However, the simple HF 
geometric assumption of a straight and bi-wing planar feature is untenable because 
of the pre-existing geological discontinuities including fissures, veins, joints, faults 
and bedding planes (assumed to be a natural fracture with a frictional interface and 
thereafter called NF) in naturally fractured formations [28]. The HF will inevitably 
intersect with multiple NFs and therefore result in complicated fracture networks 
[14]. Plenty of microseismic measurements and field observations [17, 9, 24] also  
suggest that the creation of complicated fracture networks is a common occurrence 
during the process of hydraulic fracturing treatments.
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Fig. 8.1 Intersection modes between an HF and an NF [12] 

Based on experiment and field analysis [4, 12, 33], three intersection modes 
(crossing, opening and slippage) were mainly observed when the HF propagated 
in naturally fractured formations as sketched in Fig. 8.1. The case of “Crossing”, 
“Opening” and “Slippage” means that the HF crosses the NF, the NF slips upon 
contact with HF, and the HF propagates along the dilated NF, respectively. The 
occurrence of each intersection behavior depends on the stress conditions and mate-
rial mechanic properties to a large extent [22]. In reality, the minimum horizontal 
stress contrast defines the lower limit for the propagation capacity of the HF where the 
pressure for initiating a fracture needs to exceed the sum of the minimum horizontal 
stress and the rock tensile strength. 

In this chapter, the goal is to predict the intersection behaviors (including crossing, 
slippage and opening) between the HF and the NF based on known parametric condi-
tions and assumed geometric models. We pay attention to presenting a composite 
criterion to predict subsequent behaviors based on stress conditions before the HF 
comes into contact with the NF. This criterion is validated by comparing the predicted 
results with previously published experimental observations and intersection criteria. 
Furthermore, this new criterion includes the sensitivity of the HF approaching 
distance missed in previous intersection models, with which the new criterion is 
discussed in detail. 

8.2 Intersection Model Between Hydraulic Fracture 
and Natural Fracture 

As shown in Fig. 8.2a, a plane-strain model is developed considering a finite-length 
HF uniformly pressurized by internal fluid which is approaching an unbounded fric-
tional NF (red rough line) at an arbitrary angle β. The internal fluid inside the HF is 
incompressible and inviscid. The initial stress field equals the far-field in-situ stress 
components σ H and σ h which are parallel and perpendicular to the HF in the Oxy 
reference plane, respectively. The yellow arrow denotes the injection location and
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injection rate Q0. For convenience, a local coordinate system (O’ βx βy) is estab-
lished on the NF, where the βx axis is codirected with the NF in the direction of the 
approaching HF and intersects the βx axis at the NF midpoint (Fig. 8.2a).

During an HF approaching an NF, the stress components acting on the NF are 
influenced by the co-action of the fluid flow within the HF on both sides of the 
injection point and the far field in-situ stress. As the HF extends and moves closer to 
the NF, the stresses on NF increase and become closer to the critical failure thresholds 
(rock tensile strength or NF cohesion strength). Assuming a limit state where HF 
is infinitely close to but not in contact with the NF (Fig. 8.2b), the existing stress 
singularity near the HF tip will greatly influence the stress distribution on the NF, 
and certain points on the NF may have reached or even exceeded the critical failure 
limit. The possible behaviors of crossing, slippage and opening between the HF and 
the NF are assumed mutually independent. The mixed behaviors of opening after 
crossing and crossing after slippage are not considered. 

8.2.1 Solution of Net Pressure Inside 
the Toughness-Dominated HF 

Since the fracturing fluid is assumed to have zero viscidity, the propagation of HF 
can be identified be in the toughness-dominated regime [7]. The half-length of the 
HF is designated l(t), the HF width is w(x, t), Pnet denotes the net pressure within 
the HF which only depends on the x coordinate (with origin at the injection point, 
O), and the fluid injection time is t. 

According to [7], the unified form of theoretical solution to a single fracture is 
defined in a dimensionless form: 

l(t) = L(t) · γ [ρ(t)] 

w(x, t) = ε(t) · L(t) · Ω(ξ, t) 
Pnet (x, t) = ε(t) · E , · ⊓(ξ, t) (8.1) 

where ξ = x/l(t) (0  ≤ ξ ≤ 1) refers to the scaled position which defines a moving 
system of coordinates (with respect to the fixed system of coordinates x); ε(t) denotes 
a small dimensionless parameter that guarantees the variation range ofΩ and⊓ from 
zero to infinity; L represents the length scale; γ ,Ω, and⊓ are the dimensionless frac-
ture half-length, opening and net pressure, respectively; and ρ(t) is the dimensionless 
evolution parameter. 

Based on the  scaling of Eq.  (8.1), the elasticity equation can be expressed as

Ω = −4γ 
π 

1∫

0 

ln

|||||
√  
1 − ξ 2 + √

1 − s2 √  
1 − ξ 2 − √

1 − s2

|||||⊓(s, t)ds (8.2)
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(a) Geometry of the intersection model 

(b) Limit state for Δl 0 

Fig. 8.2 Schematic diagram of a hydraulic fracture approaching a natural fracture
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The fluid lubrication equation can be written as 
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The fluid mass balance is 

2γ 
1∫

0

Ωdξ = Gv (8.4) 

The HF propagation condition (K I = K IC) is

Ω = Gkγ 1/2 (1 − ξ)1/2 , 1 − ξ <<  1 (8.5) 

In the toughness-dominated regime, the dimensionless groups of Gv and Gk both 
equal 1, and Gm is a function expression about the known parameters (Gm = μ,

ε3 E ,t , 
μ, represents the magnitude of fluid viscosity) according to [1]. The classic zero-
viscosity solution of a toughness-dominated fracture is derived by Garagash [10], 
and the related dimensionless parameters are expressed as follows: 

K , = 8 √
2π 

· KIC  , E , = 
E 

1 − v2 
(8.6) 

ε(t) = ( 
K ,4 

E ,4 Q0t 
)1/3 , L(t) = 

E ,Q0t 

K ,
2/3 

(8.7) 

γ = 2 

π 2/3 
,Ω(ξ  )  = π −1/3 · (1 − ξ 2 )1/2 ,⊓ = 

π 1/3 

8 
(8.8) 

where E , is defined as plane-strain elastic modulus, v denotes Poisson’s ratio, K IC is 
the rock fracture toughness and Q0 represents the injection rate. 

Finally, the hydraulic fracturing solution of a single HF is obtained by combining 
Eqs. (8.1) and (8.6) ~ (8.8): 

l(t) = γ · ( E
,

K , )
2/3 · (Q0t)

2/3 (8.9) 

w(ξ, t) = Ω(ξ ) · ( K
,

E , )
2/3 · (Q0t)

1/3 (8.10) 

Pnet(ξ, t) = E , · ⊓(ξ ) · ( K
,

E , )
4/3 · (Q0t)

−1/3 (8.11)
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8.2.2 Slippage Condition for the NF 

The HF propagates is subject to the combined action of far-field in-situ stress (σ H 
and σ h) and inner fluid pressure (Pf). According to the stress superposition principle 
[23], the total stress on the NF interface should be equivalent to the superposition of 
the far field stress and the induced stress. The far field stress keeps uniform and is 
generated by in-situ stress, while the induced stress originates from the net pressure 
(Pnet) within the HF and is generated by internal fluid flow. 

According to Westergaard’s analysis [27], the induced stress field produced by 
the net fluid pressure within the HF in Oxy reference plane is 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

σxx = Pnet
[ r0 
2r∗

]
×

[
2 cos

(
θ ∗ − θ0

) + 2 sin  θ0 sin θ ∗ − sin θ1× 
sin(θ ∗ + θ1 − θ0) − sin θ2 sin(θ ∗ + θ2 − θ0)

]
− Pnet 

σyy = Pnet
[ r0 
2r∗

]
×

[
2 cos

(
θ ∗ − θ0

) − 2 sin  θ0 sin θ ∗ + sin θ1× 
sin(θ ∗ + θ1 − θ0) + sin θ2 sin(θ ∗ + θ2 − θ0)

]

τxy = Pnet
[ r0 
2r∗

]
× [

sin θ1 cos(θ ∗ + θ1 − θ0) − sin θ2 cos(θ ∗ + θ2 − θ0)
]
(8.12) 

where 

−π ≤ {θ0, θ1, θ2, θ  ∗} ≤  π, 
r∗ = √r1r2, θ  ∗ = 1 2 (θ1 + θ2) ,  
r0 = 

√  
x2 + y2, θ0 = tan−1( y x ), 

r1 = 
√  

(x − l)2 + y2, θ1 = tan−1( y 
x−l ), 

r2 =
√  

(x + l)2 + y2, θ2 = tan−1( y 
x+l ), 

The stress components of the HF-induced stress applied to the NF, inclined by 
the angle β with respect to the direction of σ xx, are expressed as follows: 

⎧⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

σPnet,βx = 
σxx + σyy  

2
+ 

σxx − σyy  

2 
cos(2β) + τxysin(2β); 

σPnet,β y = 
σxx + σyy  

2
− 

σxx − σyy  

2 
cos(2β) − τxysin(2β); 

τPnet,β = −  
σxx − σyy  

2 
sin(2β) + τxycos(2β); 

(8.13) 

The stress components projected on NF (inclined at angle β) from far-field stresses 
σ H and σ h are given by 

⎧⎨ 

⎩ 

σγ,βx = σH+σh 
2 + σH−σh 

2 cos 2β 
σγ,βy = σH+σh 

2 − σH−σh 
2 cos 2β 

τγ,β  = − σH−σh 
2 sin 2β 

(8.14)



8.2 Intersection Model Between Hydraulic Fracture and Natural Fracture 205

The total normal and shear stress of the combined stress field can be obtained by 
superposing Eqs. (8.5) and (8.6):

{
σβ y = σPnet,βy + σγ,βy 

τβ xy  = τPnet,β + τγ,β  
(8.15) 

When the normal stress on the NF is compressive, the failure of the interface can be 
judged by Mohr–Coulomb criterion (supposing compressive stress to be negative):

||τβxy

|| ≥ c − μσβ y (8.16) 

where μ is the friction coefficient, c denotes the cohesion of the NF, σ βy and τ β are 
the total normal and shear stresses on the NF interface, respectively. 

The onset of slip is analytically estimated using the geometric model illustrated in 
Fig. 8.1b. If Eq. (8.16) holds, the NF may undergo shear failure at different degrees 
such that the growth of the HF will probably get arrested by the NF. Once the HF 
is arrested by NF, the pre-existing stress singularity at HF tip will diminish, and the 
stress field in the vicinity of the HF tip will differ significantly. 

8.2.2.1 Opening Criterion for the NF 

The critical fluid pressure required to open the NF and sustain the HF propagation 
[29] is  

PNF = σβy + 
KIC √
πl 

√
η (8.17) 

PNF ≤ PHF (8.18) 

where η = γ NF/γ Rock, γ NF and γ Rock are the surface energy of the NF and the intact 
rock matrix, respectively. 

The NF will be probably opened by the fracturing fluid inside the HF under the 
opening condition (Eq. 8.18) which defines the upper limit of the NF opening in 
combined stress field. Once the HF encounters the NF, the penetrating fracturing 
fluid may flow along either side of the NF midpoint, which highly depends on the 
intersection angle [21]. 

8.2.2.2 Crack Initiation Condition 

According to the linear elastic fracture mechanics, the stress field near the fracture 
tip is approximated as
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⎧⎪⎪⎪⎪⎪⎪⎪⎨ 
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) 
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θ 
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cos 

θ 
2 
cos 

3θ 
2 

(8.19) 

where K I is the stress intensity factor, r and θ are the polar coordinates with the 
origin at HF tip, and θ = β (or β–π ). 

As the HF tip approaches the NF, the stress projected on the NF is increased such 
that the inelastic deformation is produced within a certain range of the HF tip, which 
implies the existence of a nonlinear region adjacent the approaching intersection 
point in limit state (Fig. 8.1b). Within the nonlinear region, the rock may stay in 
elastoplastic or plastic state and the highly accumulated elastic strain energy near 
the HF tip has been dissipated to some extent in the form of heat and surface energy, 
which makes the linear elastic fracture mechanics invalid for distances less than the 
critical radius (rc) to the HF tip. Therefore, the effective stresses within nonlinear 
region is always assumed to be equal to or less than the stresses at rc [2, 8, 12]. 

Similar to the notion of [12], which considered the inelastic behavior of the HF 
tip prior to contacting with the NF, the mechanical condition for a new fracture 
initiation on the opposite side of the NF interface is to achieve equilibrium between 
the maximum principle tensile stress and the rock tensile strength T 0. Hence the 
critical initiating condition is given by 

σ1 = 
σx + σy 

2
+

/(
σx − σy 

2

)2 

+ τ 2 xy  = T0 (8.20) 

With known T 0 and K IC (critical stress intensity factor), the nonlinear region 
critical radius rc is derived by combining Eqs. (8.19) and (8.20). 

Thus, the initiation position can be determined by checking the stress acting on 
the NF starting from the distance of rc away from the NF midpoint. It follows then 
that crossing will occur if the stresses of certain points outside the nonlinear region 
(r ≥ rc) dissatisfy the shear failure condition (Eq. 8.16) and the opening condition 
(Eq. 8.18):

||τβxy

|| < c − μσβ y; PNF > PHF (8.21) 

Many researchers [5, 25] have demonstrated that the in-situ stress difference and 
intersection angle were the predominant factors to be considered in the analysis 
of HF-NF intersection mechanism. Thus, we pay attention to the sensitivity of the 
stress difference of far-field maximum and minimum horizontal stresses and the 
intersection angle on the condition that other related parameters including fracture 
toughness, friction coefficient and initial fracture length remain constant.
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Fig. 8.3 Diagram of different intersection modes based on composite criterion where the 
dimensionless stress constant Δ = (σ H−σ h)/σ h 

Combining the slippage, opening and initiation conditions expressed in Eqs. 
(8.16), (8.18) and (8.21), the possible intersection behaviors can be predicted mathe-
matically with coded computational program, and the corresponding critical slippage 
as well as the opening curves can also be drawn out. As delineated in Fig. 8.3, the  
division of these zones is directly related to the critical shear failure condition and 
the critical opening condition of the NF. Therefore, the scope of each zone will also 
be directly related to the mechanical parameters of the two critical conditions. 

8.3 Validation of Composite Criterion 

8.3.1 Comparison with Previous Intersection Criteria 

Previous research effort has concentrated on establishing effective predicting crite-
rion for the HF-NF intersection behavior through theoretical and numerical analysis 
[4, 6, 15, 16, 25, 29]. To explore the discrepancy and advantage between the proposed 
criterion and previous criteria, we conduct a comparison using Blanton’s criterion, 
Gu and Weng criterion and Yao criteria under the same parametric conditions.
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Figure 8.4 shows the boundary of different areas of the predicting intersection 
behavior corresponding to different analytical criteria in the parameter space of the 
intersection angles β and the horizontal in-situ stress difference. The initial material 
parameters are selected from Blanton experiments, where Devonian shale is chosen 
as the rock sample with tensile strength T 0 of 5.67 MPa (823 psi), fracture toughness 
K IC of 1.59 MPa m1/2, Young modulus E of 10 GPa and Poisson ratio ν of 0.22, NF 
cohesion c of 0 MPa, NF friction efficient μ of 0.75, minimum horizontal in-situ 
stress σ h of 5 MPa (725 psi), initial HF length l of 0.06 m, and injection rate Q of 
0.82e−6 m3/s.

(1) Blanton’s criterion 

In Blanton’s experiments and analysis of HF-NF intersection [3] an intersection 
criterion was developed and validated through dynamic triaxial fracturing tests. The 
crossing will occur and the initiation of a new fracture can initiate provided that the 
treating pressure within the HF exceeds the superposition of the rock tensile strength 
and the stress acting parallel to the NF. After mathematical simplification, the final 
form of the crossing criterion is introduced by the following: 

σH − σh >
−T0 

cos 2β − b sin 2β 
(8.22) 

where b = 0.2 as an asymptote for an unbounded interface at the NF. 
As shown in Fig. 8.4a (red dash line), the lower and upper branches of Blanton 

curve are almost parallel to the bottom segment of slippage curve and the top part 
of opening curve, respectively. This result implies that the two criteria have approxi-
mately identical predicting results for a relatively large and small intersection angle. 
However, based on the initial assumptions and mechanical conditions, the subse-
quent behavior predicted by Blanton criterion is either crossing or opening, but the 
case of slippage and the effect of induced stress field is not taken into consideration, 
which results in the criterion merely relating to three parameters (stress difference, 
intersection angle and b). Hence Blanton criterion is to some extent insufficient for 
predicting all of the intersection behaviors. 

(2) Gu and Weng criterion (Gu and Weng criterion) 

Gu et al. [12] considered an HF approaching a frictional interface prior to contact at 
non-orthogonal angles and proposed a crossing criterion based on linear elastic stress 
analysis near the fracture tip. This criterion can be applied to determine the occurrence 
of crossing provided that the accumulated fluid pressure is sufficient to initiate a new 
crack on the opposite side of the NF before the superposition stress consisting of the 
remote in-situ stress and the HF-tip stress field along the interface reaches the critical 
shear resistance. As shown in Fig. 8.4a (black dash-dot line), Gu and Weng criterion 
was plotted as the boundary between the area of crossing and no-crossing. And the 
crossing area is relatively reduced compared with the crossing region separated by 
the two critical curves of the composite criterion. As the intersection angle exceeds 
67.5°, the lower branch of Gu & Weng crossing curve becomes closer to the x-axial
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(a) Compared to Blanton and Gu & Weng criteria 

(b) Compared to Yao criteria 

Fig. 8.4 HF-NF criteria plotted as the boundary of the intersection areas
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than that of the proposed opening curve but farther from the x-axial than that of the 
proposed slippage curve. These distinctions are attributable to the neglected effect 
of the inner fluid pressure inside the HF in Gu and Weng criterion. 

Moreover, field and laboratory observations have demonstrated that opening is 
a common occurrence when investigating the intersection between the HF and NF 
[3, 5, 33]. The opening zone (no slippage) depicted in orange color in Fig. 8.3 also 
designates that the NF may also be dilated in the case of no slippage occurring, which 
will subsequently impede the HF propagation to penetrate across the NF. 

(3) Yao criteria 

In Yao’s work [29], it is assumed that an HF gets blunted upon contacting an NF 
and will temporarily stay in the NF for a while and then breakout to propagate in 
a mechanically favorable direction depending on the orientation of natural fracture 
relative to the stress field. On basis of energy conservation and slip stability anal-
ysis, the opening and slippage criterion in terms of stress difference is derived and 
correspondingly expressed as: 

σH − σh > 
KIC(1 − √η) √

πl sin2 β 
(8.23) 

σH − σh > 
c − μKIC/

√
πl 

sin β(cos β − μ sin β) 
(8.24) 

Yao criterion is delineated in Fig. 8.4b compared with the presented composite 
criterion. It can be seen that Yao’ slippage curve is approximately manifested in 
the regulation of quadratic function, which means that the difficulty for slippage 
to occur decreases initially and then increases progressively with the increase of 
intersection angle. This significantly differs from the monotonically steep decrease 
of the slippage curve proposed herein. Furthermore, the opening curve of Yao outlines 
a larger crossing area than that of the composite criterion as the intersection angle 
decreases away from 90°. 

8.3.2 Comparison with Laboratory Experiments 

To validate the applicability of the composite prediction, the intersection behaviors 
predicted by current analytical model are compared to three independent laboratory 
experiments: Blanton experiments, Zhou experiments and Gu experiments [3, 4, 12, 
33]. It should be noted that the value of η in Eq. (8.17) is assumed to be zero for  the  
surface energy of NF is infinitely small compared with that of rock. 

(1) Blanton experiments 

Blanton [3] preformed the fracture intersection experiments using hydrostone blocks 
which were fractured by a pre-existing surface under different angles of approach
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Fig. 8.5 Comparison between Blanton’s experimental results and predictions of the proposed 
composite criteria 

(30°, 45°, 60° and 90°) and stress states (−σ h = 5 or10 MPa and the principal 
differential stresses varied from 2 to 15 MPa). The pre-fractured surface was frictional 
and cohesively with a friction coefficient of 0.75. The tensile strength of hydrostone 
was 3.1 MPa. And the Mode I fracture toughness was 0.176 MPa m1/2. The fracturing 
fluid was injected at a constant flow rate of 0.82 cm3/s through a wellbore simulated 
by a steel pipe. In addition, the half-length of the HF was equal to 0.06 m. The fluid 
viscosity is assumed to be sufficiently small in a toughness-dominated HF, so its 
effect becomes negligible. Figure 8.5 summarizes the results of Blanton experiments 
and the corresponding calculation outcomes from the new criterion. 

(2) Zhou experiments 

Zhou et al. [33] reported similar experiments about the HF-NF intersection on 
cement-sand model blocks with scaled proportion to real rock in triaxial compressive 
stress state. The pre-fractures were created by 3 types of paper with cohesion of 
3.2 MPa and friction coefficient of 0.38, 0.89 and 1.21, respectively. The interaction 
angles in each block between the HF and NF were varied systematically of 30°, 60° 
and 90°. The Mode I fracture toughness of model blocks is 0.59 MPa m1/2, and the 
half-length of HF was designed as 0.06 m. The vertical stress remains invariable at 
20 MPa, meanwhile, the horizontal stress difference was changed from 3 to 10 MPa. 
The comparison is shown in Fig. 8.6.
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Fig. 8.6 Comparison between Zhou et al.’s experimental results and predictions of the proposed 
composite criteria 

(3) Gu experiments 

In recent experiments conducted by [12], Calton sandstone (T 0 = 4.054 MPa, K IC 

= 1.6 MPa m1/2) was cut into rectangle blocks and prepared for the intersection test 
at true triaxial-stress condition. A discontinuity interface characterized by friction 
efficient of 0.615 and negligible cohesion was prefabricated in the blocks at specified 
angles ranging from 45° to 90°. Silicone oil (viscosity of 1 Pa s) was injected at a 
constant rate of 0.5 cm3/s. The vertical stress remains invariable at 27.58 MPa, 
meanwhile, the horizontal stress difference was changed from 0.69 to 10.35 MPa with 
unchangeable minimum horizontal stress of 6.89 MPa. And the initial half-length of 
HF was 0.076 m. The prediction results are depicted in Fig. 8.7.

In general, the comparison results in Figs. 8.5–8.7 indicate that the calculation 
outcomes obtained from the composite criterion show good agreement with the 
experimental results except for several particular cases. The disagreement between 
the experimental and predicted results arises from the inappropriate range of the 
nonlinear zone which implies that the actual nonlinear region at the crack tip is 
relatively larger. A possible explanation for this change is the co-action of stress 
singularity and plastic zone ahead of the HF tip which can enlarge the radius of the 
nonlinear zone. In this case, the initially calculated points at rc no longer follow the 
linear elastic mechanics, resulting in inapplicable cases.
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Fig. 8.7 Comparison between Gu et al.’s experimental results and predictions of the proposed 
composite criteria

8.4 Composite Criterion Considering Nonuniform Fluid 
Pressure 

8.4.1 Nonuniform Form of Fluid Pressure 

The intersection between a hydraulic fracture and a natural discontinuity is ubiq-
uitous during hydraulic fracturing treatment. For better prediction of the fracture 
intersection, Zhao et al. [31, 32] proposed a composite criterion that synchronously 
considered three possible intersection modes (opening, crossing and arrested) and 
the coupling effects between fluid flow and solid elastic deformation. Nevertheless, 
the fluid effect in Zhao et al. [31, 32] is confined to a uniform pressure distribution at 
the limit intersection point where the hydraulic fracture is infinitely close to but does 
not intersect with the discontinuity. In this section, we aim to use the newly derived 
semianalytical solutions for the stress field induced by nonuniform fluid pressure and 
replace the induced stress field with that of constant fluid pressure. Subsequently, 
the induced stress is superimposed with far-field in-situ stress, and then the total 
stress field around the hydraulic fracture and possible fracture intersection can be 
evaluated. Meanwhile, we can compare the laboratory experimental observations of 
fracture intersection [25, 33] with the corresponding intersection results predicted by 
the semianalytical solution of nonuniform pressure, through which the validity and 
applicability of the presented semianalytical solution can be further demonstrated.
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The specific polynomial form (Eq. (8.1)) was determined by fitting the analytical 
relationship of the nonuniform fluid pressure distribution along the crack referring 
to the first-order approximation of large toughness solutions in [7]. As depicted in 
Fig. 8.8, with the increase of the polynomial degree, the fitting precision (R-square) 
increases while the enlarged precision range decreases. Specifically, as the degree 
equals 7, it is easy to find that the continuous increase of the polynomial degree will 
only yield less than a 0.5% difference in accuracy. For convenience of calculation, 
we set the degree of fitting polynomial to 7. Then, referring to [1], the form of net 
fluid pressure inside the hydraulic fracture can be expressed as 

P(x) = P0⊓ = P0
(−137.128ξ 7 + 445.392ξ 6 − 567.697ξ 5 + 358.686ξ 4− 
116.684ξ 3 + 18.261ξ 2 − 1.249ξ + 0.373

)

(8.38) 

where 

P0 = ( 
K ,4 

E ,Qt 
)1/3 , ξ  = x/a 

K , = 8 √
2π 

· KIC  , E , = 
E 

1 − v2

Fig. 8.8 Fitting curves of the non-uniform fluid pressure within a toughness-dominated crack based 
on [7] 
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It should also be noted that the net fluid pressure inside the crack is assumed to be 
always positive, but the abnormal negative ⊓ marked in the red box near the region 
of ξ = 1 is attributed to the existence of stress singularity of the crack tip. 

8.4.2 Comparison with Laboratory Experiments 

Using this fitted pressure distribution as well as the critical conditions of the 
composite criterion presented by Zhao et al. [32], possible behaviors influenced 
by nonuniform fluid pressure under different in-situ stresses and approaching angles 
can be obtained. Meanwhile, the predicted results are also compared to previous 
conclusions, which neglected the effect of nonuniform fluid pressure in Zhao et al. 
[32]. 

Table 8.6 lists the results of Warpinski experiments [25], the corresponding calcu-
lation outcomes from the composite criterion of Zhao et al. [32] and the results 
predicted by the semianalytical solution for nonuniform fluid pressure. Note that the 
notation β refers to the intersection angle (≤90°) between the hydraulic fracture and 
the natural discontinuity. The Warpinski experiment was deployed using Coconino 
sandstone (Young’s modulus of 34.5 GPa, Poisson’s ratio of 0.24, fracture tough-
ness of 1.59 MPa m1/2) that was processed into prismatic blocks and prepared for 
the intersection test under true triaxial stress conditions. A discontinuity interface 
characterized by a friction efficient (μ) of 0.68 and cohesion of 0.1 MPa was prefab-
ricated at specified angles (β) ranging from 30° to 90°. Fracturing fluid was injected 
into the wellbore at a constant rate of 0.1 cm3/s. The vertical stress was maintained 
at an invariable level for all tests, while the maximum horizontal in-situ stress (σ H) 
changed from 6.89 to 13.79 MPa with an unchangeable minimum horizontal in-situ 
stress of 3.45 MPa. The initial half-length of HF was 0.06 m. In addition, the nota-
tion rc denotes the critical radius of the plastic zone ahead of the fracture tip, and its 
corresponding calculation formula can be found in [19].

Table 8.7 shows the comparison of intersection results newly predicted by nonuni-
form fluid pressure with the Zhou experiment and the predicted outcomes of Zhao 
et al. [32]. In line with the experiment of Zhou [33], the model blocks were prepared 
from a mixture of No. 325 Chinese cement and fine sand with a tensile strength of 
3.2 MPa, Young’s modulus of 8.402 GPa and a Poisson’s ratio of 0.23. Furthermore, 
a discontinuity interface characterized by three types of friction coefficients (0.38, 
0.89, 1.21) and cohesion of 3.2 MPa was prefabricated in the blocks at specified 
angles (β) ranging systematically from 30° to 90°. The Mode I fracture toughness 
of the model blocks is 0.59 MPa m1/2, and the half-length of hydraulic fracture was 
designated as 0.06 m. The injecting fluid is assumed to be incompressible, with 
a viscosity of 0.135 Pa s and an injection rate of 4.2 × 10–9 m3/s. The vertical 
stress remains invariable, and the maximum and minimum horizontal in-situ stress 
difference was changed from 3 to 10 MPa.

Tables 8.6 and 8.7 suggest that both constant and nonuniform fluid pressure can 
properly predict fracture intersection within a reasonable range of accuracy. However,
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Table. 8.6 Comparison with Warpinski experiment and Zhao predicted results 

β (°) σ H (MPa) σ h (MPa) rc (m) μ Experimental 
results 

Constant 
predicted 

Nonuniform 
predicted 

30 6.89 3.45 0.0068 0.68 Opening Opening Opening 

30 10.34 3.45 0.0067 0.68 Opening Opening Opening 

30 13.79 3.45 0.0066 0.68 Arrested Arrested Arrested 

60 6.89 3.45 0.0083 0.68 Opening Arrested Opening 

60 10.34 3.45 0.0083 0.68 Crossing Arrested Crossing 

60 13.79 3.45 0.0083 0.68 Crossing Crossing Crossing 

90 6.89 3.45 0.0066 0.68 Opening Crossing Opening 

90 10.34 3.45 0.0063 0.68 Crossing Crossing Crossing 

90 13.79 3.45 0.0062 0.68 Crossing Crossing Crossing

Table. 8.7 Comparison with Zhou experiment and Zhao predicted results 

β (°) σ H (MPa) σ h (MPa) rc (m) μ Experimental 
results 

Constant 
predicted 

Nonuniform 
predicted 

90° −8 −3 0.0020 0.38 Crossing Crossing Crossing 

90° −8 −5 0.0012 0.38 Crossing Crossing Crossing 

60° −10 −3 0.0026 0.38 Crossing Crossing Crossing 

60° −8 −3 0.0026 0.38 Opening Crossing Crossing 

30° −10 −3 0.0021 0.38 Arrested Arrested Arrested 

30° −8 −3 0.0021 0.38 Opening Opening Opening 

90° −10 −5 0.0011 0.89 Crossing Crossing Crossing 

90° −10 −3 0.0019 0.89 Crossing Crossing Crossing 

60° −10 −3 0.0026 0.89 Crossing Crossing Crossing 

60° −13 −3 0.0026 0.89 Crossing Crossing Crossing 

60° −8 −5 0.0026 0.89 Opening Opening Opening 

30° −10 −5 0.0012 0.89 Opening Opening Opening 

30° −8 −5 0.0012 0.89 Opening Arrested Opening 

30° −13 −3 0.0021 0.89 Arrested Opening Opening 

90° −8 −3 0.0020 1.21 Opening Crossing Crossing 

90° −13 −3 0.0019 1.21 Crossing Crossing Crossing 

60° −13 −3 0.0026 1.21 Opening Crossing Crossing 

60° −10 −3 0.0026 1.21 Opening Crossing Crossing 

30° −13 −3 0.0021 1.21 Opening Opening Opening 

30° −8 −3 0.0021 1.21 Opening Opening Opening
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the difference is that the results using the semianalytical solution of nonuniform fluid 
pressure exhibited better agreement with the experimental observations than those 
predicted by Zhao et al. [32]. This distinction can be attributed to the variable fluid 
pressure inside the crack, which demonstrates the necessity to consider nonuniform 
fluid pressure. Furthermore, the fine matching between the experiments and the 
predicted results from nonuniform pressure further reveals the applicability of the 
presented semianalytical solutions for hydraulic fracturing analysis. 

8.5 Perturbation Analysis of Key Parameters 

The composite criterion is a function of horizontal in-situ stress, initial fracture length, 
intersection angle, fracture toughness and approaching distance. As mentioned 
above, the composite criterion curves of the stress difference versus the intersec-
tion angle were drawn and delineated at constant minimum horizontal stress and 
fracture toughness, and infinitesimally small approaching distance, which initially 
and geometrically restrict the composite criterion curve to be explored in depth. 
For further understanding fracture behavior at different parameters, it’s necessary 
to conduct parametric sensitivity analysis considering minimum horizontal in-situ 
stress, fracture toughness and approaching distance, and conduct stress field analysis 
adjacent to the intersection. For convenience, a slip function f is introduced based 
on the slippage condition, which is expressed as: 

f = ||τβxy

|| − c + μσβy, (σβ y < 0) (8.25) 

Note that the increase of slip function means its absolute value decreases and the 
possibility of the NF slippage increases. 

8.5.1 Impact of Initial Horizontal In-Situ Stress 

The critical curves of the composite criterion considering the influence of varying 
the minimum horizontal stress at constant maximum horizontal stress and varying 
the maximum horizontal stress at constant minimum horizontal stress are depicted 
in Fig. 8.9a. To facilitate the contrast analysis, the critical curves of stress difference 
versus intersection angle at fixed minimum horizontal stress (σ h = −5 MPa) are  
delineated in Fig. 8.9b. It should be specified that the critical curves in Fig. 8.9 are 
calculated and plotted at identical parametric conditions aside from initial valve of 
the horizontal stress.

By comparison, it can be seen that as the variation of horizontal stress changes from 
decreasing σ h to increasing σ H, the slippage curve deflects symmetrically along the 
line β = 60° while the opening curve hardly exhibits significant changes in shape. On 
the other hand, there is an evident discrepancy in the curvature of opening curves in
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(a) Composite criterion at constant maximum horizontal stress  

(b) Composite criterion at constant minimum horizontal stress 

Fig. 8.9 Influence of horizontal stress difference: a varying σ h with fixed σ H = −20 MPa (−2900 
psi); b varying σ H with fixed σ h = −5 MPa  (−725 psi)
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Fig. 8.9a compared with Fig. 8.9b. The discrepancy mainly embodies in the decreased 
opening tendency and subsequently imposes greater difficulty for opening to occur. 
In addition, it’s also easy to find that slippage becomes easier as the intersection 
angle β decreases from 90° according to Fig. 8.9a, which is opposite to the slipping 
tendency in Fig. 8.9b. 

The slippage analysis of certain points at the intersection angle β = 30° (solid 
black dots) and β = 75° (red forks) with the stress difference of 4, 8, 12, 16 MPa 
are also respectively shown in Fig. 8.9. For further analysis of the NF stability, we 
solely concentrate on the slippage curves. We can predict that the solid black dots 
will probably slip whereas the red forks can remain stable regardless of the stress 
difference and initial horizontal stress value in line with their relative position to the 
slippage curves. This indicates that varying the minimum horizontal stress does not 
affect the final predicted intersection results at some intersection angles, thus it is 
feasible for the composite criterion to be used for the verification of the laboratory 
experiments as the minimum horizontal stress varies. 

Figure 8.10 presents the slip function distribution on the NF interface when the HF 
approaches the NF at the angle of 30° (b) and 75° (c). Due to the existence of the stress 
singularity at the intersection, the starting points for calculation are determined by 
the radius of nonlinear region ± rc and sixty points are symmetrically extracted from 
the natural frictional interface on both sides of the intersection in βx-βy coordinate 
system. The slip functions under different stress conditions share similar distribution 
characteristics of steep convex profile, which is manifested as the larger values of 
slip function for the closer distance to the intersection. And the slip function values 
of the calculation points on the negative NF interface (βx < 0) are less than those on 
positive NF interface (βx > 0). This difference means slippage is probably to occur 
on the positive NF rather than on the negative NF interface.

In addition, the values of slip function partially or entirely exceed zero for β 
= 30° in Fig. 8.10a, b, which implies the tangential stress applied along the NF 
is greater than the shear resistance and therefore further substantiates the slippage 
occurrence. As for β = 75°, the values of slip function all stay below zero in spite 
of the initial horizontal stress (Fig. 8.10c, d). This result ensures sufficient stability 
to inhibit slippage on the NF interface. For clarity, the zero value of the slip function 
is marked out with dash lines shown in these figures. 

8.5.2 Impact of Fracture Toughness 

The opening and slippage curves of the composite criterion with fracture toughness of 
0.59, 1.09, 1.59 and 2.09 MPa/m1/2 are plotted in Fig. 8.11. A small contrast in fracture 
toughness makes significant changes in the slippage curves whereas a relatively 
slight effect on the opening curve. Specifically, as the fracture toughness increases, 
the scope of crossing zone increases especially at low stress differences, while the 
slippage zone decreases despite the intersection angle and the stress difference. This
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(a) Fixed σh and increasing σH (β=30°)   (b) Fixed σH and increasing σh (β=30°) 

(c) Fixed σh and increasing σH (β=75°)   (d) Fixed σH and increasing σh (β=75°)
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Fig. 8.10 Distribution of slippage tendency function f on the natural fracture interface

discrepancy signifies that the occurrence of crossing becomes easier at larger values 
of fracture toughness.

Furthermore, the opening curves have two-stage variation with the increase of 
fracture toughness: (i) distinguishable changes of the opening curves in the action of 
different fracture toughness are found in the angle range of 26–54° (shadow area); 
(ii) the opening curves tend to coincide as the intersection angle increases from 54°. 
This allows us reach a conclusion that the effect of fracture toughness on the open 
curve is limited in a certain range of the intersection angle. 

Figure 8.12 shows the slippage stability and stress distribution of the analyzed 
point. For different fracture toughness, the values of slip function of the analyzed 
point increase progressively as the calculated points move closer to the HF tip and 
finally presents a steep increase at the intersection. By comparison, the slip function 
on the positive βx axis is greater than that on the negative βx axis, indicating that 
the incipient slippage probably takes place on the right side of the NF rather than on 
the left. In general, the slip function increase with the increase of fracture toughness, 
which is contrary to the various laws in the coordinate interval of (−0.14 m, -0.08 m)
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Fig. 8.11 Composite criteria considering the variation of rock fracture toughness

on the NF interface. Thus, the fracture toughness has a nonlinear effect on the slip 
function as the coordinate of the NF varies.

Moreover, the variation in the total normal stress with the increase of the fracture 
toughness on both sides of βx = −0.02 m is entirely contrary. The higher the fracture 
toughness gets, the smaller the total normal stress on the left side of βx = −0.02 m 
is, whereas the greater the normal stress on the right of βx = −0.02 m becomes. 
However, the contrast of the normal stress on the right of βx = −0.02 m is lower than 
that on the right side under different fracture toughness. A reasonable explanation 
for this result is that the calculated points at the positive βx axis are far from the 
HF, where the net pressure within the HF has an inappreciable stress component 
on the positive NF interface. As shown in Fig. 8.12c, the total shear stress appears 
approximately symmetrical distribution on both sides of the NF midpoint and has 
a positive correlation with fracture toughness. Hence the slippage stability of NF is 
mainly dominated by the total normal stress.
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(a) Distribution of slippage tendency function on the natural fracture interface 

under different fracture toughness 

(b) Total normal stress
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Fig. 8.12 Slippage stability and stress distribution on the NF interface at analyzed point for 
intersection angle β = 66°, σ H = -20 MPa and σ h = -5 MPa
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8.5.3 Impact of Approaching Distance 

The approaching distance is introduced as a small perturbation between the right tip 
of HF and the intersection point, which aims to investigate whether the slippage will 
occur before the HF tip intersects with the NF. The magnitude of the approaching 
distance reflects the degree of HF tip close to the intersection. For the convenience of 
comparison, the HF half-length is assumed to be 6 m, and four sets of approaching 
distances (0, 0.03, 0.07, 0.22, and 1.5 m) are taken into account. 

Figure 8.13 displays the critical opening and slippage curves under different 
approaching distances. With increasing approaching distance, the critical opening 
curves (Fig. 8.13a) are close to the coordinate axis, and the angle interval, within 
which the occurrence of the opening is more prone even at a relatively small stress 
difference, is surely reduced. Thus, it might become more difficult for the NF opening, 
especially at greater intersection angles. The opening can occur only under the prereq-
uisite of the HF contacting HF. But here we merely concentrate on possible behaviors 
before the intersection. Thus, the opening curves are delineated by comparing the 
fluid pressure (PHF) inside the HF with the total normal stress (σ βy) acting perpen-
dicularly to the NF, which defines the upper limit for opening to occur. In Fig. 8.13b, 
the larger value of approaching distance indicates the more symmetrical shape of 
the slippage curves. The form of asymmetrical curves for Δ l = 0.03 m can be 
attributed to the combined action of fluid pressure and far-field in-situ stress. And 
as the approaching distance increases, the HF goes far away from the NF. So, the 
influence of fluid pressure diminished gradually and the remote in-situ stress starts 
to exert a dominating effect on the slippage.

The slip function curves in Fig. 8.14 show different tendencies under various 
intersection angles. In detail, the slip function curves are symmetrically distributed 
on both sides of the NF midpoint for β = 90°. While β equals 60°, 30° and 10, 
the values of slip function on the left side are greater than that on the right. This 
discrepancy is because the left side (negative βx axis) is closer to the HF than the 
right side, leading to a higher influence degree, which appears a larger variation 
magnitude of the slip function on the left.

In summary, the chance of slippage of the NF increases gradually during the 
approaching process. When the intersection angle increases from 30° to 90°, the slip 
function value decreases. And the natural fracture becomes less likely to slip, which 
indicates that the crossing behavior may more easily occur.
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Fig. 8.13 The critical opening a and slippage b curves under different approaching distances (σ h 
= −5 MPa)
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Fig. 8.14 The slippage 
tendency (slip function) 
under different approaching 
distances for different 
intersection angles
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