Chapter 3 ®)
Shannon Theory oo

3.1 Information Space

According to Shannon, a message x is a random event. Let p(x) be the probability
of occurrence of event x. If p(x) = 0, this event does not occur; If p(x) = 1, this
event must occur. When p(x) = 0 or p(x) = 1, information x can be called trivial
information or spam information. Therefore, the real mathematical significance of
information x lies in its uncertainty, that is 0 < p(x) < 1. Quantitative research on
the uncertainty of nontrivial information constitutes all the starting point of Shannon’s
theory; this starting point is now called information quantity or information entropy,
or entropy for short. Shannon and his colleagues at Bell laboratory considered “bit”
as the basic quantitative unit of information. What is “bit”? We can simply understand
it as the number of bits in the binary system. However, according to Shannon, the
binary system with n digits can express up to 2" numbers. From the point of view
of probability and statistics, the probability of occurrence of these 2" numbers is 2i
Therefore, a bit is the amount of information contained in event x with probability %
Taking this as the starting point, Shannon defined the self-information 7 (x) contained
in an information x as

1(x) = —log, p(x). (3.1)

Therefore, one piece of information x contains / (x)-bit information, when p(x) = %,
then 7 (x) = 1.Equation (3.1)is Shannon’s first extraordinary progress in information
quantification. On the other hand, with the emergence of Telegraph and telephone,
binary is widely used in the conversion and transmission of information. Therefore,
we can assert that without binary, there would be no Shannon’s theory, let alone the
current informatics and information age. The purpose of this section is to strictly
mathematically deduce and simplify the most basic and important conclusions in
Shannon’s theory. First, we start with the rationality of the definition of formula (3.1).

If I (x) is used to represent the self-information of arandom event x, the greater the
probability of occurrence p(x), the smaller the uncertainty. Therefore, I (x) should
be a monotonic decreasing function of probability p(x). If xy is a joint event and
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92 3 Shannon Theory

is statistically independent, that is, p(xy) = p(x)p(y), then the self-information
amount is I (xy) = I (x) + I(y). Of course, the self-information amount 7 (x) is
nonnegative, that is /(x) > 0. Shannon prove, the self-information / (x) satisfying
the above three assumptions must be

I(x) = —clog p(x),
where ¢ is a constant. This conclusion can be derived directly from the following
mathematical theorems.

Lemma 3.1 If the real function f(x) satisfies the following conditions in interval
[1, +00):

(i) f(x) =0,
(i) Ifx <y = fx) < f(y),
(iii) fxy) = f(x)+ ).

Then f(x) = clogx, where c is a constant.

Proof Repeated use condition (iii), then there is

FON =kf(x), k>1

for any positive integer k. Take x = 1, then the above formula holds if and only if
f(1) = 0. It can be seen from (ii) that f(x) > Owhenx > 1.Letx > 1,y > 1 and
k > 1 given, you can always find a nonnegative integer n to satisfy

yn < xk < yn+l’
Take logarithms on both sides to get

logx n+1
<

ogy k-’

=

=
—_

On the other hand, we have

nf(y) <kfx) < @n+1f(),

thus
|f()c) log x - 1
fO)  logy Tk’
when k — oo, we have
1
ZAS) = ng, Vx,ye€(,+o00).
f(y) logy

Therefore,
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f&) _ ) — . Vx.y e (1. +00).
logx logy

Thatis f(x) = clogx. The Lemma holds.

In Lemma 3.1, let I (x) = f(ﬁ), then f(x) satisfies the condition (i), (ii) and
(iii), thus I (x) = —clog p(x). Thatis (3.1) holds.

In order to introduce the definition of information space, we use X to represent a
finite set of original information, or a countable and additive information set, which
is called source state set. It can be an alphabet, a finite number of symbols or a
set of numbers. For example, 26 letters in English and 2-element finite field F, are
commonly used source state sets. Elements in X can be called messages, events,
etc., or characters. We often use English capital letters such as X, Y, Z to represent a
source state set, and lowercase Greek letters &, n, . . . to represent a random variable
in a given probability space.

Definition 3.1 The value space of a random variable & is a source state set X; the
probability distribution of characters on X as events is defined as

px)=P{E=x}, VxeX. (3.2)

We call (X, £) an information space in a given probability space, when the random
variable & is clear, we usually record the information space (X, &) as X. If  is another
random variable valued on X, and £ and n obey the same probability distribution,
that is

P{¢=x}=Pn=x}, VxeX.

Call two information spaces (X, &) = (X, 1), usually recorded as X.
As can be seen from Definition 3.1, an information space X constitutes a finite

complete event group, that is, we have

Y px)=10<px) <1, xeX. (3.3)

xeX

It should be noted that if there are two random variables £ and n with values on X,
when the probability distributions obeyed by & and n are not equal, then (X, &) and
(X, n) are two different information spaces; at this point, we must distinguish the
two different information spaces with X; = (X, &) and X, = (X, n).

Definition 3.2 X and Y are two source state sets, and the random variables & and 7
are taken on X and Y, respectively; if & and 5 are compatible random variables, the
probability distribution of joint event xy(x € X, y € Y) is defined as

pxy) =Pl =x,n=y}, VxeX, yeVY. B4

Then, we call the joint event set
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XY ={xylxeX,yeY}

Together with the corresponding random variables & and 7, it is called the product
space of information space (X, &) and (Y, 1), denote as (XY, &, ), when £ and 7
are clear, they can be abbreviated as XY = (XY, &, 7). If X =Y are two identical
source state sets, & and n have the same probability distribution, then the product
space XY is denoted as X2 and is called a power space.

Since the information space is a complete set of events, defined by the product
information space, we have the following full probability formula and probability
product formula:

> p(yx)=p(), VyeY
xeX

> py) =pk), YxeX.

yey

(3.5)

And
px)p(ylx) = p(xy), Vx e X,y €Y.

Where p(y|x) is the conditional probability of y under the condition of x.

Definition 3.3 Let X, X5, ..., X,,(n > 2) be n source state sets, &, &, ..., &, be
n compatible random variables with values, respectively, in X;, the probability dis-
tribution of joint event xyx; - - - x,, is

pxixz---xy) = P{§1 = x1, 6 = X2, ..., & = Xu}. (3.6)
Then called
X1 Xo- Xy ={x1x2- - xplx; € Xi, 1 i <n}
are the product of n information spaces, especially when X; = X, =--- = X, = X,

and each &; has the same probability distribution on X, define X" = XX, - -- X,,,
called the n-th power space of information space X.

Let us give some classic examples of information space.

Example 3.1 (Two point information space with parameter A) Let X = {0, 1} = F,
be a binary finite field, the random variable £ taken on X is subject to the two-point
distribution with parameter A, that is

p(0) = P{E=0}=2,
p()=PE=1=1-2x

where 0 < A < 1, then (X, &) is called a two-point information space with parameter
A, still denote as X.
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Example 3.2 (Equal probability information space) Let X = {x1, x2,...,x,} be a
source state sets, the random variable £ on X obeys the equal probability distribution,
that is |
px)=P=x}=—,VxelX.
| X

Then (X, &) is called equal probability information space, still denote as X.

Example 3.3 (Bernoulli information space) Let Xy = {0, 1} = F,. Let the random
variable &; be the i-th Bernoulli test; therefore, {§;}]_, is a set of independent and
identically distributed random variables. We let the product space

X = (Xo, £&1)(Xo, &2) - - - (X0, &) = Xy C F,

the power space X is called Bernoulli information space, also alled memoryless
binary information space. The probability function p(x) in X is

px) = pxixs---x) =[] ptx), x =0orl. 3.7)

i=1
where p(0) =X, p(1) =1 —A.

Example 3.4 (Degenerate information space) If X = {x}, it contains only one char-
acter. X is called a degenerate information space, or trivial information space. The
random variable £ takes the value x of probability 1, that is P{§ = x} = 1. At this
time, £ is a random variable with degenerate distribution in probability.

Definition 3.4 Let X = {x, x,, ..., x,} be asource state sets, if X is an information
space, the information entropy H (X) of X is defined as

HX) ==Y p)logp(x) = =Y px:) log p(xi), (3.8)

xeX i=1

if p(x;) = 0 in the above formula, we agreed that p(x;) log p(x;) = 0, the base
of logarithm can be selected arbitrarily; if the base of the logarithm is D(D > 2),
then H (X) is called D-ary entropy, sometimes denote as Hp (X).

Theorem 3.1 For any information space X, always have

0 < H(X) <log|X]|. (3.9)
And H(X) = 0 if and only if X is a degenerate information space, H(X) = log | X|
if and only if X is a equal probability information space.

Proof H(X) > 0 is trivial. We only prove the inequality on the right of Eq. (3.9).
Because f(x) = log x is a strictly convex real value, from the Lemma 1.7 in Chap. 1,
thake g(x) = ﬁ is a positive function, p(x) > 0, thus let X = {x1, x2, ..., xn},
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p(xi
023 2 g
=1

H(X) = Z pxi)log

The above equal sign holds if and only if p(x;) = p(x2) = --- = p(x,) = %, that
is, X is equal probability information space. If X = {x} is a degenerate infor-
mation space, because p(x) =1, so H(X) = 0. Conversely, if H(X) =0, let
X = {x1,x2,...,Xn}, suppose 3 x; € X, such that 0 < p(x;) < 1, then

0 < p(x;)log ! < H(X).
p(xi)

i

So there is p(x;) = 1, but p(x;) = 0(j # i); at this time, X degenerates into X =
{x;}, which is a trivial information space, the Lemma holds.

An information space is a dynamic code (which changes with the change of the
random variable on it). For “dynamic code”, that is, the code rate of information space
X, Shannon replaces %H (X) with information entropy, so information entropy H (X)
becomes the first mathematical quantity to describe dynamic code. From Theorem
3.1, when the code is degenerate, the minimum rate of a dynamic code is 0, when
the code is equal probability, the maximum rate is the rate of the usual static code.

Next, we discuss the information entropy of several typical information spaces.

Example 3.5 (i) Let X be the two-point information space of parameter A, then
H(X)=—Alogh — (1 —A)log(l — 1) = H().

H (}) we defined it in Chap. 1, it was called binary information entropy function at
that time. Now we know why it is called entropy function

(i) X = {x}is degraded information space, then H(X) = 0.
(iii)) When X is equal overview information space, then H(X) = log | X]|.

Remark Most authors directly regard a random variable as an information space.
Mathematically, it is convenient to do so and call it the information measurement of
random variables. However, from the perspective of information, using the concept
of information space can better understand and simplify Shannon’s theory; the core
idea of this theory is the random measurement of information, not the information
measurement of random variables.

3.2 Joint Entropy, Conditional Entropy, Mutual
Information

Definition 3.5 Let X, Y be two information spaces, and &, n be random variables
with corresponding values, respectively. If € and n are independent random variables,
that is
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PlE=x,n=y}=P{E=x}-Pln=y}, Vxe X, yeY.

X and Y are called independent information space, and the probability distribution
of joint events is

pxy) =px)p(y), Vx e X,y €Y.

Definition 3.6 Let X, Y be two information spaces, the information entropy H (XY)
of the product space XY is called the joint entropy of X and Y, that is

H(XY) == > play)log pxy). (3.10)

xeX yeY

The conditional entropy H (X|Y) of X versus Y is defined as

H(X|Y) == "> p(xy)log p(x|y). (3.11)

xeX yeY

Lemma 3.2 (Addition formula of entropy) For any two information spaces X and
Y, then we have

HXY)=HX)+ HY|X)=H)+ H(X|Y).
Generally, for n information spaces X1, X, ..., X,, we have
H(X1 X2+ X)) = Y HXi|X; 1 Xi 2+ X1). (3.12)
i=1

Proof By (3.10) and probability multiplication formula,

H(XY) ==Y p(xy)log p(xy)

xeX yeY

==Y > plxy)og p(x) +log p(y|x))

xeX yeY
== p)logp(x) + H(Y|X)
xeX
=H(X)+ HY|X).
The same can be proved

H(XY)=H(Y)+ HX|Y).

We prove (3.12) by induction, when n = 2,
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H(X1X>) = H(X)) + H(X2|Xy).
The proposition is true, and for general n, we have

H(X\ Xy X,) = HX, Xy X,_1) + HX,| X1 X2+ X,21)
n—1
=Y HX;|Xi1 Xia-- X1) + HX,| X1 X2+ X, 1)
i=1

n
= Z H(X;|X;1Xi—2---X1).
i—1

The Lemma 3.2 holds.

Theorem 3.2 We have
H(XY) < H(X)+ H(). (3.13)

If and only if X and Y are statistically independent information spaces,

H(XY)=HX)+ H(Y). (3.14)
Generally, we have
HX 1 Xo---X,) < HX)+H(X2) +---+ H(X,). (3.15)
If and only if X1, X», ..., X, is an independent random process,
H(XX;---X,) = HX;) + H(X3) +---+ H(X,). (3.16)

Proof By definition and Jensen inequality, we have

H(XY)— H(X)— H(Y) =) p(xy)log PP

xeX yeY ( )

<log) > p(x)p(y)

xeX yeY

=0.

The above equal sign holds, if and only if forallx € X,y € ¥, £ (;()Xp} ()V) = ¢( where

c is a constant), thus p(x) p(y) = cp(xy). Both sides sum at the same time, we have

L= p@ Y pM=c) > pay),

xeX yey xeX yeY
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thusc = 1, p(xy) = p(x)p(y).Soifand onlyif X and Y are independent information
spaces, (3.14) holds. By induction, we have (3.15) and (3.16). Theorem 3.2 holds.

By (3.15), we have the following direct corollary; for any information space X
and n > 1, we have
H(X") <nH(X). (3.17)

Definition 3.7 Let X and Y be two information spaces, and say that X is completely
determined by Y, if there is always asubset N, C Y of Y forany given x € X, satisfies

x|y)=1, ify € N,;
{p( 1y) y (3.18)

px|y) =0, ify ¢ N,.

With regard to conditional information entropy H (X|Y), we have the following
two important special cases.

Lemma3.3 (i) 0 < H(X|Y) < H(X).
(ii) If the information space X is completely determined by Y, then

H(X|Y)=0. (3.19)
(iii) If X and Y are two separate information spaces,
H(X|Y) = H(X). (3.20)

Proof (i) is trivial. Let us prove (3.19) first. By Definition 3.7 and (3.18), for given
x € X, we have

pxy) =ppxly) =0, y ¢ N,.

Thus
H(X|Y) ==Y p(xy)log p(x]y)

xeX yeY

==Y plxy)logp(x|y) =0.

xeX yeN,

The proof of the formula (3.20) is obvious. Because X and Y are independent, the
conditional probability

pxly) =pkx), VxeX,yeY.

Thus
HXX|Y) ==Y px)p(y)log p(x)

xeX yeY

= — Z p(x)log p(x) = H(X).

xeX
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The Lemma 3.3 holds.

Next, we define the mutual information 7 (X, Y) of two information spaces X and
Y.

Definition 3.8 Let X and Y be two information spaces, and then their mutual infor-
mation / (X, Y) is defined as

1X.7) =33 pay)log?

(xy)
xeX yeY p

3.21
) (3.21)

x|
X

From the multiplication formula of probability, forall x € X,y € Y,

pX)p(ylx) = p(y)plxly) = p(xy).

‘We have
pxly)  p(ylx)

px)  p(y)

Therefore, there is a direct conclusion from the definition of mutual information
1(X,Y)

I1(X,Y)=1(,X).
Lemma 3.4

I1(X,Y) = HX) — HX|Y) = HY) — HY|X).

Proof By definition,

1007 = Y3 plaey)log 252

xeX yeY p(x)

=YY pylogpxly) =Y plxy)log p(x)
xeX yeY xeX yeY

= —H(X|Y) =) p(x)log p(x)

xeX

= H(X)— HX]|Y).
The same can be proved
I(X,Y)=H)— HY|X).

Lemma 3.5 Assuming that X and Y are two information spaces, 1(X,Y) is the
amount of mutual information, then

H(XY) = H(X)+ H(Y) - I[(X,Y). (3.22)



3.2 Joint Entropy, Conditional Entropy, Mutual Information 101

Further, we have I (X, Y) > 0, ifand only if X and Y are independent, [ (X,Y) = 0.

Proof By the addition formula of Lemma 3.2,
H(XY)=HX)+ H(Y|X)
=HX)+ HY)—-(HY)—- HYI[X))
=HX)+HY)-I1(X,Y).
The conclusion about 7 (X, Y) > 0 can be deduced directly from Theorem 3.2.

Let us prove an equation about entropy commonly used in the statistical analysis
of cryptography.

Theorem 3.3 If X, Y, Z are three information spaces, then

H(XY|Z) = H(X|Z) + HY|XZ)

(3.23)
= H(Y|Z)+ H(X|YZ).

Proof By the definition, we have

H(XY|Z) ==Y 3" p(xyz)log p(xylz).

xeX yeY zeZ

By probability product formula,

p(xyz) = p(2)p(xylz) = p(xz) p(ylxz).

Thus

plxylz) = % = p(xlD)p(yIx2).

So we have

H(XY|Z) ==Y plxyz)log p(x|z) p(yx2)

xeX yeY zeZ

== Z Z Z p(xyz)(log p(x|z) + log p(y|xz))

xeX yeY zeZ

=—> Y pGx)logp(xlz) = Y > > p(xyz)log p(ylxz)

xeX zeZ xeX yeY zeZ

=HX|Z)+ HY|XZ).
Similarly, the second formula can be proved.

Finally, we extend the formula (3.15) to conditional entropy.
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Lemma 3.6 Ler X, X», ..., X,, Y be information spaces, then we have
H(X1Xo-+- Xy|Y) = HX4|Y) + -+ - + H(X,|Y). (3.24)
Specially, when X, = X, = --- = X, = X,
H(X"|Y) <nH(X]|Y). (3.25)

Proof We make an induction of n. The proposition is trivial when n = 1. Let the
proposition be true when n, i.e.,

H(X1Xo-- XalY) S HX|Y) + -+ H(X,|Y).
Then whenn + 1, welet X = XX, --- X,,, then

H(X X5 Xp1Y) = H(X Xy 11Y)

- _Z Z Zp(xzy) log p(xz|y).

xeX zeX, 4 yeY

From the full probability formula,

HX|Y)+ HXpt]V) ==Y Y Y plxzy)log p(x|y)p(zly).

xeX zeX,4) ye¥Y
So by Jensen inequality,
H(XXp1|Y) — HX|Y) — H(X,411Y)

_Z Z Zp(x y) log 2N PELY) pxly)p(zly)

xeX zeX 4 ye¥ p(ley)

<log) > > pMp&lypEly).

xeX zeX,q yeY

By product formula

S S rmpGypGly)

xeX zeXpq yevy

=Y > PP

xeX yeY

=> px) =1

xeX

So by the inductive hypothesis,
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H(XX,1]Y) < H(Xp1|Y) + H(X[Y)
< HOXGIY) + HX|Y) + -

The proposition holds for n + 1. So the Lemma holds.

3.3 Redundancy

+ H(Xu1|Y).

103

Select a alphabet I, or a remaining class ring Z,, of module m, each element in the
alphabet is called character, and in the field of communication, alphabet is also called
source state, and character is also called transmission signal. If the length of a g-ary
code is increased, redundant transmission signals or characters will appear in each
codeword. The digital measurement of “redundant characters” is called redundancy,
which is a technical means to improve the accuracy of codeword transmission, and
redundancy is an important mathematical quantity to describe this technical means.
Therefore, we start by proving the following lemma.

Lemma 3.7 Let X, Y, Z be three information spaces, then

H(X|YZ) < H(X|Z).

Proof By total probability formula,

So

H(X|Z)

=YY p(x2)log p(xl2)

xeX zeZ

xeX zeZ yeY

H(X|YZ) — H(X|Z)

_ p(x]z2)
- g }eZY 2 plvzlioe p(xlzy)

p(xyz) p(x|z)
< logzzz P

xeX yeY zeZ

=log) Y > pGrapxla)

xeX yeY zeZ

=log) > p@plxl)

xeX zeZ

=0.

Thus H(X|YZ) < H(X|Z). The Lemma holds.

=33 pxyz)log p(x|z).

(3.26)
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Let X be a source state set and randomly select codewords to enter the channel of
information transmission is a discrete random process. This mathematical model can
be constructed and studied on X by taking the value of a group of random variables
{&;}i>1. Firstly, we assume that {§;};>; obeys the same probability distribution when
taking value on X, and we get a set of information spaces {X'};>1, let Hy = log | X|
be the entropy of X as the equal probability information space, for n > 1, we let

H, = H(X|X"™Y, H, = H(X).

By Lemma 3.7, then {H,} constitutes a number sequence with monotonic descent
and lower bound, so that its limit exists, that is

lim H, = a (a > 0). (3.27)
n— 00

We will extend the above observation to the general case: Let {§;};>; be any set of
random variables valued on X, for any n > 1, we let

Xn = (X, én)a n = L.

Definition 3.9 A source state set X has a set of random variables {&;};~; valued on
X, then X is called a source.

(i) If{&}i>1 is a group of independent and identically distributed random variables,
X is called a memoryless source.
(i) If for any integers k, t1, t2, . . ., t; and h, random vector

s & v 8D Gl Stytns - -+ Snt)

obey the same joint probability distribution, then X is called a stationary source.
(iii) If {&};>1 is a k-order Markov process, that is, for Vm > k > 1,

p(xm|xm—l~xm—2 ce 'xl)
= pXp|Xp—1Xm—2 - Xpi), VX1, X2, ..., Xy € X,

Then X is called k-order Markov source, specially, k = 1, i.e.,

Pl Xp—1Xm—2 - - x1) = p(XlXp—1), Y X1, %2, ..., %, € X,

call X Markov source.

The concept from information space to source changes from a single random
variable taking value on X to an infinite dimensional random vector, so that the
transmission process of code X constitutes a discrete random process. By definition,
we have



3.3 Redundancy 105

Lemma 3.8 Let X be a source state set, and {&;};>| be a set of random variables
valued on X, we write
Xi=(X,§),i>1L (3.28)

(i) If X is a memoryless source, the joint probability distribution on X satisfies
paixs-x) =[] pCa), xi € Xi, n = 1. (3.29)
i=1

(ii) If X is a stationary source, then for all integers ty, to, ..., ti(k > 1) and h, there
is the following joint probability distribution,

p(xll'xtz e -xl‘k) = p(xf|+/’lx1‘2+h o 'xthr/’l)s (3'30)

where x; € X;, i > 1.
(iii) If X is a stationary Markov source, then the conditional probability distribution
on X satisfies foranym > 1 and x1x5 - - - xp, € X1 X2 - - - X;, we have

PXmlxt - Xp—1) = Xy |Xp—1)

, (3.31)
=Pléi=xnléi=xn), VI<i<m-—1

Proof (i) and (ii) can be derived directly from the definition. We only prove (iii). By
(i1) of the definition 3.9, for Vi > 1, we have

P{Et = Xm—1, Ei-ﬁ-l == xm} == P{gm—l = Xm—1, Em = xm}

and
Pl& = xpm1} = Pl&u—1 = X1}

Thus

P& = xu 1} P& = xmléi = X1}

= P{%‘mfl = xmfl}P{%‘m = xm|‘§m71 = .mel}.
We have

P{fpr] = xm|€i = -xmfl} = p(xm|-xm71)~

The Lemma holds.

Corollary 3.1 A memoryless source X must be a stationary source.
Proof Derived directly from Definition 3.9.

Next, we extend the limit formula in memoryless sources revealed by formula
(3.27) to general stationary sources. For this purpose, we first prove two lemmas.
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Lemma 3.9 Let {f(n)},>1 be a sequence of real numbers, which satisfies the fol-
lowing semi countable additivity,

fn+m) < fn)+ f(m), Yn=1, m=>1.

1
Then lim — f(n) exists, and

n—-oon

lim 1f(n) — inf {%f(n)m > 1} . (3.32)

n—>o00 n

Proof Let

1

) =inf{—f(n)|n > 1} , § £ —00.

n
For any ¢ > 0, select a sufficiently large positive integer m so that

1 £

—f(m) <8+ —.

m 2
Letn = am + b, where a is an integer, 0 < b < m, by semi countable additivity, we
have

f) <af(@m)+ (n—am)f(l).

Divide n on both sides, we have

a b
m+bf(m)+am+b

1
—f(n) < J.
n a

For given b, when m is large enough, we have

b 1

am—+b 2

So there is 1 1 1
—f(n) < —f(m)+ e <e+34. (3.33)
n m 2

Thus we have 1 |
§< lim —f(n) < Tm —f(n) <8 +e.
n n—oo n

n—oo

So 1
lim — f(n) = 6.
n—oo n

If § = —o0, by (3.33),
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1
lim — f(n) = —o0,
n—oon

so we still have :
lim — f(n) =8§ = —oo0.

n—-oo n
The Lemma holds.
Lemma 3.10 Let {a,},>1 be a sequence of real numbers, and the limit lim a, = a,
n—o0
then
1 n
Jim 2 =
i=1
Proof

1 n
- E a; —da
n

i=1

1 n
< - -
. ;Zl (@i —a)|

=E§w—m
1 N 1 n
r—l;|ai—a|+z Z lai —a

i=N+1

A

1< n—N
—Z|a,~—a|+ €
n

X n
i=I
N
1
<—Z|ai—a|+e.
n

i=1

When ¢ > 0 is given, Nis also given accordingly, the first item of the above formula
tends to 0, when n — oo. So for any ¢ > 0, when n > Ny,

1 n
- E a; —da
n

i=1

< 2e.

Thus there is
1 n
lim — a;, =a.
i—

The Lemma holds.
With the above preparations, we now give the main results of this section.

Theorem 3.4 Let X be any source, {§;}i>1 is a set of random variables valued on
X. For any positive integer n > 1, let

Xn = (X, En)a nz= L.
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Then when X is a stationary source, we have the following two limits that exist and
are equal, that is

1
lim —H(X1X2...Xn) = lim H(Xn|X1X2...X,l_1).
n—00

n—>o0o n

We denote the above common limit as Hy, (X).

Proof Because X is a stationary source, for any n > 1, m > 1, then the joint event

probability distribution of random vector {£,1, 42, - - ., E,4m} On X is equal to the
joint probability distribution of random vector (£1, &, ..., &,); therefore, we have
H(XIX2"‘Xm) = H(Xn+1Xn+2"’Xn+m)' (334)

By Theorem 3.2, then

H(X Xy Xy X1+ Xogm) S HXy - Xp) + H( X1 -+ Xogm)
=HX;---X,) + H(X;--- X,).

Let f(n) = H(X;---X,), then f(n+m) < f(n)+ f(m), so {f(n)},>1 is a non-
negative real number sequence with semi countable additive property, by Lemma
3.9, we have

n—>oo n

1 1
lim —H(X1 Xz X,) = inf{—H(X1X2-~-X,l)|n > 1} > 0.
n

Next, we prove that there is a second limit, that is

lim H (X X1 X2 - Xo_1)exist.

n—oo

Firstly, we prove that the sequence is monotonically decreasing, because X is a
stationary source, SO

H(X X, - X,_1) = HX2X3---X,)

and
H(X2 X3+ XpXy1) = HX 1 Xo -+ X)),
So we have
H(X,11X2X3--- X)) = HX, X1 X2+ - X,1). (3.35)
By Lemma 3.7,

H(X, X1 X2 X,) < HX 11X X3 --- X))
= H(Xn|XlX2 T Xn—l)-
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So {H(X,|X1X,---X,—1)}x>1 is a monotonically decreasing sequence and has a
lower bound, so lim H(X,|X;X> - X,—) exist. Further, by the addition formula
n—oo

of Lemma 3.2,

1 l n
—H(X1 Xy Xp) = = > HXi| X1 Xz X;1).
n n

i=1

By Lemma 3.10, finally we have

1
lim —H (X X2 X,) = lim HX,|X1 X2 Xn_1) = Hoo(X).

n—oo n

We completed the proof of the Theorem.

We call Hy (X) the entropy rate of source X. obviously, there is the following
corollary.

Corollary 3.2 (i) For any stationary source X, we have
Hyo(X) < H(Xy) < log|X].
(ii) If X is a memoryless source, then
Ho(X) = H(X)).
(iii) If X is a stationary Markov source, then
Hyo(X) = H(X>|X1).
Proof Since {H (XX - X,—1)}s>1 is amonotonically decreasing sequence, then
Hyo(X) < H(X)).

That is, (i) holds. If X is a memoryless source, then

H(Xlxn)z— Z Z p(xl_xZ...xn)logp(_xl_xz...xn)

x1€X) xpeX,

==Y Y plxr...x) {log p(xr) + -+ log p(xn)}

x1€X x,€Xp

So we have
Hoo(X) = H(X1).

Similarly, we can prove (iii).
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Definition 3.10 Let X be a stationary source, we define

HooX
log |X|’

§ =log|X| — Ho(X), r =1 (3.36)

8 is the redundancy of information space X, and r is the relative redundancy of X.

We write
Ho =log|X|, H, = H(Xy|X1 X5+ Xy—1), Vn = 1.
By Theorem 3.4, we have Hy(X) = Hy < H,, so
H,> (1 —r)Hy, Vn=>1. (3.37)

In information theory, redundancy is used to describe the effectiveness of the
information carried by the source output symbol. The smaller the redundancy, the
higher the effectiveness of the information carried by the source output symbol, and
vice versa.

3.4 Markov Chain

Let X, Y, Z be three information spaces, if there is the following conditional proba-
bility formula

pxylz2) = p(x|2) p(yl2). (3.38)

Say that X and Y are statistically independent under the given condition of Z.

Definition 3.11 If the information space X and Y are statistically independent under
condition Z, X, Y, Z is called a Markov chain, denoteas X — Z — Y.

Theorem 3.5 X — Z — Y isa Markov chain if and only if the probability of occur-
rence of the joint event xzy is

p(xzy) = p(x) p(z|x) p(y[2). (3.39)

if and only if
p(xzy) = p(y)pzly)p(x|2). (3.40)

Proof If X — Z — Y is a Markov chain, then p(xy|z) = p(x|z2) p(y|z), thus

p(xzy) = p(2)p(xylz)
= p@pxlz)p(ylz)
= p@)plx)p(ylz).
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Similarly,
p(xzy) = p(2)p(ylz) p(x|z)
= p(Mply)px|z).

That is (3.39) and (3.40) holds. Conversely, if (3.39) holds, then

plxzy) = p(x)p(z|lx)p(ylz)
= p(@)px|2)p(yl2).

On the other hand, the product formula

p(xzy) = p(2)p(xylz).

So we have
p(xylz) = p(x|2) p(y12)-

Thatis X — Z — Y isaMarkov chain. Similarly, if (3.40) holds,then X — Z — Y
also is a Markov chain. The Theorem holds.

According to the above Theorem, or by Definition 3.11, obviously, if X — Z —
Y is a Markov chain, then Y — Z — X is also a Markov chain.

Definition 3.12 Let U, X, Z, Y be four information spaces, and the probability of
joint event uxzy is

puxzy) = p(u) p(x|u) p(zlx)p(y|z), (3.41)
Call U, X, Z, Y a Markov chain, denoteasU — X — Z — Y.

Theorem 3.6 If U -~ X — Z — Y is a Markov chain, then U - X — Z and
U — Z — Y are also Markov chains.

Proof Assuming that U — X — Z — Y is a Markov chain, then
pluxzy) = p(u) p(x|u) p(zlx) p(ylz),

Both sides sum y € Y at the same time, and notice that Zer p(y|z) =1, then

puxz) = p(u)p(x|u) p(z]x).

By Theorem 3.5, U — X — Z is a Markov chain. The left side of the above formula
can be expressed as

puxz) = p(ux)p(zlux).

So we have
p(zlux) = p(z]x).
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Because U - X — Z — Y is a Markov chain, then

pluxzy) = pu)p(x|u) p(zlx)p(y|z)
= p(ux)p(zlux)p(y|z)
= puxz)p(yl2).

Both sides sum x € X at the same time, then we have

p(uzy) = p(uz)p(ylz)
= pw)p(zlu) p(y|z).
Thus U — Z — Y is also a Markov chain. The Theorem holds.

In the previous section, we defined the mutual information 7 (X, Y) of two infor-
mation spaces X and Y as

p(xy)
I(X,Y) =
(X.7) %%p(xy) 8 )

Now we define the mutual information 7/ (X, Y|Z) of X and Y under condition Z as

16,712) = 35 plxyz) log — 20N (3.42)

xeX yeY zeZ p(x12)p(ylz)’

By definition, we have
I1(X,Y|Z2)=1(, X|Z). (3.43)

I1(X, Y|Z) is called the conditional mutual information of X and Y.
For conditional mutual information, we first prove the following formula.
Theorem 3.7 Let X, Y, Z be three information spaces, then
I1(X,Y|Z2)=HX|Z)—-H(X|YZ) (3.44)

and

I1(X,Y|Z)= H(Y|Z) — HY|XZ). (3.45)

Proof We only prove (3.44), the same is true for equation (3.45). Because

H(X|Z) - H(X|YZ) = ZZZP(XYZ) og 2D p(x|yz)

xeX yeY zeZ ( | )

— Y by log LD

xeX yeY zeZ P(X|Z)P(y|z)
=1(X,Y|2).

So (3.44) holds.
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Corollary 3.3 We have I(X,Y|Z) >0, if and only if X — Z — Y is a Markov

chain I(X,Y|Z) =0.
Proof By Theorem 3.7,

1(X,Y|2)=H(X|Z)—HX|YZ) = 0.
If X - Z — Y is a Markov chain, by (3.42),

PR ey o,
p(x|2)p(ylz)

thatis I(X, Y|Z) = 0. Vice versa.

Conditional mutual information can be used to establish the addition formula of

mutual information.

Corollary 3.4 (Addition formula of mutual information) If X, X»,
information spaces, then

n
I(X1X5--- X, Y) = ZI(Xi,YIXH-”XO-
i=1

Specially, when n = 2, we have
I(X1 X2, Y) = 1(X1,Y) + 1(X, Y[X)).
Proof By Lemma 3.4, we have

I(X1 Xy X, Y) = HX X2 --- X)) — H(X1 X2 -- X, |Y)

..., X, Y are

(3.46)

(3.47)

=S HXilXio - X0) = Y HXi|Xioy - X Y).

i=1 i=1
Again by the chain rule of conditional entropy to get
n
[0 Xy X, ¥) = Y I (Xi, YIX1 Xp - Xi).
i=1

Therefore, the corollary holds.

Finally, we use Markov chain to prove the inequality of mutual information.

Theorem 3.8 Suppose X — Z — Y is a Markov chain, then we have

1(X,Y) <1(X,2Z)

(3.48)
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and
I1(X,Y)<I(Y, 2Z). (3.49)

Proof We only prove (3.48), the same is true for equation (3.49). From equation
(3.47) and corollary 3.3:

IYZ,X)=1(Y,X)+1(X, Z|Y).
Thus we have
I1(X,Y)=1(X,YZ)—-I(X, Z|Y)
<I(X,YZ)
=I1X,2)+1(X,Y|Z)
=1(X,2).
In the last step, we use the Markov chain condition, thus 7/ (X, Y|Z) = 0. The The-
orem holds.

Theorem 3.9 (Dataprocessing inequality) SupposeU — X — Y — V isa Markov
chain, then we have

1(U,V) < I(X,Y).

Proof According to the conditions, U — X — Y and U — Y — V is a Markov
chain, respectively, by Theorem 3.8,

I(U,Y)<I(X,Y)

and

I(U,V)<I(U,Y).
Thus

I(U,V)<I(X,Y).
The Theorem holds.

3.5 Source Coding Theorem

The information coding theory is usually divided into two parts: channel coding
and source coding. The so-called channel coding is to ensure the success rate of
decoding by increasing the length of codewords. Channel coding, also known as
error correction code, is discussed in detail in Chap. 2. Source coding is to compress
the data with redundant information to improve the success rate of decoding and
recovery after information or data is stored. Another important result of Shannon’s
theory is that there are so-called good codes in source coding, which is characterized
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by fewer codewords as much as possible. To improve the storage space efficiency,
and the error of decoding and restoration can be arbitrarily small. Source coding is
also called typical code. Shannon first proved the asymptotic bisection property of
‘block code’for memoryless source, and drew the statistical characteristics of typical
code from now on. At Shannon’s suggestion, McMillan (1953) and Breiman (1957)
also proved a similar asymptotic bisection property for stationary ergodic sources.
This is the very famous Shannon-McMillan-Breiman theorem in source coding,
which constitutes the core content of modern typical code theory. The main purpose
of this section is to strictly prove the asymptotic bisection of memoryless sources, so
as to derive the source coding theorem for data compression (see Theorem 3.10). For
the more general Shannon—-McMillan—Breiman theorem, Chap. 2 of Ye Zhongxing’s
fundamentals of information theory (see Zhongxing, 2003 in reference 3) gives a
proof under the condition of stationary ergodic Markov source, interested readers
can refer to it or refer to more original documents (see McMillan, 1953; Moy, 1961;
Shannon, 1959 in reference 3).

Firstly, let X = (X, &) be an information space, and the entropy H(X) of X
essentially depends only on the probability function p(x)(x € X) of random variable
&. We can define the random variable taking value on X according to p(x).

m = p(X), n =log p(X). (3.50)
The probability function is
P{n; value x} = P{n, value x} = p(x). 3.51)
It is easy to see the expected value of 1,

—E (1) = —E(log p(X))
=—> p)log p(x) = H(X). (3.52)

xeX

Therefore, we can regard the entropy H (X) of X as the mathematical expectation of
. 1

random variable log VR

Lemma 3.11 Ler X be a memoryless source, p(X") and log p(X") be two random

variables whose values are on the power space X", then —% log p(X") converges to

H (X) according to probability, that is

|
—~log p(X") X H(X).
n

Proof Since X is a memoryless source, {£;};> is a group of independent and identi-
cally distributed random variables, X; = (X, &)@ > 1), X" =X X --- X,(n = 1)
is a power space, then there is
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pX") = p(X1)p(X2) -~ p(Xn)
log p(X") = 371, log p(X)).
Because {&;};> is independent and identically distributed, { p(X")} and {log p(X"}is

also a group of independent and identically distributed random variables. According
to Chebyshev’s law of large numbers (see Theorem 1.3 of Chap. 1),

1 1 « 1
——logp(X") == log——
n % n; £ px)

converges to the common expected value H (X), that is

1 1
E|1 =FE|loge—— | = H(X).
(Og p(xg) <°g p<X>) X0

For any ¢ > 0, for any codeword x = x;x; - -- x, € X", there is

P{l — %logp(X") —HX)| <&} >1-s (3.53)

The proof is completed.

Definition 3.13 Let X be a memoryless source, power space X", also known as
block code,
X'={x=x1-x,x; €X, 1 <i<n},n>1. (3.54)

For any given ¢ > 0, n > 1, we define a typical code or a typical sequence W™ in
the power space X" as

1
W ={x=x;---x, | | — —log p(x) — H(X)| < &}. (3.55)
n
Because the definition, and ¢ > 0, n > 1, we have
W c X", X" = X" (3.56)

Lemma 3.12 (Progressive bisection) |W™| represents the number of codewords in
typical code W™, then for any ¢ > 0, in binary channels, we have

(1 — £)2" =8 < W] < pnHOFe), (3.57)

Proof By Lemma 3.11 and (3.53), then for any x € X", we have

P{| — %logp(x)—H(X)| <egl>1—e.
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In other words, for all codewords x = xjx3 - - - x, € W, we have

H(X)—¢< —%logp(x) < H(X) +e.

Equivalent in binary channel,
2 HOHE) < () < g n(HX)=e) (3.58)
Denote the probability of occurrence of W™ as P{W ™}, then
P{WE(")} =PxeX":xe WE(”)} >1—e.
On the other hand,

PIW™ = )" px),

XE We(”)

by (3.58),
|W(Vl)| L n(HX)+e) < P{w(n)} < 1.

So
|W(n)| < zn(H(XH-S)
< .

Again by (3.58), there is
W27 HX=a) > prw ) > 1 — e,

So we have
W] > (1 — g)2"HE=o
! )

Combined with the above inequalities on both sides, we have
(1 _ 8)2)‘[(1{(){)78) < |W(n)| < 2}1(H(X)+8)
= & = .

We completed the proof.

By Lemma 3.12, for memoryless source X, the probability distribution p(x) of
its power space X" is approximate to

p(x) ~27"HE) "y x e X,
The number of codewords |W/™| in typical code W™ is approximately

|W(n)| ~ 2nH(X)
. .
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Further analysis shows that the proportion of typical code W™ in block code X" is
very small, which can be summarized as the following Lemma.

Lemma 3.13 Fora sufficiently small ¢ > 0 given, when X is not an equal probability
information space, we have
LA

n—oo | X|"

Proof By Lemma 3.12, we have

|W€(n)| - 2n(H(X)+£)
DAL €

So -
n
|Ws | < 2—n(log\X|—H(X)—s)'
|X|" -

By Theorem 3.1, since X is not an equal probability information space, when ¢ is
sufficient, we have
H(X) 4+ e <log|X]|.

. . . (n)
Therefore, when 7 is sufficiently large, the ratio of l‘“;;‘ln I

Lemma 3.13 holds.

can be arbitrarily small. The

Combining Lemmas 3.11, 3.12 and 3.13, we can describe that the typical codes
in block codes have the following statistical characteristics.

Corollary 3.5 Assuming that X is a memoryless source and the typical sequence
(or typical code) WE(") in block code X" is defined by formula (3.55), then for any
e>0,n=>1, wehave

(i) (Progressive bisection)
(1- 8)2}1(H(X)*6) < |W(n)| < pn(H(X)+e)
< |W| = .
(ii) The occurrence probability P{W ™} of W™ is infinitely close to 1, that is
PIWM =PlxeX":xeW")>1—e¢.

(iii) When X is not equal to almost information space, the proportion of W™ in block
code X" is any smaller, that is,

) w
lim We |=

n—oo | X|"

The above description of the statistical characteristics of typical codes is an impor-
tant theoretical basis for source coding or data compression. Therefore, we find an
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effective way to compress the packet code information, so that the rearranged code-
words are as few as possible, and the error probability of decoding and recovery is
as small as possible. An effective method is to divide the codeword in block code
X" into two parts; the codeword of typical code W™ is uniformly numbered from
1 to M. That is, the codeword in WE(”) forms one-to-one correspondence with the
following positive integer set I,

1={1,2,....,M}, M = W™,

For codewords that do not belong to W™, we uniformly number them as 1: Obvi-
ously, fori, i # 1,1 <i < n, there is a unique codeword x’ € W in W™, so we

. ; . decode iy . : .
can accurately restore i to x®, thatis i ——> x@ s the correct decoding. Fori = 1,
we will not be able to decode correctly, resulting in decoding recovery error. We
denote the code rate of the typical code W™ as 1 log M, by Lemma 3.12,

(1 _ 8)2}1(1‘1(){)78) <M< 2!1(H(X)+£).
Equivalently,
log(1 —¢)+n(H(X) —¢) <logM <n(H(X) +¢),

Therefore, the bit rate of typical code W™ is estimated as follows
1 1
—logl—e)+ HX) —e < —logM < H(X) +e, (3.599)
n n
when 0 < ¢ < 1 given, we have
o1
H(X)—¢e< lim —logM < H(X) +¢.
n—-oon

In other words, the code rate is typically close to H (X). Let us look at the decoding
error probability P, after this number, where

P,=P{xeX":x ¢ W)
Because
Pe+ P{W"} =1,
According to the statistical characteristics (ii) of the typical code W™,

P,=1-P{W"} <e. (3.60)
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From this, we derive the main result of this section, the so-called source coding
theorem.

Theorem 3.10 (Shannon, 1948) Assuming that X is a memoryless source, then

(i) When the code rate R = % log My > H(X), there is an encoding with the code
rate of R, so that when n — 00, the error probability of decoding recovery is
P, — 0.

(ii) Whenthe code rate R = ﬁ log M) < H(X) — 6§, § > 0and does not change with
n — 0o, then any coding with R as the code rate has nli)n;o P, =1

Proof The above analysis has given the proof of (7). In fact, if
1
R=-logM, > H(X),
n
then when ¢ is sufficiently small, by (3.59). Typical codes in block code X,, are
1 (n) (n)
R > —log |W."|, My > |W/].
n

Therefore, we construct a code C C X", which satisfies

W™ c C,|Cl = M,.
Thus, the code rate of C is just equal to R, and the decoding error probability P,(C)
after compression coding satisfies P,(C) < ¢. Because the probability of occurrence
of C

P{C}+ P.(C) =1.

But
P{C}> P{W™M} > 1—z¢,

(i) holds. To prove (ii), we note that, ¥V x € W™, then
1
| — - log p(x) — H(X)| <e.

The above formula contains V x € W™,
px) < 27nHE)=e)

Thus, the probability of occurrence of W™ satisfies

PWmy= 3" p(x) < W) 27 HEO=), (3.61)

X€E Wé”)
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If we use R as the bit rate, because
1
R=—-logM < H(X) —§,
n
then we have
|W(n)| <M= 2/1(H(X)—8)
f .

By (3.61),
P{Ws(n)} < 2—11(5—5) , (362)

when 0 < & < §, we have
1— P, =P{W"} <e.

Thus
lim P, =1,

n—oo

Thus the theorem holds.

3.6 Optimal Code Theory

Let X be a source state set, x = x;x; - - - x,, € X" be a message sequence, and x be
output as a codeword u = ujuy - - - uy € Z’l‘) of length k after compression coding,
where D > 1 is a positive integer, Zp is the remaining class ring of mod D, u =
Uiy -+ - U € Z'B is called a D- ary codeword of length k. u is decoded and translated
into message x, that is u — x. The purpose of source coding is to find a good
coding scheme to make the code rate as small as possible under the requirement of
sufficiently small decoding error. Below, we give the strict mathematical definitions
of equal length code and variable length code.

Definition 3.14 Let X be a source state set, Zp is the remaining class ring of mod D,
n, k are positive integers. The mapping f : X" — Z’I‘) is called equal length code

coding function; Z5 yoxn s called the corresponding decoding function. For

Vx=x1--x,€X", fX)=u=u;--uy eZ’i), u =uy---uy is called a code-
word of length k.

C={f(x) € Zx € X"}, (3.63)
call

Call C is the code coded by f, and R = %logD is the coding rate of f, also
known as the code rate of C. C is called equal length code; it is sometimes called a
block code with a packet length of k.
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By Definition 3.14, the error probability of an equal length code coding scheme

(fs ¥)is
Pe=P{y(f(x) #x, x e X"} (3.64)

Let us first consider error free coding, that is P, = 0. Obviously, P, = 0 if and
only if f is a injection, ¥ = f~! is the left inverse mapping of f. select a coding
function f : X" — Z’l‘) as a injection if and only if |Z’z)| > |X"|, that is D* > N”,
where N = | X|, take logarithms on both sides,

k
R = —logD > logN = log|X]. (3.65)
n

Therefore, the code rate of error free compression coding f is at least log, | X| bits
or In | X| naits.

We consider progressive error free coding, that is, for any given & > 0, required
decoding error probability P, < ¢.By Theorem 3.10, only the coderate R > H (X) is
needed. In fact, take X as an information space and encode the n-lengthen message
column x = x;x;---x, € X", if x € W is a typical sequence (typical code), x
corresponds to a number in M = |W™|, if x ¢ W, uniformly code x as 1. If the
M codewords in W™ are represented by D-ary digits, let D¥ = M (the insufficient
part can be supplemented), and the code rate R is

1 k
R=—-logM = —log D.
n n

Since M is approximately 2", R is approximately H(X), thatis R = 1 log M ~
H (X). From the asymptotic bisection, the error probability of such coding is

P, = P{x =x; - x, ¢ W™} < &, When n is sufficiently large.

However, in practical application, n cannot increase infinitely, which requires us to
find the best coding scheme when given a finite 7, so that the code rate is as close as
possible to the theoretical value H(X). However, in application, we find that equal
length code is not an efficient coding scheme, while variable length code is more
practical. For example,

Example 3.6 Let X = {1, 2, 3, 4} be an information space, and the probability dis-
tribution of random variable £ taking value on X is

The entropy H (X) of information space X is

1 1 1 1 1 1 1 1 .
H(X) = —Elog2 5~ L—llog2 1 glog2 3~ glog2 3= 1.75bits.
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If equal length code is used for coding, the code length is 2, and the code is

Source letter |C0deword

1 00
2 01
3 10
4 11

Then the code rate R(k =2,n = 1) is
R =2log,2 =2 > 1.75bits.
Obviously, the use efficiency of equal length codes is not high. If the above codes

are replaced with unequal length codes, such as
Source letter | Codeword

1 0

2 10
3 110
4 111

We use [(x) to represent the code length after the source letter x is encoded, then the
average code length L required for X encoding is

L 24: ) = 2 x 1+ S xoa bt L 3= 1750bis = HX)
— xi)l(x) = = — - — =1. = .
izlp’ 2 4 8 8

It can be seen that using unequal length code to compile X has higher efficiency.
This example also explains the following compression coding principle: for char-
acters with high probability of occurrence, a shorter codeword is prepared, and for
characters with low probability of occurrence, a longer codeword is prepared to
ensure that the average coding length is as small as possible.

Next, we give the mathematical definition of variable length coding. For this
purpose, let X* and Z7, be the set of finite length sequences, respectively. That is

X = U1§k<oo Xk'

Definition 3.15 (i) X" N 77, is called a variable length code function, if any x €
X", f(x) € Z%, When x is different, the code length of f(x) is not necessarily
the same. We use /(x) to table the length of f(x), which is called the coding
length of x. C = {f(x) € Z},|x € X"} is called variable length codeword set.

(ii) Let f : X*—Z7, be a amapping, call f is a coding mapping, f(X*) is called
a code.

(iii) f : X*—>7Z}, is called a block code mapping, if there is a mapping g :
X—> 7}, sothatforany x € X"(n > 1), write x = x{x; - - - X,,, there is f(x) =
g(x1)g(x2) -+ - g(xn).

(iv) f : X*——Zj,is called a uniquely decodable map, if f is a block code mapping
and f is a injection.
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(v) f: X*—7Zj, is called a real-time code mapping. If f is a block code mapping,
and for any x, y € X*, f(x) and f(y) cannot be prefixes to each other.

Remark 3.1 a =ayay---a, € Z,,b = b1b, - - - b, € 7', call codeword a the pre-
fix of b, it m > n, and for any 1 <i < n, there is a; = b;.

Lemma 3.14 Block code mapping f : X*— 77, is called a uniquely decodable
mapping if and only if forV n > 1, X"—73,, f is restricted to a injection on X".

Proof The necessity is obvious and the adequacy is proved. That is to prove for

Vx=xixa X, € X",y =yi1y2-+-ym € X", x # y, thereis f(x) # f(y). Sup-
pose there is f(x) = f(y), because f is a block code mapping, there is a mapping
g : X—> 73, we have

Sx) =gx)gxa) - g(xy) = g(yDg(y2) - - glym) = ().

Then
fxy) =gx1)glx2) - g(xn)g(y)g(y2) -+ - g(m)

=g(g(y2) - g(ym)gx1)g(x2) - - - g(x,)
= f(yx).

But xy # yx, this contradicts the fact that f is restricted to a injection on X",

Lemma 3.15 A real-time code is uniquely decodable, and vice versa.

Proof Suppose f : X*— 77}, as aninstantcode mapping,and forx, y € X*, x # y,
thereis f(x) = ajay---a, € Z},, f(y) = biby--- b, € Z7)(m > n). Because f(x)
is not a prefix of f(y), it exists i(1 <i < n), there is a; # b;, thus f(x) # f(y),
that is f is an injection. In turn, let us take a counter example,

Source letter | Codeword

1 0
2 01
3 011
4 111

where X = {I, 2, 3, 4} is the information space and f : X — Zj is a variable
length code. f(1) is the prefix of f(2), that is, f is not a real-time code map, but
obviously f is the only decodeable map. The Lemma holds.

What are the conditions for the code length of a real-time code? The following
Kraft inequality gives a satisfactory answer.

Lemma 3.16 For the uniquely decodable code C value in 73, |C| = m, the code
lengths are ly, 1y, . .., L., then there is the following McMillan—Kraft inequality.

Z D7l < 1. (3.66)
i=1
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On the contrary, if l; satisfies the above conditions, there is a code length set of
real-time code C such that {l,,1,,...,1,} is C.

Proof Consider

(Z DY =D+ D4+ D—”") ,
i=l

the form of each item is D~ ~f2=~ln = D% where l;, +1;, + - - - +I;, = k. Sup-
pose ! = max{ly, l», ..., I,}, then the range of k is from 7 to nl. Define the number
of items where Ny is D~*, then

m n nl
(Z D‘l’> = Z N D7*.
i=1 k=n

Note that Ny can be regarded as the number of codeword sequences with a total
length of k just assembled by n codewords in C, i.e.,

Ny ={(cr,ca, ... cp) | lcrea---cul =k, ¢c; € C}.

The codeword is still in Z7},, and because f : X*—Z7, is an injection, so Ny < Dk,
then we have

m n nl nl
(o) =Emot <ot cnsrzm
i=1

k=n k=n

If x > 1, and when n Is Sufficiently Large, x" > nl. But the above formula holds for
all arbitrary n. Thatis Y ;- D™ < 1.

On the contrary, assuming that Kraft inequality exists, that is, there is a given
length /;(1 <i < m) satisfying formula (3.66), now we need to construct a real-
time code with these lengths, and /;(1 < i < m) may not be completely different.
Definition 7 is the number of codewords with length j, if [ = max{l, l, ..., [,},

then
l
an =m.
j=1

(3.66) equivalent to

1
anDij <1.
j=1

Multiply both sides by D', then Y_'_, n; D'~/ < D!. There is
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n; < D' — l’l[Dl_1 — nng_z — - —n;_1D,

n_1 < D! — }’llD172 - n2D173 — - —n;_»D,

ni < D3 —I’l]D2 —nyD,
n, < D* —nD,
ny <D.

Because n; < D, we can choose these n; codes arbitrarily, and the remaining D —
ny codes with length 1 can be used as the prefix of other codewords. Therefore,
there are (D — n1)D options for codewords with length of 2. That is n, < D? —
nyD. Similarly, (D — ny)D — n, codewords can be used as prefixes of subsequent
codewords. Therefore, there are at most ((D — ny) D — n;) D options for codewords
with length of 3. That is n3 < D3 —nD* —nyD. ..., in this way, we can always
construct a real-time code with length {/;, I», ..., [,,}. The Lemma holds!

Let us give an example that is not the only one that can be decoded.
Example 3.7 Let X = {1, 2, 3,4}, Zp = F,, the coding scheme is

Source letter | Codeword

I 0=R1)
2 1=(2)
3 00=£(3)
4 11=f(4)

Because the encoder inputs and the decoder receives continuous codeword sym-
bols, if the character received by the decoder is 001101, there may be two decoding
results, 112212 and 3412. This shows that f* is not an injection, that is, the code
written by f is not uniquely decodable.

By Lemma 3.16, real-time codes or, more generally, uniquely decodable codes
must satisfy Kraft inequality. However, the variable length code compiled according
to kraft inequality is not the optimal code, because from the perspective of random
coding, an optimal code not only requires the accuracy of decoding, but also ensures
the efficiency, that is, the average random code length requires the shortest. We
summarize the strict mathematical definition of the optimal code as.

Definition 3.16 Let X = {x;, x2, ..., x,,} is an information space, a real-time code
C ={f(x1), f(x2), ..., f(xn)}iscalled an optimal code if its average random code
length

L=>"pi (3.67)
i=1
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is the smallest, where p; = p(x;) is the occurrence probability of x; and /; is the code
length of x;.

For a source state set X, when its statistical characteristics are determined, that is,
after X becomes an information space, the probability distribution {p(x)|x € X} is
given. Therefore, to find the optimal compression coding scheme for an information
space X is to find the optimal solution {/1, l5, ..., ,,} of (3.67) under the condition of
kraft inequality. Usually, we use the Lagrange multiplier method to find the optimal

solution. Let
m

J = p[li + A (Z Dli) .
1 i=1

Find the partial derivative of /;
i AD " log D
— =p; — "10 .
al; p g

Thus

[R—

D=L
Alog D

By Kraft inequality, that is
m
Y ph<1.
i=1

We get

- 1 < 1
1>) D= P = A > .
_E Alogsz ~ logD

i=1

Thus, the optimal code length /; is
li = —logp pi, pi = D7V (3.68)
The corresponding optimal average code length L is
L=Y pii=—)_ pilogypi = Hp(X). (3.69)
i=1 i=1
That is, L is the D-ary information entropy Hp(X) of X. from this, we get the main

results of this section.

Theorem 3.11 The average length L of any D-ary real-time code in an information
space X shall satisfies
L > Hp(X).
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The equal sign holds if and only if p; = D7".

Next, we will give another proof of Theorem 3.11. Therefore, we consider that there
are two random variables & and n on a source state set X, and their probability
distributions are

p(x) =P{§ =x}, qx) = P{n=x}, Vx e X.

The relative entropy of random variables is defined as

D(pllg) =) _ p(x) log (3.70)

xeX

Lemma 3.17 The relative entropy D(pl|q) of two random variables on X satisfies
D(pllg) = 0, and D(pllg) =0 < px)=qx),Vx e X.

Proof 1f the real number x > 0 is expanded by the power series of e*, it can be
obtained

-1 1 2
=1+(x—1)+§(x—1) +
Thus e*~! > x, there is logx < x — 1, by (3.70), then

_ 9«
—D(pllg) =Y p(x)log )

xeX

<Y p ()(@—n—o

xeX
Thus, there is D(p||q) > 0, D(pl|lg) = 0’s conclusion is obvious.

Proof (Another proof of theorem 3.11) Investigate L — Hp(X),
m m 1
L—Hp(X) =Y pili =Y pilog, r
i= i=1

=— Zp,- log, D7 + ZPi log), pi.

i=1 i=1

3.71)

Define

By Kraft inequality, we have
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c<l, and ) =1
i=1
Therefore, {r;, 1 <i < m} is a probability distribution on X, by (3.71),
m m m pl ]
L—Hp(X)=— Zp,- log, cri + Zp,- log, pi = Zp,- <logD . + log;, ;) .
i=1 i=1 i=1 !
By Lemma 3.17 and ¢ < 1, we have
L —Hp(X)>0,and L = Hp(X) ifandonly ifc = 1 and r; = p;,

that is {
pi = D7l orl; = log, —.

We complete the proof of theorem 3.11.

By Theorem 3.11, coding according to probability, then the code length of D-ary
optimal code is

1
li=log, —, 1 <i <m.

But in general, log,, 1 is not an integer, we use [a] to represent the smallest integer
not less than the real number a. Take

1
l; = lrlogD ——‘ , 1 <i<m. (3.72)
Pi

Then

m m . m

- —logp -~
E:DZ,SE:D OgD,,iZE pi=1.
i=1 i=1 i=1

Then the code length defined by formula (3.72) is {ly, l5, ..., l,,} and satisfies Kraft
inequality. From Lemma 3.16, we can define the corresponding real-time code.

Definition 3.17 Let X = {x|, x5, ..., X, } be an information space, p; = p(x;),

() =1 = [mg,) ﬂ <iem

Then the real-time code corresponding to {/1, I, ..., [,,} is called Shannon code.

Corollary 3.6 The code lengthI(f (x;)) of a Shannon code C = {f (x;)|1 <i < m}
satisfies
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1 1 1
I = | log, —— |, log <l <1 +1 3.73
[OgD p(xl-)w po Sl ©73)

and
Hp(X) <L < Hp(X) + 1.

Where L is the average code length of C.
Proof According to the definition of [a], a < [a] < a + 1, thus

1 1
logp —— <!; <logp, —— + 1.

p(xi) — p(xi)
So both sides multiply by p(x;) and sum 1 < i < m, then there is

m

- 1
) 1 ;i D1 —+1).
Zp(x)ogD ; px) <;p<x>(ogDp(xl_)+ )

That is

The Corollary holds.

3.7 Several Examples of Compression Coding

3.7.1 Morse Codes

In variable length codes, in order to make the average code length as close to the
source entropy as possible, the code length should match the occurrence probability of
the corresponding coded characters as much as possible. The principle of probabilistic
coding is that the characters with high occurrence probability are configured with
short codewords, and the characters with low occurrence probability are configured
with long codewords, So as to make the average code length as close to the source
entropy as possible. This idea has existed long before Shannon theory. For example,
Morse code invented in 1838 uses three symbols of dot, dash and space to encode 26
letters in English. It is expressed in binary, one dot is 10, a total of 2 bits, one dash is
1110, a total of 4 bits and the space is 000. There are three bits in total. For example,
the commonly used English letter E is represented by a dot, while the infrequently
used letter Q is represented by two dashes, one dot and one dash, which can make
the average length of the codeword of the English text shorter. However, Morse code
does not completely match the occurrence probability, so it is not the optimal code,
and it is basically not used now. The following table is the coding table of Morse
code (Fig. 3.1)
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Fig. 3.1 The coding table of

Morse code

131

N <X S < CHw3»pPpvOv022rXxX-=IO"TmMOO®W®W?5>»

—_ e —

It is worth noting that Morse code appeared as a kind of password in the early
stage, which is widely used in the transmission and storage of sensitive politics (such
as military intelligence). The early cryptosystem compilers were also manufactured
based on the principle of Morse code, which quickly mechanized the compilation
and translation of passwords. In this sense, Morse code has played an important role

in promoting the development of cryptography.
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3.7.2 Huffman Codes

Shannon, Fano and Huffman have all studied the coding methods of variable length
codes, among which Huffman codes have the highest coding efficiency. We focus on
the coding methods of Huffman binary and ternary codes.

Let X = {x, x2, ..., X, } be the source letter set of m symbols, arrange the m
symbols in the order of occurrence probability, take the two letters with the lowest
probability to prepare the numbers “0” and “1,” respectively, then add their proba-
bilities as a new letter and rearrange them in the order of probability with the source
letters without binary numbers. Then take the two letters with the lowest probability
to prepare the numbers “0” and “1,” respectively, add the probabilities of the two
letters as the probability of a new letter, and re queue; continue the above process
until the probability of the remaining letters is added to 1. At this time, all source
letters correspond to a string of “0”” and “1,” and we get a variable length code, which
is called Huffman code. Taking X = {1, 2, 3, 4, 5} as the information space as an
example, the corresponding probability distribution is

£~ 1 2 3 4 5
0.250.250.20.150.15)°

Binary information entropy H,(X) and ternary information entropy H3(X) are

H>(X) = —0.2510g, 0.25 — 0.25log, 0.25 — 0.21og, 0.2
—0.151og, 0.15 — 0.151og, 0.15
= 2.28 bits,
H3(X) = —0.251l0g; 0.25 — 0.251og; 0.25 — 0.210og; 0.2
—0.1510g3 0.15 — 0.151og; 0.15
= 1.44 bits,

respectively. The binary Huffman coding diagram of X is (Fig. 3.2).

The ternary Huffman coding diagram of X is (Fig. 3.3).

In summary, Huffman code has the following characteristics. Assuming that the
occurrence probability of the i-th source letter is p; and the corresponding code
length is /;, then

Fig. 3.2 The binary Source letter  Probability Code word  Code word length
Huffman coding
1 0.25 R 00 2
2 0.25 N— 01 2
3 0.20 — 10 2

m 3



3.7 Several Examples of Compression Coding 133

Fig. 3.3 The ternary Source letter Probability Code word Code word length
Huffman coding K

1 0.25 — 0 1

2 0.25 — 1 1

0

3 0.20 — 2 2

L 0.15 12 2

6 0.1 — 22 2

(1) If p; > pj,thenl; <1;, thatis, the source letter with low probability has a longer
codeword;

(2) The longest two codewords have the same code length;

(3) The codeword letters of the two longest codewords are only different from the
last letter, and the front ones are the same;

(4) In real-time codes, the average code length of Huffman code is the smallest. In
this sense, Huffman code is the optimal code.

Huffman code has been applied in practice, which is mainly used in the compression
standard of fax image. However, in the actual data compression, the statistical char-
acteristics of some sources change before and after. In order to make the statistical
characteristics based on the coding adapt to the changes of the actual statistical char-
acteristics of the source, an adaptive coding technology has been developed. In each
step of coding, the coding of a new message is based on the statistical characteristics
of previous messages. For example, R. G. Gallager first proposed the step-by-step
updating technology of Huffman code in 1978, and D.E. Knuth made this technol-
ogy a practical algorithm in 1985. Adaptive Huffman coding technology requires
complex data structure and continuous updating of codeword set according to the
statistical characteristics of source, We would not go into details here.

3.7.3 Shannon-Fano Codes

Shannon—Fano code is an arithmetic code. Let X be an information space. It can be
inferred from Corollary 3.6 in the previous section that the code length of Shannon
code on X is

1
)—‘,Vx € X.

I(x) = lrlog
px
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Here, we introduce a constructive coding method using cumulative distribution func-
tion to allocate codewords, commonly known as Shannon-Fano coding method.
Without losing generality, let each letter x in X, there is p(x) > 0, and define the
cumulative distribution function F(x) and the modified distribution function F(x)
as

_ 1
F(x)= , F(x) = = , 3.74
) ;p(a) *x) ;pw) + 50 (3.74)
where X = {1, 2, ..., m}is a given information space. Without losing generality, let

p(1) = p2) <--- < p(m).
As can be seen from the definition, if x € X, then p(x) = F(x) — F(x — 1),
specially, if x, y € X, then we have

F(x) # F(y).

So when we know F (x), we can find the corresponding x. The basic idea of Shannon—
Fano arithmetic code is to use F'(x) to encode x. Because F (x) is a real number, its
binary decimal represents the first /(x) bits, denote as { F (x)};«), there is

F(x) — {F(xX)}iy <279, (3.75)

Take I(x) = {log p('x)—‘ + 1, then we have

1 1 px)
_ = <
21(x) 5. 2|V|0g p%)-‘ 2

=F(x)—F(x—1), (3.76)

Now let the binary decimal of F(x) be expressed as
F(x) =0.q1az - - CA A+ . Y ai € Fa.
Then Shannon—Fano code is
f(x) =aiay- - ayy), thatisx encode aiaz -+ ay) € IFIZ(X). (3.77)

Lemma 3.18 The binary Shannon Fano code is a real-time code, and its average
length L is at most two bits different from the theoretical optimal value H (X).

Proof By (3.76),
2710 %p(x) =F(x)—F(kx—1).

Let the binary decimal of F (x) be expressed as

I:"(x):O.alaz--~a1(x)~- y Vdi GFQ.
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We use [A, B] to represent a closed interval on the real axis, so

1
—1

F(x) € [0.aiaz - aix), 0.a1az - - - ayxy + T

Ify e X,x # y,and f(x) is the prefix of f(y), then we have

F(y) € [0.aiay - - “Qj(x), 0.a1ay - - “Aix) + —1.

2I(x)

But

_ _ 1 1
F() = F&) = 5p0) 2 3p(0) > 55,

This is contrary to the fact that F(x) and F(y) are in the same interval. Therefore, we
have f as real-time code, that is, Shannon—Fano code is real-time code. Considering
its average code length L,

L=Y pWix)=Y_ pw) qlog —_‘ ) > px) (log — 2> =H(X)+2.

xeX xeX xeX

We complete the proof of the Lemma.

Let n > 1, X" is the power space of the information space, x = x; -+ - x, € X"
is called a message column of length n. In order to improve the coding efficiency,
it is often necessary to compress the power space X", which is called arithmetic
coding. Shannon—Fano code can also be used as arithmetic coding. Its basic method
is to find a fast algorithm for calculating joint probability distribution p(xx; - - - x,,)
and cumulative distribution function F'(x), and then use Shannon-Fano method to
encode x = x| - - - x,. We will not introduce the specific details here.

3.8 Channel Coding Theorem

Let X be the input alphabet and Y the output alphabet, and let £ and n be two random
variables with values on X and Y. The probability functions p(x) and p(y) of X and
Y and the conditional probability function p(y|x) are

px) = P{& =x}, p(y) = P{n =y}, p(ylx) = P{n = y|& = x}respectively.
From the full probability formula,
p(ylx) =0, VxeX,yeY.

> pylx) =1, VxeX. (3.78)

yeY
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If X and Y are finite sets, the conditional probability matrix T = (p(y|x))|x|x|y| 18
called the transition probability matrix from X to ¥, i.e.,

pilx1) pOnlx) ... p(ywnlxi)
T— p(yilx2) p(n2lx2) ... p(ywnlx2) (3.79)

pilxa) p2lxm) ... p(Ynlxm)

where | X| = M, |Y| = N. By (3.78), each row of the transition probability matrix
T is added to 1.

Definition 3.18 (i) A discrete channel is composed of a finite information space X
as the input alphabet, a finite information space Y as the output alphabet, and a
transition probability matrix 7 from X to Y, denote that this discrete channel is
(X, T,Y}.If X =Y =T, is g -element finite field, then {X, T, Y} is a discrete
g-ary channel. In particular, if ¢ = 2, then {X, T, Y} is called discrete binary
channel.

(ii) If{X, T, Y}isadiscrete g-ary channel and T = I, is the g-order identity matrix,
{X, 1,, Y} is called a noise free channel.

(iii) If {X, T, Y} is a discrete g-ary channel and T = T’ is a g-order symmetric
matrix, {X, T, Y} is called a symmetric channel.

In discrete channel {X, T, Y}, codeword spaces X" and Y" with length n are
defined as

X'=fx=xi-xlxi e X}, Y'={y=y1--wmlyi€e¥}n=1

The probabilities of joint events x = x;---x, and y = y; - - - y,, are defined as

px)=pGi-x) =[] pG), pG)=pOi--y)=]]p0», (380
i=1

i=1

then X and Y become a memoryless source, X" and Y are power spaces, respectively.

Definition 3.19 Discrete channel {X, T, Y} is called a memoryless channel if for
any positive integern > l,x =x;---x, € X", y=y;---y, € Y, we have

p(ylx) = il;ll p(yilxi), ' (3.81)

pxiy) = plxiy), Vi > 1.

From the joint event probability p(x;y;) = p(x;y;) in equation (3.81), then there
is
p(x1)
Pilx) = === p(yilxy). (3.82)
p(x:)
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The above formula shows that in a memoryless channel, the conditional probability
p(yilx;) does not depend on y;.

Definition 3.19 is the statistical characteristic of a memoryless channel. The fol-
lowing lemma gives a mathematical characterization of a memoryless channel.

Lemma 3.19 A discrete channel {X, T, Y} is a memoryless channel if and only
if the product information space XY is a memoryless source, and a power space
(XY)" = X"y",

Proof If XY is a memoryless source (see Definition 3.9), thn for any n > 1, and
x=x;-x, €X",y=y -y, €Y', xy € X"Y", there is

n
p(xy) = px1---Xp Y1+ Yn) = P(X1Y1 -+ XnYn) = l—[ p(xiyi).
i=1

Thus .
P pGIx) = po) [ | pOilxn),

i=I

so we have
n

plx) =[] pOilx).

i=1

p(x;y;) = p(x1y1) is given by the definition of memoryless source, so {X, T, Y} is
a memoryless channel. Conversely, if {X, T, Y} is a memoryless channel, by (3.81),
there are

py) =[] pCiy)
i=1

and p(x;y;) = p(x1y1), then forany a = aya, - - - a, € (XY)", where a; = x;y;, we
have

p@) = plei--xay1 -+ yn) = pxy) = [ [ pGeiv) = [ pla)
i=1 i=1

and p(a;) = p(a,), therefore, XY is amemoryless source, thatis, a group of indepen-
dent and identically distributed random vectors & = (§1, &, ..., &,, ...) take value
on XY, and (XY)" = X"Y" is called power space. The Lemma holds.

The following lemma further characterizes the statistical characteristics of a mem-
oryless channel.

Lemma 3.20 If{X, T, Y} is adiscrete memoryless channel, the conditional entropy
H(Y"|X™) and information I (X", Y") of information space X" and Y" satisfy¥N n >
1,
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H(Y"|X") = nH(Y|X).

(3.83)
I(X",Y") =nl(X,Y).

Proof Because XY is a memoryless source, we have
HX"Y")=H(XY)") =nH(XY)=nH(X)+nH(Y|X).
On the other hand, by the addition formula of entropy, there is
HX"Y"Y)Y=HX")+ HY"|X") =nH(X)+ HY"|X").
The combination of the above two formulas has
H(Y"X") =nH(Y|X).
According to the definition of mutual information,

I(X",Y")y = HY") — HY"|X")
=nHY) —nHY|X)
= n(H®Y) - HY|X)) =nl(X,Y).

The Lemma holds.

Let us define the channel capacity of a discrete channel, this concept plays an
important role in channel coding. First, we note that the joint probability distribution
p(xy) in the product space XY is uniquely determined by the probability distribution
p(x) on X and the probability transformation matrix 7', thatis p(xy) = p(x)p(y|x);
therefore, the mutual information 7 (X, ¥Y) of X and Y is also uniquely determined
by p(x) and T'. In fact,

16,7 =33 plaey) log 2

X yer p(xX)p(y)
p(ylx)
- §p<x>§p<y| x)log o

xeX

Definition 3.20 The channel capacity B of a discrete memoryless channel {X, T, Y}
is defined as
B = m(a))( 1(X,Y), (3.84)
px

where formula (3.84) is the maximum of all probability distributions p(x) on X.

Lemma 3.21 The channel capacity B of a discrete memoryless channel {X, T, Y}
is estimated as follows:
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0 < B < min{log|X]|, log|Y|}.

Proof The amount of mutual information between the two information spaces is
I(X,Y) > 0 (see Lemma 3.5), so there is B > 0. By Lemma 3.4,

I(X,Y)=H(X) - HX|Y) < H(X) < log|X]|

and
I(X,Y)=H(Y)—-HY|X) < HY) <logl|Y|,

so we have
0 < B < min{log|X]|, log|Y|}.

The calculation of information capacity is a problem of solving the conditional
extremum of constrained convex function. We will not discuss it in detail here but
calculate its channel capacity for two simple channels.

Example 3.8 The channel capacity of noiseless channel {X, T, Y} is B = log | X|.

Proof Let {X,T,Y} be a noise free channel, then |X| = |Y|, and the probability
transfer matrix 7 is the identity matrix, so

167 = 33 plxy) log 2O

xeX yeY p(y)
p(ylx)
= E § log ===
L p(x) 2 p(ylx) log ()

Because p(ylx) =0, if y # x; p(y|x) = 1, if x = y. So there is

[(X,Y) = Zp(x)log B H(X) <log|X|.
p(x) B

xeX

Thus
B = m(a;d(X, Y) =log|X]|.
p(x

Example 3.9 The channel capacity B of binary symmetric channel {X, T, Y} is
B=1-plogp—(1—p)log(l —p)=1—-H(p),
where p < 1, H(p) is the binary entropy function.

Proof Inbinary symmetric channel {X, T,Y}, X =Y =F, = {0, 1}, T is asecond-
order symmetric matrix
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1-p p>
T = , p<l1.
(p 1—p) P

Let a be the random variable in the input space I, and b be the random variable in the
output space [F,, all of which obey the two-point distribution, and then the transfer
matrix 7 of the symmetric binary channel can be represented by the following clearer
schematic diagram:

Plb=1la=0}=Pb=0la=1}=p
Plb=0la=0y=Pb=1la=1}=1—p.

Calculate mutual information 7 (X, Y), there is

I(X,Y)=H(X)—- HX|Y),

however,
HX[Y) =) p(xy)log p(x|y)
xelf, yelF,
=—plogp — (1 — p)log(l1 — p) = H(p).
Thus

B =max{I/(X,Y)} = max{H(X) — H(p)} = | — H(p).

In order to state and prove the channel coding theorem, we introduce the concept
of joint typical sequence. By the Definition 3.13 of Sect.5 this chapter, if X is a
memoryless source, for any small ¢ > 0 and positive integer n > 1, in the power
space X", we define the typical sequence W™ as

1
W™ = {x =x; - x, € X"|| — — log p(x) — H(X)| < e}.
n

If {X, T, Y}is amemoryless channel, by Lemma 3.19, XY is a memoryless source,
in the power space (XY)" = X"Y", we define the joint canonical sequence W as
(Fig. 3.4)

1 1
W = {xy e X"Y"|| - ;logp(x) —-HX)| <e, |- ;10gp(y) —HY)| <e,

| — %log p(xy) — H(XY)| < e} . (3.85)

Lemma 3.22 (Progressive bisection) In memoryless channel {X, T, Y}, the joint
typical sequence W satisfies the following asymptotic bisection properties:

(i) lim P{xy e W™} =1;
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0 -0
a -~ b
1 1

Fig. 3.4 The transfer matrix

(”) (1 _ 8) 2n(H(XY)76) < |Wa(n)| < 2n(H(XY)+£)’.
(iii) Ifx € X", y € Y",and p(xy) = p(x)p(y), then

—n(I(X,Y)+3¢) (n) —n(I(X,Y)=3¢)
(1—g)27" Y < Plxye W <2™ e,

Proof By Lemma 3.13, we have

1

——log p(X") — H(X), Convergence according to probability when n — 00;
n
1 . -

——log p(Y") - H(Y), Convergence according to probability when n — 00;
n

1
——log p(X"Y") - H(XY), Convergence according to probability when n — oo.
n

So when ¢ is given, as long as n is sufficiently large, there is

1 1
P, = P{| — —logp(x) — H(X)| >8} < §8’

n

1 1
P = P{I — —logp(y) — H(Y)| >8} <38

n

1 1
P = P{|—;10gp(xy)—H(XY)| >8} < §8’

where x € X", y € Y". Thus, it can be obtained
P{xygé WE(")} <P+P+P;<e.

Thus
P{xy € WE(”)} >1—¢,

in other words,
lim P{xy e W™} =1.
n—0oQ

Property (i) holds. To prove (ii), letx € X",y € Y", and xy € W, then
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1
H(XY)—¢e < ——logp(xy) < H(XY) +¢.
n

Equivalently,

2—n(H(XY)+£) n(H(XY)—s).

< plxy) <27
By total probability formula,

= Z plxy) > Z pxy) = W] 2 nHEXD+e)

xyexnyn xyEWg(")

So there is
| (n)| < 2n(H(XY)+£)
W, .

On the other hand, when n is sufficiently large,

1—e < Plxye Ws(”)} = Z pxy)
xyew™
< W] g HX)=e),

So there is
(1 _ 8) 2n(H(XY)—6) S |W8(n)| S 2n(H(XY)+£)’

property (ii) holds. Now let’s prove property (iii). If p(xy) = p(x)p(y), then

Plxye W)= Y px)p(»)

Xye Wg(“)

(n) [9—n(H(X)—e)n—n(H(Y)—
S |W5n |2 n ( 8)2 n 8)
< 2n(H(XY)+€—H(X)—H(Y)+25)

— 2—n(1 (X,Y)-3e)

Similarity can prove its lower bound, so we have
—n(I1(X,Y)+3¢) (n) —n(I(X,Y)=3¢)
(1—-¢g)27" < Plxye WP <2™ ),

We have completed the proof of Lemma.

The following lemma has important applications in proving the channel coding
theorem. In fact, the conclusion of lemma is valid in general probability space.

Lemma 3.23 In memoryless channel {X, T, Y}, if codeword y € Y" is uniquely
determined by x € X", x' € X", x’ and x are independent, y and x' are also inde-
pendent.
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Proof 1f y is uniquely determined by x, then p(x) = p(y) = p(xy),or p(y|x) = 1.
Therefore, the probability of joint event yxx’ is

pyxx’) = p(xx") = p(x)p(x") = p(y) p(x").

on the other hand,
p(yxx") = p(yx').

Thus
pyx") = p(ypx).

The Lemma holds.

In order to define the error probability of channel transmission, we first introduce
the workflow of channel coding. After source compression coding, a source message
input set is generated,

W =1{1,2,..., M}, M > 1is positive integers.

Injection f : W — X" is called coding function, f encodes each input message
we Was f(w) € X". Codeword x = f(w) € X" receives codeword y € Y" after

transmission through channel {X, T, Y}, we write x I, y,or y = T(x). Mapping
g : Y" — W is called decoding function. Therefore, the so-called channel coding is
a pair of mapping (f, g). Obviously,

C=fW)={f(w)weW}cCX"

is a code with length 7 in codeword space X", number of codewords is |C| = |[W| =
M. C is the code of f. The code rate R¢ is

1 1
Rc = —log|C| = —logM.
n n

For each input message w € W, if g(T(f(w))) # w, it is said that the channel
transmission is wrong, the transmission error probability A,, is

A = P{g(T(f(w)) #w}, weW. (3.86)

The transmission error probability of codeword x = f(w) € C isrecorded as P, (x),
obviously, P,(x) = Ay, thatis, P,(x) is the conditional probability

Pe(x) = P{g(T (x)) # wlx = f(w)}

(3.87)
= P{g(T(f(w) # w} = hu.

We define the transmission error probability of code C = f(W) C X" as P.(C),



144 3 Shannon Theory

1 1 =
P(C) =+ Y P(x) = % > (3.88)
w=1

xeC

As before, a code C with length n and number of codewords M is recorded as
C=mn,M).

Theorem 3.12 (Shannon’s channel coding theorem, 1948) Let {X, T, Y} be a mem-
oryless channel and B be the channel capacity, then

(i) When R < B, there is a column of codes C, = (n, 2""R)), its transmission error
probability P,(C,) satisfies

lim P,(C,) = 0; (3.89)
n—o00o

(ii) Conversely, ifthe transmission error probability of code C, = (n, 2U"R satisfies
Eq. (3.89), there is an absolute normal number Ny, and we have the code rate
Rc, of C, satisfies
Rc, < B, whenn > Nj.

If C, = (n, 2Ry, by Lemma 2.27 of Chap. 2,

1
R— = <Rc <R (3.90)
n

so (i) of Theorem 3.12 indicates that the code rate is sufficiently close to the channel
capacity B, the “good code” with sufficiently small transmission error probability
exists. (i7) indicates that the bit rate of the so-called good code with sufficiently small
transmission error probability does not exceed the channel capacity. Shannon’s proof
Theorem 3.12 uses random code technology; this idea of using random method to
prove deterministic results is widely used in information theory. At present, it has
more and more applications in other fields.

Proof (Proof of theorem 3.12) Firstly, the probability function p(x;) is arbitrarily
selected on the input alphabet X, and the joint probability in power space X" is
defined as

p) =]]ra). x=x1-x, € X", (3.91)
i=1

In this way, we get a memoryless source X and power space X", which consti-
tute the codeword space of channel coding. Then M = 2/"Rl codewords are ran-
domly selected in X" to obtain a random code C, = (n, 2”1y, In order to illus-
trate the randomness of codeword selection, we borrow the source message set
W =1{1,2,..., M}, where M = 2"kl _For every message w, | < w < M, the ran-
domly generated codeword is marked as X" (w). So we get a random code
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C, = {X"1),X™Q),...., X"} c X"

The generation probability P{C,} of C,, is

M M n
PC =[] PIX" @) =]][]pxi@,

w=1 w=1i=1

where X ™ (w) = x;(w)x2(w) - - - x,(w) € X"

We take A,, = {C,} as the set of all random codes C,,, which is called the random
code set. The average transmission error probability on random code set A,, is defined
as

Po(A) = ) P{C,}P.(C). (3.92)
CueAy

If you want to prove that for any ¢ > 0, When n is sufficiently large, P.(A,) < &,
then there is at least one code C,, € A, such that P,(C,) < e, which proves the (i).
Therefore, we prove it in two steps.

(1) Principles of constructing random codes and encoding and decoding

We select each message in the source message set W = {1, 2, ..., M} with equal
probability, that is w € W, the selection probability of w is

1
p(w)=M=2*[”’“, w=1,2,..., M.

In this way, W becomes an equal probability information space. For each input
message w, it is randomly coded as X ™ (w) € X", where

X (w) = x1(w)xa(w) - - - x,(w) € X"

Codeword X ™ (w) is transmitted through memoryless channel {X, T, Y} with con-
ditional probability

pOIX®Pw)) =[] pOilxi(w))

i=1

received codeword y = y;y; - - - ¥, € Y". The decoding principle of y is: If X (w)
is the only input codeword so that X ™ (w)y is joint typical, thatis X ™ (w)y € W™,
then decode g(y) = wj if there is no such codeword X (w), or there are two or
more codewords X ™ (w) and y are joint typical, y cannot be decoded correctly.

(2) Estimating the average error probability of random code set A,,

By (3.92) and (3.88),
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Po(Ay) = ) P{Ci}P.(Cy)

CyeA,

> PG Y P

C,eA, xeC,

1 M
o }\w P{Cn}
w2t 2

= CueA,
| M
=7 2w
w=1

where A, is given by Eq. (3.86). Because w is input with equal probability, in
other words, w is encoded with equal probability. Therefore, the transmission error
probability X, of w does not depend on w, that is

(3.93)

Al =A== Apy.
By (3.93), we have P.(A,) = A,. To estimate A;, we define
Ei={yeY"|X"()ye W™}, i=1,2,..., M, (3.94)
If E{ = Y"\E, is the remainder of E}, because of the decoding principle,

M
M =P{E{UE,U---UEy} < PIE{} + ) _ P{Ei}. (3.95)
i=2
By property (i) of Lemma 3.22,
lim P{xy ¢ W} =0.
n—0oQ

So there is
lim P{X"™(1)y ¢ W} =0.
n—oo

Therefore, when 7 is sufficiently large,

P{E{} <.
Obviously, codeword X ™ (1) and other codewords X ™ (i), (i =2, ..., M) are inde-
pendent of each other (see 3.91). By Lemma 3.23, y = T(X™ (1)) and X" (i) (i #

1) also are independent of each other. Then by the property (iii) of Lemma 3.22,

P{E;} = P{X(")(i)y e Ws(n)} < 2= (X,Y)=3¢) (i #1).
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To sum up,
M

Po(Ay) =k < &4y 271X
i=2
<e _I_z[nR]z—n(I(X,Y)—Ss)

< +27n(1(X,Y)7R738).

IfR < I(X,Y),thenI(X,Y) — R — 3¢ > O(when ¢ is sufficiently small), so when n
is large enough, we have P.(A,)<2e.Due to the channel capacity B = max{/ (X, Y)},
we can choose p(x) to make B = I (X, Y). Sowhen R < B, we have P.(A,) < 2e,
this completes the proof of (7).

To prove (ii), let’s look at a special case first. If the error probability of C =
(n, 2"y is P,(C) = 0, thenthebitrate of Cis Rc < B + 1, so whenn is sufficiently
large, there is R¢c < B.

In fact, because P,(C) = 0, decoding function g : Y" — W only determines W,
there is H(W|Y") = 0. Because W is equal probability information space, so

H(W) =log|W| = [nR].
Using the decomposition of mutual information, there are
IW,Y")y=HW)—-HW|Y") = HW) = [nR]. (3.96)
on the other hand, W — X" — Y" forms a Markov chain, by data inequality (see
Theorem 3.8)
I(W,Y") < I(X",Y").
By Lemma 3.20,

IW, Y") < I(X",Y")=nI(X,Y) <nB.

By (3.96), there is [nR] < nB. Because nR — 1 < [nR] <nR,sonR <nB +1,
thatis R < B + %, by (3.90), we have

1
Rc <R <B+ -,
n

thus
R¢ < B, when n is sufficiently large.

The above formula shows that when the transmission error probability is 0, as long as
n is sufficiently large, there is Rc < B. Secondly, if the transmission error is allowed,
that is, the error probability of C,, is P,(C,) < &, where C, = (n, 21"R1). Then when
n is sufficiently large, we still have R¢, < B.
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In order to prove the above conclusion, we note the error probability of random
code C, is
P.(Cy) = Ay, (3.97)

where w € W is any given message. When w is given, we define a random variable
&, with a value on {0, 1} as

g, = |1 iTeT (@) #w:
"o, it g(T(f(w)) = w.

Let E = (IF,, &,) be a binary information space, by (3.97), then we have

Pe(Cn) = P{Sw = 1}

By Theorem 3.3,
HEW|Y"Y=HW|Y") + H(E|WY")

(3.98)
= H(E|Y") + H(W|EY").

Note that E is uniquely determined by Y” and W, so H(E|WY") = 0, at the same
time, E is a binary information space, H(E) < log2 = 1, there is

H(E|Y") < H(E) < 1.
On the other hand, the random variable &,, is only related to w € W, so
H(WI|EY") = P,(Cy)log(IlW] — 1) < nRP.(C,).

By (3.98), we have
HW|Y™ <1+nRP,(C,).

Because f(W) = X" (W) is a function of W, we have the following Fano inequality
H(fWMIY") = HWI[Y") =1+ nRP.(Cy).

Finally,
=HW)=HWY")+1(W,Y")

<SHWIY") + 1(f(W), Y")
<1+4+nRP,(C,)+ I(X",Y")
<14nRP,(C,)+nB,

because of nR — 1 < [nR], then we have

nR <2+nRP,(C,) +nB.
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Thus )
Rc, <R< B+ —+¢g,
n

When n is sufficiently large, we obtain R¢, < B, which completes the proof of the
theorem.

It can be seen from Example 3.9 that the channel capacity B =1— H(p) of a
binary symmetric channel. Therefore, Theorem 3.12 extends Theorem 2.10 in the
previous chapter to a more general memoryless channel; at the same time, it is also
proved that the code rate of a good code does not exceed the capacity of the channel.

Exercise 3

1. The joint probability functions of the two information spaces X and Y are as
follows:

Solve H(X), H(Y), H(XY), H(X|Y), H(Y|X),and I (X, 7Y).
2. Let Xi, X», X3 be three information spaces on [F,, Known [I(Xi,
Xz) = 0, I(X], X2, X3) = 1, prove:

H(X3) = 1, and H(X1X2X3) =2.

3. Give an example to illustrate I (X, Y|Z) > I(X,Y).

4. Can I (X, Y|Z) = 0be derived from I (X, Y) =0? Inturn, can I (X, Y|Z) =0
deduce I (X, Y) = 0? Please prove or give examples.

5. Let X, Y, Z be three information spaces, prove:

() H(XY|Z) = H(X|Z);
Gi) 1(XY, Z) > I(X, Z);
(i) H(XYZ) — H(XY) < H(XZ) — H(X);
Gv) 1(X,Z|Y) =1(Z,Y|Z)—1(Z,Y) + (X, Z).

It also explains under what conditions the equality sign holds.

6. Can I(X,Y) =0deduce I(X, Z) = [(X, Z|Y)?

7. Let the information space be X = {0, 1, 2, ...} and the value probability p(n)
of random variable & be

p(n)=P{=n},n=0,1,....
Given the mathematical expectation E£ = A > 0 of £, find the maximum proba-

bility distribution { p(n)|n = 0, 1, ...} of H(X) and the corresponding maximum
information entropy.
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8. Let the information space be X = {0, 1, 2, ...}, and take an example of the
random variable £ taken from X, so that H (X) = oo.
9. Let X; = (X, &), X» = (X, n) be two information spaces and & be a function of
n, prove H(X;) < H(X»), and explain this result.
10. Let X| = (X, &), X» = (X, n) be two information spaces and n = f (), prove

(i) H(X) = H(X»), give the conditions under which the equal sign holds.
(i) H(X1|X»2) = H(X»|X,), give the conditions under which the equal sign
holds.
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