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Abstract. This paper proposes a segmentation method which combines Active 
contour model with Sobel edge detection. The introduction of distance regular-
ized formulation eliminates the need for reinitialization when we minimize the 
energy function by using the level set method. We test our method on MR im-
age and compare it with several methods in the literature. The results achieved 
are better than the ones of existing techniques, showing the effectiveness of the 
proposed method. 
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1 Introduction 

Image segmentation has been widely used in medical analysis such as identifying 
tumors or soft tissue injuries from medical illustration [1], [2]. Active contour model 
is an excellent method and has been applied to image segmentation [3], [4], [11]. The 
general idea is to first initialize a curve around the object and then makes the curve 
move toward the object’s interior morphology under the control of an energy function 
and finally stop at the boundary of the target area. Compare with classical image seg-
mentation methods, active contour model has two advantages. Firstly, active contour 
model can be easily derived by energy minimization framework [5], [6]. Secondly, 
active contour model is able to achieve the sub-pixel accuracy of object boundaries 
[7]. It can be divided into two types: parametric active contour model and geometric 
active contour model. Parametric active contour was introduced by Kass et. al [8]. 
The energy function is minimized to attract the contour toward the edges, in which 
first derivative and second derivative were used to control the smoothness of the ac-
tive contour, and therefore their method belongs to parametric active contour. How-
ever, the main disadvantage of the parametric active contour models is that the rela-
tion between the parametrization of the contour and geometry of the objects is not 
obvious.  

To overcome the drawback of the parametric active contour model, geometric ac-
tive contour model was proposed, which can be further categorized into edge-based 
models and region-based models. Edge-based models use edge information to attract 
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the active contour move toward the object boundaries. But it still remains a challenge 
to find a proper trade-off between noise smoothing and edge information preserva-
tion, especially in the real condition. While, most MR image is noisy, if the isotropic 
smoothing such as Gaussian is strong, the edge would be smooth too. Region-based 
models used a certain region descriptor to guide the motion of the active contour, and 
therefore it could detect contours without edges. However, the region-based models 
are limited by intensity homogeneity. In fact, intensity inhomogeneity often occurs in 
MR images. Tsai et al. [9] proposed region-based model which regards image seg-
mentation as a problem of finding a best approximation of the original image by a 
piecewise smooth function. The model has certain ability to solve intensity inhomo-
geneity. Michailovich et al. [10] proposed an active contour model using the Bhatta-
charyya difference between the intensity distributions inside and ouside a con-tour, 
and to some extent, solved the limitation of intensity homogeneity. 

In this paper, the region-based active contour model and Sobel edge detection are 
combined. The proposed method is evaluated on some MR images, and the experi-
mental results show that it is effective for such an issue. 

The remainder of the paper is organized as follows. Section 2 introduces the Sobel 
operator based edge detection, and Section 3 presents how the region based active 
contour model is combined with the Sobel operator. We describe the solution of the 
energy function using the distance regularized level set method in Section 4. Experi-
mental results are shown and analyzed in Section 5. Section 6 concludes the paper. 

2 An Edge Detection Model Based on Sobel Operator 

In digital images, the edge is a collection of pixels whose gray values have great 
changes. Therefore, it is the most basic feature of the image. Edge extraction is one of 
the most important and fundamental techniques in image processing and many related 
domains.  

Sobel edge detection is a gradient based edge detection method. It has two ad-
vantages. Firstly, it is based on convolving the image with a small filter, and thus 
relatively inexpensive in terms of computation. Secondly, it actually uses an average 
factor to smooth the random noise of the image.  

The operator contains two 3-dimensional matrices: one for horizontal changes, and 
anotherfor vertical ones. The two 3*3 kernels convolved with the original image are 
used to calculate the approximation of the horizontal and vertical differences. If we 
define I as the original image, Gx and Gy are two images which contain the longitu-
dinal and transverse edge detection result. Then Gx and Gy are obtained as follows: 

 

௬ܩ                       ൌ  ൥െ1 െ2 െ10 0 0൅1 ൅2 ൅1൩ כ ௫ܩ ݀݊ܽ ܫ ൌ  ൥െ1 0 ൅1െ2 0 ൅2െ1 0 ൅1൩ כ  (1)   ܫ

where ‘*’ is the convolution operator. At each point of the image, the gradient of I(x, 
y) is defined as ݂, and denotes the change of ݂. The resulting gradient approxima-
tions are combined to give the gradient magnitude: 
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                                                 ݉ܽ݃ሺ݂ߘ ሻ ൌ ටܩ௫ଶ ൅  ௬ଶ                                   (2)ܩ

For faster computation, (2) is approximated as:                                                   ݉ܽ݃ሺ݂ߘሻ ൎ |௫ܩ| ൅ หܩ௬ห                             (3) 

This expression still preserves the relative changes in intensity. According to the 
value of ݉ܽ݃ሺ݂׏ሻ, we can determine whether there is an edge passing through the 
point (x, y). 

3 Region-Based Active Contour Model Combines with Sobel 
Operater 

Let Ω א Rଶ be the image domain, and I : Ω ՜ R  be a given gray level image. Mum-
ford and Shah [12] solved the image segmentation problem by minimizing a function. 
By this way, they found a contour C which segments the image. The energy function 
is defined as follows:                                 ܨெௌሺݑ, ሻܥ ൌ ׬ ሺݑ െ ఆݔሻଶ݀ܫ ൅ ߤ ׬ ఆ\஼ݔଶ݀|ݑߘ| ൅  (4)                    |ܥ|ݒ

Where ܥ|ݒ|  is the Euclidean length, or more generally, the length of the contour C. 
The role of the first two terms is smooth image and ensures an image ݑ that approx-
imates the original image I. The minimized problem is called the minimal partition 
problem. In practice, the function is difficult to minimize mathematically. 

Chan and Vense proposed an active contour model which is a particular case of the 
minimal partition problem [13]. It is a simplified version of Mumford–Shah model. 
The C-V model introduced the energy function by: ܨሺܥ, ܿଵ, ܿଶሻ ൌ ߤ · ሻܥሺ݄ݐ݈݃݊݁ ൅ ݒ · ଵߙሻ                     ൅ܥ݁݀݅ݏሺ݅݊ܽ݁ݎܽ ׬ ܫ| െ ܿଵ|ଶ݀ݕ݀ݔ௜௡௦௜ௗ௘ሺ஼ሻ ൅ ଶߙ ׬ ܫ| െ ܿଶ|ଶ݀ݕ݀ݔ௢௨௧௦௜ௗ௘ሺ஼ሻ     (5) 

where ܿଵ and ܿଶ are two constants that approximate the image intensity in inside(C) 
and outside(C). The inside(C) and outside(C) represent the areas inside and outside 
the contour C. They also added some regularizing terms, e.g. the length of C and the 
area inside C, and ߙ ,ݒ ,ߤଵ, ߙଶ are fixed parameters. 

In the (5), the two regularizing terms are not only difficult to calculate accurately, 
but have no relation with image of the geometric structure of the image as well. 
Therefore, we embed Sobel operater into the energy function to highlight gradient 
cues. 
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Z1 Z2 Z3  -1 -2 -1  -1 0 1 

Z4 Z5 Z6  0 0.5 0  -2 0.5 2 

Z7 Z8 Z9  1 2 1  -1 0 1 

     (a)                    (b)                     (c)   

Fig. 1. (a) 3x3 region of an image. (b) 0° Sobel kernel. (c) 90° Sobel kernel 

We replace the center of one kernel from 0 to m, and the one of another kernel is 
thus 1-m. To simplify this case, we set m at 0.5 in our study. The two 3×3 templates 
are shown as Fig. 1 (b) and (c). Every point in the image uses these two kernels for 
convolution. Then, (1) becomes: ܩ௫೛೗ೠೞ ൌ ሺܼ଻ ൅ 2 ൈ ଼ܼ ൅ ܼଽሻ െ ሺܼଵ ൅ 2 ൈ ܼଶ ൅ ܼଷሻ ൅ 0.5 ൈ ܼହ                      ܩ௬೛೗ೠೞ ൌ ሺܼଷ ൅ 2 ൈ ܼ଺ ൅ ܼଽሻ െ ሺܼଵ ൅ 2 ൈ ܼସ ൅ ܼ଻ሻ ൅ 0.5 ൈ ܼହ   (6) 

We define Iplus as:                                                                  ܫ௣௟௨௦ ൌ ௫೛೗ೠೞܩ ൅  ௬೛೗ೠೞ                                                            ሺ7ሻܩ

By this way, we embed the Sobel operater to the center pixel. Then, we replaced I 
with Iplus, and the energy function (5) can be written as: ܨ௣௟௨௦ሺܥ, ܿଵ, ܿଶሻ ൌ ଵߙ  ׬ หܫ௣௟௨௦ െ ܿଵหଶ݀ݕ݀ݔ௜௡௦௜ௗ௘ሺ஼ሻ ൅ ଶߙ ׬ หܫ௣௟௨௦ െ ܿଶหଶ݀ݕ݀ݔ௢௨௧௦௜ௗ௘ሺ஼ሻ  (8) 

The minimal function problem can be formulated and solved using the level set 
method. In this paper, we introduce the distance regularization energy [14], which is 
presented in the next section. 

4 The Distance Regularized Level Set Formulation of the 
Function 

In level set methods [15], an evolving curve C is represented by the zero level set of a 
Lipschitz function ߔ. So, ܥ ൌ ሼሺݔ, ሻݕ א ߗ ׷ ,ݔሺߔ  ሻݕ ൌ 0ሽ, which is called a level 
set function, and we choose ߮ to be positive inside C and negative outside C. Let H 
be the Heaviside function, therefore, the new energy still denoted by  ܨ௣௟௨௦ሺߔ, ܿଵ, ܿଶሻ, becomes:       ܨ௣௟௨௦ሺߔ, ܿଵ, ܿଶሻ ൌ ଵߙ  ׬ หܫ௣௟௨௦ െ ܿଵหଶ݀ݕ݀ݔఃஹ଴ ൅ ଶߙ ׬ หܫ௣௟௨௦ െ ܿଶหଶ݀ݕ݀ݔఃழ଴     (9) 

The Heavised function H is approximated by a smooth function ܪఢ which is de-
fined by 
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ሻݔఢሺܪ                                                      ൌ ଵଶ ቂ1 ൅ ଶగ  ሺ ௫ఢ ሻቃ                                     (10) ݊ܽݐܿݎܽ

The derivative of ܪఢ is                                                         ߪఢሺݔሻ ൌ ௗௗ௫ ሻݔఢሺܪ ൌ ଵగ ఢఢమା௫మ                            (11) 

The two terms of  ܨ௣௟௨௦ can be rewritten  in the following way: න หܫ௣௟௨௦ െ ܿଵหଶ݀ݕ݀ݔఃஹ଴ ൌ න หܫ௣௟௨௦ െ ܿଵหଶܪሺߔሻ݀ݕ݀ݔఆ  

׬                              หܫ௣௟௨௦ െ ܿଶหଶ݀ݕ݀ݔఃழ଴ ൌ ׬ หܫ௣௟௨௦ െ ܿଶหଶሺ1 െ ఆݕ݀ݔሻሻ݀ߔሺܪ           (12) 

Then (10) can be written as:    ܨ௣௟௨௦ሺߔ, ܿଵ, ܿଶሻ ൌ ଵߙ  න หܫ௣௟௨௦ െ ܿଵหଶܪሺߔሻ݀ݕ݀ݔఆ  

                                                            ൅ߙଶ ׬ หܫ௣௟௨௦ െ ܿଶหଶሺ1 െ ఆݕ݀ݔሻሻ݀ߔሺܪ                     (13) 

In order to keep the regularity of the level set function, we should preserve the sta-
bility of level set evolution. Therefore, we introduce a distance regularization term in 
the level set formulation. As proposed in [16], we define the level set regularization 
term as:                                                       ܲሺߔሻ ൌ ׬ ଵଶ ሺ߮ߘሺݔሻ െ 1ሻଶ݀(14)                                        ݔ 

Then, we minimize the energy function:                                          ܨሺߔ, ܿଵ, ܿଶሻ ൌ ,ߔ௣௟௨௦ሺܨ    ܿଵ, ܿଶሻ ൅ µܲሺߔሻ                                 (15) 

The function (16) can be minimized by the Euler-Lagrange equation:   (paramte-
rizing the descent direction by an artificial time):       డఃడ௧ ൌ ݒ݅݀ߤ ቂߔߘ ቀ1 െ ଵఇఃቁቃ ൅ ߪఢሺߔሻ ቂߙଶ൫ܫ௣௟௨௦ െ ܿଶ൯ଶ െ ௣௟௨௦ܫଵ൫ߙ െ ܿଵ൯ଶቃ      (16) 

where ߙ ,ߤଵ, ߙଶ are fixed parameters. In the end, we introduce τ, and then we reach 
the result:                                                          ߔ௞ାଵ ൌ ௞ߔ ൅ ߬ డఃೖడ௧                                                     (17) 

5 Experimental Result 

The proposed method is validated on MR images. Both the traditional region-based 
model and the active contour model incorporated with Sobel edge detection are  
used to segment MR images for comparison. We also compare our method with the 
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Fig. 2 is segmented with simple thresholding and Sobel edge detection, and the result 
are not enough. The second and third columns in Fig. 3 show the results with the 
same initial contours. The Fig. 4 shows the contour evolution process from the initial 
contour to the final contour using our method. 

 

Fig. 4. Results of our method for MR images. The contour evolution process from the initial 
contour to the final contour  is displayed. 

The region-based active contour model combined with Sobel edge detection is able 
to segment the target from the image, but traditional active contour model fails. Be-
cause of the simple thresholding, edge detection and traditional active contour model 
could only use single information of the image while the active contour model with 
Sobel operater combines the region-base model with edge information other than 
single information. At the same time, it also inherits the advantage of Sobel operator 
which could smooth the random noise of image. 

6 Conclusion 

In this paper, we present a region-based active contour model combined with the So-
bel edge detection operator. The proposed method is able to provide better quality of 
MR image segmentation. With distance regularized level set formulation, the pro-cess 
of segmentation can maintain the stability of level set evolution. As the experi-mental 
results demonstrate, our method works better than some well-known methods of MR 
image segmentation. 
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