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Abstract. We describe and illustrate a novel algorithm for clustering
a large number of time series into few ’regular groups’. Our method is
inspired by the famous Szemerédi’s Regularity Lemma (SRL) in graph
theory. SRL suggests that large graphs and matrices can be naturally
’compressed’ by partitioning elements in a small number of sets. These
sets and the patterns of relations between them present a kind of struc-
ture of large objects while the more detailed structure is random-like. We
develop a maximum likelihood method for finding such ’regular struc-
tures’ and applied it to the case of smart meter data of households. The
resulting structure appears as more informative than a structure found
by k-means. The algorithm scales well with data size and the structure it-
self becomes more apparent with bigger data size. Therefore, our method
could be useful in a broader context of emerging big data.

1 Introduction

Szemerédi’s Regularity Lemma (SRL), [14], is fundamental in graph theory.
Roughly speaking, it states that any large enough graph can be approximated
arbitrarily well by a bounded cardinality collection of pseudo-random bipartite
graphs, a structure called ’an ε-regular partition’. In many graph problems it
is possible to substitute a graph with such a simple random-like structure, thus
opening a way for analysis, [7,5].

Despite very impressive theoretical impact, SRL has not attracted much in-
terest among applied scientists. Direct use of SRL is prohibited by its nature as
an existence result. For instance, the existing algorithms for finding regular par-
titions are somehow unpractical and require enormous size of the graph, never
seen in applications. We suggest an efficient method that is able to find a coun-
terpart of regular partition, that we call regular decomposition, in graphs and
matrices found in applications.

Our approach of finding the regular decomposition is based on statistical
model fitting using likelihood maximization,[9,10] and can be seen also as a
variant of so called Stochastic block modeling, see e.g. [11,2]. The novelty of
our approach comes from systematic use of SRL as a prototype and theoreti-
cal back up of structure we are looking for, defining a new modeling space for
a graph-like data. Regular decomposition is a partition of nodes into k sets
in such a way that structure between sets and inside sets are random-like.
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Another important point is that such regular structures can be found in a realis-
tic time. Even for very large data, or ’big data’, the structure can be found from
a modest size sample and the rest of data is partitioned in just one-pass. The
number of sets in the partition of a regular decomposition, k, is optimized. The
algorithm increases number of clusters as long as large clusters are created and
then stops. This halting point is determined using Rissanen’s minimum descrip-
tion length principle, MDL, see in [6], as the first local minimum of description
length.

A real matrix can be treated as a weighted graph, where weights are the matrix
elements and thus our graph-based approach can be used. In this paper we focus
on case of multivariate time series. A key ingredient of our method is a Poisson
random matrix model allowing maximum likelihood fitting of data to the model.
The regular partition is a clustering of time series into few groups. We illustrate
our method on analyzing time series of households electricity consumption mea-
sured by smart meters. Our first results are encouraging: reasonable classes of
households could be identified comparing favorable to other customary methods
like k-means.

1.1 Other Approaches of SRL Related Clustering and Graph
Compression

An alternative, spectral approach for finding a block structure in real matrices
by associating protruding eigenvalues or singular values to regular-type large
blocks of real matrices, was developed and founded by Bolla, [3,4]. The follow-
ing works [12,13] relax SRL so that a relaxed SRL can be used in the area of
practical machine learning, producing some promising results. Other promising
approaches for ’graph compression’ can be found in [16,8], with different methods
and without direct references to Regularity Lemma.

2 Regular Decomposition of Multivariate Time Series

We now describe our SRL-inspired approach for modeling of multivariate discrete
time series as a special case of weighted graphs or real matrices. Consider a set
of n non-negative finite series of length m, as an n×m matrix:Such a

{Xi(t)}t=1,2,···m
i=1,2,···,n.

n is assumed to be large and formally we consider case n → ∞, while m is a
fixed constant. Matrix elements are reals with finite precision, p. The space of
all such matrices is denoted as Mn×m. Such matrices can be seen as weighted
bipartite graphs, with rows and columns as bipartition of nodes. Each time series
is a node and each time instance is a node and between them there is a link with
weight equal to the corresponding matrix element with those particular row- and
column indexes. Say, for a row i and column j, the corresponding weight equals
to Xi(j) , value of the time series i at the moment of time j. Our goal is to find
’regular’ groups of time series, in the form of a particular partition of rows.
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The main new tool is the following random multi-graph interpretation of a
data matrix. For a given weighted link {i, j} with weight Xi(j), we associate
a Poisson random variable, with expectation equal to the weight of the link.
All links are independent. As a result we can associate to every data matrix a
random multi-graph, where multiple links between pair of nodes are allowed.

The target is to ’compress’ such a random multi-graph, using a regular decom-
position of rows. More precisely, the goal is to minimize the expected code length
over such a random source. In this case the modeling space is infinite, because
the weights are just real numbers. To tackle this problem, we assume that we
have a series of discrete modeling spaces with a finite precision, approaching the
real-parameter model as the precision goes to infinity. In practical applications
it suffices to have a finite modeling space, corresponding to a finite precision
of reals. We define a modeling space of matrices from space, Mn×m(p, a) with
finite accuracy of real matrix elements (reals from range [0, a] and the matrix
elements are approximated by rationals from a range of p+ 1 values):

Definition 1. A Poisson random matrix modeling space, Mn/k(p, a), of regular
decompositions of n time series of length m from Mn×m(p, a) into k non-empty
classes: Mn/k(p, a) = {set of all integer valued n×m random matrices, Y where
rows are partitioned into k non-empty sets V1, V2, · · · , Vk and where matrix ele-
ments are all independent random variables and distributed according to Poisson
distribution: matrix element Yi(j) with i ∈ Vα is a Poisson random variable with

parameter λα(j) that belongs to a rational range λα(j) ∈ {r : r = g�a�
p , p is a

fixed integer, and g is an integer s.t. 0 ≤ r ≤ a, a is fixed positive real}}.
The elements of the modeling space are denoted by Θk, incorporating a partition
V1, V2, · · · , Vk and set of Poisson parameters {λα(i)}. For a given integer m× n
matrix X we can compute its probability, P (X | Θk), assuming a model Θk.
Particularly the maximum likelihood model for a matrix X is found from a
program:

Θ∗
k(X) := arg max

Θk∈Mn/k

P (X | Θk), (1)

where we omitted p, a-arguments since it is assumed in sequel. However we have a
different problem: our real matrix A is interpreted as a source of random integer
matrices X as described above. The task is to find a model that maximizes
the expected likelihood of matrices drawn from such a source. According to
information theory this can be seen as compression of the random source. Using
log-likelihood this task is formulated as:

Θ∗
k(A) := arg max

Θk∈Mn/k

∑

X

P (X | A) log(P (X | Θk)) =

arg max
Θk∈Mn/k

(
∑

X

P (X | A) log P (X | Θk)

P (X | A) +
∑

X

P (X | A) logP (X | A)
)

=

arg max
Θk∈Mn/k

(−D(PA || PΘk
))−H(PA)),
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where sum is over all non-negative n ×m integer matrices, D is the Kullback-
Leibler divergence and H is entropy of a distribution. Thus we end up with
following minimization of Kullback-Leibler divergence between the two distribu-
tions PA and PΘk

:

Θ∗
k(A) := arg min

Θk∈Mn/k

D(PA || PΘk
), (2)

where we omitted the entropy term that does not depend on Θk. We call the
following expression the expectation of maximum likelihood coding length of the
source A:

lk(A) := D(PA || PΘ∗
k(A))) +H(PA), (3)

Such an interpretation follows from basic of information theory (see e.g.[15]):

Theorem 1. (Kraft’s inequality) For a finite alphabet: L = {1, 2, · · ·m} there
exists a binary prefix coding scheme with (integer) code lengths {l1, l2, · · · , lm}
iff
∑m

i=1 2
−lm ≤ 1 and where li is the length of the code for letter i.

The prefix coding is such that no code is a prefix of another and coding is
an injective mapping of letters to the set of all binary tuples. As a result, if
we have a probability distribution P in L, we can be sure that there exists a
prefix coding with code lengths li = �− logP (i)�, because such integers fulfill
the Kraft’s inequality as a result of normalization of the probability distribution∑

i P (i) = 1. Following the line of MDL, we can define a distribution in the
space of matrices Mn×m that we call normalized maximum expected likelihood
distribution Pnml,k:

Pnml,k(A) =
2−lk(A)

∑
B∈Mn×m(p) 2

−lk(B)
, (4)

Thus we proved:

Proposition 1. For any matrix A ∈ Mn×m, there exists a prefix coding with
code length:

lnml,k(A) = lk(A) + COMP (Mn/k),

where the model complexity is by definition:

COMP (Mn/k) := log

⎛

⎝
∑

B∈Mn×m

2−lk(B)

⎞

⎠

and lk(·) is defined by Eqs. (2)-(3).

Remark 1. The model complexity, as it often happens, is uncomputable since it
requires solving a program for a general matrix. An asymptotic formula could be
possible. Based on our experience and results with simpler case of binary matrix
we just conjecture:
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Conjecture 1. For fixed k and m, and with n → ∞, we have the asymptotic:

COMP (Mn/k) ∼ log(S2(n, k)) ∼ n log k,

where S2(n, k) is the Stirling number of the second kind.

The Stirling number is just number of partitions of n element set into k non-
empty sets. Choosing the best partition among huge collection is the hardest
part of our procedure.

Our next point is the MDL-optimum. However, we will not try to find the
global optima, since it would require searching the whole range of possible values:
1 ≤ k ≤ n. For large matrices this would be computationally too difficult.
On the other hand, in the spirit of SRL, we suggest that it makes sense to
search for large scale regular structure, corresponding to a local MDL optimum
with smallest value of k. Even such a structure could be very useful for getting
an overall picture of large data sets. Our Poisson-modeling space belongs to
the exponential family. As a result the log-likelihood function is monotonously
increasing function of k, preventing spurious local minimum of MDL, see [6].
Another point is that this space allows computation of goal function in a simple
form. Thus we end up with the following program for finding the large scale
regular structure of multivariate time series, belonging to the space Mn×m:

PROGRAM 1
Input: A ∈ Mn×m and an integer k′, the maximal depth of search. Output:

optimal regular structure Θ∗
f (A) ∈ Mn/f where

f = inf{k : 1 ≤ k ≤ k′ − 1 ≤ n− 1, lnml,k+1(A) ≥ lnml,k(A)}
or if f is not found in the range 1 ≤ k ≤ k′, conclude that ’no regular structure
found and the best structure found is Θ∗

k′(A)’.
Next we need a program that find optimal structure for fixed k and matrix

A. For this we just need to minimize the Kullback-Leibler divergence, as stated
in Eq. 2. In both models PA and PΘk(A), matrix elements are independent and
Poisson distributed. K-L divergence between two Poisson distributions with pa-
rameters λ and λ0 is denoted and computed as:

D(λ || λ0) = λ0 − λ+ λ log
λ

λ0
. (5)

If we fix partition of rows into k non-empty sets we should choose the parameters
for Poisson variables. We use notation, row i belongs to row class u(i). For a
set Vi of partition we should select the parameters λi(t), 1 ≤ t ≤ m. As is well
known the parameter that gives the maximum likelihood is the average:

λi(j) =

∑
s∈Vi

as(j)

| Vi |
in sequel such a selection is always assumed. Using the two previous relations
we end up with:
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Proposition 2. The regular decomposition of multiple time series, given by a
matrix (A)i,j = ai(j) from Mn×m with fixed size k correspond to solution of the
program:

min
V1,V2,···Vk

∑

1≤i≤n;1≤t≤m

(λu(i)(t)− ai(t) log λu(i)(t)).

where λi(j) =
∑

s∈Vi
as(j)

|Vi| and V1, V2, · · ·Vk is a partition of n-rows into k non-

empty sets and u(·) maps rows to the sets of the partition they belong.

The trivial case is when we have k classes of time series where within each
class all time series are identical. It is easy to see that our program finds such a
structure.

Proposition 3. If time series have k classes and within each class time series
are identical but different across different classes. Then the program in Prop.2
finds such a structure.

Proof. The Program is equivalent of minimizing sum of K-L divergences, D for
all random multi links. It is known that D ≥ 0 between any distributions and
equality to 0 happens when the distributions are equal. Obviously this can be
achieved in this case by using k-classes as regular partition, resulting in the
global optima.

Next we present a result showing that under some condition ’noisy’ clusters can
be also classified correctly. The following lemma is needed to make assumptions
in following Proposition 4 natural:

Lemma 1. For every positive real x and for any fixed real y > 0

x− y log x ≥ y − y log y

and equality holds only when x = y.

Proposition 4. Assume that we have k noisy clusters, meaning that n time
series {Xi(t)} can be clustered into k clusters in such a way that all members
of any cluster have the same expected time series and use the notation if i ∈ Vα

then EXi(t) = λα(t) and Xi(t) = λα(i) + φi(t), for all t. The discrete time
is in the range from 1 to m. The noise components φi are assumed uniformly,
over i and time, upper bounded by a constant. Assume that all mean profiles
λα > 0 and are bounded above by a constant, assume that all profiles {λα} fulfill
condition that if z is a convex combination of these profiles, then

∑
1≤t≤m[z(t)−

λα(t) log z(t) − (λα(t) − λα(t) logλα(t))] > cmu, c, u > 1
2 , ∀α, unless z = λα.

Assuming k is fixed and n → ∞ in such a way that all clusters have size that
is a fixed ratio from n, then noisy clusters are detected asymptotically correctly
in the sense that probability of misclassification is exponentially small with the
length of time series m.
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Proof. First we note that for average profiles the strong law of large numbers
is valid, since the noise is uniformly bounded. Thus with probability 1 asymp-
totically, as n → ∞, we can replace average profiles by their expected profiles,
the errors are o(1) and are not written explicitly in sequel. Let us show that
Proposition 4 holds. Let us assume another partition instead of noisy clusters.
Then the Poisson parameters of such clusters, assuming that they are also large,
are convex combinations of the parameters of noisy clusters, denote one of them
by z(t). Let Xi(t) = λα(t) + φ(t). The probability that it is better fitted to a
new cluster with parameters z(t) is

P{
∑

t

[λα(t)− (λα(t) + φi(t)) logλα(t)] <

<
∑

t

[(z(t)− (λα(t) + φi(t)) log z(t)]}.

Equivalently the condition is written (for brevity time is not written) as:

∑

t

[z − λα log z − (λα − λα logλα)− φi log
λα

z
] > 0.

According to assumption (see Lemma 1 that guarantees a positive bound of
following expression in any point when z(t) �= λα(t)):

∑

t

[z − λα log z − (mα − λα logλα)] > cmu

As a result the claim holds if
∑

t φi(t) log(λα/z) ≤ cmu. All variables

φi(t) log(λα(t)/z(t))

are uniformly bounded by some positive constant, g, and have zero expecta-
tion. As a result Azuma’s inequality for sum of independent summands holds.
According to this result our desired event has probability with a bound:

P (
∑

t

φi(t) log(λα/z) ≤ cmu) ≥ 1− e
−c2m2u

g2m .

Since 2u > 1 we have that for any other clustering than that underlying noisy
clusters, only some time series would benefit with exponentially small probability.

For clarity we describe the most basic algorithm for finding the optimal parti-
tion using a greedy algorithm of the expectation-maximization (EM) type, [9].
Generally it finds only a local optima and it should be repeated several times to
hit global optima (or replaced by simulated annealing-type algorithm).

Algorithm 1
INPUT a matrix A ∈ Mn×m, k a fixed integer 1 ≤ k ≤ n.
STEP 1, find a random partition of set of n rows V into k non-empty sets U ,



Regular Decomposition of Multivariate Time Series and Other Matrices 431

STEP 2 (expectation) compute k-rows of Poisson parameters matrix Λ =

{λα(j)}1≤j≤m
1≤α≤k corresponding to A and given partition U , as averages over sets.

STEP 3 (-maximization) sequentially consider all rows i from 1 to n, and find
an updated partition U ′, consider all variants u′(i) = 1, 2, · · · , k and compute
target function for each choice:

∑

1≤t≤m

(λu′(i)(t)− ai(t) logλu′(i)(t))

Take u′(i) = s, that has the smallest value among k variants.
STEP 4 Check IF U ′ = U , then STOP, U ′ is the (local) optimal partition;

other wisely : put U = U ′ and GOTO to STEP 2.
It should be noted, that if the matrix is multiplied by a constant, the partition

of regular structure does not change. This is due to linearity of K-L divergence
for Poisson variables, see Eq. (5), with respect to scaling of parameters.

3 Classification of Households Based on Their Recorded
Electric Power Usage Time Series

As an example we analyze, using regular decomposition method, smart meter
reading of 783 residential, SME and other subjects of electric consumption pro-
vided by ISSDA, Irish Social Science Data Archive [1] with additional informa-
tion on each household available. The time interval is 535 subsequent half hours
or around 10 days. Each row of raw data was normalized by dividing all ele-
ments by the average of the row. We wish to have clustering based on a patterns
of activity not on the level of power consumption. The overall result of regular
decomposition is shown in Fig 1. The regular structure reveals many interesting

Fig. 1. Data matrix, left hand picture raw data of 783 users with 535 half hour period.
Right hand side picture the same data after rearranging rows into 9 groups of regular
behavior. k = 9 was found optimal using MDL-criteria. Pixel darkness corresponds to
value. For instance group 3 has first 3 darker vertical bands, corresponding to working
day activity, followed by 2 weaker bands of Saturday and Sunday. This is line that the
group 3 constitutes of companies.
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Fig. 2. The average profiles of 6 largest groups, the plots of parameters λα(t), α =
3, 4, 5, 6, 7, 9. Peaks are day-time activity, weekend is shown as smaller peaks for group 3.

features, like the group 2 with quite regular time pattern consists of companies
and similar sites (SME). On the contrary group 4 has quite diffuse time pattern
and has mos members of households with retired persons. We made a similar
analysis using k-means or k-medoids method. The result was quite poor, only
two large sets were formed one with SME-type sites and the other having most
of the residential. Thus the differentiation of residential sites failed. the regular
decomposition method on the contrary was able to find 6 significant residential
groups with different social and housing content.

Fig. 3. Social status distributions along regular groups 4-9. A line per a group, the value
is fraction of members that have a certain social status. Group 4 is like non-working
household group, retired etc. Group 6 is the other extreme with highest amount of
employees, that also correlates with a sharper day rhythm of electricity consumption.

4 Conclusions

We describe and demonstrate on real-life electric smart meter customer data, a
novel information theoretic method for clustering multivariate time series into
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few groups. The method is inspired by Szemerédi’s Regularity Lemma (SRL)
from graph theory. Our method compares favorable to such traditional method
as k-means and k-medoids. Our method has potential in similar applications and
particularly in case of emerging big data.

Acknowledgments. The authors are grateful for many useful discussions and
contributions by Ilkka Norros, Tatu Koljonen, Marianna Bolla, Teemu Roos and
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