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Abstract. This work focuses on the problem of dynamic signature segmentation 
and representation. A brief review of segmentation techniques for online  
signatures and movement modelling is provided. Two dynamic signature seg-
mentation/representation methods are proposed. These methods are based on 
psychophysical evidences that led to the well-known Minimum Jerk Model. 
These methods are alternatives to the existing techniques and are very simple to 
implement. Experimental evidence indicates that the Minimum Jerk is in fact  
a good choice for signature representation amongst the family of quadratic  
derivative cost functions defined in Section 2. 
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1 Introduction 

Handwritten signatures result from voluntary but typically complex gestures of the 
human hand. As result of their particularities, in most cultures, these graphically re-
corded gestures have been used for centuries to authenticate documents. Some less 
straightforward uses of handwritten signatures analysis may include mental illness 
detection or daily stress measurement. 

Beyond potential applications, modelling gestures behind signatures and develop-
ment of proper ways for identification of basic components (i.e., segments) is a chal-
lenging enough matter for scientific research. Segmentation is a crucial step that 
strongly influences the performance of signature verification systems and, therefore, a 
special attention has been drawn into this task over the last few decades [1]. 

This work aims at providing two new signature segmentation methods, based on 
psychophysiological evidences that led to the development of the well-known Mini-
mum Jerk principle for movement planning. We focus on dynamic signatures, which 
are represented as a time series of pen-tip position coordinates acquired at a fixed 
sample rate through the use of specific recording devices, such as tablets, digitizers or 
smartphones. 
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The work is structured as follows: in Section 2 we perform a review of previous 
works on signature segmentation and movement modelling, with an emphasis on the 
Minimum Jerk model. In Section 3 we present the proposed algorithms along with 
some experimental results. Finally, in Section 4, conclusions are drawn. 

2 Previous Works 

2.1 Signature Segmentation 

Global features (e.g. length, maxima, minima, and mean velocity) are commonly used 
in signature verification systems but are not very discriminative. Such features can be 
made local if applied to elements of a segmented signature. Using localized features is 
sometimes referred to as a stroke-based approach. Although this decomposition has 
shown to provide good results, it leads to the non-trivial segmentation task [2]. 

Indeed, signature segmentation is a very complex task due to the high variability 
between different signatures provided by the same writer. These variations include 
stretching, compression, omission and addition of parts of the drawing. Segmentation 
techniques might derive from specific characteristics of handwriting movements or 
provide segmentations that are well suited for particular verification methods. In [1] 
we can find a brief review of such methods that are divided in four categories accord-
ing to which principle they are based on: pen-up/pen-down signals, velocity analysis, 
perceptual relevant points and dynamic time warping. 

For dynamic signatures, a common and very simple segmentation technique uses 
pressure information for determining writing units, which are determined as the writ-
ten part between a pen-down and a pen-up movement. 

Segmentation techniques based on velocity analysis use different approaches, rang-
ing from simple detection of null [3] velocity to curvilinear velocity signals. The 
stroke identification step on the Sigma-Lognormal model [4] can also be placed on 
such category. 

A different class of segmentation methods are those based on the detection of per-
ceptually important points. The importance of a point is determined by the rate of 
change of the writing angle around it. We can also include in this category techniques 
based on the detection of geometric extremes [5]. 

In order to allow the segmentation of many signatures into the same number of 
segments, dynamic time warping (DTW) has been widely used. 

Combinations of different techniques can also be found in the literature, in [6] a 
combination of pressure (first category), velocity (second category) and angle change 
(third category) is used for segmentation. Further references for dynamic signature 
segmentations methods can be found in [1]. 

2.2 Movement Modelling 

The study of how the central nervous system (CNS) generates and controls the 
movement has yielded many computational models, some relying on biological neural 
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network behaviours, artificial neural networks, equilibrium point hypothesis, coupled 
oscillators and minimization principles [4]. 

From a movement planning perspective, the general problem might be posed as 
follows: It is assumed that human movements are optimally planned according to a 
latent optimality criterion. Therefore, we need to find what is the optimality criterion 
used by the CNS. From this formulation, the optimal control theory seems to be the 
most complete and adequate way for finding an answer [7]. 

All minimization principles for movement modelling are part of the optimal control 
approach. Many optimization criteria have been proposed in the literature and can 
roughly be divided in four categories: kinematic criteria (e.g. minimum jerk), dy-
namic criteria (e.g. minimum torque-change), muscular and neural criteria (e.g. mini-
mum effort) and energetic criteria (e.g. minimum total work). A detailed review of 
such criteria can be found in [7] and references therein. Amongst these criteria, 
Minimum Jerk (MJ) and Minimum Torque-Change (MTC) are the most used in the 
literature. 

Some of these models have already been used for handwriting representation, but 
only the sigma-lognormal model, which is based on the kinematics theory of rapid 
human movement, has been used for signature modelling [4]. We, on the other hand, 
use in our proposed methods the Minimum Jerk principle [8] which to the authors’ 
knowledge has not yet been applied to signature analysis. 

Therefore, we now present a more detailed description of the Minimum Jerk model. 

The Minimum Jerk Model. This model belongs to the category of the quadratic 
derivative kinematic criteria, which have a general cost function defined as: 

ܥ ൌ 12න ቆ݀௡ݔሺݐሻ݀ݐ௡ ቇଶ ൅ ቆ݀௡ݕሺݐሻ݀ݐ௡ ቇଶ ்ݐ݀
଴  (1) 

where ܶ is the movement duration, ݔሺݐሻ and ݕሺݐሻ are the horizontal and vertical 
position time series respectively. This class of optimum criteria has as general solu-
tion polynomials of order 2݊ െ 1. The jerk is defined as the third derivative of the 
movement, therefore ݊ ൌ 3 and the general solution is a fifth-order polynomial. Oth-
er well-known kinematic criteria such as acceleration, snap and crackle can be ob-
tained by setting ݊ equal to 2, 4 and 5 respectively. 

In [8] this family of optimum criteria has been studied up to ݊ ൌ 10, and the au-
thors concluded that the Minimum Jerk is the most suitable for human movement 
modelling. They were able to properly reproduce the two-thirds power law using the 
minimum jerk. Using the peak to average velocity ratio as a single scalar projection of 
velocity profiles, they also found that the MJ is the best suited criterion. Indeed, pre-
vious experimental evidences showed that this ratio is about 1.8 (with 10% standard 
deviation) for reaching movements and the MJ yields a ratio of 1.875 for this class of 
movements. 

Some works point that the Minimum Jerk model is unable to produce asymmetric 
velocity profiles [7, 9], however this is only true if velocity and acceleration at both 
the beginning and the end of the movement are null, which is not a requirement of the 
model itself. Furthermore, in [7] it is noted that MJ predictions are not in agreement 
with experimental data when the movement occurs on the vertical plane or when the 
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target is not a single point but an infinite set of point (a straight line, for instance); 
however MJ predictions work properly on the horizontal plane for point-to-point 
movements. These conditions can both be assumed for a signing movement. 

3 Proposed Method 

All experiments described in this section have been performed over the MCYT-100 
Database [10], which consists of 25 genuine and 25 forged signatures from 100 dif-
ferent writers. These signatures have been acquired with a Wacom® Tablet at a fixed 
sample rate of 100Hz. In our experiments, since we are focused on segmentation and 
representation, and not on verification, only the genuine subset has been used. 

Our first segmentation method is based on the peak to mean velocity ratio observed 
on the psychophysical experiments realized during the developments of the MJ prin-
ciple. We sequentially search for signature segments that comply with the expected 
1.8 ratio. 

In other words, we segment the signature as a series of point-to-point reaching 
movements. This method can be categorized amongst the velocity analysis segment 
techniques. For a given signature, the algorithm can be described as follows: 

1. Compute the velocity magnitude, V 
2. Set START = 1, END = START+1, S(1) = 1 and C = 2 
3. Get the velocity, VS, between START and END 
4. Compute the ratio, R, between maximum VS and mean VS 
5. If R >= 1.8 
 5.1. Set S(C) = END 
 5.2. Set START = END+1, END = START+1 and C = C+1 
6. If R < 1.8 set END = END+1 
8. If END <= length of V go to step 3. 
9. Return S 

This extremely simple procedure provides a stable segmentation amongst different 
signatures of the same writer, with an average coefficient of variation of 13% for all 
writers. In Figure 1 are shown some examples of segmentation for five different sig-
natures of two writers on the MCYT-100 Database. 

It is interesting noting that using this method we are able to remove small artefacts 
that are often present at the beginning and end of the acquired signatures. The ob-
tained segmentations roughly correspond to changes in the dynamic behaviour (e.g. 
loops, waves and straight lines). 

Visual inspection of the obtained segmentation seems to yield “natural” segments. 
This technique has the advantages of not being tied to any verification technique, and 
can be used for any signature analysis task. Furthermore, the 1.8 threshold used for 
segmentation is based on sound psychophysical experiments that have been repro-
duced many times over the last 30 years. 

This segmentation does not provide a model for the resulting elements, as those in 
the Sigma-Lognormal model. One could use the result of the MJ principle (i.e. a fifth 
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order polynomial) in order to model each of the resulting segments, however not all of 
the elements can be properly modelled by such simple functions, resulting in a very 
poor reconstruction quality, especially on signatures containing many consecutive loops. 

 
Fig. 1. Segmentation of five different signatures of two writers using the velocity ratio criterion 

The reconstruction quality is measured through the Velocity SNR, as in [4], defined 
as: 

ܴܵܰ௩ ൌ 10 log൮ ׬ ሻݐ௫ଶሺݒൣ ൅ ׬଴்ݐ௬ଶ൧݀ݒ ൤൫ݒ௫ሺݐሻ െ ሻ൯ଶݐ௫௫ሺݒ ൅ ቀݒ௬ሺݐሻ െ ሻቁଶ൨ݐ௬௬ሺݒ ଴்ݐ݀ ൲ 

 

(2) 

where ݒ௫ሺݐሻ and ݒ௬ሺݐሻ are respectively the horizontal and vertical velocities on the 
original signature, and ݒ௫௫ሺݐሻ and ݒ௬௬ሺݐሻ are the horizontal and vertical velocities of 
the reconstructed signature, respectively. For the abovementioned representation an 
average ܴܵܰ௏ of 10.7 dB is obtained for the MCYT-100 database. 

We now propose a second method, based on the MJ Model itself, that result in a 
piecewise polynomial representation of the signature. This approach models each 
“writing element” as a fifth order polynomial. The procedure consists in sequentially 
finding the longer segments that can be adequately represented (according to a given 
reconstruction quality threshold) by a fifth order polynomial [11]. 

Notice that the 1.8 peak to mean velocity ratio is only observed on reaching 
movements, in which starting and ending velocity and acceleration are considered to 
be null (thus, resulting in a symmetric velocity profile), different boundary conditions 
on the MJ Model lead to different velocity ratios and velocity profiles. Therefore, 
fitting the fifth-order polynomial to the signature data allows for a better representa-
tion of the velocity profiles and can provide not only segmentation but an adequate 
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representation for each segment. The algorithm for this method can be described as 
follows: 

1. Normalize the trajectory through a min-max procedure 
2. Set L = 1 
3. Set R = L + 5 
4. Fit a 5th order polynomial to the points in the inter-

val [X(L):X(R)] 
5. Calculate the Velocity SNR for the interval 
6. If SNR >= Threshold 
 6.1. Set R = R+1 and go to step 4. 
7. If SNR < Threshold 
  7.1. Set L = R-1 and go to step 3. 
8. If R > length of X, stop. 
9. Return the list of L values. 

This procedure is still very simple but much more computationally intensive than the 
previous one because of the fitting procedure. We chose not to use the Jerk value 
itself because the numerical estimation of third order derivatives from time-sampled 
data leads to large numerical errors. We now have a piecewise polynomial representa-
tion of signing movements that can be properly predicted by the MJ model. 

One of the advantages of such procedure is that the representation quality can be 
chosen by the user to fit his/her needs. In Figure 2 we present the segmentation ob-
tained for the same signatures shown in Figure 1 with a Sܴܰ௩ of 15dB. 

 
Fig. 2. Segmentation of five different signatures of two writers using the MJ criterion at  
15dB SNR 

Even though for the signatures on the right column in Figure 2 we observe more 
segments than using the first method, on average, for the whole database this proce-
dure produce fewer segments than the previous one. Furthermore, the number of  



66 J. Canuto, B. Dorizzi, and J. Montalvão 

segments obtained for each writer is more stable than before, with a coefficient of 
variation of 7.3%, that is even lower than the variability for the lengths of the signa-
tures which is of 8%. 

Now the obtained signature elements are basically arcs and single loops, most of 
them containing at least one inflection point. Along with the automatic segmentation 
we have an alternative representation for the signature as a sequence of fifth order 
polynomials. Considering the trade-off between compression rate and reconstruction 
quality, we did experiments similar to those in [8] with different cost functions be-
longing to the family defined by Equation (1), with ݊ ranging from one to five. Once 
again the Minimum Jerk (݊ ൌ 3) seems to be the best option, acting as a limit to the 
compression-quality trade-off. For a SNR of 15dB all of the higher order (݊ ൒ 3) 
solutions attain the same compression rate of 73.3%. In Figure 3 we show the com-
pression-quality trade-off curves for each different cost function. 

 

 

Fig. 3. Representation quality and compression rate tradeoff for minimum velocity (݊ ൌ 1), 
acceleration (݊ ൌ 2), jerk (݊ ൌ 3), snap (݊ ൌ 4) and crackle (݊ ൌ 5) 

4 Conclusions and Future Work 

Two methods for automatic signature segmentation and one for signature representa-
tion have been presented. These methods are based on the Minimum Jerk Principle 
and to the authors knowledge it is the first use of such principle for online signatures. 
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Both methods are very easy to implement and can be used as alternatives to existing 
methods. 

As pointed out before, it is hard to determine if our approach is better than existing 
methods because such evaluation strongly depends on what the segmenta-
tion/representation is going to be used to. An advantage of the proposed model is the 
possibility of choosing the desired representation error. 

The proposed method can be understood as an alternative use of the Minimum Jerk 
criterion as a basis function for a piecewise representation. In such way the commonly 
used velocity and acceleration constraints are not needed as well as any manually 
inserted via-points. 

We believe that the ratio between the number of segments obtained by such me-
thod and the original length of the signature may be used as a “complexity” measure 
in a similar fashion to the Normalized Lempel-Ziv Complexity [12], we have an on-
going work on the demonstration of this link between detected segments and Lempel-
Ziv Complexity. 

The next step in our work consists in integrating the proposed methods in a recog-
nition system in order to obtain a higher level assessment of its impact. We intend to 
analyze two main aspects: the reduction of the computational cost due to the use of a 
more compact representation and the effect of such model in the system performance. 

Furthermore, since the Minimum Jerk Model is derived from the analysis of 
healthy individuals’ movements, this complexity measure may be used in the early 
diagnosis of motor diseases such as Parkinson’s and Dyskinesia. 
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