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Abstract. Skeletonization provides a simple yet compact representation of an 
object and is widely used in medical imaging applications including volumetric, 
structural, and topological analyses, object representation, stenoses detection, 
path-finding etc. Literature of three-dimensional skeletonization is quite ma-
tured for binary digital objects. However, the challenges of skeletonization for 
fuzzy objects are mostly unanswered. Here, a framework and an algorithm for 
fuzzy surface skeletonization are developed using a notion of fuzzy grassfire 
propagation which will minimize binarization related data loss. Several con-
cepts including fuzzy axial voxels, local and global significance factors are in-
troduced. A skeletal noise pruning algorithm using global significance factors 
as significance measures of individual branches is developed. Results of appli-
cation of the algorithm on several medical objects have been illustrated. A 
quantitative comparison with an ideal skeleton has demonstrated that the  
algorithm can achieve sub-voxel accuracies at various levels of noise and 
downsampling. The role of fuzzy skeletonization in thickness computation at 
relatively low resolution has been demonstrated.  

1 Introducation 

Availability of a wide spectrum of medical imaging techniques together with routine 
production of large image datasets for both clinical and research purposes have inten-
sified the image processing needs for computerized extraction of knowledge from 
acquired images. A common objective of medical imaging is to extract information of 
internal human organ or tissue through in vivo or ex vivo imaging. Often, these images 
are processed through complex cascades of processing and analysis steps. Skeletoni-
zation is a transformation process that reduces a volumetric object into a significantly 
reduced, simplified and compact representation, referred to as “medial axis” or “ske-
leton”, while preserving the topology [1] and geometric properties of the object. 

Skeletonization has been widely used in different medical imaging applications, 
including, thickness computation [2], topological classification [3,4], path finding [5], 
and object shape modeling [6]. Many 3D skeletonization algorithms [7-11] have been 
reported for binary digital objects. But the same is not true for fuzzy skeletonization. 
Although, a few works on gray scale skeletonization have been presented in literature 
[12-15], the fundamental challenges related to fuzzy skeletonization in the presence of 
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partial voluming and degradation of object are mostly unanswered and a complete 
skeletonization algorithm for fuzzy digital objects is missing. For example, the fuzzy 
skeletonization algorithm by Pal [15], first, binarized a fuzzy object under optimiza-
tion of fuzzy compactness [14] and then a binary skeletonization algorithm is applied. 
Yim et al. [12] used a significant path selection approach in an ordered region grow-
ing (ORG) graph; although, this approach does not use binarization, it is not obvious 
how to generalize this idea to extract the skeleton of a surface-like object. Sanniti di 
Baja et al. [13] used 3D convertion of a 2D grey image by uplifting each 2D voxel by 
a height equivalent to its grey-value and then followed a 3D binary skeletonization 
and collapsing from 3D to 2D. Here, a framework and an algorithm for fuzzy surface 
skeletonization are developed using a new notion of fuzzy grassfire propagation. The 
process of fuzzy grassfire propagation is simulated using fuzzy distance transform 
(FDT) [16]. Arcelli and Sanniti di Baja [17] first used DT in skeletonization in 2-D 
and discussed its advantages. Saito and Torowaki [9] and others [10] have used DT to 
define the voxel erosion sequence. Here, FDT is used to define the fuzzy grassfire 
propagation. Several new concepts including fuzzy axial voxels, local and global 
significance factors are introduced in this paper. Also, a skeletal noise pruning algo-
rithm using significance measures at individual branch level is developed and its ef-
fectiveness is experimentally demonstrated. 

2 Fuzzy Skeletonization Theory and Algorithm 

Blum’s pioneering work on grassfire transform [18] led to the notion of skeletoniza-
tion that converts a volumetric object into a union of surfaces and curves. The process 
is defined using fire propagation on a grass field, where the field resembles an object. 
The fire is simultaneously set at all boundary points and it propagates inwardly at a 
uniform speed. The skeleton is defined as the set of quench points where two or more 
fire fronts meet. However, the notion of skeletonization for fuzzy objects has not yet 
been defined. To define a fuzzy skeletonization process, we suggest modifying the 
Blum’s grassfire transform for a fuzzy object where the membership function is inter-
preted as local material density so that the speed of grassfire at a given point is in-
versely proportional to its material density. Following this notion, it can be shown that 
fuzzy distance transform (FDT) [16] value at a point  is proportional to the time 
when the fire front reaches . Therefore, during the fuzzy grassfire propagation, the 
speed of a fire front at a point equates to the inverse of local material density and this 
equality is violated only at quench points where the propagation process is inter-
rupted. Thus, a voxel , where  is the set of integers and  represents a 
rectangular image grid, is a fuzzy quench voxel in a fuzzy digital object ,  | : 0,1  if the following inequality holds for every 
neighbor  of   | |.                              1  

Saha and Wehrli [19] introduced the above definition of fuzzy quench voxel which 
was further studied by Svensson [20] where she referred to it as the center of fuzzy 
maximal ball (CFMB). Also, it may be noted that the definition of fuzzy quench voxel 
is equivalent to that of center of maximal ball (CMB) [21] for binary digital objects.  
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Fig. 1. (a,b) Illustration of independent fire fronts meeting at surface-like (a) and curve-like (b) 
quench points. (c) Two example masks used to compute the significance of a surface quench 
voxel. Voxels colored in green are used for average significance computation. Four coplanar 
geometrically identical masks may be constructed from each of these two examples. 

During the process of fuzzy skeletonization, voxels are removed in the increasing 
order of their FDT values. The overall fuzzy skeletonization process is summarized in 
the following. Here, | 0  denotes the support of the fuzzy object . 

Primary skeletonization 
select voxels  in the order of FDT values 
  if  is not a fuzzy axial voxel and its deletion pre-

serves 3D topology and 2D topology on mid-planes 
     remove  from , i.e., set 0 
Final skeletonization: 
select voxels  in the order of FDT values 
  if  is in two-voxel thick structure and its deletion 

preserves 3D topology and 2D topology on mid-planes 
     remove  from , i.e., set 0 
select voxels  in the order of FDT values 
  if topologic and geometric features of  fail to agree 

and its deletion preserves 3D topology 
     remove  from , i.e., set 0 

This notion of primary and final skeletonization was simultaneously introduced by 
Saha et al. [8] and Arcelli et al. [21]. Saha et al. described it in 3-D while Arcelli et 
al. presented the idea in 2-D for a DT-based skeletonization algorithm.  

Removal of a voxel  preserves the topology of  if and only if  is a (26,6) 
simple voxel [1] in . Beside the 3D topology preservation condition, an additional 
constrain of 2D topology preservation in all three middle planes of the candidate vox-
el is subjected to ensure continuity of surface-like structures and to avoid undesired 
drilling effects as illustrated by Saha et al. [8]. 

In the following, several new concepts including fuzzy axial voxels, local and 
global significance factors and two-voxel thick structures are introduced for fuzzy 
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clique on the xy-plane.Let , , , 1, , , , 1, ,1, 1,  denote the 2x2 clique. Let  denote the set of voxels within the 
2x2 clique  with their FDT value identical to that of , i.e.,  |   . 

Thus, the fire front reaches simultaneously at every voxel of  from all di-

rections on the xy-plane. Therefore, a voxel , ,  is an xy-curve-

quench voxel if the following condition holds for    is 26-adjacent to   implies    , 

where,  is the set of all voxels constructing the xy-plane through . 
Although the quench voxels captures the notion of fuzzy grassfire transform, it suf-

fers from the fact that a large number of spurious quench voxels are created (Fig. 
2(c)). Therefore, it is imperative to filter out some of these quench voxels based on 
their significance. Here, we introduce a function that resembles the “local significance 
factor” (LSF) of individual voxels and use LSF measures in the neighborhood to de-
termine the significance of a quench voxel. Local significance factor or LSF of any 
voxel , denoted by , is defined as follows: 1 max   | | ,                         2  

where the function  returns the value of  if 0 and zero otherwise, and 
 is the set of neighbors of . The term inside the function  essentially 

represents the inverse of speed of fire front propagation at the voxel  normalized by 
local material density. The above formulation of LSF is used to determine the signi-
ficance of a quench voxel. Let , ,  be an x-surface quench voxel. To 
compute the support for , first, a projection of three voxels ,  1,, , , , , , , 1, , , for some , 1,0,1 , is computed to generate a 3 3 field of significance map ,  as 
follows: , max , , , , , . 

To determine the significance of an x-surface quench voxel , the average signi-
ficance value  over each of eight different masks  | 1, , 8 (see Fig. 1(c)) 
is computed. An x-surface-quench voxel  is referred to as x-significant surface-
quench voxel, if any of the average values  | 1, , 8 is greater than a preset 
threshold. It may be noted that each of the mask  contains five ‘1’ values (green) 
which are used for computation of average significance  and all green voxels in 
the mask fall on one side of . A voxel  is referred to as a significant surface-
quench voxel if it is an x-, y-, or z-significant surface-quench voxel.  

Significance of an xy-curve-quench voxel , ,  is defined by the  

maximum LSF value on either of the two 3x3 planar cliques ,, 1  | , 1,0,1  and , , 1  | , 1,0,1 . 
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3 Experiment Results 

Results of intermediate steps of steps of skeletonization and pruning on a small region 
of trabecular bone image are illustrated in Fig. 2. Results of application of skeletoniza-
tion and pruning of two other medical images are presented in Fig. 4. For all these 
examples, the results of skeletonization and pruning are visually encouraging. 

To quantitatively examine the accuracy of the method, we generated a 3D binary 
object and its ground truth skeleton at high resolution. Then test phantom images 
were generated from the high resolution binary image at different downsampling and 
signal-to-noise ratio (SNR). Error was calculated by comparing computed and true 
skeletons. The high resolution image and true skeleton was generated by sampling an 
ideal skeleton in the continuous 3-D space . Let T be the set of T number of 
sampled points; T is considered as the true skeleton. A Euclidean distance transform T:  is computed from T. To generate a binary object with non-uniform 
thickness value, a smooth thickness field :  is computed. Finally, 
the volumetric object is defined as the set of all voxels with its T value less than or 
equal to the local thickness value . Three high resolution binary objects with 
true skeletons were generated and used for this experiment. Their original image was 
generated in a 500×500×500 array. An example binary object is shown in Fig. 5. Let ,  denote the computed skeleton at the downsampling rate of  and the noise at 

SNR of  and let ,  denote the number of voxels in , . The skeletonization error 
is computed by the following equation: 

, 12 T   min,  | |T
12 ,   minT   | |, .            3  

The average error for phantoms at each level of noise and downsampling is pre-
sented in Table 1. As shown in the table, the average error is less than a voxel and as 
shown by Saha et al. [2], the error of digitization is close to 0.38 voxel. Therefore, 
after deducting the digitization error, the performance of the fuzzy skeletonization 
algorithm even at the highest level of noise and downsampling is encouraging.  

Table 1. Skeletonization errors at different levels of noise and downsampling 

Different 
downsampling 

Different signal to noise ratio 
noise free SNR 24 SNR 12 SNR 6 

3x3x3 0.486 0.516 0.540 0.576 
4x4x4 0.520 0.534 0.545 0.578 
5x5x5 0.573 0.577 0.587 0.595 

Finally, the application of fuzzy skeletonization in thickness computation is dem-
onstrated in Fig. 6. Here, the basic principle of FDT-based thickness computation by 
Saha and Wehrli [2] is adopted except the fact that fuzzy skeletonization is used in-
stead of binary skeletonization. Here, FDT-based depth values are sampled along the 
skeleton of the target object; thus providing the regional thickness distribution over 
the object. Let  denote the set voxels in the fuzzy skeleton of a fuzzy object 
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