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Abstract. The Thick-Restart Lanczos (TRLan) method is an effective
method for solving large-scale Hermitian eigenvalue problems. On a mod-
ern computer, communication can dominate the solution time of TRLan.
To enhance the performance of TRLan, we develop CA-TRLan that in-
tegrates communication-avoiding techniques into TRLan. To study the
numerical stability and solution time of CA-TRLan, we conduct numer-
ical experiments using both synthetic diagonal matrices and matrices
from the University of Florida sparse matrix collection. Our experimen-
tal results on up to 1,024 processors of a distributed-memory system
demonstrate that CA-TRLan can achieve speedups of up to three over
TRLan while maintaining numerical stability.
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1 Introduction

TRLan implements a thick-restart Lanczos method [I2] on a distributed-memory
system. It is effective for computing a few exterior eigenvalues A and their cor-
responding eigenvectors v of a Hermitian matrix A:

Av = .

On a modern computer, the time spent on communication (i.e., data access
through memory hierarchy and data transfer between processors) can dominate
the solution time of TRLan. To improve the performance of TRLan, in this
paper, we study techniques to avoid communication. Several techniques to avoid
communication of Krylov subspace methods have been proposed [5], but their
performance on a distributed-memory system, especially for solving eigenvalue
problems, has not yet been studied.

The rest of the paper is organized as follows: We first review TRLan in Sec-
tion Then, in Section Bl we develop a communication-avoiding version of
TRLan (CA-TRLan). The experimental results of CA-TRLan are presented in
Section [l Finally, we conclude with final remarks in Section
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2 Thick-Restart Lanczos Method

Given a starting vector ¢, the i-th iteration of the Lanczos method [6] computes
a new orthonormal basis vector ¢;+1 of a Krylov subspace,

]Ci+1(q7 A) = Span{qa Aq7 A2q7 s 7Alq} = Span{qla q2,. - 7qi+1}'

These basis vectors satisfy the relation
AQi = QiT; + Bigirrel, (1)

where Q; = [¢q1,92, ..., 4], Bi = qﬁlAqi, e; is the i-th column of the i-dimensional
identity matrix I;, T; = Q¥ AQ; is an i x i Rayleigh-Ritz projection of A onto
Ki(A, q), and the superscript ¥ indicates the conjugate transpose. Then, an ap-
proximate eigenpair (6,2 = Q;y) of A is computed from an eigenpair (6,y) of
T;, where 6 and = are referred to as a Ritz value and Ritz vector, respectively.
It is well known that Ritz values converge to exterior eigenvalues of A with a
subspace dimension ¢ that is much smaller than the dimension n of A [7I8].

A key feature that distinguishes the Lanczos method from other subspace
projection methods is that T; of () is symmetric tridiagonal:

o1 B
B1 oz B2
T, = Ba
oo Bi—1
ﬂifl «;

This leads to the following simple three-term recurrence:
Bigi+1 = Aqi — @iqi — Bi—1qi—1- (2)

Subsequently, in theory, the new basis vector ¢;4+1 can be computed by orthonor-
malizing the vector Ag; against two preceding basis vectors, ¢;_1 and ¢;. How-
ever, in finite precision arithmetic, the orthogonality among the basis vectors is
lost even after a small number of iterations. To maintain orthogonality, TRLan
reorthogonalizes the new basis vector ¢;11 against all the previous vectors @;
using a Classical Gram-Schmidt (CGS) procedure. As the basis size i + 1 grows,
this procedure becomes expensive in terms of both computation and storage.

To reduce the costs of computing a large subspace, TRLan restarts the itera-
tion after a fixed number m+1 of the basis vectors is computed. At the (j—1)-th
restart, TRLan sets k; computed Ritz vectors and the last basis vector gn,4+1 as
the first k; 4+ 1 basis vectors of the next projection subspace. To compute the
(k; +2)-th basis vector, TRLan computes Agy,+1 and orthonormalizes it against
the previous basis vectorSE

Br; 41k 42 = A, +1 — Qk, (QkHquAij) - qujH(qAJZHAqu,-H), (3)

1A hat distinguishes the i-th basis vector §; computed after the restart from the i-th
basis vector ¢; computed before the restart.
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where @kH] AQk; 41 = Bmh, h = Yklj em, and Yy, are the eigenvectors of T}, corre-
sponding to the kept Ritz values.

In general, at the i-th iteration of the j-th restart-loop, the basis vectors
satisfy the relation:

~ ~ - ~ "
AQk;+i = Quy+iTh;+i + Bry+ilh;+i+1€k, 145
where fkj_H = @kHjHA@kj-s-i is of the form
ij Bmh .
6th é{\\kj"rl 61€j+1 .
R Brj+1 Ok, +2 Brj+2
jT 6kj+2 . .. ) ( )

ak‘jJrifl ﬂijrifl
Brj+i-1 Qljti

and Dy, is a diagonal matrix whose diagonal elements are the kept Ritz val-
ues. In theory, the three-term recurrence is invalid only for computing g2
and is resumed afterward. However, to maintain orthogonality in finite preci-
sion arithmetic, TRLan reorthogonalizes each basis vector gx;+i+1 against all
the previous vectors. As a result, this full-reorthogonalization procedure and the
matrix-vector multiplication often dominate the iteration time of TRLan. A de-
tailed description of TRLan can be found in [I1]. Effective auto-tuning schemes
have been proposed to dynamically select the next subspace dimension m and
the Ritz vectors to keep at each restart [12].

3 Communication-Avoiding TRLan

To compute gx; 441 at the i-th iteration after the (j — 1)-th restart, TRLan
requires the intra-processor communication of the local portion of A and Q;+:
through the memory hierarchy, and also requires the inter-processor communica-
tion of all the required non-local data between the processors. This communica-
tion can dominate the iteration time of TRLan. To enhance the performance of
TRLan, we develop CA-TRLan, which integrates techniques to avoid communi-
cation of Krylov subspace methods [5] into TRLan. The main idea is to compute
a set of s basis vectors at each iteration. Below, we describe the t-th iteration of
CA-TRLan to generate the next s basis vectors for the j-th restart-loop, where
the basis vectors Qm,+1 have been computed (i.e., m; =k; +1+ (¢t — 1)3)9

3.1 Krylov Subspace Generation

Given a starting vector g¢m,,+1, the t-th iteration of CA-TRLan first gener-
ates basis vectors of the Krylov subspace Ks+1(qmt+1,A)E One option is to

2 The last iteration generates m — m¢—1 basis vectors.
3 The first starting vector gm,+1 is gk;+2 computed by the full-orthogonalization @D.
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Fig. 1. Matrix-power kernel on a tridiagonal A (left) and orthogonality levels (right)

generate the monomial basis vectors ¢m,+1, A¢m,+1, A%Gm,+15 -5 AQm,s1,
but the vector A°g,,+1 converges to the principal eigenvector of A, leading
to numerical instability in finite precision arithmetic. To avoid this instabil-

ity, as suggested in [1I5], CA-TRLan generates the Newton basis vectors P_f_t) =

[jp(f),p(;)7 e ,pg:)_l], where pgt) = z;i (A—0,1)Gm,+1, and 0, are the Ritz values

computed at the (j — 1)-th restart in the Leja ordering. Notice that
t) p(t
AP® = pO B (5)
where P®) = [pgt),p(;), e 7pgt)] and B® is an (s + 1) x s matrix whose diagonal
entries are 61,05, ...,0; and subdiagonal entries are ones. In order to obtain the
shifts 6y, TRLan (without avoiding communication) is used for the first restart-
loop of CA-TRLan.
The left figure in Fig. [ illustrates our implementation of the matrix-power
kernel to generate a set of s basis vectors P_f_t) for a tridiagonal matrix A (i.e.,

s = 4). In the figure, blue elements are the local portion of Pf), which must
be computed by a processor, and edges between elements represent the data
dependency. Our implementation first uses a k-way edge partitioning algorithm
of METISY to partition and distribute A into a block row format. The basis
vectors P(®) are distributed in the conforming format. Now, at each t-th iteration
to compute P(t)7 each processor first gathers all the required elements of g, 11
from the neighboring processors (the red elements of p in Fig. [I]), and then it

computes the local portion of P_f_t) without further communication. This requires
the computation and storage of additional elements (the red elements in Fig. ),
but needs only one synchronization to compute the s vectors. The rows of A
corresponding to the red elements of p in Fig.[Tlare duplicated by the neighboring
processors. A detailed discussion of the matrix-power kernel can be found in [4].

4Thttp://glaros.dtc.umn. edu/gkhome/metis/metis)
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3.2 Orthogonalization

t

Once the Newton basis vectors Pi are computed as described in Section [3.]

CA-TRLan orthogonalizes Pf) and generates the orthonormal basis vectors

Q(t) [qgt), qét), . 7Q§21] = [@mit+1> Gme+25 - - - s @my+s+1). This is done by first

)

orthogonalizing P_f_ against the previous basis vectors @,,, and then orthogo-

nalizing among the vectors in Pf). Note that the first vector pgt) is the last basis

vector qgi_ll) from the previous iteration, and it is already orthogonal to Qn,,.

Furthermore, because of the three-term recurrence (2)), we have

pgi)l € Span{@m; —i+1 Gmy—i+2> - - - > my+i+1} (6)

fori =1,2,...,s. Hence, in theory, we can obtain the next basis vector ¢, 4i+1

by orthonormalizing pgi)l against the previous 2-i basis Vectors To illustrate this,

the right figure of Fig.[[lshows the orthogonality level rj z+1 opr_1 against q(t D

(i.e., 7’§ i1 = |th 2 Hpgi_l |/||pz 1]12) at the second iteration of the second restart-

loop for computing the 100 smallest eigenvalues of diag(12,22,...,10000%) with
s =108 we clearly see that 7'( )_H diminishes for j < s —i. Only exception is at
the first iteration (i.e., t = 1), where the full-orthogonalization is needed because
p(ll) is computed by (Bl), and piJrl does not satisfy (6.

Based on the above observations, the first step of our orthogonalization pro-

cedure uses CGS to orthogonalizes Pf) against the previous vectors Q,,. For
this, xGEMM of level-3 BLAS is used once to compute RYW .= Q$_1)HP£t) and
one more time to compute P( ). Et) — ngfl)]?(f)@ The vector pgi)l is orthog-
onalized against all the vectors in ng_l) even though it must be orthogonalized
against only ¢ + 1 vectors. This improves the data locality while increasing the
operation count. TRLan also uses CGS for reorthogonalization, but it orthogo-
nalizes one vector at a time using xGEMV of level-2 BLAS.

The second step of the orthogonalization procedure computes the QR factor-
ization of P") (i.e. Q(t)R(t) (t)) For this, we have implemented the following

four approaches, where PE) and Q(_t) are distributed among all the available p

()

processors in a row block layout, while R:”’ is duplicated on each processor:

— CGS-Approach: Similarly to TRLan, each vector of pW s orthogonalized
against the previous vectors based on CGS using xGEMYV of level-2 BLAS.
Communication is needed for orthogonalizing and normalizing each vector.

— CholeskyQR-Approach: xGEMM is first used to compute P_’Et)HPSt) and
then xPORTRF of LAPACK is used to compute its Cholesky factor R(f); i.e
RWAR® — pWH pt), Finally, xTRSM of LAPACK is used to compute Q(_t)

5 A detailed description of the numerical experiment can be found in Section
5 For the full-orthogonalization at t = 1, we compute RYW = th P,
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by solving the triangular system R 2t)HQ(t = PYH This approach requires
about the same number of arithmetic operations as the CGS-approach. How-
ever, when the window size is much smaller than the local matrix size, i.e.,
s < n/p, most of the computation is performed using level-3 BLAS. More-
over, this approach achieves the lower-bound of the communication volume
and message count for the QR factorization. Even though this approach
was successful in our numerical experiments, it may be numerically unstable
when A is ill-conditioned. More discussion of the numerical stability, and the
computation and communication bounds can be found in [3/9].

— ScaLAPACK-Approach: The ScaLAPACK subroutines PxGEQRF and
PxORGQR, which implement a numerically stable Householder QR factor-
ization, were used. Even though ScaLAPACK expects PY in a 2D block
cyclic format, we used the row block layout to call ScaLAPACK in our nu-
merical experiments. We also converted the matrix into a 1D block cyclic
format, but the overhead of conversion can be significant, while the expected
performance gain is small.

— TSQR-Approach: A communication-avoiding QR algorithm for tall-skinny
matrices [3] is used. This algorithm obtains the lower-bound of communica-
tion and is as numerically stable as ScaLAPACK.

The resulting basis vectors satisfy the following relation:

Pmt,+1+1 = th+1+1 Rmt,+1+17 (7)

Rmt+1 ﬁ(_t) )

where Pmt+1+1 [Qk +1,P R P( ) Pﬁt)]v Rmt,+1+1 = < R(t)

~ 0
Ry, 1 = Ii; 42, and RW = =Qf | P@. In theory, we have R = < ;EXS> for

. . =(t
t > 2, where 0y, xs is an m; X s zero matrix, and R(_) has the nonzero structure

indicated by Fig. [l To maintain orthogonality, however, CA-TRLan performs
the full-reorthogonalization of Q(f) using the two-step procedure described in
this section. As we will show in Section [3.3] only the bidiagonal elements of rY
are needed in the remaining steps of CA-TRLan. Hence, after the reorthogonal-
ization, only these required elements of R(_t) are updated.

3.3 Tridiagonal Matrix Computation

Finally, to expand the tridiagonal matrix fmt ., of @), we compute the projected
matrix T_f_t) = QEPHAQ(”, where Q) = [¢ (t),qét)7 ) ,qgt)] By @) and (@), we
have Tf) = R@B(t)(R(t))_l7 where RS_ and R® are the (s + 1) x (s + 1)
and s x s lower-right submatrices of Ry, ,+1 and R,,,,, of (@), respectively [3,

Section 4.2.2]. Hence, the elements of TJ(:) are computed by the following simple
recursion: for i =1,2,...,s,

ol = (0 1+ O, — B 0 )/
2X3 4,0+ i K 1, R
t) t
6( - r1+)1 7,+1/T7L,i)7
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()

where a; = Qm,+i, 61-@) = By tis Bét) =0, and rl(tj) is the (4, )-th element of

Rgf). Notice that only the bidiagonal elements of Rgf) are needed.

4 Numerical Experiments

We first study the effects of the window size s on the performance of CA-
TRLan. Table [l shows the results of computing the 100 smallest eigenvalues
of the diagonal matrix Ay(n) = diag(1¥,2% ... ,n*) of dimension n = 10,000
with £k = 1,2, or 3 on a single core of a Cray-XT4 machine at NERSC. The
dimension of the projection subspace is fixed at m = 200 for £k = 1 and 2, and
at m = 400 for k = 3. A Ritz pair (0,z) is considered to be converged when
|Az — 0z|2 < 10716||Al|2 and ||A||2 is approximated by the largest modulus of
the computed Ritz values. In the table, “rest.” is the number of restarts; “ops” is
the number of matrix-operations; “res. norm” is the relative residual norm of the
100-th smallest computed eigenvalue; “time” shows the times required for the
matrix-operations, orthogonalization, and restarts, and the total solution time
in seconds. Under “time,” we also show the time spent on the QR factorization
of P in parentheses.

In the table, we see that the solution accuracy of CA-TRLan with s up to 20
was similar to that of TRLan in most cases. The only exceptions were when the
CGS- or CholeskyQR-~approach was used with s = 15 on As. In these cases, CA-
TRLan failed to converge due to numerical instability. On the other hand, the
ScaLAPACK- and TSQR-approaches were numerically stable with s up to 20.
We also see that the orthogonalization time of CA-TRLan was much less than
that of TRLan due to the reduced intra-processor communication on the single
core. Furthermore, the first step of the orthogonalization procedure dominated
the orthogonalization time. A larger value of s improved the data locality and
reduced the time spent in this first step, but it increased the time required
for the second step, which must orthogonalize the vectors in a larger window.
Even though the TSQR-approach was faster than the ScaLAPACK-approach,
these two approaches were significantly slower than the CGS- and CholeskyQR-
approaches, especially with a larger value of s.

We next examine the parallel scalability of CA-TRLan. The left plot of Fig.
shows the solution times of CA-TRLan and TRLan computing the smallest 100
eigenvalues of A3(10,000). We used the CholeskyQR-based orthogonalization
and the fixed parameters m = 400 and s = 10. The number above each bar is the
speedup gained by CA-TRLan over TRLan using the same number of processors.
A significant speedup was obtained by CA-TRLan on one processor due to the
optimized intra-processor communication of level-3 BLAS. However, as the pro-
cessor count increased (e.g., 4 to 64 processors), the local matrix size decreased,
and so did the improvement gained using level-3 BLAS. Since the solution time
was dominated by computation and intra-processor communication on a small
number of processors, the speedups gained by CA-TRLan decreased. However,
as the processor count increased further, inter-processor communication started
to dominate the solution time (labeled by “MPI” in Fig.[2)). CA-TRLan avoided
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Table 1. Numerical results of CA-TRLan on synthetic diagonal matrices

time time
s rest. ops res. norm ops orth rest. total s rest. ops res. norm ops orth rest. total
— results with A;(10,000) — — results with A5(10,000) —
TRLan TRLan
34 24K 9.3x107'2 0 10(0) 2 13 377 21.0K 1.0 x 1078 1 94 (0) 29 125
CA-TRLan with CGS-approach CA-TRLan with CGS-approach
5 34 25K 9.9-107'2 0 6(0) 2 9 5 374 21.7K 89-107% 1 59 (3) 29 92
10 34 25K 9.7-107'2 0 5(1) 2 8 10 361 22.3K 9.0-107% 1 46 (5) 28 78
15 34 26K 1.4-107' 0 5(1) 2 8 15 376 23.7K 9.6-10"% 1 50 (9) 29 83
20 34 27K 1.7-107' 0 5(1) 2 8 20 375 258K 1.0-1077 1 53 (12) 29 86
CA-TRLan with CholeskyQR-approach CA-TRLan with CholeskyQR-approach
5 34 255K 9.0-107'2 0 60 3 9 5 370 21.7K 9.0-107% 1 59 (3) 29 91
10 34 25K 1.0-107' 0 5(0) 3 8 10 362 22.5K 1.0-1077 1 45 (4) 28 77
15 34 26K 1.4-107** 0 5(1) 3 8 15367 23.7K 9.1-107% 1 46 (5) 29 78
20 34 27K 2.5-107' 0 5(1) 3 8 20 364 252K 9.6-107% 1 46 (6) 29 78

CA-TRLan with ScaLAPACK-approach CA-TRLan with ScaLAPACK-approach

5 34 25K 1.6-107' 0 7(1) 2 10 5 370 21.8K 1.8-1077 1 65 (9) 29 97

10 34 25K 1.8-107' 0 6(1) 2 9 10 360 22.2K 2.1-1077 1 55 (14) 28 87

15 34 26K 4.2-107' 0 7(2) 2 9 15359 23.3K 2.2-1077 1 61 (21) 28 93

20 34 2.7K 4.0-107' 0 7(3) 2 10 20 374 256K 2.1-1077 1 70 (30) 29 103
time time

s rest. ops res. norm ops orth rest. total s rest. ops res. norm ops orth rest. total
— results with A3(10,000) —

TRLan CA-TRLan with ScaLAPACK-approach
2.4K 192K 8.7-10"% 6 1722 (0) 254 2002 5 2.7K 213K 1.7 - 1073 12 1208 (85) 266 1541
CA-TRLan with CGS-approach 10 2.2K 199K 2.4-107% 10 836 (129) 249 1141

5 2.6K 210K 8.4-10"% 12 1115 (27) 265 1445 15 2.4K 206K 5.4 - 1073 11 869 (189) 253 1182
10 2.3K 200K 8.6 -10"* 10 763 (49) 249 1070 20 2.6K 235K 2.5 - 1072 12 984 (277) 262 1313
15 —— —— —— —— —— —— —— CA-TRLan with TSQR-approach

CA-TRLan with CholeskyQR-approach 5 2.7K 212K 8.7-10"% 12 1163 (67) 266 1497
5 2.6K 210K 8.5-10"% 12 1109 (27) 265 1439 10 2.8K 227K 9.2 - 107% 12 923 (98) 271 1262
10 2.5K 212K 8.8-10~% 11 799 (36) 262 1145 15 2.6K 213K 1.6 - 1073 11 813 (108) 258 1134
15 —— —— —— —— —— —— —— 202.6K 234K 5.6-107° 12 841 (140) 258 1169

some of the inter-processor communication, and the improvement gained by CA-
TRLan started to increase. The right plot of Fig. 2 shows the timing results of
CA-TRLan and TRLan computing the smallest 30 eigenvalues of A5(10,000)
with m = 80 and s = 15. In comparison to the left plot, the right plot shows
more significant performance advantage of CA-TRLan because communication
started to dominate the solution time of TRLan much sooner.

Finally, Table [ shows the results of CA-TRLan computing the 30 smallest
eigenvalues of four matrices (#1 Andrews, #2 torsionl, #3 cfdl, and #4 fi-
nan512) from the University of Florida sparse Matrix Collection (UFMC). For
each (-th matrix, we show #/(n,nnz,cond), where “n” is the matrix dimen-
sion in thousands, “nnz” is the number of nonzeros in thousands, and “cond”
is the 1-norm condition number estimate computed using the MATLAB sub-
routine condest. Furthermore, “In” and “Inz” show the minimum and maxi-
mum local dimensions and numbers of nonzeros in thousands. The experiments
were conducted on 32 processors with the CholeskyQR-based orthogonalization
and (m,s) = (80,10). In the table, “surf/vol” is the overhead of the matrix-
power kernel discussed in Section 31l Specifically, under “A,” we show the max-
imum ratio of the number of duplicated nonzeros of A over the number of local
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Fig. 2. Performance of CA-TRLan computing ng eigenpairs of diagonal matrices

Table 2. Numerical results of CA-TRLan with matrices from UFMC collection

surf/vol time surf/vol time
s A® A rest. ops res.norm oport tot s A° A rest. ops res. norm op ort tot
#1(60,760,2.5 x 10'7), In(1.8,2.0) Inz(2.3,2.5) #2(40,198,31), In = (1.2,1.3) Inz(5.6,6.3)
TRLan TRLan

0.0 0.0 24 865 3.3-107'* 2 1 4 0.0 0.0 118 3046 1.1-10"** 4 3 9
CA-TRLan CA-TRLan
1 00 0.0 24 865 3.1-107** 2 2 4 100 0.0 116 3018 1.1-10"** 4 5 9
5 17.125.2 24 917 3.1-107** 2 1 3 5 0.5 0.5 111 32341.0-107** 1 1 3
10 —— 32.0 24 972 3.3-107'% 5 1 6 101.2 1.3 116 3686 1.2-107** 1 1 3
#3(71,1.8,1.3 x 10%), In(2.1,2.3) Inz(53,59)  #4(75,597,98), In = (2.2,2.2) Inz(18,19)
TRLan TRLan

0.0 0.0 509 10318 7.9-1071% 17 15 36 0.0 0.0 78 19211.2-107* 3 3 7
CA-TRLan CA-TRLan
1 0.0 0.0 644 122459.4-10"*° 2224 49 1 0.0 0.0 77 19101.1-107** 3 4 8
5 4.3 3.9 510 11198 8.3-107'% 10 10 23 5 0.5 0.4 79 21121.1-107** 1 1 3
10 11.6 12.2 587 14415 1.5-107'° 19 17 38 102.6 2.3 78 23063.8-10"'* 1 1 3

nonzeros of A (corresponding to the red and blue elements, respectively, in Fig.[I])
on one processor. Under “A°” we show the same ratio obtained computing the
k-way edge partition of explicitly computed A*[1 We see that the these two ra-
tios are similar for the same value of s indicating that the partition of A was
as good as that obtained on A® for these matrices. The numerical and timing
results are those with the partition of A. CA-TRLan obtained solution accuracy
similar to that of TRLan while achieving speedups of up to 3.54.

5 Conclusion

We have studied techniques to avoid communication of TRLan on a distributed-
memory system. The experimental results demonstrated that these techniques
can significantly reduce the solution time of TRLan while maintaining numerical
stability. Our matrix-power kernel has not yet been optimized for intra-processor
communication, and for this, we are planning to integrate the optimized sparse

" In the table “——" indicates insufficient memory to compute A°.
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kernel interface (OSKI) [10] into CA-TRLan. Furthermore, partitioning algo-
rithms to enhance matrix-power kernels (e.g., [2]) is an important computa-
tional kernel of CA-TRLan, and we would like to study the effectiveness of such
an algorithm for computing eigenpairs of general matrices with CA-TRLan.
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