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Abstract. This paper presents a new approach for reconstructing a
patient-specific shape model and internal relative intensity distribution
of the proximal femur from a limited number (e.g., 2) of calibrated C-arm
images or X-ray radiographs. Our approach uses independent shape and
appearance models that are learned from a set of training data to encode
the a priori information about the proximal femur. An intensity-based
non-rigid 2D-3D registration algorithm is then proposed to deformably
fit the learned models to the input images. The fitting is conducted it-
eratively by minimizing the dissimilarity between the input images and
the associated digitally reconstructed radiographs of the learned models
together with regularization terms encoding the strain energy of the for-
ward deformation and the smoothness of the inverse deformation. Com-
prehensive experiments conducted on images of cadaveric femurs and on
clinical datasets demonstrate the efficacy of the present approach.

1 Introduction

Constructing a personalized three-dimensional (3D) model from a limited num-
ber of calibrated C-arm images or X-ray radiographs and a statistical model has
drawn more and more attention. The reported techniques can be split into two
main categories: those based on statistical models of shape [1][2][3] and those
based on statistical models of shape and intensity [4][5][6][7][8][9]. The methods
belonging to the former category typically require an implicit or explicit image
segmentation which is error-prone and hard to achieve automatically. The errors
in segmentation may lead to errors in the final reconstruction. In contrast, shape-
intensity statistical model based methods directly compare the input reference
images with the floating simulation images called digitally reconstructed radio-
graphs (DRR), which are obtained by ray casting of a volume data instantiated
from the learned model. No segmentation is required.

Most of the shape-intensity statistical model based methods are closely re-
lated with the Active Appearance Models (AAM) pioneered by Cootes et al.
[10]. According to Matthews and Baker [11], there are basically two types of
linear shape and appearance models, those model shape and appearance inde-
pendently, and those which parameterize shape and appearance with a single
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set of linear parameters. They referred the first set as independent shape and
appearance models and the second as combined shape and appearance models.
One good property associated with the independent formulation is that given
a hypothesized shape the associated optimal appearance/intensity parameters
may be determined analytically.

The contribution of this paper is a new approach for reconstructing a patient-
specific shape model and internal relative intensity distribution of the proximal
femur from sparse calibrated X-ray images. Unlike existing approaches, where
they used either combined shape and appearance models [7] or a shape statisti-
cal model together with a density model approximated by Bernstein polynomials
[4][6][8][9], our approach uses independent shape and appearance models that are
learned from a set of training data. An intensity-based non-rigid 2D-3D regis-
tration algorithm is then proposed to deformably fit the learned models to the
input images. The fitting is conducted iteratively by minimizing the dissimilar-
ity between the input images and the associated DRRs of the learned models
together with regularization terms encoding the strain energy of the forward
deformation and the smoothness of the inverse deformation.

2 Construction of the Statistical Models

We constructed two independent shape and appearance models of the proximal
femur, one for the left side and the other for the right side. Each independent
shape and appearance model was constructed directly from CT data of 20 dry
cadaveric proximal femurs of the associated side based on a two-stage procedure
as described below.

Our two-stage independent shape and appearance model construction proce-
dure follows the idea introduced by Rueckert et al. [12]. In the first stage, we
chose one of the proximal femur volumes as the reference volume I1st

0 and the
diffeomorphic Demons algorithm [13] was used to establish the dense correspon-
dences between the reference volume and each one of the 19 floating volumes.
The output from the diffeomorphic Demons algorithm include: (1) the dense
deformation fields {d1st

i ; i = 1, ..., 19}; and (2) the 19 non-rigidly deformed float-
ing volumes {I1st

i ; i = 1, ..., 19}. Each deformation field d1st
i was expressed as

a concatenation of 3D vectors describing the deformation at each voxel of the
reference volume and each non-rigidly deformed floating volume I1st

i as a con-
catenation of gray values of each voxel in the reference volume. From these data,
we computed the average deformation field d̄1st = (n−1) · ∑n

i=1 d1st
i and the

average intensity distribution Ī1st = ((n + 1)−1) · ∑n
i=0 I1st

i .
The purpose of the second stage is to remove the possible bias introduced

by the reference volume selection. To achieve this goal, we applied the average
deformation field d̄1st to the reference volume I1st

0 to create a new volume s0

and assigned the average intensity distribution Ī1st to this newly created volume.
This new volume s0 was then used as the new reference volume in the second
stage and all input 20 proximal femur volumes were regarded as the floating
volumes. The diffeomorphic Demons algorithm [13] was used again to establish
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Fig. 1. Projections of the mean and the first two modes of variations of the shape (left)
and the intensity (right) statistical models

the dense correspondences between the new reference volume and the other
20 floating volumes.We thus obtained a set of 20 new dense deformation field
{di; i = 1, ..., 20} and a set of 20 non-rigidly deformed floating volumes {Ii; i =
1, ..., 20}. We could then separately construct the shape statistical model and the
intensity statistical model. The shape statistical model was constructed using
following equations.

SD = ((m − 1)−1) · ∑m
i=1 (di − d̄)(di − d̄)T

d̄ = (m−1) · ∑m
i=1 di

PD = (p1
D,p2

D, ...); SD·pi
D = (σi

D)2 · pi
D

d = d̄ +
∑MD

k=1 αk
Dσk

Dpk
D

(1)

where m = 20 is the number of training samples; d̄ and SD are the average
and the covariance matrix of the displacement fields, respectively; {(σi

D)2} and
{pi

D} are the eigen values and the eigen vectors of the shape statistical model,
respectively; {αi

D} are the model parameters; MD is the cut-off points.
Fig. 1 shows the projections of the mean and the first two modes of variations

of the shape (left) and the intensity (right) statistical models. Each instance
of the shape statistical model was generated by evaluating Is = Ī(s0 + d̄ +
αDσi

Dpi
D), with αD ∈ {−3, 0, 3}. Each instance of the intensity statistical model

was obtained by evaluating II = Ī+αIσ
i
Ip

i
I , with αI ∈ {−3, 0, 3}, where {(σi

I)
2}

and {pi
I} are the eigen values and the eigen vectors of the intensity statistical

model, respectively; Ī = (m−1) · ∑m
i=1 Ii is the average intensity distribution.

From the instances of the shape statistical model (Fig. 1, left), it can be
observed that although the instantiated intensity model is the same (here it
is the average intensity distribution Ī), the change of shapes already encode
the change of the relative intensity distribution inside the instantiated shape
model (e.g., the thickness of the cortical bone along the shaft is different across
the instantiated volumes). Thus, we argue that it is sufficient to search only in
the space of shapes in order to estimate the personalized shape model and its
internal relative intensity distribution. Based on this argument, we developed an
intensity-based non-rigid 2D-3D registration algorithm as presented below.
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3 Intensity-based Non-rigid 2D-3D Registration

In this work, we assume that we have a set of Q ≥ 2 X-ray images and that all
images are calibrated and co-registered to a common coordinate system called
c. Given an initial estimation of the registration parameters, our algorithm iter-
atively generates a volume and update the parameter estimation by minimizing
the dissimilarity between the input images and the associated DRRs that are
created from the instantiated volume.

Volume Instantiation and Alignment. The volume instantiation and align-
ment process is parameterized by two sets of parameters, i.e., the set of shape
parameters b = (α1

D, α2
D, ..., αMD

D )T determining the forward deformation from
the reference volume s0 to an instantiated volume s and the set of parameters
a = (Λx, Λy, Λz, β, γ, θ, tx, ty, tz)T determining the scaled rigid transformation
from the space of the instantiated volume s to the common coordinate system
c, where the first three are scaling parameters; the middle three are rotational
parameters and the last three are translational parameters. An instantiated vol-
ume that is aligned to the common coordinate system c is defined by following
equation:

Ī(xc(a,b)) = Ī(A(a) ◦ W(b) ◦ x0) (2)

where A(a) is the scaled rigid transformation and W(b) is the forward
deformation.

Eq. (2) describes a forward warping that should be interpreted as follows.
Given a voxel x0 in s0, the destination of this voxel under the forward transfor-
mation is xc(a,b) = A(a) ◦W(b) ◦ x0. The aligned instance at voxel xc(a,b) is
set to the intensity Ī(x0), which then allows creating DRRs by simulating X-ray
projection.

Implementing this forward warping to generate the model instance without
holes is tricky and is best performed by backward warping. More specifically, as
all the input images are calibrated, we can compute a back-projection ray for
each pixel in the input images. We then do a sampling to get a set of discrete
points along each ray. The intensity values at these points are then obtained by
the backward warping with following inverse transformation:

x0 = (W(b))−1 ◦ ((A(a))−1 ◦ xc(a,b)) (3)

It is straightforward to compute the inverse of the scaled rigid transforma-
tion A(a). However, it is tricky to compute the inverse of the forward de-
formation W(b). In this paper, given an estimation of the shape parameters
b = (α1

D, α2
D, ..., αMD

D )T , we use the fixed-point approach as proposed by Chen
et al. [14] to invert the forward deformation field.

Energy formulation. Given an instantiated volume, the two sets of parameters
are updated iteratively by minimizing following energy function:

E(a,b) = EImage(a,b)+ρ1 ·
∑MD

k=1
(αk

D)2(σk
D)2+ρ2·

∫

s

||∇((W(b))−1)||2dx (4)
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Fig. 2. Validation on a clinical dataset. The left two images show the projections of
the reconstructed volume while the right two images show the original C-arm images
superimposed by the contours detected from the left two images.

where the first term is the image dissimilarity energy term; the second term is the
strain energy of the forward deformation, which, according to Cootes and Taylor
[15], can be used to enforce the prior probabilities on the shape’s deformations;
the last term is a diffusion-like regularization term; ρ1 and ρ2 are regularization
parameters.

We have chosen to use the robust dissimilarity measure that we introduced in
[16] to compare the floating DRRs to the associated reference X-ray images. This
dissimilarity measure is defined by modeling the qth observed difference image
as a Markov random field with respect to the rth order neighborhood system
N = {N r

i,j} and is described by following equation:

EImage(a,b) =
Q∑

q=1
[λ

I,J∑

i,j

D2
q;(i,j)(a,b)+

(1 − λ)
I,J∑

i,j

1
card(Nr

i,j)

∑

(i′,j′)∈Nr
i,j

(Dq;(i,j)(a,b) − Dq;(i′,j′)(a,b))2]
(5)

where I × J is the size of each X-ray image; Dq = {Dq;(i,j)} is the qth observed
difference image. We refer interesting readers to [16] for the details about how
the difference images are computed and about the details of above equation. The
advantage of using such an energy function is that it has a least-squares form
and can be effectively minimized by a Levenberg-Marquardt optimizer.

The registration Algorithm. Considering the fact that regularization on a
vector field can be implemented as a kernel convolution [18], we developed fol-
lowing intensity-based non-rigid 2D-3D registration algorithm.

Algorithm (Intensity-based non-rigid 2D-3D Registration). The follow-
ing two stages are executed until the convergence of the algorithm.

– Scaled rigid registration stage: The shape parameters are fixed to the current
estimation bt and the Levenberg-Marquardt optimizer is used to iteratively
minimize the image dissimilarity energy Eimage(a,bt) in order to obtain a
new estimation of the scaled rigid transformation parameters at+1.

– Non-rigid registration stage: The scaled rigid transformation parameters are
fixed to at+1 and the Levenberg-Marquardt optimizer is used again to iter-
atively estimate the new shape deformation parameters bt+1. At each iter-
ation, following two steps are performed.
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Fig. 3. Results of applying the present approach on sparse calibrated X-ray images.
Top row: a reconstruction example as well as the errors of reconstructing all 10 femurs
in Group I; bottom row: a reconstruction example as well as the errors of reconstruct-
ing all 21 femurs in Group II. In this example, the surface model (yellow) extracted
from the reconstructed volume and its silhouettes are superimposed on the X-ray
images.

• Step 1: Following the Levenberg-Marquardt optimizer, compute the gra-
dient and the regularized Hessian of the first two terms of Eq. (4) with
respect to the shape parameters, and then calculate an additive update
Δbt of the shape parameters to get a new estimation b′

t = bt + Δbt.
• Step 2: Compute the forward deformation based on b′

t and then invert
the forward displacement fields using the fixed-point approach [14]. To
implement the third term of Eq. (4), the inverse displacement fields are
further regularized by applying a Gaussian kernel convolution. The regu-
larized inverse displacement fields will then be used to instantiate a new
volume to generate DRRs for the next iteration.

For all the experiments reported below, the scaled rigid transformation parame-
ters a were initialized with an anatomical landmarks based registration. All the
shape parameters b were initialized to zeros.

4 Experiments and Results

We conducted comprehensive experiments on 31 cadaveric femurs with different
shape (none of them belongs to training population) and 3 clinical datasets to
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validate the present approach. The 31 cadaveric femurs were divided into two
groups. Group I consists of 10 left dry cadaveric femurs. For each femur in
this group, we acquired two calibrated C-arm images around the proximal fe-
mur region. Group II contains the rest 21 femurs (7 left and 14 right) where
5 of them are connected with hips. For each femur in this group, we acquired
two calibrated X-ray radiographs. Each one of the 3 clinical datasets contains
two calibrated C-arm images of a patient. The cut-off point MD was chosen
to be 9 such that more than 90% of the total amount of variations is ex-
plained. The registration algorithm was implemented with CPU computation
and no attempt was made to optimize its performance. Thus, one registra-
tion can take about 15 minutes. It can be accelerated by using modern GPU
technology.

Experiment on 3 Clinical Datasets. In this experiment, due to the lack
of ground truth, we mainly used these datasets to demonstrate qualitatively
the performance of the present approach in clinical settings. Fig. 2 shows a
reconstruction example when the present approach was applied to one of the
three clinical datasets.

Experiment on 10 Cadaveric Femurs in Group I. In this experiment, the
reconstruction accuracies were evaluated by randomly digitizing dozens points
from the surface of each femur and then computing the distances from those
digitized points to the associated surface model which was segmented from the
reconstructed volume. A reconstruction example and the errors of reconstructing
volumes of all 10 femurs in this group are shown in the top row of Fig.3. An
average mean reconstruction accuracy of 1.5 mm was found.

Experiment on 21 Cadaveric Femurs in Group II. In this experiment,
we used the method proposed by Aspert et al.[17] to compute the reconstruc-
tion errors, where the ground truth surface models were either obtained with a
CT-scan reconstruction method or with a hand-held laser-scan reconstruction
method (T-SCAN, Steinbichler, Neubeuern, Germany). The surface models seg-
mented from the reconstructed volumes were then compared to the associated
ground truth models to evaluate the reconstruction accuracies. A reconstruction
example and the errors of reconstructing volumes of all 21 femurs in this group
are shown in the bottom row of Fig. 3. An average mean reconstruction accuracy
of 1.4 mm was found.

5 Conclusions

We presented a new approach to reconstruct a personalized shape model and
internal relative intensity distribution of the proximal femur from sparse cal-
ibrated X-ray images. Our approach used independent shape and appearance
models to encode the a priori information. An intensity-based non-rigid
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2D-3D registration algorithm was then developed to fit the learned models to
the input images. Results from our comprehensive experiments demonstrated its
efficacy.
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