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Abstract. We present a stochastic optimisation method for intensity-
based monomodal image registration. The method is based on a Robbins-
Monro stochastic gradient descent method with adaptive step size esti-
mation, and adds a preconditioning matrix. The derivation of the pre-
conditioner is based on the observation that, after registration, the de-
formed moving image should approximately equal the fixed image. This
prior knowledge allows us to approximate the Hessian at the minimum
of the registration cost function, without knowing the coordinate trans-
formation that corresponds to this minimum. The method is validated
on 3D fMRI time-series and 3D CT chest follow-up scans. The experi-
mental results show that the preconditioning strategy improves the rate
of convergence.

Keywords: image registration, optimisation, stochastic gradient descent,
preconditioner.

1 Introduction

Image registration is an important technique in medical imaging applications. It
refers to the process of spatially aligning images. Extensive surveys on registra-
tion methods are presented in [2, 6] for example.

In this article, we focus on intensity-based image registration with a param-
eterised coordinate transformation. Let F (x) : ΩF �→ IR and M(x) : ΩM �→ IR
denote the fixed and moving image, respectively, with ΩF , ΩM ⊂ IRD, and D
the dimension of the images. Define the parameterised coordinate transforma-
tion T (x; μ) : ΩF × IRQ �→ ΩM with the parameter vector μ of dimension Q.
Examples of parameterisations include rigid, affine, and B-spline models. The
aim of image registration is to find transformation parameters μ̂ such that the
deformed moving image M(T (x; μ̂)) resembles the fixed image F (x). This can
be formulated as a minimisation problem:

μ̂ = argmin
μ

C(μ), (1)
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where C(μ) represents the cost function. Examples of intensity-based cost func-
tions are mean squared difference (MSD) and mutual information (MI).

In [3–5] it was demonstrated that a Robbins-Monro (RM) type stochastic
gradient descent [9] method efficiently solves the minimisation problem (1). The
basic RM method uses the following iterative scheme:

μk+1 = μk − γ(k)g̃k, k = 0, 1, . . . , K − 1, (2)

where g̃k denotes an approximation of the true derivative gk ≡ ∂C/∂μ(μk),
γ(k) is a scalar gain factor that determines the step size, and K is the number of
iterations. The approximated derivative g̃k is obtained by computing gk using
only a small subset of voxels x ∈ ΩF , randomly selected in every iteration k [5].
The step size γ(k) is defined as a slowly decaying function of k:

γ(k) = a/(k + A)α, (3)

with user-specified constants a > 0, A ≥ 1, and 0 < α ≤ 1. It is important to set
proper values for these constants. The optimal settings depend on the choice of
C, the transformation model, and the image content. To address this issue, an
adaptive stochastic gradient descent (ASGD) method was proposed in [3]:

μk+1 = μk − γ(tk)g̃k, tk+1 = [tk + sigmoid(−g̃′
kg̃k−1)]

+, (4)

where [x]+ stands for max(x, 0), the prime denotes the transpose operation, t0
and t1 are user-defined constants, and γ as above. The “time” variable tk realises
an adaptive behaviour, in which the step sizes are increased when consecutive
gradients g̃k point in a similar direction, and vice versa. Based on the theoretical
convergence conditions, reasonable values for a, A and α were estimated.

Both RM and ASGD are gradient descent type methods, which typically ex-
pose a low rate of convergence on badly scaled cost functions, characterised by
a high (	 1) condition number of the Hessian H ≡ ∂2C/∂μ∂μ at μ̂ [8]. In this
paper, we propose a preconditioning strategy for RM and ASGD, specifically de-
signed for monomodal image registration. The preconditioning is demonstrated
to accelerate convergence in both rigid and nonrigid registration problems.

2 Method

2.1 Preconditioned Stochastic Gradient Descent

The use of a preconditioning matrix is a well-known technique to accelerate
optimisation methods [8]. Based on the standard RM method, we define the
following preconditioned stochastic gradient descent (PSGD) method:

μk+1 = μk − γ(k)P g̃k, k = 0, 1, . . . , K − 1, (5)

where the preconditioner P is a positive definite Q × Q matrix. It serves to
scale the derivative g̃k, and should be chosen such that larger steps are taken in
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directions where the cost function is flat, and smaller steps in directions where
the cost function has a high curvature. The theoretically optimal choice P =
H(μ̂)−1 makes (5) similar to the Newton-Raphson method. Unfortunately, since
μ̂ is unknown before registration, this choice of P is impossible to compute. It
is however possible to compute an approximation, as follows.

2.2 A Preconditioner for Monomodal Image Registration

In this subsection, a preconditioning matrix for monomodal image registration
problems is derived. For explanation, MSD is used as a cost function, but the
derivation is similar for other cost functions. The MSD cost function is given by:

C(μ) =
1
V

∑

x∈ΩF

(F (x) − M(T (x; μ)))2 , (6)

with V the number of x ∈ ΩF . For the derivative g(μ) and the Hessian H(μ)
we have:

g(μ) ≡ ∂C
∂μ

= − 2
V

∑

x∈ΩF

(F − M ◦ T )
∂T

∂μ

′ ∂M

∂x
, (7)

H(μ) ≡ ∂2C
∂μ∂μ

=
2
V

∑

x∈ΩF

[
∂T

∂μ

′ ∂M

∂x

∂M

∂x

′ ∂T

∂μ

− (F − M ◦ T )
(

∂2T ′

∂μ∂μ

∂M

∂x
+

∂T

∂μ

′ ∂2M

∂x∂x

∂T

∂μ

)]
,

(8)

where the compact notation M ◦T ≡ M(T (x; μ)) was introduced, and all func-
tion arguments were omitted. Our aim is to find an approximation H̃ to H(μ̂),
whose inverse can be used as a preconditioning matrix P .

When F and M are images of the same modality, we can exploit the fact that
M ◦ T will be approximately equal to F after successful registration: F (x) ≈
M(T (x; μ̂)). With this approximation, the following two identities are derived:

F − M ◦ T = 0,
∂M

∂x
=

[
∂T

∂x

′]−1
∂F

∂x
. (9)

Substituting (9) in (8) yields the following approximation of the Hessian at μ̂:

H̃ =
2
V

∑

x∈ΩF

∂T

∂μ

′[∂T

∂x

′]−1
∂F

∂x

∂F

∂x

′[∂T

∂x

]−1
∂T

∂μ
. (10)

Since μ̂ is unknown, we approximate the terms ∂T/∂μ(x; μ̂) and ∂T /∂x(x; μ̂)
by ∂T /∂μ(x; μ0) and ∂T /∂x(x; μ0), respectively. By setting ∂T /∂x ≈ I (as-
suming small deformations) the following expression is finally obtained:

H̃ =
2
V

∑

x∈ΩF

∂T

∂μ

′
(x; μ0)

∂F

∂x
(x)

∂F

∂x

′
(x)

∂T

∂μ
(x; μ0). (11)
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We then define the preconditioning matrix by P ≡ [H̃ + βλI ]−1, with 0 ≤
β ≤ 1 a user-defined factor, and λ > 0 the maximum eigenvalue of H̃, which can
be estimated using an iterative block-Lanczos method. By adding the identity
matrix, the condition number of P is limited to (β +1)/β, as a safeguard in case
of ill-conditioned H̃, which may arise in nonrigid registration problems. In rigid
registration problems, β ↓ 0 is a valid choice. Instead of explicitly computing the
matrix inverse, a Cholesky decomposition H̃ +βλI = LL′ is used, allowing fast
application of P ≡ L

′−1L−1 in each iteration. Note that H̃ is independent of
μk, so H̃ and the Cholesky decomposition only need to be computed once.

2.3 Preconditioned Adaptive Stochastic Gradient Descent

A preconditioned version of ASGD, called PASGD, is derived in this subsection,
which combines the adaptive step size mechanism of (4) with the preconditioner.

First we show that the PSGD method (5) is in fact a standard RM algorithm
performed in a different parameter space. Let us introduce a new parameter
vector ν = L′μ. The original minimisation problem (1) is equivalent to:

ν̂ = arg min
ν

D(ν), with D(ν) ≡ C(L
′−1ν). (12)

Define hk ≡ ∂D/∂ν(νk) = L−1∂C/∂μ(μk) = L−1gk. The basic RM scheme (2)
in terms of ν reads νk+1 = νk −γ(k)h̃k. Substituting h̃k = L−1g̃k and ν = L′μ
yields (13), and multiplying both sides of the equation by L

′−1 yields (14):

L′μk+1 = L′μk − γ(k)L−1g̃k, (13)

μk+1 = μk − γ(k)L
′−1L−1g̃k, (14)

in which we can recognise the preconditioner P ≡ L
′−1L−1.

Doing the same for the ASGD scheme (4) results in the PASGD method:

μk+1 = μk − γ(tk)P g̃k, tk+1 = [tk + sigmoid(−g̃′
kP g̃k−1)]

+. (15)

Since the PASGD scheme is essentially an ordinary ASGD method in the do-
main of ν, all convergence conditions given in [3] remain valid, but should be
interpreted in the space of ν. To estimate a, A, and α, a similar procedure as
presented in [3] can therefore be used. The main idea is explained here, but the
exact derivation is omitted for brevity. As suggested in [3], we set α = 1 and
A = 20. For a, the following expression was proposed in [3]:

a ≡ amaxη ≡ amaxE||g||2/ (
E||g||2 + E||g − g̃||2) , (16)

where amax ≡ 2A/λ, with λ defined as the maximum eigenvalue of the Hessian of
the cost function, and E denotes the expectation. The η factor intuitively takes
into account that the step size should be reduced with increasing approximation
error of g̃. Whereas in [3] λ was unknown and had to be estimated from a
user-defined maximum allowed voxel displacement per iteration, in this work



Preconditioned Stochastic Gradient Descent Optimisation 553

we can simply use λ = 1, as it can be derived that ∂2D
∂ν∂ν ≈ I. Applying the

reparametrisation to the definition of η changes the E||g||2 terms to Eg′Pg
(and similar for g − g̃). Like in [3], the expectations in the definition of η are
replaced by their empirical estimates. Since evaluating g (the exact cost function
derivative) is an expensive operation, we apply the approximation ||g − g̃||2 ≈
||g||2 + ||g̃||2 to decouple the g and g̃ terms. The term Eg′Pg is estimated by
a single measurement of g′P g (evaluated at μ0), and Eg̃′P g̃ is estimated by
averaging a few (N) measurements at random positions μn generated according
to μn − μ0 ∼ L

′−1N (0, σ2
1I), with σ2

1 = EgPg/Q.

3 Experiments and Results

The proposed PASGD method was compared to the standard RM method,
ASGD, and to a deterministic LBFGS quasi-Newton (QN) method [8]. All al-
gorithms were integrated in elastix [4], an open source software package for
image registration. The Cholesky decomposition was implemented using the
CHOLMOD library [1]. Two applications were considered: rigid registration of
3D functional MR images (fMRI) and nonrigid registration of 3D CT chest scans.

3.1 Rigid Registration of fMRI Series

Eight fMRI time-series were acquired in the context of research on brain-computer
interfaces (BCI). Seven series were recorded with a 2D EPI sequence; one with
3D PRESTO. Each time-series consisted of τ ≈ 200-400 scans. The image size
was 64×64× [20-40], with 4×4×4mm voxels. In the BCI experiments, real-time
rigid registration of each scan to the first scan is required [7]. For our experi-
ment, scans at time points t = 0, 1, 100, 200, (300, ) and τ were selected. All scans
with t > 0 were registered to the scan at t = 0, which resulted in a total of 37
registrations. Since the head’s motion was small in most cases, the experiments
were repeated with an extra initial offset to make the registration problem more
challenging. The applied translations and rotations were drawn from a uniform
distribution between ±8mm and ±6◦, respectively.

The parameter vector μ was formed by t and Sθ, where t is the translation
vector, θ represents the Euler angles, and S is a diagonal matrix with elements:

sii =

(∫

ΩF

∣∣∣∣

∣∣∣∣
∂T

∂θi
(x; μ0)

∣∣∣∣

∣∣∣∣
2

dx
/∫

ΩF

dx

)− 1
2

. (17)

Matrix S scales the rotation parameters by the average voxel displacement
caused by a small perturbation of the rotation angle. This brings the values
of the elements of μ approximately in the same range, thus avoiding a very
badly scaled cost function. For PASGD, the rescaling step was omitted (S = I),
since the preconditioning matrix already should take care of this. To compute
H̃, V = 50 000 samples were used. To compute g̃k, V = 2000 random samples
were used (except for QN, which used all voxels). For P , β = 10−7 was used.



554 S. Klein et al.

Table 1. Results of the experiments with fMRI series

No additional offset With additional offset

||ΔT || [mm] nr. of it. ||ΔT || [mm] nr. of it.
avg± sd avg± sd avg± sd avg± sd

QN 0.00± 0.00 3± 2 0.01± 0.02 8± 2
RM a = 0.0025 0.14± 0.19 48± 68 1.15± 1.48 216± 63
RM a = 0.005 0.14± 0.14 25± 39 0.30± 0.40 156± 82
RM a = 0.01 0.13± 0.13 17± 30 0.14± 0.14 80± 54
RM a = 0.02 0.14± 0.13 40± 52 0.14± 0.13 63± 41
RM a = 0.04 0.41± 0.61 134± 83 0.38± 0.55 134± 84
ASGD 0.14± 0.14 15± 30 0.15± 0.15 102± 53
PASGD 0.14± 0.13 11± 33 0.13± 0.13 19± 36

The number of iterations was set to K = 250. The RM method was tested for
a ∈ {0.0025, 0.005, 0.01, 0.02, 0.04}, with A = 50 and α = 0.6.

The result of QN without additional offset was treated as gold standard. The
differences between the gold standard’s transformation T (x; μ̂gold) and the other
methods’ transformations were computed to verify that all methods converged
to the same solution. Table 1 presents for each method the average and standard
deviation of ||ΔT || ≡ ||T (x; μ̂gold)−T (x; μ̂)|| over all x in all images. Both with
and without additional offset, all differences were smaller than a voxel.

To compare the convergence rates, we chose ASGD as a baseline, and mea-
sured the performance improvement with respect to that method. For each
method, we counted the number of iterations before C(μk) ≤ 1.01 · C(μ̂ASGD)
occurred for the first time for at least 5 consecutive iterations. Note that C(μk)
was calculated based on all voxels of the fixed image (not only the V = 2000
random samples that were used to compute g̃k). The results are summarised in
Table 1 (nr. of it.) by the average and standard deviation over all images. The
QN method required the least number of iterations, as expected, since it uses
all voxels in each iteration (which makes it more expensive per iteration). RM
performed best with a ≈ 0.01, which gave similar results as ASGD. The PASGD
method outperformed RM and ASGD.
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Fig. 1. Cost function plot for one of the fMRI experiments with additional offset
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In Fig. 1, for one example image pair, the cost function C(μk) is plotted as a
function of k for all methods. All 37 graphs were visually inspected and the pattern
was fairly consistent. In a few cases the RM methods with a ∈ {0.02, 0.04} suffered
from instabilities (heavily fluctuating cost function values), indicating that the
step sizes were too large.

3.2 Nonrigid Registration of CT Chest Scans

CT chest scans of five patients were obtained from the Department of Radiology,
UMC Utrecht. For each patient a baseline and a follow-up scan, taken 3-9 months
later, were available. Each scan was manually cropped around the right lung, and
downsampled by a factor of two, which gave images of about 120 × 160 × 220
voxels, with voxel size approximately 1.4× 1.4× 1.4mm. As a region of interest
for registration, a dilated (kernel radius 10) lung segmentation was used.

Each follow-up scan was registered to the baseline scan using a B-spline trans-
formation model [10]. Initial experiments showed that a regularisation term needs
to be added to the cost function, to avoid foldings. The sum of second order spa-
tial derivatives of the deformation field was used as a regularisation term, with a
weighting factor of 5 · 107. The Hessian at μ0 of this term was also included in
the preconditioner. A three-level multiresolution strategy was employed. The dis-
tance between the B-spline control points was halved in each resolution level, such
that at the final level the control points were spaced 20mm in each direction. The

Table 2. Results of the experiments with CT chest scans. R3 is the finest resolution.

R1 R2 R3
||ΔT || [mm] nr. of it. nr. of it. nr. of it.
avg± sd avg± sd avg± sd avg± sd

QN 0.00± 0.00 11± 0 5± 3 3± 2
ASGD 1.26± 2.77 242± 3 214± 9 155± 28
PASGD β = 1 0.72± 1.47 52± 26 22± 11 25± 18
PASGD β = 0.1 0.36± 0.51 28± 36 5± 3 13± 10
PASGD β = 0.01 0.36± 0.38 39± 55 5± 3 13± 11
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Fig. 2. Convergence results for one of the CT image pairs
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images were smoothed using a Gaussian kernel with standard deviation of 2, 1,
and 0.5 times the voxel size, for each resolution level respectively. The matrix H̃
was computed using V = 100 000. PASGD was tested with β ∈ {1, 0.1, 0.01}. The
tests with RM were omitted in this section.

For evaluation the same approach was followed as in the fMRI experiments.
Table 2 summarises the evaluation results. The convergence results (nr. of it.) were
calculated for each resolution separately (R1-R3). The numerical results in Table 2
indicate that PASGD achieved faster convergence than ASGD. The influence of
β was moderate. Figure 2 plots the cost function series for one of the image pairs.
PASGD with β = 0.01 was omitted for clarity, since it was very similar to β = 0.1.

4 Conclusion

The experiments with fMRI and CT data show that the proposed precondition-
ing technique has a beneficial effect on the rate of convergence, both in rigid and
nonrigid registration problems. The PASGD method is, just as RM and ASGD,
designed to work with stochastic estimates of the cost function derivatives, which
leads to low computational costs per iteration [5]. The PASGD method couples
this with a good rate of convergence by using second order information of the
cost function.
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