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Abstract. Nonrigid image registration methods based on the optimization of
information-theoretic measures provide versatile solutions for robustly aligning
mono-modal data with nonlinear variations and multi-modal data in radiology.
Whereas mutual information and its variations arise as a first choice, genera-
lized information measures offer relevant alternatives in specific clinical contexts.
Their usual application setting is the alignement of image pairs by statistically
matching scalar random variables (generally, greylevel distributions), handled via
their probability densities. In this paper, we address the issue of estimating and
optimizing generalized information measures over high-dimensional state spaces
to derive multi-feature statistical nonrigid registration models. Specifically, we
introduce novel consistent and asymptotically unbiaised k nearest neighbors esti-
mators of α-informations, and study their variational optimization over finite and
infinite dimensional smooth transform spaces. The resulting theoretical frame-
work provides a well-posed and computationally efficient alternative to entropic
graph techniques. Its performances are assessed on two cardiological applica-
tions: measuring myocardial deformations in tagged MRI, and compensating
cardio-thoracic motions in perfusion MRI.

Keywords: Multi-feature nonrigid registration, groupwise nonrigid registration,
kNN entropy estimators, high-dimensional α-information, cardiac tagged MRI,
cardiac perfusion MRI.

1 Introduction

Nonrigid image registration methods based on the optimization of information mea-
sures provide versatile solutions for robustly aligning mono-modal data with nonlinear
variations and multi-modal (inhomogeneous or incommensurable) data in medical radi-
ology. Whereas mutual information and its variations arise as a first choice [8], genera-
lized information measures, such as f -informations [11,12] and Jensen f -divergences
[9], have been shown to be relevant alternatives in specific clinical contexts.

Their usual application setting is the alignement of image pairs by statistically match-
ing luminance distributions, handled using marginal and joint probability densities esti-
mated via kernel techniques. Though efficient for joint densities exhibiting well-separated
clusters or reducible to simple mixtures, these approaches reach their limits for nonlin-
ear mixtures, such as generated by textured objects over complex backgrounds. In this
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case, pixelwise luminance appears to be a too coarse feature for allowing unambiguous
local statistical decisions, resulting into inaccurate or inconsistent matches, especially
problematic in atlas propagation or motion estimation frameworks.

An intuitive idea to overcome this limitation is to combine multiple higher-dimen-
sional image features (which may convey spatial information) within a vector random
variable (RV). Its implementation, however, is faced with the curse of dimensionality:
the number of samples required to consistently estimate a probability density increases
exponentially with the state space dimension. In particular, kernel density estimators
fail in high dimensions due to the fixed size of sample sets, which precludes estimating
and optimizing information measures using plug-in techniques. Groupwise registration
of image series, i.e. their simultaneous alignment onto a common reference, comes up
against a similar obstacle, linked to handling spatio-temporal luminance distributions.

This theorerical issue can be bypassed by computing information measures directly
from data using geometric entropy estimators. The latter include (i) entropic graphs, ap-
plicable to the broader class of α-informations, whose relevance for image registration
is today well-established [9,13]; and (ii) more recent kth-nearest neighbor (kNN) en-
tropy estimators [4,7], whose application to image science has been until today confined
to the Shannon framework [3,5,6].

In this paper, we introduce novel, consistent and asymptotically unbiased kNN es-
timators of α-informations, and study their variational optimization over finite- and
infinite-dimensional spaces of smooth spatial mappings. The resulting theoretical frame-
work provides a well-posed and computationally efficient alternative to entropic graph
techniques for multi-feature nonrigid image registration. Its performances are assessed
in cardiac MRI for two clinical challenges: measuring myocardial deformations in
tagged MRI, and compensating cardio-thoracic motions in perfusion MRI.

2 Multi-feature Information-Theoretic Registration

2.1 Problem Statement and Modeling

In order to build a unified formalism including pairwise and groupwise approaches, we
deal with the general issue of registering synchronized image sequences. A sequence of
2D greylevel images defined over a domain Ω ⊂ R

2 is modeled as a mapping I : Ω ×
[1..d] → Λ with values in an interval Λ ⊂ Z. Given a source sequence IM comprising
d unregistered images, and a reference sequence IT with the same length, let xτ denote
the spatial coordinates1 in frame IM (·, τ) and let x = [x1...xd] ∈ Ωd. We seek for a
d-dimensional vector of smooth spatial transforms φ(x) = [φ1(x1)...φd(xd)] in some
space T such that φτ (τ ∈ [1..d]) maps the source frame IM (·, τ) onto its analog
IT (·, τ) in the reference sequence. The case d = 1 amounts to pairwise registration.
Groupwise registration corresponds to d > 1, IT being either a registered sequence or
the concatenation of d instances of the same reference image.

Local correspondences are established via a dense set M (resp. T ) of spatio-temporal
features extracted from IM (IT ) with values in a D-dimensional space F , which can
comprise both radiometric and spatial information. Features are integrated in vectors

1 Similarly, the τ th component of a vector r is hereafter denoted by rτ .
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M(x) = [M(x1, 1)...M(xd, d)] ∈ F (resp. T (x))2. To robustly account for sensor-,
patient- and pathology-related variability, we adopt a statistical framework, and model
M and T as random variables (RV) over the state space F , with respective marginal

densities pM and pT , joint density pM,T and copula density πM,T = pM,T

pM pT .
Registration is then tackled as an optimal statistical matching problem between fea-

ture distributions over the transform space T : φ∗ = argminφ∈T C(M, T, φ). The
matching criterion C(M, T, φ) is expressed as the sum of a discrepancy term S(Mφ, T )
between the reference RV T and the RV Mφ computed from the warped sequence
Iφ
M = IM ◦ φ−1, shortly denoted by M ; and a regularization term R(φ) ensuring

smooth solutions. In this paper, we study the α-information family, comprising the
pseudo-additive Havrda-Charvát information Iα(M, T ) = 1

α−1 (Jα(M, T ) − 1) and
the additive Renyi information I∗α(M, T ) = 1

α−1 log Jα(M, T ) , where:

Jα(M, T ) =
∫
F2

pM,T (m, t)
(
πM,T (m, t)

)α−1
dmdt = EM,T

[(
πM,T

)α−1
]

These measures, defined for α ∈ R
+\{0, 1} , generalize mutual information which is

obtained in the limit α → 1, yielding discrepancy functionals S = −Iα and S = −I∗α.

2.2 kNN Estimators of α-Informations

Given a q-dimensional RV Y , let Y (Ωd) be a set of i.i.d. samples Y (x) of Y indexed
by x ∈ Ωd. kNN estimation techniques aim at characterizing Y from the statistics of
q-dimensional balls BY

k (x) ⊂ R
q , centered at sample Y (x) and containing its k near-

est neighbors in Y (Ωd)\{Y (x)}. The resulting estimators are functions of the radius
ρY

k (x) of BY
k (x), equal to the Euclidean distance from Y (x) to its kth nearest neigh-

bor in this set. An early example is the Loftsgaarden-Quesenberry density estimator:
pY

LQ(Y (x)) = k
|Ω|Vq (ρY

k (x))q . Though notoriously biased in high dimension, the latter

leads however to a consistent and asymptotically unbiased kNN estimator of Shannon
entropy [4], from which kNN estimators of Kullback-Leibler divergence [4,3], and mu-
tual information and its variations [5,6] have been derived.

This result has been recently extented to α-entropies [7], based on a consistent and
asymptotically unbiased kNN estimator of the integral Jα(Y ) =

∫
Rq

(
pY (y)

)α
dy :

J knn
α (Y ) =

1
|Ω|

∑
x∈Ωd

(
(|Ω| − 1)Ck(α)Vq

[
ρY

k (x)
]q

)1−α

(1)

where Ck(α) =
[

Γ (k)
Γ (k+1−α)

] 1
1−α

and Vq = πq/2

Γ (q/2+1) is the volume of the unit ball

of R
q . J knn

α (Y ) can be interpreted as a plug-in estimator, built from an Ahmad-Lin

estimator [1] J AL
α (Y ) = 1

|Ω|
∑

x∈Ωd

(
pY (Y (x))

)α−1
of Jα(Y ) = EY

[(
pY

)α−1]
using the following kNN density estimator:

pY
knn(Y (x)) =

1
(|Ω| − 1)Ck(α)Vq

(
ρY

k (x)
)q

2 Here, M(xτ , τ ) is a D1-dimensional feature vector extracted from IM (·, τ ) with D = dD1.
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Along the same lines, we derive high-dimensional kNN estimators of α-informations
by introducing a novel consistent and asymptotically unbiased estimator of the integral
Jα(M, T ), defined as:

J knn
α (M, T ) =

1
|Ω|

∑
x∈Ωd

⎛
⎝(|Ω| − 1)Ck(α)

V 2
D

V2D

[
ρM

k (x)ρT
k (x)

(ρM,T
k (x))2

]D
⎞
⎠

α−1

(2)

Building this estimator, which is achieved similarly to the entropy estimator J knn
α (Y ),

is formally equivalent to plugging the kNN copula density estimator πM,T
knn = pM,T

knn
pM

knnpT
knn

of πM,T in the following Ahmad-Lin estimator of Jα(M, T ):

J AL
α (M, T ) =

1
|Ω|

∑
x∈Ωd

(
πM,T (x)

)α−1

where πM,T (x) = πM,T (M(x), T (x)) . From (2), we obtain consistent estimators
I knn
α (M, T ) = 1

α−1

(
J knn

α (M, T ) − 1
)

and I ∗knn
α (M, T ) = 1

α−1 log J knn
α (M, T )

of Havrda-Charvát and Renyi information, respectively. In addition, I knn
α (M, T ) is

asymptotically unbiased.

2.3 Variational Optimization

Searching for the optimal transform φ∗ using gradient descent requires a closed-form
expression of the first variation of α-informations over the transform space T . Since the
kNN estimator J knn

α (M, T ) is not differentiable, a two-step plug-in approach is used.
Starting from consistent Ahmad-Lin estimators I AL

α (M, T ) = 1
α−1

(
J AL

α (M, T ) − 1
)

and I ∗AL
α (M, T ) = 1

α−1 log J AL
α (M, T ) , we first classically compute a closed-form

expression of their variational derivatives using differentiable kernel density estimates
and a Mean-Shift approximation of the ratio ∇p/p for the densities pM and pM,T . We
then switch to the kNN framework by considering uniform kernels over the balls BM

k

and BM,T
k (their derivatives being indicators over the spheres SM

k and SM,T
k ). This stra-

tegy yields consistent kNN estimators of the variational derivative of α-informations.
For infinite dimensional transform spaces, consisting of smooth mappings φτ =

Id + uτ described by displacement fields uτ to be estimated at all x ∈ Ωd, we get:

∂uτ J knn
α (x) = V(x)DM

τ (x)

where V(x)= c3

[
KM,T

k (x)
(
LM

k,τ (x) − LM,T
k,τ (x)

)
+ c2

(
LM

k,τ (x) − LM,T
k,τ (x)

)]
and

DM
τ (x) = (∂xτ M(x))T . Letting NM,T

k (x) = { y ∈ Ωd |x ∈ SM,T
k (y) } , we have:

LM,T
k,τ (x) =

2d + 2

ρM,T
k (x)2

∑
y∈BM,T

k
(x)

rM (x, y) LM,T
k,τ (x) =

∑
y∈NM,T

k
(x)

rM (x, y)
|rM (x, y)|

(
πM,T

knn (y)
)α−1

LM
k,τ (x) =

d + 2
ρM

k (x)2
∑

y∈BM
k (x)

rM (x, y) LM
k,τ (x) =

∑
y∈NM

k (x)

rM (x, y)
ρM

k (y)
(
πM,T

knn (y)
)α−1
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IM IT Iu∗
M u∗ = φ∗ − Id

Fig. 1. Estimating myocardial deformations in tagged MRI using multi-feature Havrda-Charvát
information-minimizing nonrigid registration

Finally: KM,T
k (x) = 1

k

(
πM,T

knn (x)
)α−1

, c2 = Ck(α) |Ω|−1
|Ω| and c3 = α−1

|Ω| .

The optimal transforms φ∗
τ are iteratively estimated at every pixel x ∈ Ωd with the

explicit scheme: u t+1
τ (x) = u t

τ (x) + δt ∂uτ Iα
knn(x) and accordingly for I ∗knn

α .
For finite dimensional transform spaces, consisting of smooth mappings φτ (xτ ) =

B(xτ )Θτ described by a parameter Θτ ∈ R
p in a local basis encoded by the (2 × p)

matrix B(xτ ), we get:

∂Θτ J knn
α =

∑
x∈Ωd

V(x)DM
B,τ (x)

where DM
B,τ (x) = (∂xτ M(x))T B(xτ ). The optimal parameters Θ∗

τ are computed

using the update equation: Θ t+1
τ = Θ t

τ + δt ∂Θτ Iα
knn(Θ t) and accordingly for I ∗knn

α .

2.4 Implementation Details

The numerical complexity of the optimization scheme, dictated by the kNN search al-
gorithm, is reduced by using an approximate nearest neighbor technique [2] with linear
complexity and memory usage w.r.t. the number of samples |Ω| and feature dimension
D. Obviously, complexity increases with k. In practise, this parameter is tuned empiri-
cally by searching for a trade-off between registration accuracy and processing time.
For the cardiac MRI applications hereafter, setting k = 15 yielded satisfying results.

3 Application to Cardiac MRI

3.1 Estimating Myocardial Motion in Tagged MRI Using Pairwise Registration

The proposed model has been applied to the estimation of myocardial deformations
from tagged MRI exams by sequentially performing frame-to-frame registration [12].
We used a local feature vector with normalized components, comprising the greylevel,
and the eigenvalues and eigenvectors of the structure tensor ∂xτ I(x)T ∂xτ I(x) � Gσ

of the image I , computed at a Gaussian scale σ equal to the half-width of the tagging
pattern (D = 5). We studied the impact on registration accuracy of using a directional
local contrast descriptor by comparing performances with a similar registration model
exploiting solely the greylevel information [12]. To be consistent with the later work, we
considered an infinite dimensional (non-parametric) transform space, and a registration
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Table 1. MSE (in pixels) between estimated and ground-truth motion magnitude for simulated
tagged MRI datasets using greylevel (D = 1) and greylevel + structure tensor (D = 5) features

D Base Median Apex

1 0.73 ± 0.31 0.88 ± 0.51 1.53 ± 0.75
5 0.35 ± 0.22 0.42 ± 0.34 0.65 ± 0.59

Table 2. MSE and Pearson correlation coefficient (R2) between estimated and ground-truth pa-
rameters as a function of maximal displacement δ (in pixels) for simulated p-MRI datasets at
median level with random FFD misalignment

δ 1 3 5 7 10

MSE
NMI 0.52 0.76 0.63 0.83 1.5

I∗
α 0.41 0.49 0.57 0.62 0.80

R2 NMI 0.94 0.91 0.93 0.90 0.83
I∗

α 0.95 0.94 0.93 0.93 0.91

Table 3. Dice similarity indices between reference and registration-induced segmentations of the
left ventricle (Lv), right ventricle (Rv) and myocardium (Myo)

Lv Rv Myo

native 0.89 0.003 0.20
registered using NMI 0.98 0.95 0.88

registered using I∗
α 0.98 0.87 0.93

criterion combining Havrda-Charvát information (α = 1.2) and the Nagel-Enkelmann
oriented smoothness stabilizer, and performed experiments on the SPAMM dataset used
in [12]. Qualitative assessment of the estimated displacement fields by an expert cardio-
logist indicate systematic improvement of motion estimates (i) on endo- and epicardial
boundaries, where the tagging signal suffers from poor localization and contrast fad-
ing artifacts, and (ii) over the whole myocardium at end of sequence (Figure 1). This
was confirmed on synthetic tagged MRI sequences generated from natural exams by
warping their first frame with the statistical myocardial motion atlas described in [10].
Comparing the MSE between ground-truth and estimated motion over the dataset shows
that accuracy is improved by a multi-feature registration model (Table 1).

3.2 Groupwise Registration of Perfusion MRI Exams

The proposed model has been also applied to the compensation of cardio-thoracic mo-
tions in partial breath-hold and free-breathing contrast-enhanced cardiac perfusion MRI
(p-MRI) exams. Here, the challenge lies in aligning structures exhibiting highly non-
linear contrast variations and complex deformations. We adopt a groupwise registration
strategy involving a motion-free reference p-MRI exam and using pixel-wise contrast
enhancement curves M(x) = [IM (x1, 1)...IM (xd, d)] (resp. T (x)) as local features
(D = d ∈ [25..35]). Using spatio-temporal features induces an alignment process
driven by the statistical properties of the whole exam, with the expected benefit of an
improved alignment overall consistency compared to classical pairwise schemes based
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Fig. 2. Evaluation of registration accuracy. Top: Simulated unregistered exam (δ = 7) at median
level (d = 34 frames). Bottom: registration over a reference motion-free exam IT using I∗

α.

Fig. 3. Evaluation of registration robustness. Top: unregistered synthetic exam at median level
created by concatenating 3 + 3 frames from 2 different patient exams. Middle (resp. bottom):
registration using NMI (resp. I∗

α). Overlay: registration-induced segmentation derived from a su-
pervised delineation of the heart in a reference frame (top) replicated on all images. Warping arte-
facts over thoracic regions originate from using a synthetic template with uniform background.

on a reference frame with maximal myocardial contrast. We use a matching criterion
combining Renyi information (α = 1.2) and a thin-plate spline stabilizer, which is opti-
mized over a Free-Form Deformation (FFD) basis parameterized by 8×8 control grids.
Registration results were systematically compared with those delivered by a similar
model [6] using a high-dimensional kNN estimator of normalized mutual information
(NMI) instead of Renyi information. To this end, the dataset and experimental valida-
tion protocol described in [6] were used. Results on synthetic sequences, generated by
applying to the reference exam random FFD transforms with control point displace-
ments uniformly distributed in the [−δ, δ] pixels range (Figure 2), show that Renyi in-
formation leads to improving registration accuracy (Table 2). Similar conclusions were
reached for registration robustness (Table 3), which was assessed on composite datasets
synthetized by intermixing frames from different patient exams at the same slice level
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(Figure 3). Processing d = 35 frames at 3 slice levels (i.e. base, medium, apex) requires
approximately 13 minutes on a standard 2.4GHz dual core PC with 2Gb RAM.

4 Conclusion

We have presented novel kNN estimators of high-dimensional α-informations, and de-
rived closed-form expressions of their first variation over finite- and infinite-dimensional
spaces of smooth spatial tranforms. This theoretical framework enables variational multi-
feature nonrigid registration based on a non-Shannon information-theoretic model, and
provides a computationally efficient alternative to entropic graph techniques. The for-
malism, developed for the alignement of 2D image sequences, encompasses both pair-
wise and groupwise registration, and is obviously readily valid in 3D. Future work is
currently directed towards increasing computational performances by using more effi-
cient gradient descent schemes and boosting kNN search using GPU implementations.
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