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Abstract. We consider the problem of surface comparison given as spa-
tial point clouds that can be explicitly projected onto a plane. This prob-
lem can be reduced to comparison of mesh functions of two variables
given on different grids. A general case when both grids are unstruc-
tured and have different density is of interest. A measure to compare
such functions that allow to estimate difference on areas with nodes from
both grids and an algorithm to compute it are proposed. Estimation for
computational complexity of the algorithm is presented. Computing ex-
periments on real data (3d face models) were carried out.

Keywords: discrete surface model, metrics for surface comparison, un-
structured grid, Delaunay triangulation, minimum spanning tree, 3d face
image.

1 Introduction

With the rapid progress of modern 3d scanning technologies [I], objects’ surfaces
can be routinely acquired as discrete surface models, which consist of clouds of
points with 3d coordinates. Spatial objects’ shape can be considered as a set
of schlicht surfaces, i.e., such that can be uniquely projected onto a plane (see
Fig.[)). In this paper, new measures for comparison of such surfaces and effective
methods to compute them are devised.

Exact and computationally efficient algorithms for computing disparity mea-
sures between surfaces are required in many applications of image analysis and
computer graphics. Surface comparison and matching methods are needed to
solve problems of surface classification, registration, reconstruction by its sepa-
rate fragments, etc.

Raw schlicht surface data acquired by 3d scanner can be considered as a
discrete function defined at nodes of (generally speaking) unstructured grid.
This means that nodes of a grid can be spread randomly, i.e., there is no ordered
structure in the grid.

There are two main presentation methods for modelling of schlicht surfaces:
definition of surface on structured (uniform) and unstructured grids (see Fig. ).
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The first method is tedious in case of requirement for sufficiently detailed presen-
tation of surface. Besides, a selection problem of cell size of a grid appears. The
size should be optimal to get adequate accuracy of surface approximation for
concrete applied problem. In case of unstructured grids, surface approximation
quality is higher. At the same time it is required to introduce and design more
complex measures for surface comparison given on different grids and processing
algorithms.

Fig. 1. Examples of schlicht surface (on the left), unstructured grid (in the middle)
and uniform (structured) grid (on the right)

At the first stage of the most proposed approaches for surface comparison two
source unstructured grids are transformed to a general uniform grid [2]. Then a
measure between two surfaces is computed. At the transformation stage inter-
polation and extrapolation of source data are used. Therefore surface approx-
imation quality decreases. A lot of methods are too computationally intensive
for achievement of adequate accuracy. In this paper, we propose the approach,
which saves given nonregularity of grids.

In [3] the author proposed a measure for comparison of functions, which will
be discussed further. The proposed algorithm to compute the measure used
Delaunay triangulations of each point clouds, general Delaunay triangulation
constructed for both clouds, function interpolation on basis of localization of
triangulations in each other and function comparison on single cells of gen-
eral triangulation. Localization was implemented on basis of minimum spanning
trees. In this paper, we concentrate on modifications of this measure for case
when source grids are not only unstructured but also have different density and
designing an effective algorithm to compute new measures.

In practise, such measures are needed for comparison of surfaces acquired
by 3d scanners of different accuracy: there are applications for 3d face model
matching or matching of 3d face model of person and his 3d jaw models in
orthodontics [4]. Jaw models are acquired by special orthodontic scanner of very
high accuracy, 3d scanner for acquisition of face models is of less accuracy.

This paper is organized as follows. A review of surface comparison problem,
formalized problem statement and the proposed measures are given in section 2.
The proposed algorithm for measure computing and evaluation of its complexity
are given in section 3. Section 4 presents experimental results for comparison of
3d face surfaces. Conclusion is given in section 5.
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2 Surface Comparison Problem

Though there has been a great deal of progress in 3d object comparison field,
computationally efficient and accurate surface comparison is still an urgent and
unsolved problem.

2.1 Related Work

A large body of research addresses not to discrete surface model but to ini-
tial continuous surface representation or definition of surface on a uniform
grid [B], [6]. In [5] measure for comparison of surfaces fi, fo defined on grids
g1, g2 was introduced as the following;:

p(f1, f2) = max min d(gid], g2[s]),
gilil€g1 g2[5]€g2
Some researches proposed methods of referencing or comparison by descriptors.
For example, in [7] the objects’ comparison problem was reduced to graph com-
parison problem. Vertices of graph represent separate fragments of object’s sur-
face and edges represent information about their connectivity.

In [8] the problem of surfaces given on different point sets was considered.
Distance from a point of one surface to the other one was computed along a
normal to the nearest spline for this point. Comparison measure based on com-
puting of distance difference along surface normals is interesting as it doesn’t
require transformation of source grids to the common one.

2.2 Mathematical Problem Statement

A 3d schlicht surface S given as a point cloud {(z;,y;, 2;) }}*.; can be considered as
the one-valued function z = F(x,y) defined on the discrete set {(z;,v:)},. We
construct plane Delaunay triangulation of this set. Triangulated surface model
consists of spatial triangles defined by the values z; at nodes (z;,y;) of this
triangulation. Such piecewise linear model interpolates the initial surface S.

Definition 1. A finite point set G : {(x%,y") € R%li = 1,...,N}, N > 3 is
called a nonuniform two-dimensional grid.

Suppose R is a rectangle in R2, G is the set of nonuniform two-dimensional grids
contained in R, F is the set of single-valued functions given on grids from G.

Consider the following problem statement.

Let S1,S2 be two schlicht surfaces defined by discrete functions Fy, Fr € F at
the nodes of grids G1, G2 € G, respectively, Ny = |G1], N2 = |Gz|. It is required
to introduce measures for comparison of surfaces Sy, S and design an approach
to compute them.

Note that two surfaces are given on two different grids and it is not possible
to compute a measure between them directly. So the basic idea of the proposed
approach is to fill "missing” values of each surface at the nodes of the other grid.
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Let E be a continuous piecewise linear function in R2. We say that F approz-
imates F at G if F(m,y) = F(x,y) for all (z,y) € G. By F denote the set of
continuous functions in R? that approximates functions from F.

Denote by 77 and 75 the Delaunay triangulations constructed on grids G;
and (s, respectively. The Delaunay triangulation constructed on the union of
two grids G = G U G4 is called the general (or united) Delaunay triangulation
and is denoted by T

2.3 Proposed Measures

Let p be a function in F such that the following conditions hold: VFy, Fy, F5 €
F:p(F1, Fy) >0, p(Fi, Fo + F3) < p(F1, F2) + p(F1, F3). We shall say that p is
a difference functional of two functions (schlicht surfaces).

Consider a function p(z,y) that defined weight of difference between two
surfaces at a certain point with coordinates (z, y) in accordance with significance
of function similarity in the region contained this point. Let A, B, C' be nodes of
the united grid G. By definition, put:

V(A B,C, F\, Fy) = / / Fi(a,y) — Fo(ey)| play) dedy. (1)
ANABC

In [3], the author proposed the following measure:

pv(Fi,F2) = Y Vu(A,B,C,Fy, F,)/Ssanc, (2)
ANABCEeT

where weighted difference volume is summarised over all triangles A ABC' of
the general triangulation and each summand is normalised by the area of trian-
gle Syapc-

By introducing of function p(z,y) on surfaces the defined measure can be
adapted for concrete applied problems. For example, in case of face models’
comparison, pu can have greater value on regions where skin is close with a skull
than on another regions with more tissues.

In fact, measure ([d)-(2) is an analog of L;-metric for interpolated source
functions Fy and F.

In case u(z,y) is the identical function, similarity of all surface patches allows
with equal weight. But objective nature of data is that source grids are not
always uniform. There often exists such regions, which have sufficiently great
area and consist of nodes from one of the grids only.

Let V be a value of V,, for u(z,y) = 1; suppose py (Fi, F») is measure (@) for
condition of V;, = V: V = V“’,uzl’ PV = pv, ’VM:V.

The defect of py is that it allows both type of regions where nodes from two
grids are mixed with one another and where one of the grids is more thick than
the other using the same weight. Such measure can be successfully used in case
when nodes of both grids are distributed uniformly with roughly equal density.
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In the considered case, when grids are unstructured and have different density
this defect is revealed. To get out from it we propose a measure that takes in
account only representative data, i.e., regions, where nodes of both grids are
concentrated:

pov(fi,f2) = Y. VI(AB,C, fi, f2)/Ssasc- (3)
ANABCET:
NABCETY,
AABC¢T2
We claim that psv (f1, f2) = pv, (f1, f2) for
1, (x,y) EAABC: ANABC € T,AABC ¢ T} or
wlz,y) = AABC ¢ Ty; (4)
0, otherwise.

Indeed, this follows from definition of py,.

3 Methods

During merging process of two Delaunay triangulations 77 and 75, some edges
and triangles move to the united triangulation without changes and some of
them are destroyed. So there are new edges and triangles, which connect nodes
from different grids, in the general triangulation T'.

We say that an edge or a triangle is called interface if it connects nodes from
both of grids G, G2. On Fig.[2lall interface triangles constructed during merging
are filled.

Measure ([3]) is calculated over interface triangles only. Naive algorithm to com-
pute this measure examines each triangle and calculates difference volume () if
this triangle is interface. For effective calculation of the measure more complex
algorithm for extracting of interface triangles is needed.

Note also that in case when nodes of two grids are well mixed with one another
all triangles of T' can be interface. In this case values of measures () and (8]
are equal. The advantage of measure [B]) appears in cases when one surface
is presented in more detail than the other. For example, in practise one can
meet this case solving surface matching problem for surfaces acquired by two 3d
scanners of different accuracy.

Fig. 2. Two triangulated grids (on the left) and united Delaunay triangulation with
fill interface triangles (on he right)
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Fig. 3. Example of face models with different levels of detail

3.1 Algorithm for Interface Triangles Extraction

A set of interface triangles decomposes on several subsets. Each subset is a chain
of triangles, which are pairwise incident by edges. This chain can be closed or
open-ended (see Fig. H)). In the second case each of two terminal triangles has at
least one boundary side, i.e., side from a convex hull Conv(G) of G.

Fig. 4. Two open-ended chains (on the left) and three closed chains of interface trian-
gles (on the right)

Therefore an algorithm for interface triangles extraction reduced to tracing of
chains mentioned above.
Let us introduce concepts of connection for triangulation elements.

Definition 2. A set of nodes and edges (edges and triangles) of triangulation is
called connected if for any pair of its nodes (edges) there exists a chain consisted
of pairwise incident nodes and edges (edges and triangles).

Definition 3. A mazimal connected set of nodes and edges is said to be a clout
if it moves completely (without changes) to general triangulation T from one of
the source triangulations.

Let us remark that the problem of chain tracing can be considered as the problem
of clout location in triangulation.

We say that an interface edge of general triangulation T is called a starter if
it belongs to a chain that is not traced yet. In other words, a starter initializes
the process of chain tracing.

Hence the proposed algorithm for interface triangles extraction consists of the
following stages:
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1. Search for initial starter;

2. Tracing of chain conformable to the found starter;

3. Search for the next starter. If it exists move to the previous stage, otherwise
finish.

Let us consider each stage in detail.

Search for First Starter. Assume that nodes of G; and G are lexicograph-
ically ordered and g¢1[0], g2[0] are the leftmost nodes of grids. Without loss of
generality, we can assume that g1[0] < g2[0].

Let us consider a circle that passes through ¢1[0] and g2[0] of center on hori-
zontal ray with origin at g»[0] directed to the left.

Now we shall give the following definitions. A circle is called empty with
respect to the grid G if it doesn’t contain nodes of G. A circle is incident to
a point if it passes through this point. A circle incident to a point is called a
maximal empty circle if it is empty and has maximal radius. We say that an
edge satisfies the Delaunay condition if there exists an empty circle that passes
through the endpoints of this edge.

By construction, the considered circle is empty w.r.t. Go. At the same time
it can contain some nodes ¢1[i1], ..., g1[in] from G1. Let us construct a set of n
different circles of center at the same horizontal ray that passes through one of
these nodes. Choose a node g1[k] € g1[i1], .- ., g1[in] such that it conforms to the
circle of minimal radius from the constructed set (see Fig. [).

BN

ai[0]"

Fig. 5. Search for initial starter

The circle of minimal radius is empty w.r.t. G; and G2, consequently w.r.t.
G. Tt follows that the edge connected nodes g [k] and g2[0] satisfies the Delaunay
condition and belongs to general triangulation T'. The edge ¢1[k]g2[0] is the first
starter because the conditions of the following theorem hold.

Theorem 1. (starter existence criterion) A node g1[i] of a grid Gy has an inci-
dent interface edge of the general Delaunay triangulation constructed on G1UG>
iff there exists a circle C' such that the following conditions hold

(i) C is incident to this node;
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(it) C is empty w.r.t. the set G \ {¢1]i]};
(iii) C contains inside or on the boundary at least one node of the second
grid Gs.

Proof. Necessity. If two nodes of different grids GG, G2 form the interface edge of
T then they have the incident empty circle that satisfies all required conditions
by definition.

Sufficiency. Suppose v € (G1 and there exists the circle such that it is incident
to v, contains inside and/or on its boundary nodes wui,...,u,, € G2 but is
empty w.r.t. other nodes of G1. Let us consider a set of m embedded circles that
pass through pairs of nodes v, u;, i = 1,...,m and have the common with the
initial circle tangent at v. The circle from this set of minimal radius is incident
to v € G1, ur € G2 and empty w.r.t. G; U Ga. Therefore nodes v and uj form
the interface edge, which can be chosen as a starter.

Search time for the first starter is composed of time to compute the leftmost
nodes of both grids and single look-up of nodes from G5 during circle of minimal
radius search. Thus time is linear in number of nodes in united grid.

Tracing of Chain of Interface Triangles. During tracing process sequential
extraction of interface edges occurs. An interface edge extracted on a certain
iteration is declared as current. The first starter becomes the first current edge.

Let AB be a current edge. During joining of edges AB and BA to lists of
incident nodes for A and B, respectively, edges of these lists (bundles) that
don’t satisfy the Delaunay condition must be destroyed. Hence bundle correction
procedure for interface edge is needed (see Fig. [f). It is based on checking the
Delaunay condition by angle criterion [9].

The tracing process for chain using the found starter consists of the following
steps:

a) To declare the starter as a current edge;

b) To correct bundles of endpoints of the current edge in the triangulations 71,
T (destroy edges that don’t satisfy the Delaunay condition);

c¢) To construct a new edge that connects nodes of different grids;

Fig. 6. Bundle correction for an interface edge AB. Edges AA; and BB, are destroyed
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d) To destroy edges in T} and T» that intersect the triangle formed by he current
and new edges;
e) To declare the new edge as a current and go to @

The tracing algorithm has analogy with an algorithm for Delaunay triangulation
construction, which consists of cleaning and sewing together stages, from [10].
If on step a new edge coincides with the starter then the traceable chain
is closed. If we don’t succeed in new edge construction then the current edge is
a terminal edge of the chain. In the last case it is needed to continue the tracing
process from the starter to the other side until the second terminal edge is found.

Search for Next Starter. Search of the rest of the starters is implemented
using minimal spanning trees (MST) for Delaunay triangulations Ty, Ty as if
during chain tracing process connection of Delaunay triangulation is disturbed
(see Definition [2) then there must be an edge of MST in the set of destroyed
edges.

Let us introduce some definitions. We say that a bridge is an edge of MST for
Ty or T such that it was destroyed during chain tracing process. An influence
circle of a bridge is a circle such that this bridge is a diameter of it. One of the
endpoints (nodes) of a bridge belongs to already traced chain and the other one
is still a free node.

Lemma 1. For any free node there exists an incident starter.

In these terms, a free node, which has an incident starter for initialising chain
tracing process, is generated during bridge destroying.
The following lemma is used to look for the second node of the starter:

Lemma 2. Suppose B is a free node, A is a node of a triangulation T, a
pair A, B forms a starter. Then B is inside of at least one of the maximal
empty circles in T that are incident to A.

Search for starter using the free node A and the bridge AB consists of the
following steps:

a) Search for traced interface triangle such that there is the free node A in the
circumcircle of it (using search along AB);

b) Search for interface triangles such that they are adjacent to the found triangle
and there is A inside their circumcircles;

c¢) To construct a set D = {Dy,...,D,} of nodes of the found triangles that
are inside of the influence circle for the bridge AB;

d) To construct a circle of center on AB that passes through the nodes D;,
A for any D; € D and select the node D;- that conforms to the circle of
minimal radius (similarly to search for the first starter). The edge D;« A,
which connects the selected node with the free one, is a new starter.

3.2 Computational Complexity of the Algorithm

In this subsection we present some auxiliary lemmas for evaluation of complexity
of the proposed algorithm.
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By the above a bridge is an edge of MST. MST of a triangulation is a subgraph
of this triangulation [I2]. This means that the influence circle of a bridge is
empty w.r.t. endpoints and middle points of this bridge. Using this property we
can estimate intersection measure between a bridge and the influence circle of
another bridge.

Lemma 3. A bridge can not cut from the influence circle of another bridge an
arc of size more than 60°.

Lemma 4. Suppose AA; and BB are bridges of a triangulation Ty, both AA;
and BBy intersect an edge PQ of a triangulation Ts, node P is inside of both
influence circles of the bridges AAi1, BBy. Then different of angles ZAPA;
and £LBPBy is not less than 60°.

Lemma 5. Suppose an edge of Ty intersects several bridges of To. Then an
endpoint of this edge is inside of influence circles of at the most two bridges.

This implies that we can estimate number of bridges in 7 that can be destroyed
by an edge of T5.

Lemma 6. During merging procedure of two Delaunay triangulations each edge
intersects at the most four bridges that it destroys.

The above four lemmas were proved by Mestetskiy, Tsarik in [I3]. These lemmas
are needed for proof of the following theorem.

Theorem 2. Computational complezity of algorithm for interface triangles ex-
traction is O(N), where N is a number of nodes in general grid.

The proof is omitted.
Let us consider main stages of general algorithm for computing measure (3)
(see [14]) and complexity of each stage:

1) Construction of Delaunay triangulations Ti, T»: O(NplogNi) +
O(NQ log NQ),

2) Counstruction of minimal spanning trees of triangulations using Cherion, Tar-
jan algorithm (see [15]): O(Ny1) + O(N3);

3) Localization of each of two grids G1, G2 in the triangulation of the other
grid: O(N) experimentally;

4) Interpolation each of two functions Fi, F5 on the grid that the other function
is defined on: O(N);

5) Extraction of all interface triangles: O(N);

6) Summing V over all interface triangles, we obtain value of measure: O(N).

Note that stage doesn’t use results of stages and It can be proved
that stage can be implemented during or after extraction procedure using
its intermediate results. Hence theoretical complexity (not only experimental) of
stage is linear.

Therefore total computational complexity for measure computing of surfaces
given by discrete models is O(N log N) because of triangulation construction
stage. In case of surfaces are given by triangular models the complexity is O(N).
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4 Experiments

Computational experiments were carried out on 3d face models acquired by
3d scanner Broadway?™ designed by Artec Group Company [I]. The database
consists of 48 models received by scanning of 8 different persons (6 different
models for each person). Different models of one and the same person were used
as surfaces for comparison.

Suppose Si, S are surfaces for comparison, S} is a reduced (simplified) second
surface. S} is acquired from Ss by uniform random thinning of the second grid.
As the result of thinning 15% nodes of the second grid were removed.

Grids of S1, S2 are unstructured (nonuniform) but has approximately equal
density. Hence we assume a value of measure (2]) between them as adequate initial
estimation. Grids of S; and S} are unstructured grids with different density.

Table [Il shows an example of measure values for comparison of surfaces from
the database. We see that the measure (3) estimates difference between surfaces
S1 and S} more adequate than the measure (Z). Values of both measures (2))
and (B)) are bigger than the initial estimation but the difference between ([B]) and
the initial estimation is less. Similar results were received for the rest models of
the database.

Table 1. Value of measures (@) & (B) for surface comparison

Measure Value (mm) Comments
pv (51, S2) 7094 Adequate estimation for S; & S2
pv(S1,85) 17963 pv(S1,8%) > pv(S1, Se)
psv(S1,S3) 10884 psv (S1,82) = pv (S, 52)

5 Conclusions

New measure adapted for comparison problem of surfaces defined on unstruc-
tured grids with different density is introduced. An efficient algorithm for mea-
sure computing is proposed.

The measure allows only surface fragments that are represented by nodes of
both grids. We call such fragments interface fragments. For efficiency of mea-
sure computing a new algorithm for interface triangles extraction is proposed.
Computational complexity of the algorithm is presented.

Computing experiments for comparison of surfaces defined on grids with dif-
ferent density were carried out. As experimental estimations have shown, the
introduced measure is adequate for such kind of source grids.
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