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Abstract. It has been shown that many kernel methods can be equiva-
lently formulated as minimal enclosing ball (MEB) problems in a certain
feature space. Exploiting this reduction, efficient algorithms to scale up
Support Vector Machines (SVMs) and other kernel methods have been
introduced under the name of Core Vector Machines (CVMs). In this
paper, we study a new algorithm to train SVMs based on an instance of
the Frank-Wolfe optimization method recently proposed to approximate
the solution of the MEB problem. We show that, specialized to SVM
training, this algorithm can scale better than CVMs at the price of a
slightly lower accuracy.

1 Introduction

Support Vector Machines (SVMs) are currently a well known set of methods to
address classification and other machine learning problems with successful results
in several application fields. SVMs are usually formulated as the solution of a
convex quadratic programming problem (QP), for which a naive implementation
requires O(m?) space and O(m?) time in the number of examples m [I5/18§],
complexities that are prohibitively expensive for large scale problems. Major
research efforts have been hence directed towards scaling up SVM algorithms to
large datasets.

Due to the typically dense structure of the matrices involved in the QP, large
SVM problems are usually adressed using an active set method where at each it-
eration only a small number of variables are allowed to change [T48/T3]. The most
prominent example is Sequential Minimal Optimization (SMO [4/13]), where only
two variables are selected for optimization each time. The main disadvantage of
these methods is that they tend to have slow convergence when getting closer to
the solution and performance results in practice are very sensitive to the size of
the active set, the way to select the active variables and other implementation

I Bloch and R.M. Cesar, Jr. (Eds.): CIARP 2010, LNCS 6419, pp. 87[95] 2010.
© Springer-Verlag Berlin Heidelberg 2010



88 E. Frandi et al.

details like the caching strategy used to avoid the repetitive computation of the
kernel function [I4]. Other attempts to scale up SVM methods consist in adapt-
ing interior point methods to some classes of the SVM QP [5]. For large-scale
problems however the resulting rank of the kernel matrix can still be too high
to be handled efficiently [18]. The reformulation of the SVM objective function
[6], sampling methods to reduce the number of variables in the problem [ITJI0]
and the combination of small SVMs using ensemble methods [12] have also been
explored.

A key observation exploited in [I8] is that the QP underlying many SVMs is
equivalent to the QP defining a minimal enclosing ball (MEB) problem, that is,
the problem of computing the ball of smallest radius containing a set of points.
Recent advances in computational geometry have demonstrated that there are
algorithms capable to approximate a MEB with any degree of accuracy € in
O(1/e) iterations independently of the number of points and the dimensionality
of the space [I8]. Based on these ideas, [I§] obtains an algorithm to train SVMs
which exhibits linear time-complexity in the number of examples m approximat-
ing the solution with any desired accuracy. Experiments in [18] confirm that this
approach can be faster than SMO in large-scale problems [4/13].

In this paper, we study a new algorithm to exploit the reduction of SVMs to
MEBSs, which can still approximate the solution with any degree of accuracy e but
is considerably simpler than [I8]. The algorithm completely avoids the resolution
of reduced QP problems at each iteration and the corresponding computation
and storage of reduced gram matrices that [I8] need to by-pass using SMO and
a caching strategy. Experiments in small, medium and large-scale classification
problems show that, specialized to SVMs, this algorithm to compute MEBs is
slightly less accurate than [I8] but can significatively improve the complexity
and actual running times of this algorithm.

2 MEB Problems and Support Vector Machines

As pointed out first by [I8] and then generalized by [19], several SVM methods
can be equivalently formulated as MEB problems in a certain feature space, that
is, as the computation of the ball of smallest radius containing the images of the
dataset under a mapping into a dot-product space Z.

Consider a dataset S = {x; : 4 € I} C X indexed by I = {1,2,...,m} and
a mapping ¢ : X — Z, such that k(x;,x;) = ¢(x;)T ¢d(x;) Vi,j € I for a given
kernel function k. The closed ball of center ¢ € Z and radius 7 € R* is denoted
by B(c,r). The MEB B(c*,7*) of ¢(S) can hence be defined as the solution of
the following optimization problem

min, 2 , 7 (1)
st: |o(x;) —c|?<r? Viel,

whose Lagrange dual is given by [20]
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max, P(a) =), ; a,»];(x,»’xi) — Ei,jel ok (xg,X;) (2)
st:) c;i=1, s >0Viel.

If we denote by a* the solution of (), the center c¢* and the squared radius
7*2 of the MEB of ¢(S) follow from strong duality:

f =) ojolx) i ¥ =d(a”). (3)

il

Problem (@) coincides with the formulation of a number of kernel methods by
correspondingly setting the kernel function k. For L2-SVMs [I8] for example, we
are given a set of labels {y; : « € I'} for the set of training inputs {x; : ¢ € I} and
we are aimed to implement a decision function to predict the class of new inputs
x € X. If the problem is two-class we can suppose without loss of generality that
y; = +1 if x; belongs to the first class and y; = —1 if x; belongs to the other
class. SVMs implement a decision function of the following form [I5]

h(x) = sign (Z aiyik(xi, x) + b) , (4)

icl

where k is a kernel function used to implement non-linear classification bound-
aries in non-linearly separable cases and the weights «; are determined by mini-
mizing a risk functional. This functional takes the form of problem (&) if we set
k to

k(xi,%5) = yiy; (k(xi; %) +1) 4645/ C, ()

where C'is a regularization parameter used within the SVM to handle noisy data.
Details can be found in [I8]. The kernel & is required to satisfy the following
normalization condition

k(x;,%x;) = A% = constant, (6)

which is automatically satisfied for SVM kernels of the form k(x;,x;) = g(||x; —
x,|). Equivalent constructions for other kernel methods including regression and
novelty detection are presented in [I8] and [19]. Refer also to [19] for studies on
kernels which do not satisfy the normalization condition.

3 Approximate MEBs and Core Vector Machines

The problem of computing the minimal enclosing ball of a set of points has
a long history in computational geometry [20]. Traditional algorithms to find
exact MEBs scale exponentially in the space dimension and hence could not be
applied to SVM problems in which the feature space induced by the kernel is
high-dimensional. Recent advances have been obtained by shifting the attention
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to approximation algorithms capable to output a ball near the MEB by a given
degree of precision.

Given € > 0, a ball B(c,r) C Z is said to be an (1 + €)-approximation to the
MEB B(c*,r*) of A C Z (or more shortly an (1 4 ¢)-MEB of A) if r < r* and
A C B(c,(1+¢€)r).

In [1] and [20], algorithms to compute (1 + €)-MEBs that scale independently
of the dimension of Z and the cardinality of A have been provided. These al-
gorithms are built on the concept of e-core set for A, that is, a subset C C A
whose MEB is a (1 + ¢)-MEB of A. In particular, the algorithm described in [I]
is able to provide an e-core set of a set A in no more than O(1/¢) iterations. We
denote with C) the core set approximation obtained at the k-th iteration and
its MEB as By, = B(cg, ). Starting from a given Cy, at each iteration Ciq is
defined as the union of Cj, and the point of A furthest from cj. The algorithm
then computes Bj41 and stops if B(cgy1, (1 + €)rg41) contains A.

Exploiting these ideas, Tsang and colleagues introduced in [I8] the CVM (Core
Vector Machine) for training SVMs supporting a reduction to a MEB problem.
CVM is described in Algorithm [I where each Cj is identified by the index set
I). C I. The expression for the radius ry, follows easily from (). Moreover, it is easy
to show [I8] that step 10 exactly looks for the point x;» whose image ¢(x;~) is the
furthest from cj. The index 7* is then included in the index set and the reduced
QP corresponding to the MEB of the new approximate core set is solved.

Data: S = {(xi,:) : i € I}, indexed by I = {1,2,...,m}, ¢, Io, ao.

1 For any a € R, define R(a) = Dijer, Qicgk(xi x;);

2 A2 — ];(thl);

3 1§ «— A% — R(aw);

o e arg max 0% @) = A% 4 Rlow) ~ 25,0, 00K (x5, x0):
5 k«— 0

6 while §°(i*, ax) > (14 ¢)*r7 do

7 k—Fk+1;

8 Iy %Ik_lU{i*};

9 Find ay by solving the reduced QP

;161%17}1 Rla) sit. 3,0 ai =1, ai > 0Vi € Iy

10 rz «— A% — R(ay);
11 e argmax 82(i, ) = A + R(a) =23 ¢, r k(%5 %:);
12 end

13 Output Is = I, @ = ay.
Algorithm 1. Training SVMs using Approximate MEBs (MEB-SVMs)

Algorithm [I] has two main sources of computational overhead: the computa-
tion of the furthest point in step 10, which is linear in m, and the solution of
the optimization problem in step 8. Complexity of step 10 can be made constant
and independent of m by suitable sampling techniques [18]. As regards the op-
timization step 8, CVMs adopt a SMO method [4/13], where only two variables
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are selected for optimization at each iteration. It is known that the cost of each
SMO iteration is not too high, but the method can require a large number of
iterations in order to satisfy reasonable stopping criteria [13].

4 The New Algorithm for MEB-SVMs

In this section we provide a new algorithm to train SVMs based on approximate
MEBs, which avoids the resolution of the reduced QP problem at each iteration
of Algorithm [Il For this purpose we adopt a variant of the Frank-Wolfe algo-
rithm, recently studied in [3] and [20]. The Frank-Wolfe method (see Algorithm
2l where e; denotes the i-th vector of the canonical basis of R™) solves the gen-
eral problem of maximizing a concave function g(«) on the unit simplex.

| o e, with ig = arg max g(e;) ;
2 for £k =0,1,...until a stopping criterion is satisfied, do

i« arg max Vg(ay);;
S

3
. — argkrg[gﬁ}g(( Jag + Aej-)
5 apr1 — (1= X ay, + Ne;x;

6 end

Algorithm 2. The Frank-Wolfe Algorithm

Consider now the problem defined in (). The gradient of @(«x) is given by
Vo(a); =k(x;,%;)—2 Ejel ajk(xi, %) =0(x;) T d(x:) =20 (x;)T (Zjel a]¢(xj)).

Furthermore, given any oy, we can define the ball By = B(cy, ), where ¢, =
> jer @id(x;) and r? = ®(ay). In this way, step 3 of Algorithm 2] corresponds to

arg max (6(xi)" o(xi) — 29(x:)"cx) = arg max llex — o(xi)1? (7)
that is, step 3 selects the point maximizing the distance from the center of By,
as does step 10 of Algorithm[Il Moreover, the updating formula for c shows that
only the 7*-th entry of o can become nonzero at each iteration. The optimization
step 4 is analytic: indeed, it can be shown [3/20] that

2
1 T

A= —
2 2ler — p(x+)

2 ®)

In [20], it has been proved that {ry} is a monotonically increasing sequence.
On the other hand, ri is bounded by the radius r* of the optimal MEB. There-
fore, if we stop the Frank-Wolfe procedure with the same criterion as in Algo-
rithm [T} then we have r, < rx, that is, Ij, identifies a core set for ¢(S) and By, a
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(14 €)-MEB. In conclusion, we can preserve the main structure of Algorithm [I]
substituting step 8 with a step 8 defined as follows:

* * . * 1 ri
apy1 — (1 — Ay + Aejr, with A «— (2 - 252@*’0%)) .

This way, we are able to avoid the solution of reduced QP problems. The cost
of each iteration of the algorithm is now dominated only by the computation of
the furthest point from cj. The new algorithm hence offers considerably lighter
iterations, whose complexity does not depend on additional numerical routines.
Moreover, a theoretical bound in terms of € on the total number of iterations,
exactly identical to that of CVMs, holds. Indeed, Yildirim [20] proved that the
method computes an e-core set in O(1/e) iterations.

Remark. From a numerical optimization point of view, the following remark
might be of interest. From Theorem 2.2 of [3], we have that &(a*) — &(ay) <
4C¢/(k + 3), where Cy is a constant, bounded by the squared diameter of the
MEB of S, that is, 4&(a*). Therefore, &(a*) — &(ar) < 16&(a*)/(k + 3). It
follows that the relative error (P(a*) — P(ar))/P(a*) is smaller than any fixed
tolerance 7 after (16/7 — 3) iterations.

5 Experiments and Conclusions

We provide experiments on 13 datasets listed in Table[Il The size of each prob-
lem is quantified by considering the number of training examples m and the num-
ber of classes K. Since we employ a one-versus-one method for multi-category
classification [9], the number of binary submodels to compute is given by sx =
K(K — 1)/2 [15]. The average number of examples for submodel is denoted by
my. The datasets Kdd-full, Ijcnn and extended Usps (abbreviated as Usps-ext)
were used as in previous research to test the large-scale capabilities of CVMs [1§]
and are available at [I7]. The other problems are available at [7] or [2]. For prob-
lems without a predefined test-set (Iris, Wine, Glass and Kdd-10pc) a 20% of the
data was randomly selected and reserved to assess prediction accuracy.

SVMs were trained using a gaussian kernel k(x1,X2) = exp(—||x1 — x2%/0?).
For datasets Kdd-full, Usps-ext and Ijcnn we used the hyper-parameter values
reported at [I8/16]. For the small datasets (< 10* examples) hyper-parameters
were determined using 10-fold cross-validation. For the remaining datasets o2
was set to the average squared distance among training patterns and C' was
determined on a logarithmic grid [2°,2'2] using a validation-set (30% of the
training-set). In order to compute Iy and o for Algorithm [l we adopted the
initialization procedure of [I7]. We also adopted the LRR caching strategy de-
signed in [I7] for CVMs to avoid the computation of recently used kernel values.

Tables [ and 2l summarize the experimental results obtained after training
with the parameters determined by the model-selection procedure. The proposed
algorithm is denoted here as FVM (acronym of Frank-Wolfe Vector Machine).
In Table [ we present accuracy and running times obtained on a 2.40GHz Intel
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Table 1. Dataset features (first 4 columns) and Performance of the two algorithms
(last 4 columns)

Dataset

Glass
Wine

Iris
Letter
Usps
Pendigits
Protein
Mnist
Shuttle
Ijcnn
Kdd-10pc
Usps-ext
Kdd-full

Dataset

Glass
Wine

Iris
Letter
Usps
Pendigits
Protein
Mnist
Shuttle
Ijcnn
Kdd-10pc
Usps-ext
Kdd-full

m

1.4E4-02
1.1E+02
1.2E4-02
1.5E4-04
7.3E4-03
7.5E+03
1.8E4-04
6.0E+04
4.4E+04
5.0E+04
4.0E+05
2.7E+4-05
4.9E+06

K

mk

2.3E+01
3.8E+401
4.0E+01
5.8E4-02
7.3E402
7.5E+02
5.9E+03
6.0E+4-03
6.2E4-03
2.5E+04
7.9E4-04
1.3E+05
2.4E+4-06

Accuracy (%)

CVM
67.93
97.49
96.24
97.44
95.76
98.40
69.84
98.53
99.77
98.55
99.92
99.50
90.88

FVM
55.81
97.49
94.62
95.98
95.37
97.91
60.91
97.82
98.41
95.17
98.84
99.25
91.66

Time (secs)

CVvM
1.5E-01
5.0E-02
5.5E-03
3.2E+01
6.3E4-00
5.3E-01
8.7E+03
4.0E+02
2.1E+4-00
1.3E+03
1.3E+403
1.8E+01
1.4E+00

Table 2. Detailed measures of complexity

Number of

Support Vectors
FVM

1.4E402
6.4E+401
7.0E+01
9.4E4-03
2.1E+03
1.7E+03
1.4E404
1.2E+4-04
7.7TE+02
7.1E403
1.4E+403
5.6E4-02
7.0E+02

CVM

1.2E4-02
5.6E+401
1.4E4-01
6.8E+03
1.6E+03
7.6E+02
1.5E4-04
1.0E+04
3.1E+02
8.0E+03
1.1E+04
5.4E4-02
1.6E4-01

Kernel Evals
(with Cache)
CVM

2.8E+04
1.0E+4-04
5.3E+03
3.6E+07
6.6E4-06
2.3E4+06
3.2E+08
1.9E4-08
8.8E+05
6.5E+08
1.9E4-09
1.6E407
6.6E+04

FVM

2.8E4-04
1.0E+-04
9.3E+03
6.6E+07
8.4E+4-06
8.2E+4-06
2.7E+408
2.3E+08
3.0E+-06
7.2E408
1.4E+07
9.3E+-06
1.5E+07

Kernel

(without Cache)

CVvM

1.3E+07
4.7E4-06
4.7E+05
2.5E+09
1.8E+4-08
2.7E+07
7.9E+11
1.5E+10
1.7E+08
1.2E+11
6.9E+10
5.4E408
7.0E+-06

Evals

FVM

5.6E405
4.0E+05
3.8E405
2.1E+09
1.5E+-08
8.7E+07
7.2E409
1.1E+09
5.5E406
2.4E+4-09
2.7E+07
9.7E+-06
1.5E+07

FVM
8.0E-03
3.5E-03
3.0E-03
1.2E+01
6.0E+00
1.1E+00
3.0E402
3.0E+402
3.3E-01
1.0E4-02
2.5E+00
6.7E+-00
4.7E+00

SMO-It

CVM

2.8E+405
1.5E+05
1.7E404
2.6E4-07
1.7E+06
4.5E+05
1.5E+08
3.1E+07
2.0E+-06
3.1E4-07
2.2E4-07
1.1E+06
1.7E+05

Core 2 Duo with 2GB RAM running openSUSE 11.1. In Table 2] we present
platform-independent measures of complexity: the number of Support Vectors
in the resulting model, which determines model complexity, and the number
of kernel evaluations, that is, the number of times that the kernel function is
evaluated on a pair of examples, which is frequently used as the measure of algo-
rithmic complexity for kernel methods. Table [2] presents both the total number
of kernel evaluations required by the algorithm and the values effectively com-

puted after checking the cache: Kernel Evals (without Cache) and Kernel Evals

(with Cache) respectively. Finally, we report the total number of SMO-iterations

(SMO-1It) carried out by the CVM algorithm.
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Experiments show that FVM exhibits a slightly lower accuracy than CVM
but a quite better algorithmic complexity, measured as the number of kernel
evaluations. Even if the caching strategy benefits significatively more to CVM
than FVM, by reducing by some orders of magnitude the number kernel evalu-
ations that CVM effectively computes, our method exhibits much better actual
running times in all the cases but two (on one of them CVM is faster at expenses
of the classification accuracy).

Note that the number of support vectors (training points taking part in the
final model) is of the same order for both algorithms. However, CVM computes
on average between 103 and 10* SMO iterations for each support vector in the
model while for FVM the inclusion of a new active point in the model involves
the evaluation of a single analytical rule (see section 4). The overall runtime dis-
advantage of the CVM algorithm can hence be explained by the additional cost
of the SMO iterations, which are completely avoided in the proposed algorithm.
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