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Abstract. Intra-operative registration is one of the main challenges re-
lated to computer-assisted interventions. One common approach involves
matching intra-operatively acquired surfaces (e.g. from a laser range
scanner) to pre-operatively acquired planning data. In this paper, we pro-
pose a new method for correspondences search between surfaces, which
can be used for the computation of an initial alignment. It generates
graph representations and establishes correspondences by maximizing a
global similarity measure. The method does not rely on landmarks or
prominent surface characteristics and is independent on the initial pose
of the surfaces relative to each other. According to an evaluation on a set
of liver meshes, the method is able to correctly match small submeshes
even in this presence of noise.

1 Introduction

Computer-assisted interventions generally require registration of pre-operative
planning data with the patient’s anatomy. Usually this registration is performed
through the use of landmarks. Another approach to achieve this is to acquire
intra-operative surfaces (e.g. with a laser range scanner) and match them to
surfaces extracted from the planning data. Some commercial systems integrate
such surface acquisition technologies for marker-less registration (e.g. BrainLab
VectorVision�). However, a complete view of the organ of interest is usually not
available in intra-operative situations, making only the acquisition of a partial
surface possible, which must be matched to a reference surface [1]. Furthermore,
many physical factors, such as lightning and reflexivity, may influence the ac-
quisition devices and generate noise. In general, the process of surface matching
comprises three steps: feature extraction, correspondence search and transforma-
tion computation [2]. Regardless of the choice of a transformation class (rigid,
affine, free-form deformation) and the method for computing it, the matching
result depends crucially on the correspondences established in the second step.

Despite the various surface matching methods that have been presented so
far (e.g. [3,4]), we found that most of them rely on the identification of points in
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prominent regions and disregard the spatial relation between descriptors, thus
neglecting contextual information that can be crucial for the correct and unam-
biguous match of small submeshes. In this paper, we present a graph matching-
based method for finding correspondences between region features which does
not rely on prominent characteristics or on an initial alignment of the meshes.
This method is based on the determination of a maximal global similarity, in-
stead of searching for common subgraphs, making it robust to noise.

2 Methods

Our method for correspondences search is performed according to the following
procedure (Fig. 1): First, the input meshes are segmented (sec. 2.1). Next, a
graph representation is generated from both meshes (sec. 2.2). A graph matching
method based on the maximization of a global similarity measure is used for
establishing correspondences (sec. 2.3). A method for the elimination of false
assignments is employed in the last stage of the graph matching procedure. The
established correspondences can then be used to rigidly align the two surfaces,
using e.g. the centroids of the assigned region pairs as corresponding points.

Fig. 1. The correspondence search pipeline. In order to match two surfaces, they are
smoothed, segmented and graph representations are created. Those graphs are than
matched in order to establish correspondences between the surfaces, by the maximiza-
tion of the global node assignment similarity.

2.1 Mesh Segmentation

In this step, the input meshes are subdivided into regions that share similar
descriptors. In theory, any method for mesh segmentation can be used here. In
this paper, we adopted two curvature-based measures that describe the local
shape of a particular mesh: the shape index and curvedness, which are both
position and orientation independent [5]. Given two adjacent vertices, v1 and v2,
the distances in shape index (�s) and curvedness (�c) between v1 and v2 are
computed according to the following equations:

�s(v1, v2) = |s(v1)− s(v2)| (1)
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�c(v1, v2) =

⎧
⎪⎨

⎪⎩

max(c(v1),c(v2))
min(c(v1),c(v2))

− 1 min(c(v1), c(v2)) > 0
0 c(v1) = 0 ∧ c(v2) = 0
∞ otherwise

(2)

Because of the fact that the curvedness scales inversely with size [5] and is thus
dependent on the actual size of the object, computing its distance as a quotient
leads to a scaling invariant measure. In the case where one of the vertices is
associated with a planar surface region (c(v) = 0), there is either no variation,
when both vertices are planar, or it is set to ∞ (maximal distance).

Starting at any vertex v, we use local distances of shape index and curved-
ness between it and its neighbors to segment the mesh. Vertices with descriptor
distances smaller than given threshold values (ts for shape index and tc for
curvedness) are assigned to the same region. Each region R is then represented
by a 2-tuple R̄ = (s̄R, c̄R), which is composed of the means of the shape indices
and the curvedness values of all points contained in it.

2.2 Graph Construction

Once a surface S has been partitioned into regions, an attributed graph GS =
(VS , ES) can be constructed, where VS is a set of nodes and ES is a set of arcs.
Every n ∈ VS represents a surface region R and is attributed with the respective
representative R̄. Every arc e ∈ ES represents a neighborhood relation between
two regions Ri and Rj on S. Each arc e is oriented from the region with lower
curvedness to the region with higher curvedness.

2.3 Graph Matching

Given two graphs GA = (VA, EA) and GB = (VB , EB), a similarity matrix
between their nodes is computed. This matrix is then used to compute an as-
signment between the nodes, such that the global similarity (the sum of the
similarity of all assigned node pairs) is maximal.

Let us define the matrix SV = [pnBnA ]|VB |×|VA|, which holds the similarity
scores between the nodes of GA and GB. SV is composed of two parts

SV ← ST + SR (3)

where, ST = [qnBnA ]|VB |×|VA| represents the topological similarity scores, and
SR = [rnBnA ]|VB |×|VA| represents the region similarity scores. Once, the similari-
ties have been computed, SV is used to determine an optimal global assignment.

Topological similarity scoring. The topological similarity scores are com-
puted locally for each pair of nodes in (VB×VA) through a neighborhood scoring
method [6]. According to this method, two nodes are considered similar if their
topological neighborhoods are similar. Starting with initial node scores, the sim-
ilarity between two particular nodes is computed as the sum of the similarity
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between their neighbors. This procedure is repeated until a convergence limit is
reached. In this way, scores between nodes propagate along to neighboring nodes
at each iteration step.

Let us assume two nodes nA ∈ VA and nB ∈ VB, and the functions s(e) that
returns the source node of a particular arc e, and t(e) that returns the target
node. The scores are computed iteratively as follows:

qk
nBnA

←∑
s(eB)=nB ,s(eA)=nA

(qk−1
s(eB)s(eA) + qk−1

t(eB)t(eA))+

∑
t(eB)=nB ,t(eA)=nA

(qk−1
s(eB)s(eA) + qk−1

t(eB)t(eA))
(4)

until |qk
nBnA

− qk−1
nBnA

| ≤ ε for every nA and nB, where ε denotes the convergence
limit.

Instead of setting q0
ij = 1, for every i and j, as proposed by Zager and Verghese

[6] in the case where no previous information about the nodes is available, we use
the region similarity scores to initialize it, with cut off thresholds of ∞. Zager
and Verghese [6] have proven equation 4 converges independent of the initial
values chosen.

Region similarity scoring. Topological similarity by itself would be insuffi-
cient for finding corresponding node pairs because many nodes are topologically
identical. To address this issue, we also compute the similarity between the
regions using their representatives R̄ (sec. 2.1). The similarity scores between
them are evaluated through a Gaussian kernel, which assigns higher scores to
smaller descriptor distances, while giving smaller scores to higher distances. As-
suming two region representatives R̄1 and R̄2, we denote their shape index and
curvedness distances as �̄s(R̄1, R̄2) and �̄c(R̄1, R̄2) respectively (sec. 2.1). The
Gaussian kernel is defined as follows:

g(�, σ, τ) =

{
−∞ d > τ

e−
�2

σ2 d ≤ τ
(5)

where � is the distance, σ is the kernel width and τ is the threshold. Having
nA ∈ VA and nB ∈ VB , the region similarity matrix is computed as follow:

rnBnA ← g(�̄s(R̄A, R̄B), σs, τs) + g(�̄c(R̄A, R̄B), σc, τc) (6)

for every nA and nB. In the equation σs and τs denote the shape index kernel
width and threshold parameters, and σc and τc denote the curvedness ones.

Assignment computation. In this stage, an assignment between the nodes
of both graphs is computed, such that the global similarity is maximal. This
problem is known as assignment problem and there are several methods to solve
it [7]. Those methods take a cost matrix and create assignments between each
row element to a column element, such that the sum of the costs of the assigned
elements is maximized. We use the node similarity scores matrix SV as a cost
matrix and apply the popular Munkres’ algorithm [8].
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Elimination of false assignments. In order to reduce false matches among
the assigned nodes, we adopt the premise that, if a particular node nA ∈ VA was
assigned to a node nB ∈ VB , there must be some other nodes in the neighborhood
of nA that were assigned to nodes in the neighborhood of nB. If this premise is
not confirmed, then the assignment between these nodes is probably incorrect
and is removed.

Let Nh
n denote the topological neighborhood with radius h of a particular

node n, and C(NhA
nA

, NhB
nB

) be a function that returns the number of nodes in
the set NhA

nA
that are assigned to nodes in NhB

nB
. If nA was assigned to nB in

the assignment computation stage, this assignment is eliminated if the following
equation does not hold:

C(NhA
nA

, NhB
nB

) ≥ β (7)

where β denotes the minimal number of node assignments that must exist bet-
ween NhA

nA
and NhB

nB
in order to maintain the assignment between nA and nB.

3 Evaluation

We performed three evaluation studies on five liver meshes, to assess the robust-
ness of the proposed method with respect to the submesh size (sec. 3.1), the
influence of the shape descriptor (sec. 3.2), and the influence of noise (sec. 3.3).
In all studies, an initial alignment between the shapes was obtained through
a transformation that matched the centroids of the assigned regions in a least
squares sense.

3.1 Evaluation of Robustness with Respect to the Submesh Size

The following experiment was performed for each reference surface: For each
integer i in [1, 50], 500 random submeshes (samples) with an area making up
i% of the area of the reference mesh were generated with a region growing
method. Each of the samples was translated and rotated with a random rigid
transformation, and the proposed correspondence search algorithm was applied
to initially realign the submesh with the reference mesh. Subsequently, ICP was
performed to adjust the positioning.

To assess the accuracy of the alignment, the percentage of correctly classified
regions and the percentage of incorrectly classified regions was determined. Fur-
thermore, the quality of the final match (after ICP) was evaluated by calculating
all distances between the transformed submesh vertices and their corresponding
vertices in the reference mesh. The match was considered correct, if all distances
were smaller than 10−6 (note that all meshes were scaled to fit into the unit box).
The parameters were chosen empirically on a set of different meshes as follows:
ts = 0.3; σs = σt = 0.1; τs = τc = 0.5; hA = hB = 2; β = 8. The curvedness
threshold (tc) was set according to the submesh size to be matched: The smaller
the submesh size, the smaller the threshold. This way, a reduction of the size of the
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graphs and thus to a reduction of processing time could be achieved for relatively
big submeshes. The curvedness threshold was linearly increased from 0.1 to 2.

3.2 Curvature Classes vs. Continuous Curvature Measures

To evaluate the influence of the the shape descriptor on the presented correspon-
dence search method, we repeated the first experiment with an alternative mesh
segmentation method. As originally proposed by Besl et al. [9], the surfaces were
partitioned based on curvature classes, which are determined through the sign
of the Gaussian and mean curvatures.

3.3 Evaluation on Noisy Data

In the case of noisy data, the parameters of the segmentation algorithm must be
chosen carefully and in an application-specific manner. Two livers were used to
empirically optimize the mesh segmentation parameters for each submesh size
i ∈ {10%, 20%, 30%, 40%, 50%}. The smaller the submesh gets, the smaller the
tolerance in the mesh segmentation, yielding bigger graphs. Bigger graphs in-
crease the number of nodes that are common to both meshes and help identifying
correct correspondences.

The parameters were chosen empirically on a set of different meshes as follows:
σs = 0.05; σt = 0.15; ts =(0.15, 0.15, 0.12, 0.12, 0.1) and tc =(0.15, 0.13,
0.12, 0.1, 0.03) for submeshes of size (50%, 40%, 30%, 20%, 10%) respectively;
hA = hB = 2; β = 2. For each submesh size, a set of 50 random submeshes were
extracted, and a random vector with direction and magnitude drawn randomly
from the interval [0, 8] mm was added to each vertex to simulate noise in the data.
The submeshes were then smoothed through the method proposed in [10]. Unlike
in the previous experiments, the segmentation of the submesh was potentially
different from the segmentation of the corresponding area in the reference mesh
due to the noise in the data. Hence, there was generally no isomorphism in
the graphs, making an evaluation of the correctly assigned nodes impossible.
However, vertex correspondences were known. We assessed the quality of the
alignment by computing the percentage of submesh vertices that were assigned
to their corresponding ones in the reference mesh after the final iteration of ICP.

4 Results

The results of our evaluation are shown in Figures 2 and 3. When there was
partial isomorphisms between the graphs (Fig. 2a), i.e. there was no noise added
to the data, the percentage of correct and incorrect node assignments averaged
over all five livers ranged from 83.5%± 6.1% and 0.3%± 0.3% respectively (sub-
mesh size: 1%) to 97.9% ± 3.1% and 0.1% ± 0.1% respectively (submesh size:
50%). The correct transformation was found in almost all cases (94.9%± 11.9%
for submesh size: 1%, 100.0%± 0.0% for submesh size: 50%). Depending on the
submesh size, processing times for the correspondence search including mesh
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(a) Continuous measures (b) Curvature classes

Fig. 2. Results of the surface matching experiment described in sections 3.1 (a) and
3.2 (b). For each reference mesh, the mean percentage of correct matches and incorrect
matches after the initial alignment averaged over 500 samples is shown as a function
of the submesh size. Correct ICP represents the quality of the final match (after ICP)
as described in section 3.1. The values are averaged over the five reference surfaces.

Fig. 3. Results of the experiment described in section 3.3, where the proposed corre-
spondence search method was evaluated with noisy data. The mean percentage (aver-
aged over 50 samples) of submesh vertices that were assigned to their corresponding
vertices in the reference mesh, after the final iteration of the ICP, is shown as a function
of the size of the submesh. The values are averaged over the five reference surfaces.

segmentation and graph generation ranged from 1 ms to 1.64 s. All processing
times were measured using a non-threaded 2.4 GHz Intel machine.

The segmentation based on curvature classes yielded significantly worse re-
sults than the segmentation based on shape index and curvedness (Fig. 2b). In
the former case, we obtained a percentage of correct and incorrect node assign-
ments ranging from 1.0% ± 3.7% and 0.1% ± 0.2% respectively (submesh size:
1%) to 94.9% ± 1.9% and 0.3% ± 0.3% respectively (submesh size: 50%). For
small submeshes (≤ 10%) the ICP did not converge into the global optimum.
Processing times for correspondence search ranged from 1 to 10 ms.

For noisy data (Fig. 3), the mean percentage of submesh vertices that were
assigned to their corresponding vertices in the reference mesh, after the final
iteration of the ICP, ranged from 32.5%±19.3% (submesh size: 10%) to 82.9%±
6.1% (submesh size: 50%). Processing times ranged from 29 to 100 seconds.
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5 Discussion

Although surface matching has been subject to considerable research efforts
in the past decades, partial surface matching with small submeshes remains
challenging. This holds especially when no prominent mesh features are available
and in the presence of noise. According to our evaluation, the method presented
in this paper is highly accurate, yielding a perfect match in almost all cases
for submeshes without noise and that made up at least 5% of the size of the
reference meshes used in the study. In the presence of noise, good matches were
still obtained for submeshes larger than 30% of the mesh size.

We are aware of the fact that we used a relatively simple method for mesh
segmentation by combining a classical region growing approach with a surface
descriptor that is rather unstable in the presence of noise. However, the good
performance of our algorithm despite these conditions demonstrates the potential
of the graph-based registration approach. On the other hand, the results obtained
with curvature classes indicate that the performance depends considerably on
the descriptor and segmentation technique chosen.

Although our approach leaves room for future improvements, we conclude,
that (1) our correspondence search algorithm proved to be accurate and robust
even for very small submeshes given that these meshes represent exact instances
of some reference mesh part and (2) that the results on noisy data are promising
and suggest further development of the approach for intra-operative registration
purposes.
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