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Abstract. While connected rational arithmetical discrete lines and con-
nected rational arithmetical discrete planes are entirely characterized,
only partial results exist for the irrational arithmetical discrete planes.
In the present paper, we focus on the connectedness of irrational arith-
metical discrete planes, namely the arithmetical discrete planes with a
normal vector of which the coordinates are not Q-linear dependent. Given
v ∈ R3, we compute the lower bound of the thicknesses 2-connecting
the arithmetical discrete planes with normal vector v. In particular, we
show how the translation parameter operates in the connectedness of the
arithmetical discrete planes.

1 Introduction

In [1], J.-P. Reveillès introduced arithmetical discrete lines as sets of pairs of
integers satisfying a double Diophantine inequality. The arithmetical discrete
line with normal vector v ∈ R2 \ {(0, 0)}, translation parameter μ ∈ R and
arithmetical thickness ω ∈ R is the set L(v, μ, ω) defined by:

L(v, μ, ω) =
{
x = (x1, x2) ∈ Z2; 0 ≤ 〈v,x〉 + μ < ω

}
,

where 〈v,x〉 = v1x1 + v2x2.
The definition of arithmetical discrete lines extends naturally to the definition

of arithmetical discrete planes in the 3-dimensional discrete space Z3, and to the
definition of arithmetical discrete hyperplanes in higher dimensions [2].

The problem of computing the minimal thickness connecting an arithmeti-
cal discrete plane has already been treated in several works [3,4,5,6]. While
all these past works deal with rational arithmetical discrete planes (or hy-
perplanes), that is, with a normal vector v which can be expressed as an
integer vector, the present work deals with any arithmetical discrete plane.
More precisely, we deal with the following questions: given v = (v1, v2, v3) ∈
R3 \ {(0, 0, 0} with dimQ{v1, v2, v3} �= 1, given μ ∈ R, how much is inf{ω ∈
R,

{
x = (x1, x2, x3) ∈ Z3; 0 ≤ v1x1 + v2x2 + v3x3 + μ < ω

}
is connected}?

The present paper is organized as follows. After having introduced
the basic notions and notations we use throughout the present paper in
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Section 2, we deal with the connectedness of arithmetical discrete lines in
Section 3. In Section 4, we deal with the connectedness of arithmetical dis-
crete planes and show how to reduce the computation of Ω(v, μ) = inf{ω ∈
R,

{
x = (x1, x2, x3) ∈ Z3; 0 ≤ v1x1 + v2x2 + v3x3 + μ < ω

}
is connected} to

the one of a smaller vector (see Theorem 3 and Corollary 2). In Section 5, we
are interested in computing explicitly Ω(v, μ) and we provide formulas for two
special cases.

2 Basic Notions and Notation

The aim of this section is to introduce the basic notions and notation we use
throughout the present paper.

Let n be an integer equal or greater than 2. Let {e1, e2, . . . , en} denote the
canonical basis of the Euclidean vector space R3. Let us call discrete set, any
subset of the discrete space Zn. In the following, for the sake of clarity, we denote
by (x1, x2, . . . , xn) the point x =

∑n
i=1 xiei ∈ Rn. An integer point x ∈ Zn is

called a voxel.

Definition 1 (κ-Adjacency). Let κ ∈ {0, 1, , . . . , n−1}. Two voxels x,y ∈ Zn

are κ-adjacent if:

‖x − y‖∞ = 1 and ‖x − y‖1 ≤ n − κ.

Remark — ‖x‖∞ = max
i∈{1,2,...,n}

{|xi|} and ‖x‖1 =
n∑

i=1

|xi|.

In other words, the voxel x and the voxel y are κ-adjacent if they are distinct, if
the differences of their coordinates are at most 1 and x and y have at most n−κ
different coordinates. A κ-path is a (finite or infinite) sequence of consecutive
κ-adjacent voxels. If (γi)1≤i≤k is a finite κ-path, then we say that γ links the
voxel γ1 to the voxel γk.

Definition 2 (κ-Connected Sets). Let E be a discrete set and let κ ∈
{0, 1, . . . , n − 1}. Then E is κ-connected if, for each pair of voxels (x,y) ∈ E2,
there exists a κ-path in E linking x to y.

In [1], J.-P. Reveillès introduced the arithmetical discrete line as a set of integer
points satisfying a double Diophantine inequality.

Definition 3 (Arithmetical Discrete Lines [1]). Let v ∈ Z2\{(0, 0)}, μ ∈ Z

and ω ∈ Z with gcd{v1, v2} = 1. The arithmetical discrete line L(v, μ, ω) with
normal vector v, translation parameter μ and arithmetical thickness ω is the
discrete set defined by:

L(v, μ, ω) =
{
x ∈ Z2; 0 ≤ 〈v,x〉 + μ < ω

}
,

where 〈v,x〉 = v1x1 + v2x2.
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Let us notice that Definition 3 deals only with integer parameters v, μ and
ω. In fact, this definition extends in a natural way to any parameters (integer or
not) and in higher dimensions as follows:

Definition 4 (Arithmetical Discrete Hyperplanes [1,2]). Let n ∈ N

greater than 2, let v ∈ Rn \ {(0, . . . , 0)}, μ ∈ R and ω ∈ R. The arithmeti-
cal discrete hyperplane H(v, μ, ω) with normal vector v, translation parameter
μ and arithmetical thickness ω is the discrete set defined by:

H(x, μ, ω) = {v ∈ Zn; 0 ≤ 〈v,x〉 + μ < ω} ,

where 〈v,x〉 = v1x1 + · · · + vnxn.
If n = 3, the arithmetical discrete hyperplane H(v, μ, ω) is called an arith-

metical discrete plane and is denoted P(v, μ, ω).

Let us first recall a useful lemma concerning a particular subclass of the
arithmetical discrete planes:

Lemma 1 ([7]). Let n ∈ N greater than 2, let v ∈ Rn \ {(0, . . . , 0)}, μ ∈ R and
ω ∈ R.

i) If dimQ{v1, . . . , vn} = 1, then there exist v′ ∈ Zn, μ′ ∈ Z and ω′ ∈ Z with
gcd{v′1, . . . , v′n} = 1 such that H(v, μ, ω) = H(v′, μ′, ω′).

ii) Let v′ ∈ Rn \ {(0, . . . , 0)}, μ′ ∈ R and ω′ ∈ R. If H(v, μ, ω) = H(v′, μ′, ω′)
then the vectors v and v′ are colinear.

Definition 5 (Rational Arithmetical Discrete Hyperplanes). Let n ∈ N

greater than 2, let v ∈ Rn\{(0, . . . , 0)}, μ ∈ R and ω ∈ R. If dimQ{v1, . . . , vn} =
1, then the arithmetical discrete hyperplane H(v, μ, ω) and its normal vector v
are said to be rational.

Remark — Throughout the present paper, if P(v, μ, ω) is a rational arithmetical
plane, then we assume, with no loss of generality, v ∈ Z3 and μ ∈ Z.

3 1-Connectedness of (Rational or Irrational)
Arithmetical Discrete Lines

Definition 6 (Minimal 1-Connecting Thickness). Let v ∈ R2 \ {(0, 0)}
and μ ∈ R. The minimal 1-connecting thickness of (v, μ) is the number Ω1(v, μ)
defined by:

Ω1(v, μ) = inf {ω ∈ R; L(v, μ, ω) is 1-connected} .

In [1], J.-P. Reveillès showed how the 1-connectedness of a rational arithmetical
discrete line is entirely determined by its normal vector and its thickness. More
precisely:

Theorem 1 ([1]). Let L(v, μ, ω) be a rational arithmetical discrete line with
ω ∈ Z and gcd{v1, v2} = 1. The arithmetical discrete line L(v, μ, ω) is
1-connected if and only if ω ≥ ‖v‖1.
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Theorem 3 holds only for integer normal vectors with coprime coordinates. More-
over, if one does not suppose gcd{v1, v2} = 1, then Theorem 3 does not hold any
more. For instance let us consider v = 0e1 + v2e2. For all μ ∈ R and ω ∈ R, one
checks:

L(v, μ, ω) �= ∅ ⇐⇒ L(v, μ, ω) is 1-connected ⇐⇒ ω ≥ μ − v2

⌊
μ

v2

⌋
.

A direct extension of Theorem 3 to any rational arithmetical discrete lines be-
comes:

Corollary 1. Let v ∈ Z2 \ {(0, 0)} and μ ∈ Z.

Ω1(v, μ) = μ − v2

⌊
μ

v2

⌋
, if v1 = 0 and v2 �= 0,

Ω1(v, μ) = μ − v1

⌊
μ

v1

⌋
, if v1 �= 0 and v2 = 0,

Ω1(v, μ) = ‖v‖1 − gcd{v1, v2}, if v1 �= 0 and v2 �= 0.

Remark — The third item of Corollary is not in contradiction with Theorem.
Indeed, let v ∈ Z2 \ {(0, 0)}, μ ∈ Z and (x1, x2) ∈ Z2, then one has:

v1x1 + v2x2 + μ < ‖v‖1 ⇐⇒ v1x1 + v2x2 + μ ≤ ‖v‖1 − gcd{v1v2}.

Let us now extend Theorem 3 and Corollary 3 to irrational arithmetical discrete
lines. One of our main ambition is to exhibit a unique formulation the properties
we state. For that purpose, we introduce the following notation.
Notation — Let Φ : R2 �−→ R2 the map defined by:

Φ : R2 �−→ R2

(x, y) �→
{(

y −
⌊y

x

⌋
x, x

)
, if x �= 0,

(x, y) otherwise.

Given x ∈ R and y ∈ R, we set x ∧ y = limn→∞ | (Φn(x, y))2 |.
It is clear that, given (x, y) ∈ Z2, x ∧ y = gcd{x, y}. Moreover, one states:

Lemma 2. Let (x, y, z) ∈ R3 and λ ∈ R.

1. λx ∧ λy = |λ|(x ∧ y).
2. if dimQ{x, y} = 2, then x ∧ y = 0.
3. x ∧ (y ∧ z) = (x ∧ y) ∧ z.

Notation — Thanks to Lemma 2, for any x1, x2, . . . , xk ∈ R, we denote x1 ∧
· · · ∧ xk, or for short

∧k
i=1 xi instead of (. . . ((

︸ ︷︷ ︸
k−1

x1 ∧ x2) ∧ x3) ∧ · · · ∧ xk).

We now state the main result of the present section:
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Theorem 2. Let v ∈ R2 \ {(0, 0)} and μ ∈ R. Then,

Ω1(v, μ) = μ − v2

⌊
μ

v2

⌋
, if v1 = 0 and v2 �= 0,

Ω1(v, μ) = μ − v1

⌊
μ

v1

⌋
, if v1 �= 0 and v2 = 0,

Ω1(v, μ) = ‖v‖1 − v1 ∧ v2, if v1 �= 0 and v2 �= 0.

Proof (Sketch). The case dimQ{v1, v2} = 1 (in particular if v1 = 0 or v2 =
0) has already been treated (see Corollary 3 and Lemma 1). Assume that
dimQ{v1, v2} = 2. Then v1 ∧ v2 = 0. With no loss of generality, assume
0 ≤ v1 ≤ v2 (one reduces to this assumption, up to an isomorphism of the
unit cube [− 1

2 , 1
2 ]3).

i) The projection π : L(v, μ, ‖v‖1) −→ Z along the vector e1 + e2 is one-to-
one. Given x and y in L(v, μ, ‖v‖1), one shows that x and y are 1-adjacent
if, and only if, |π(x) − π(y)| = 1. We deduce that the arithmetical discrete
line L(v, μ, ‖v‖1) is 1-connected.

ii) Let ω ≥ ‖v‖1 and let x ∈ L(v, μ, ω). Then x is either in L(v, μ, ‖v‖1)
or vertically 1-linked with an element of L(v, μ, ‖v‖1). Hence L(v, μ, ω) is
1-connected.

iii) Let ω ∈ [0, ‖v‖1[. Since dimQ{v1, v2} = 2, the set {〈v,x〉 + μ, x ∈
L(v, μ, ‖v‖1)} is dense in [0, ‖v‖1[. Let x ∈ L(v, μ, ‖v‖1) such that
〈v,x〉 + μ ∈ [ω, ‖v‖1[. Then, L(v, μ, ω) ⊆ L(v, μ, ‖v‖1) \ {x}. From i), we
state that the set L(v, μ, ‖v‖1)\{x} is not 1-connected, and so is L(v, μ, ω).

��

4 2-Connectedness of Arithmetical Discrete Planes

The case of arithmetical discrete lines is somewhat confusing. Indeed, while an
arithmetical discrete line is 1-connected if, and only if, it separates the discrete
space Z2 into two 0-connected components, there exist 2-connected arithmetical
discrete planes P(v, μ, ω) with ω < ‖v‖1, that is, which do not separate the
discrete space Z3 into two 0-connected components [2].

Definition 7 (Minimal 2-Connecting Thickness). Let v ∈ R3 \ {(0, 0, 0}
and μ ∈ R. The minimal 2-connecting thickness of (v, μ) is the number Ω2(v, μ)
defined by:

Ω2(v, μ) = inf {ω ∈ R; P(v, μ, ω) is 2-connected} .

In [6], the authors showed how to reduce the computation of the minimal 2-
connecting thickness of (v, 0), where v is a rational vector, to the one of a
smaller vector v′ (in terms of norm ‖ · ‖∞). Here we extend this reduction to the
pairs (v, μ) with v possibly irrational and μ ∈ R.
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Theorem 3. Let v ∈ R3
+\{(0, 0, 0}, μ ∈ R and ω ∈ R. The arithmetical discrete

plane P(v, μ, ω) is 2-connected if and only if so is P (v + v1(e2 + e3), μ, ω + v1).

In order to prove Theorem 3, we use a technical lemma providing a lower bound
of Ω2(v, μ):

Lemma 3 (A Lower Bound [6]). Let v ∈ R3 \ {(0, 0, 0} and μ ∈ R. We
suppose that v does not have two coordinates equal to zero. Then Ω2(v, μ) ≥
‖v‖∞.

The case where v has at least one coordinate equal to zero has an explicit answer
(see Lemma 4 in Section 5).

Proof (of Theorem 3). Let v′ = v+v1(e2+e3), let ω′ = ω+v1 and let us consider
the linear bijection Ψ2 : R3 −→ R3 and its inverse map Ψ−1

2 : R3 −→ R3 defined
by:

Ψ2 : R3 −→ R3
⎛

⎝
x1

x2

x3

⎞

⎠ �−→
⎛

⎝
x1 − x2 − x3

x2

x3

⎞

⎠ and

Ψ−1
2 : R3 −→ R3

⎛

⎝
x1

x2

x3

⎞

⎠ �−→
⎛

⎝
x1 + x2 + x3

x2

x3

⎞

⎠

One checks that Ψ2 provides a bijection from P(v, μ, ω) to P (v′, μ, ω). Moreover,
for each x ∈ Z3, 〈v,x〉 = 〈v′, Ψ2(x)〉.

1. Assume P(v, μ, ω) is 2-connected. Then, from Lemma 3, it follows that ω ≥
‖v‖∞. Let us show that P (v′, μ, ω′) is 2-connected too.
Let x ∈ P(v′, μ, ω′). Either 〈v′,x〉 + μ ∈ [0, ω[ or 〈v′,x〉 + μ ∈ [ω, ω′[.

i) If 〈v′,x〉 + μ ∈ [0, ω[, then x ∈ P(v′, μ, ω).
ii) If 〈v′,x〉+μ ∈ [ω, ω′[, and since ω ≥ ‖v‖∞ ≥ v1, then 〈v′,x− e1〉+μ =

〈v′,x〉 + μ − v1 ∈ [0, ω[, and x − e1 ∈ P(v′, μ, ω).
In other words, each x ∈ P(v′, μ, ω′) is either in P(v′, μ, ω) or 2-adjacent to
an element of P(v′, μ, ω). Consequently, it remains to ensure that each pair of
elements of P(v′, μ, ω) is 2-linked in P(v′, μ, ω′). Moreover, since the restric-
tion Ψ2 : P(v, μ, ω) −→ P(v′, μ, ω) of Ψ2 is one-to-one, then it is sufficient to
prove that the images, under Ψ2, of two 2-adjacent elements of P(v, μ, ω) are
2-linked in P(v′, μ, ω′) (see Figure 1).

i) Let x ∈ P(v, μ, ω) such that x+e1 ∈ P(v, μ, ω). Then Ψ2(x+e1)−Ψ2(x) =
e1 and the images of x and x + e1 are 2-adajcent in P(v′, μ, ω′).

ii) Let x ∈ P(v, μ, ω) such that x + e2 ∈ P(v, μ, ω). Hence,

〈v′, Ψ2(x + e1 + e2)〉 + μ = 〈v,x + e1 + e2〉 + μ

= 〈v,x + e2〉 + μ + v1 ∈ [0, ω + v1[,

since x+e2 ∈ P(v, μ, ω). Hence Ψ2(x+e1+e2) ∈ P(v′, μ, ω′). One checks
that Ψ2(x+e1+e2)−Ψ2(x) = e2 and Ψ2(x+e2)−Ψ2(x+e1+e2) = −e1.
It follows that (Ψ2(x), Ψ2(x + e1 + e2), Ψ2(x + e2)) is a 2-path linking
Ψ2(x) to Ψ2(x + e2) in P(v′, μ, ω′).
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e3

e1

e2

Ψ2

Ψ2

Ψ2

Fig. 1. The action of Ψ2 on two 2-adjacent voxels of P(v, μ, ω).: The right grey voxels are
the images of the left grey ones, while the right white voxels are elements of P(v′, μ, ω′)
which allow us to 2-link the grey voxels. For ensuring the existence of such white voxels,
we remind that the right grey ones belongs to P(v′, μ, ω) and, for any such voxels v,
the (white) voxel v + e1 belongs to P(v′, μ, ω′).

iii) A similar reasoning shows that given x ∈ P(v, μ, ω) such that x + e3 ∈
P(v, μ, ω), Ψ2(x) and Ψ2(x + e3) are 2-linked in P(v′, μ, ω′).

2. Conversely, suppose P(v′, μ, ω′) is 2-connected. From Lemma 3, one deduces
that ω′ ≥ ‖v′‖∞.
Let Ψ̃2 : P(v′, μ, ω′) −→ P(v′, μ, ω) be the surjective map defined by:

Ψ̃2 : P(v′, μ, ω′) −→ P(v, μ, ω)

v �−→
{

Ψ−1
2 (x), if x ∈ P(v′, μ, ω)

Ψ−1
2 (x − e1), otherwise.

Remind that each x ∈ P(v′, μ, ω′) is either in P(v′, μ, ω) or 2-adjacent to an
element of P(v′, μ, ω). Since Ψ̃2 is surjective, then it remains to show that the
image of two 2-adjacent voxels in P(v′, μ, ω′) are either equal or 2-linked in
P(v, μ, ω) (see Figure 2).

i) Let x ∈ P(v′, μ, ω′) such that x + e1 ∈ P(v′, μ, ω′).
• If 〈v′,x + e1〉 + μ ∈ [0, ω[, then Ψ̃2(x + e1) − Ψ̃2(x) = e1.
• If 〈v′,x + e1〉 + μ ∈ [ω, ω′[, then Ψ̃2(x + e1) = Ψ̃2(x).

ii) Let x ∈ P(v′, μ, ω′) such that x + e2 ∈ P(v′, μ, ω′).
• If 〈v′,x + e2〉 + μ ∈ [0, ω[, then 0 ≤ 〈v′,x〉 + μ ≤ 〈v′,x〉 + μ + v1 =
〈v′,x + e1〉 + μ ≤ 〈v′,x〉 + μ + v1 + v2 = 〈v′,x + e2〉 + μ ≤ ω.
Moreover, Ψ̃2(x + e1)− Ψ̃2(x) = e1 and Ψ̃2(x + e2) − Ψ̃2(x + e1) = e2

and we have shown that (Ψ̃2(x), Ψ̃2(x + e1), Ψ̃2(x + e2)) is a 2-path
linking Ψ̃2(x) to Ψ̃2(x + e2) in P(v, μ, ω).

• If 〈v′,x + e2〉 + μ ∈ [ω, ω′[, then Ψ̃2(x + e2) = Ψ̃2(x + e2 − e1) =
Ψ̃2(x)+e2 and we have shown that Ψ̃2(x) and Ψ̃2(x+e2) are 2-adjacent
in P(v, μ, ω).

��
Corollary 2. Let v ∈ R3

+ \ {(0, 0, 0)} such that 0 ≤ v1 ≤ v2, v3, let μ ∈ R and
let ω ∈ R. The arithmetical discrete plane P(v, μ, ω) is 2-connected if and only
if so is P (v − v1(e2 + e3), μ, ω − v1).

In terms of Ω2(v, μ), Theorem 3 and Corollary 2 can be reformulated as follows
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e3

e1

e2

or

or

or

Ψ̃2

Ψ̃2

Ψ̃2

Fig. 2. The action of Ψ̃2 on two 2-adjacent voxels of P(v′, μ, ω′)

Corollary 3. Let v ∈ R3
+ \ {(0, 0, 0)} such that 0 ≤ v1 ≤ v2, v3 and let μ ∈ R.

Then
Ω2(v, μ) = Ω2(v − v1(e2 + e3), μ) + v1

5 Effective Computation of Ω2(v, μ)

Let v ∈ R3 and μ ∈ R. In case of v1 = 0, the reductions given in Theorem 3,
Corollary 2 and Corollary 3 are useless. In fact, in that case we have a direct
computation of Ω2(v, μ) since for each ω ∈ R,

P(v, μ, ω) =
⋃

k∈Z

({
x ∈ Z3; x1 = 0 and 0 ≤ 〈v,x〉 + μ < ω

}
+ ke1

)
.

Roughly speaking, P(v, μ, ω) is obtained by translating the arithmetical dis-
crete line L((v2, v3), μ, ω) along the coordinate vector e1. Hence, in case of
v1 = 0, P(v, μ, ω) is 2-connected if, and only if, the arithmetical discrete line
L((v2, v3), μ, ω) is 1-connected. From Theorem 2, it follows:

Lemma 4. Let v ∈ R3 \ {(0, 0, 0)} and let μ ∈ R. If v1 = 0, then Ω2(v, μ) =
Ω1((v2, v3), μ). More precisely,

Ω2(v, μ) = μ − v3

⌊
μ

v3

⌋
, if v2 = 0 and v3 �= 0,

Ω2(v, μ) = μ − v2

⌊
μ

v2

⌋
, if v2 �= 0 and v3 = 0,

Ω2(v, μ) = ‖v‖1 − v2 ∧ v3, if v2 �= 0 and v3 �= 0.

Remark — Of course, the other cases (v2 = 0 and v3 = 0) are similar.

Let us now treat the general case. For clarity issues, and with no loss
of generality, we reduce the computation of Ω2(v, μ) to the vectors v ∈{
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}� =
{
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

} \ {(0, 0, 0)}. In
fact, up to an isometry of the unit cube [−0.5, 0.5]3, for each vector v ∈ R3

and each μ ∈ R, there exists a vector v′ ∈ R3 such that 0 ≤ v′1 ≤ v′2 ≤ v′3 and
Ω2(v, μ) = Ω2(v′, μ).
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Notation — Let Δ : R3 �−→ R3
+ the map defined by:

Δ :
{
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

} �−→ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}

⎛

⎝
x1

x2

x3

⎞

⎠ �→

∣
∣∣
∣
∣
∣
∣∣
∣
∣
∣
∣
∣∣
∣
∣
∣
∣∣
∣
∣
∣

⎛

⎝
x1

x2 − x1

x3 − x1

⎞

⎠ if x1 ≤ x2 − x1 ≤ x3 − x1,

⎛

⎝
x2 − x1

x1

x3 − x1

⎞

⎠ if x2 − x1 ≤ x1 ≤ x3 − x1,

⎛

⎝
x2 − x1

x3 − x1

x1

⎞

⎠ otherwise.

Roughly speaking, given a normal vector v ∈ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}
, the

operator Δ subtracts the lowest coordinate of v to the other ones and reorder
the output vector. This operator is known as the fully subtractive algorithm, a
two-dimensional continued fraction algorithm. For more informations, one can
refer to [8].
Notation — Let v ∈ {

x ∈ R3
+, 0 ≤ x1 ≤ x2 ≤ x3

}
and let n ∈ N. We set

v(n) = Δn(v) ∈ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}
.

Let v ∈ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}
, μ ∈ R and n ∈ N. From Corollary 3, it

follows
‖v‖1 − 2Ω2(v, μ) = ‖Δn(v)‖1 − 2Ω2(Δn(v), μ).

Given v ∈ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}
, the sequences (v(n)

1 )n∈N, (v(n)
2 )n∈N

and (v(n)
3 )n∈N are non-increasing and minored by 0. Hence they are convergent.

Let v′ = limn→∞ Δn(v), then v′ = Δ(v′) implies v′1 = 0 and one deduces:

Theorem 4. Let v ∈ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}�, let μ ∈ R and let v′ =
limn→∞ Δn(v). Then,

Ω2(v, μ) =
‖v‖1 − ‖v′‖1 + 2Ω2(v′, μ)

2
.

Remark — Theorem 4 provides an explicit process to compute Ω2(v, μ) what-
ever v ∈ R3 and μ. Indeed, since v′1 = 0, thanks to Lemma 4, we can explicitly
compute Ω2(v′, μ).

Given v ∈ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}
, two cases occur:

1. there exists n0 ∈ N such that v
(n0)
1 + v

(n0)
2 < v

(n0)
3 ,

2. for all n0 ∈ N, there exists n ≥ n0 such that v
(n)
1 + v

(n)
2 ≥ v

(n)
3 .

From Theorem 4, one deduces the following Corollaries.
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Corollary 4 (The first case). Let v ∈ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

} \
{(0, 0, 0)}, let μ ∈ R and let n0 ∈ N such that v

(n0)
1 + v

(n0)
2 < v

(n0)
3 .

i) If v
(n0)
1 ∧ v

(n0)
2 = 0, then:

Ω2(v, μ) =
‖v‖1 − γ

2
+

(
μ − γ

⌊
μ

γ

⌋)
, with γ = v

(n0)
3 −

(
v
(n0)
1 + v

(n0)
2

)
.

ii) If v
(n0)
1 ∧ v

(n0)
2 �= 0, then:

Ω2(v, μ) =
‖v‖1 − (v

(n0)
1 + v

(n0)
2 ) + v

(n0)
3 + 2(v

(n0)
1 ∧ v

(n0)
2 − v

(n0)
1 ∧ v

(n0)
2 ∧ v

(n0)
3 )

2
.

Remark — The main advantage of Corollary 4 is to provide a possibly finite
process to compute Ω2(v, μ) for a totally irrational vector v, that is, satisfying
dimQ{v1, v2, v3} = 3.

Corollary 5 (The Second Case). Let v ∈ {
x ∈ R3

+, 0 ≤ x1 ≤ x2 ≤ x3

}
and

assume:
∀n0 ∈ N, ∃n ≥ n0, v

(n)
1 + v

(n)
2 > v

(n)
3 . (1)

Then

Ω2(v, μ) =
v1 + v2 + v3

2
.

6 Conclusion

In the present paper we investigated, given v ∈ R3 and μ ∈ R, the computation of
inf{ω ∈ R, P(v, μ, ω) is 2-connected}. The main improvement we made, compare
to [6] is that we do not treat the rational case and the irrational case separately
but in a common way and in a unique expression, thanks to the introduction of
a notation inherited from the (multidimensional) continued fractions theory.

Moreover, we have shown the role of the translation parameter μ in the com-
putation of Ω2(v, μ). This result was already known for the rational arithmetical
discrete planes but not for the irrational ones.

Due to the limitation of space, we do not have included the investigation of
the 0-connectedness and the 1-connectedness of arithmetical discrete planes. In
fact, this studies are similar to the one we did in the present paper. For ex-
plicit formulas see [6]. Reformulating in terms of possibly irrational arithmetical
discrete planes is obvious.

In a further work, it will be interesting to extend all the present results to
arithmetical discrete hyperplanes in any dimension. Another interesting way to
investigate is the behavior of the class of arithmetical discrete (hyper)planes
under the action of other multidimensional continued fractions algorithms.
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