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Abstract. We discuss a novel metaphor of tumor progression stimulated by the
process of angiogenesis. The realistic 3-D dynamics of the entire system con-
sisting of the tumor, tissue cells, blood vessels and blood flow can be repro-
duced by using interacting particles. The particles mimic the clusters of tumor
cells. They interact with their closest neighbors via semi-harmonic forces simu-
lating mechanical resistance of the cell walls and the external pressure. The par-
ticle dynamics is governed by both the Newtonian laws of motion and the rules
of cell life-cycle. The particles replicate by a simple mechanism of division,
similar to that of a single cell reproduction and die due to necrosis or apoptosis.
We conclude that this concept can serve as a general framework for designing
advanced multi-scale models of tumor dynamics. In respect to spatio-temporal
scale, the interactions between particles can define e.g., cluster-to-cluster, cell-
to-cell, red blood cells and fluid particles interactions, cytokines motion, etc.
Consequently, they influence the macroscopic dynamics of the particle ensem-
bles in various sub-scales ranging from diffusion of cytokines, blood flow up to
growth of tumor and vascular network expansion.

Keywords: tumor progression, angiogenesis, computer simulation, particle
model.

1 Introduction

Angiogenesis is a process of the blood vessel formation from a pre-existing vascula-
ture [1, 2]. It refers to complex biological phenomena that appear at various scales
[3, 4]. They ranged from cellular scale to the macroscopic scale corresponding to
concentration of cancer cells into compact clusters. The vessel sprouts are formed in
response to cytokines produced by the tumor cells in hypoxia. Initially, they develop
mainly due to endothelial cell migration. Finally, they organize themselves into a
branched, connected network, which supply nutrients (oxygen) to the tumor cells.
Tumor-induced angiogenesis provides the fundamental link between the avascular
phase of tumor growth and the more invasive vascular phase. Vascularized tumor
attacks the surrounding tissue and blood system and the possibility of the cancer
spreading (metastasis) increases dramatically.

Judah Folkman published in 1971 the theory [1] that angiogenesis is a principal
process in tumor progression. The clinical importance of angiogenesis as a prognostic
tool is now well understood [2]. Since tumor dynamics depends on angiogenesis,
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there is strong interest in using antiangiogenic drugs to treat cancer [5]. The process
of angiogenic signaling and formation of blood vessels can be disrupted or slowed
down with small molecules. In addition to treatments directed to specific target, non
specific agents can be used to eliminate endothelial cells thus inhibiting angiogenesis.
This involves numerous expensive and arduous investigations both of hundreds of
factors inhibiting angiogenesis and antiangiogenic chemical species which can be
considered in drug design process. To cut expenses, the predictive power of mathe-
matical modeling and computer simulation has to be employed. As shown in [6], in
silico experiments can play the role of angiogenesis assays.

Mathematical modeling of angiogenesis extends back a number of years [3-11]. The
modeling concentrates on key events such as the response of endothelial cells to tumor
angiogenic factors (TAF) secreted by a solid tumor, endothelial cell proliferation, endo-
thelial cell interactions with extracellular matrix macromolecules, capillary sprout
branching and vessel maturation. The substantial difference with respect to the physical
models (such as the kinetic theory) is that the microscopic state of the cells is defined
not only by mechanical variables, such as position, velocity, pressure, but also by inter-
nal biological microscopic phenomena reflecting activities of the cells. Several models
[4, 6, 7] have used techniques based on the partial differential equations (PDE) to exam-
ine the functions in space and time of endothelial cell density, cytokine concentration,
capillary tip and branch density. Nevertheless, within these models, it is not possible to
capture such the important events as repeated sprout branching and the overall dendritic
structure of the network. In contrast to these deterministic, continuum models, several
different types of discrete techniques, such as: cellular automata and DLA [8],
L-systems [9], and level-set method [10], are being used. Unlike in the continuum mod-
els, discrete models can follow individual cells and can reveal more details about cell
dynamics and its interaction with the tissue. As shown in [3, 4, 6], the results of discrete
models agree well with the predictions of the continuum model. In addition they are
able to produce capillary networks with topology and morphology qualitatively similar
to those observed in experiments.

However, any of these techniques cannot be considered as flexible framework for
developing advanced multi-scale models. The extension of CA to more general com-
plex automata paradigm, e.g., as shown in [11], is rather an exception. Moreover, the
difficulties in modeling tumor progression in its natural environment involving me-
chanical forces from surrounding environment and continuous remodeling of vessel
networks in various types of tissue (muscle, bones, lungs) is a serious drawback of
this on-grid methods. Other important aspects, lacking in the most of models of an-
giogenesis, are related to the blood flow through the capillary network. The blood
flow has important consequences for drug delivery and optimization of chemotherapy
regimes. Recent work modeling the flow through vascular networks appears in [12].

We discuss here the advantages of the moving particles model [13] as a metaphor
of the process of tumor dynamics stimulated by the angiogenesis and as a useful
framework for more advanced multi-scale models. In the following sections we de-
scribe the model of tumor progression and its particle based realization. Finally, we
present the conclusions and discuss possible extensions of the model.
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2 Simplified Model of Tumor Growth

The simplified model (basing on [3, 4, 6]) of tumor progression can be described in
the three overlapping phases of growth: the avascular phase (I), the angiogenic phase
(II) and the vascular phase (III).

Phase 1. Solid tumor, which is smaller than 2 mm in diameter, removes waste and
acquires nutrients and oxygen through passive diffusion. The oxygen (nutrients),
supplied by nearby blood vessels, filter through the surface of the solid tumor and
diffuse in its body. The tumor cluster consists of the outer region with proliferating
cells, an intermediate region of cells in hypoxia and the necrotic core of dead tumor
cells. The cells in hypoxia produce cytokines called TAF (tumor angiogenic factors)
such as growth inhibitory factors (GIF), and growth promoting factors (GPF). The
GIF and GPF concentrations influence the tumor cells mitotic rate.
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Fig. 1. The scale separation map of the main processes considered in tumor-induced angiogenesis
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Phase II. TAF diffuse through the tissue (extracellular matrix) thereby creating chemi-
cal gradients in the body surrounding the tumor. Once the cytokines reach any neighbor-
ing blood vessels its critical concentration stimulates several enzymes to degrade of
basement membrane. Simultaneously extracellular matrix is degraded and endothelial
cells migrate toward the growth factor sources and proliferate (chemotaxis). The finger-
ing capillary sprouts are formed then by accumulation of endothelial cells which are
recruited from the parent vessel. Due to the migration and further recruitment of endo-
thelial cells at the sprout-tip the sprouts grow in length and continue to move towards
the tumor. The high-molecular-weight glycoproteins — fibronectin — promote cell
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migration up its concentration gradient (haptotaxis). Initially, the sprouts grow parallel
to each other. Then they tend to incline toward each other [5]. This leads to numerous
tip-to-sprout links known as anastomoses. A network of loops or arcades develops. The
blood starts to circulate in newly developed vessels. From the primary loops, new
sprouts emerge providing for the further extension of the new capillary bed.

Phase III. Once the sprouts approach the tumor, their branching dramatically in-
creases until the tumor is eventually penetrated by vascular network. Due to better
oxygenation the concentration of TAF decreases also inside the tumor. However, the
newly formed vessels are subsequently remodeled due to tumor growth and pushed
away producing regions of lesser concentration of oxygen, which initiates TAF pro-
duction. This causes simultaneous growth in size of both tumor and its vasculature.

In Fig. 1 we present the scale separation map (SSM) for this simplified model of
tumor growth. The macroscopic scale refers to phenomena, which are typical for
continuum systems: diffusion (oxygen, TAF), overall tumor condensation, blood flow
while microscopic processes such as cell motility, cell reproduction (division), cell
death (necrosis and apoptosis) are discrete. The arrows show dependences between
these processes. The particle model presented in the following section refers only to
the processes shaded in dark.

3 Particle Model

In Fig. 2 we show the building blocks of our model while in Fig. 3 its implementation
is briefly described. Unlike the simulations reproducing this process outside the tumor
[3, 4, 6], we assume that the vasculature develops inside the growing cluster. This lets
us to simulate the combination of Phases II and III and show how our model will cope
with vasculature remodeling caused by mechanical forces being the result of the pres-
sure exerted by the swelling tumor on the expanding vascular network.

The particle model of angiogenesis follows the general principles of particle model
construction described in [13]. The particles mimic the clusters of tumor cells. The
cluster size depends on the model granularity. Particularly, in the finest spatial scale
level, it can represent a single tumor cell. Nevertheless, this is rather unrealistic as-
sumption, having in mind that the tumor of 1 mm in diameter consists of hundred of
millions of cells. The tumor particles interact with each other via forces, which mim-
ics mechanical interactions of the cell walls. In more advanced models surrounding
tissue cells can be represented by using different kind of particles (e.g. by defining
different interaction potential). Instead, we assume that only the tumor cells exist
while the external pressure is simulated by the attractive tail of asymmetric inter-
particle potential €(d;) defined as follows:
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d; == (r+r) ()

where dj; is the distance between particles. The particle interactions are depicted in
Fig. 4.
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Fig. 2. Building blocks of the tumor-induced angiogenesis model

The particle motion is governed by the Newtonian laws, that is:

dvV. )
m, d—t’=—a-VQ(dU )—/1~Vl. dtl =V, ;= (rl. —rj.)-(rl. -r; )T 3)

where r; and V; are the position and velocity of particle i, respectively, while A is the
friction coefficient.

The diffusion of oxygen and TAF is faster than the process of tumor growth.
Therefore, the concentrations of TAF and oxygen can be computed in the steady state.
This allows for using the fast procedure of solving Laplace equation on a discrete
irregular lattice of particles. Only the vessels with circulating blood (anastomosing
vessels) are the sources of oxygen while the cells in hypoxia are the sources of TAF.
In our simplified model we neglect blood flow in capillaries [5]. We assume instead,
that all the vessels are sources of oxygen. Because the blood circulation is slower than
diffusion but faster than mitosis cycle [6], in the following version of the model, the
flow intensity in anastomozing vessels will be computed on the base of Kirchhoff’s
laws [5].

The microscopic processes of the cell life-cycle and the growth of vascular net-
work are simulated by using the following rules of tumor growth and blood vessel
network expansion.
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for every vessel cell A
for every neighboring vessel cell B
calculate forces A < B
calculate concentration exchange A < B
for every tumor cell A
for every neighboring tumor cell B
calculate forces A < B
calculate concentration exchange A < B
for every vessel cell A
for every neighboring tumor cell B
calculate forces A < B
calculate concentration exchange A < B

for eveiy vessel and tumor cell
calculate changes of cell { size, age, state
if specific conditions are met
add new cell due to mitosis
or
remove cell due to hyptosis or apoptosis
for every vessel and tumor cell
calculate new velocities and positions
reset force to zero vector

Fig. 3. The implementation scheme of the particle model of angiogenesis
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Fig. 4. The shape of inter-particle potential representing mechanical interactions between cell
clusters

Tumor Growth. During the life-cycle the cluster of tumor cells (the particle) changes
its state from new to necrotic, according to its individual clock and oxygen concentra-
tion. The particles of a given age and size being well oxygenated undergo the process
of “mitosis”, i.e., one particle (the "mother" particle) divides producing two daughter
particles. New born particle is in new state and has diameter equal to dy;y. It grows
with time, proportionally to oxygen concentration up to dyax. The minimum and
maximum particle diameters depend on the model granularity. Finally, after time Ty,
the particles undergo apoptosis, i.e., programmed cell depth. The dead particles are in
necrotic state and are removed from the system. For oxygen concentration smaller
than a given threshold, the particle state (excluding recrotic one) can be converted to
hypoxia state becoming the source of TAF. The particles, which are in hypoxia for a
period of time longer than a given threshold, die (recrosis) and are removed from the
system.
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Expansion of Blood Vessel Network. The blood vessels are made also of particles.
The new sprout is formed when the TAF concentration exceeds a given threshold.
Then the “vessel particle” undergoes the process of “mitosis” directed to the local
gradient of TAF concentration. The haptotaxis is not included yet in the model. Only
particles close to the sprout tip can replicate. The interactions between both two iden-
tical vessel particles and vessel_particle-tumor_particle describe the same potential as
defined by Eq.1.

Fig. 5. Mechanical remodeling — growing tumor pushes the arteries away

Unlike in simulations of the angiogenesis described in [4, 6], where the vasculari-
zation starts and develops outside the tumor, our model allows the growth of tumor
simultaneously with its internal vascularization. This situation is much more compli-
cated, mainly due to the changes in TAF production and mechanical forces involving
blood vessels remodeling. In Fig. 4 we display two snapshots of simulation, which
shows how the growing tumor pushes the arteries away.

Fig. 6. The snapshot from 3-D simulation of tumor growth and the vessels formation due to the
process of angiogenesis. The cells shaded in dark are better oxygenated.
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Fig. 7. Snapshot from 2-D simulations showing simultaneous growth of tumor and its vascular
network. Darker regions display well oxygenated tumor cells.

We started the simulations with a single “vessel particle” located in the centre of
small tumor cluster. Of course, this situation is not realistic. The initial conditions
should consist of avascular tumor cluster located close to the blood capillary, which
produces the network of capillaries growing towards the tumor.

Moreover, only anastomosing vessels allowing for blood circulation are the new
sources of oxygen while in our simulations all the vessel particles are the sources of
oxygen. However, this is only the technical problem, which can be solved in the near-
est future. The Figs. 6, 7 display the unique possibility of the particle based model,
which can simulate tumor progression simultaneously with vascular network continu-
ously remodeled by mechanical forces exerted by the tumor body.

4 Concluding Remarks

Our concept of interacting particles represents a new framework for a more precise
multi-scale model of the intrinsically complex process of angiogenesis. This approach
is competitive to existing paradigms employing heterogeneous sub-models [4] or
cellular automata [8, 11]. The possibility of simulation of progression of vascularized
tumor involving simultaneous remodeling of the blood vessel system is the great
advantage of particle based approach over other approaches. Moreover, realistic 3-D
dynamics of the entire system consisting of the tumor and other tissue cells, blood
vessels and blood flow can be reproduced by using the same model. The scalability of
the particle model allows for simulating of large systems consisting of hundred of
millions of particles.

Our model can be supplemented by other microscopic and macroscopic processes,
e.g., by modifying the “interaction” forces between clusters, incorporating more pre-
cise models of reproduction mechanism, cell-life cycle, lumen growth dynamics,
blood flow in the vessels, including haptotaxis mechanism and others. The model can
be supplemented also by such important process like blood circulation. In [14] we
show that blood flow can be modeled by using dissipative particle dynamics in a very
short spatio-temporal scale [14] (see Fig. 8).
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Fig. 8. The snapshot from simulation of red blood cells flowing in the vain with the chocking
point modeled using fluid particle model [14]

Currently, we are working on using smoothed particle hydrodynamics (SPH) employ-
ing viscoelastic rheological models (like the Casson fluid) for simulating blood flows
in larger scales. These two models of the processes of tumor growth and blood flow
are planned to be combined together (see Fig. 1) in the scope of generalized multi-
scale particle model.

The particle model of blood flow can be fine grained employing large number of
particles (>10%. As we show in [15], the code can be easily parallelized and run on
multiprocessor cluster to speed up computations. We have estimated that we could
obtain at least the same speed-up factor (i.e., about 20 on 32 processors) for the model
of tumor growth.

We plan to validate the model on the basis of the comparison between realistic
images of tumor vascular networks from confocal microscopy and computer experi-
ments. The comparisons will be made employing structural properties of tumor vascu-
larization. The vascular networks can be described by the feature vectors with statisti-
cal and/or algebraic descriptors of complex networks as the vector components.
Finally, pattern recognition methods such as clustering and features extraction will be
used for data classification.
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