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Abstract. In this paper, we improve A-P iterative algorithm, and use
the algorithm to implement the reconstruction from weighted samples,
and obtain explicit convergence rate of the algorithm in spline subspaces.

1 Introduction

For a bandlimited signal of finite energy, it is completely described by the famous
classical Shannon sampling theorem. This classical theorem has broad applica-
tion in signal processing and communication theory and has been generalized
to many other forms. However, in many real applications sampling points are
not always regularly. It is well-known that in the sampling and reconstruction
problem for non-bandlimited spaces, signal is often assumed to belong to a shift-
invariant spaces|1, 2, 4, 5, 7, 8, 9, 10]. As the special shift-invariant spaces, spline
subspaces yield many advantages in their generation and numerical treatment
so that there are many practical applications for signal or image processing|[1, 2,
3,9

For practical application and computation of reconstruction, Goh et al., show
practical reconstruction algorithm of bandlimited signals from irregular samples
in [11], Aldroubi et al., present a A-P iterative algorithm in [5]. In this paper, we
improve the A-P iterative algorithm in spline subspaces. The improved algorithm
occupies better convergence than the old one.

2 Improved A-P Iterative Algorithm in Vi

Aldroubi presented A-P iterative algorithm in [5]. In this section, we will improve
the algorithm. The improved algorithm occupies faster convergence. We will
discuss the cases of non-weighted samples and weighted samples, respectively.

We define some symbols. Vy = { > cron(- — k) : {cx} € (?} is spline
keZ
subspace generated by ¢xn = Xx[0,1] * - - * X[0,1] (N convolutions), N > 1.
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Let Xj}l(x) = X[m%%*;Hl)(x)’Xjﬂ(x) = X[:cj+;:j+1 (m),ij e X (X is

sampling set),

Tj+1)

W(LP) = {f € L”:|| f llw(zry= (Y esssup,eoelf(z + k)[P)/?) < oo}
keza

if1<p<oo,

W(L=) ={f € L= :|| [ llwn)= sup, esssupgefo,ja|f(x + k)| < oo}
ez

if p = oco. Let oscillation oscs(f)(x) = supy, <5 |f(z +y) — f(2)].
We show some lemmas that will be used in the proof of Theorem 2.1 | 2.2,
and 2.3.

Lemma 2.10 If ¢ is continuous and has compact support, then for
anyf € VP(¢) ={ > crp(- — k) : (cx) € P} the conclusions (i)-(ii) hold:
kEZ

il fllze = llcller = [ fllwzr),

1. VP (p) C Wo(LP) C Wo(L?) C W(L?) C LY(R)(1 <p < g < 0).
Lemma 2.2 If f € Vy, then for any 0 < § < 1 we have |oscs(f)||3: <
(BN3)2 S exl?.

kEZ
Proof. We have the following equalities and inequalities:

Joses(DIE = [ 1sup | Y- enonta+y =) — o = )| P

ly|<o nez

< /m (3 Jeal sup lon( +y — 1) — o (z — n)|)d

X nez ly|<é

/ > (D lek- mlsup lon(z +y +m) — on(a +m)|)de.

0 kez mez

By induction method and properties of ¢, we can easily check that

> sup [p(z+k)| <N (&)
kez *€[0.1]

From (A) and properties of ¢, we can obtain the following estimate:

lloscs (f)II3 < /Z > ler—ml® sup |<PN(33+y+m) on (@ +m)[*)de

kEZ mEZ

1
< Zw/o (S sup o (@ +y +m) — on(z +m)|)da

kez mez [Y1<8
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<622|ck|2/ Z sup6|<p'N(z+0y+m)\)2d:r

keZ mez YIS
1
<& Sl [ (X sup [on(t+m))’ds
kez 0 mEZte[—l,Q]
< (BNG)*D el
kEZ

The last inequality of the above inequalities derives from (A). From z €
[0,1],0 < 8 < 1 and 0 < 6 < 1, we have the forth inequality of the above
inequalities.

Lemma 2.3 For any f € VP(p) the following conclusions hold:
Llloscs(f)llwzry < leller lloses()llw iz,

201 Xopez crp (- = B)llw ey < llellenllollw o).
Lemma 2.4 If X = {x,} is real sequence with sup;(z;41 — ;) = 0 < 1,

then for any f = 3 cpcuon(- — k) € Vv we have ||Qf||r2 < |Qfllw2) <
B+ 0)lellellelw -

Proof. : For [ =3, ., cron(- — k) we have

[f(@) = Q) @) =Y (f(x) = fla)xga (@) + D (F(@) = fl@41))x52())|
JEL JEL
< Z|f f(@5)xj1(z +Z|f f(@i1)[x5,2(2)
JEL JEZL
< Zosas x)x;,1( +ZOSCO z)x;j2()
JEZ JEZ
— oscy (£)(@).

From this pointwise estimate and Lemma 2.3 we get
If = Q@flwrzy < lloses (f)llw(r2)
< llellezlloscs (on)llwr1)-
And by the results of [7] or [8] we know
lloscs (en)llwrry < (24 )llenllw L)
Putting the above discuss together, we have

1Qflz: < NQfllwzzy < IIf — Qfllwe2) + Ifllwze

< 2+ 0)ellezllonllwezsy + 11D evon (- = B)llwee)
kEZ

< 2+ 0)ellellonllw ey + llellezllen lw ey
< @B+ d)lcllezllon llw(rr).-
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The following Theorem 2.1 is one of our main theorems in this paper.
Theorem 2.1 Let P be an orthogonal projection from L*(R) to Vy and
Qlf(@)] = X f(@)xja (@) + 20 f(xj+1)x;,2(2). If sampling set X = {z,} is a
J J

! ith sup; (zi41 — x;) =6 < 1 and s 1, th
real sequence with sup,(x;11 — x;) <1and - AIETETTE < 1, then any
k

[ € Vi can be recovered from its samples {f(xz;) : ©; € X} on sampling set X
by the iterative algorithm

{fl :PQfa
frna1 =PQ(f = fn) + fn-

The convergence is geometric, that is,
3NJ
Wz @ (m -+ 2km) 2
k

[fn1 = fllz2 < (

)N fr = fllze.

Proof. By Pf = f and ||P|lop =1, for any f = > cxpn(- — k) € Vi we have
kezZ

I(I = PQ)flI7> = Pf—PQfI7> < IPIZIf — Q7= = IIf — QfIIF-
/ Zf z)xj1( +Zf z)Xj2(T foj X5 (

JEL JEZ JEZ
*Zf(xjﬂ)xjﬂ(x”zdm
JEZ
< [(C17@) = 1l (@) + 1) = Flayin)ha(o)Pds
JEL JEZ
= [ S 150~ Fa)Prale) + 3150 — Faan) Pralo)ds
JEZ jEZ
/Z|0305 x5 ( —&—Z\osc(s z)|[*x;j.2(x)dx
JEL JEL
2 012 2 0oy 12
= lloses (Fllz: < BN 3) > lexl = (N5 )2lell72
kEZ

<( 3NO
2@|¢N<w+2kw>|2

NIz

The third equality is from property > (xj1(z) + xj,2(z)) = 1. The forth
J

equality derives from property suppy;: N suppxi,; = 0(j # k,i # 1). By Lemma
2.2, the forth inequality holds. And we have

11 = fllze = lfn + PQUf = frn) = fllz = 1PQ(f = fu) = (f = fu)llz>
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< =PRI = falle <--- <= PQ["|If = fullze-
Combining with the estimate of ||[I — PQ||, we can imply

( 3N§
2\/§ | (r + 2km) |2

) e = Flze-

| fns1 = fllo2 <

3N

Taking assumption
& P 2\/§\¢N<w+zzm>|2

< 1, we know the algorithm is convergent.

In the following, we will show improved A-P iterative algorithm from
weighted samples.

Theorem 2.2 Let P be an orthogonal projection from L?*(R) to Vi and
weight function satisfy the following three conditions (i)-(44i):
(i)suppps; C [r; — §,2; + §]
(i) there exist M > 0 such that [ |@,,(x)|dz < M,
(iii) [ @z, (2)dz = 1.
Let Af(x) = > 2(f, a0 x50 (@) + 2(fs 0,11 )X5,2(2). If sampling set X = {z,}

J
is a real sequence with 0 < sup;(z;41 — ;) = § < 1 and we choice proper §
and a such that 3N d+a(3+a)M) <1, then an € VN can be
2\/§|¢7N(7r+2k7r)\2( ( )M) v/ N

recovered from its weighted samples {(f,pz,) : v; € X} on sampling set X by
the iterative algorithm

{lePAf7
fn+1 :PA(f_fn)+fn

The convergence is geometric, that is,
( 3No
Wz [ (x + 2kr) 2
k

| fag1 = fllz2 <

O+ aB+a)M)"||f1 — fllr2-

Proof. By Pf = f and ||P|lop =1, for any f = > cxpn(- — k) € Vi we have
keZ

If = PAfllrz = |f = PQf + PQf — PAf| 2
<f=Qfllz2 +1Qf — Afllre (1)
From the proof of Theorem 3.1, we have the following estimate for ||f — Qf]|2:
( 3N§
W;@N(H%wnz

If = Qfllze < AN 22 (2)-

For the second term ||Qf — Af]|z2 of (1) we have the pointwise estimate

[(Qf = Af) ()|



Improved A-P Iterative Algorithm in Spline Subspaces 63

=1 (f@5) = (f: 0w, ))x5( +Z (@j41) = (s Pay 1) )XG2()]

oy / SO 5) — FE)n, (x5 (1)

J

> (F@igr) = F(€)Pw, 0 (E)xj2(x)de]
< M(Z 050§(f> )X ( +ZOSC“ )(@j+1)x5,2(2))

= MQ(Y_ lerloses (pn) (@ — k).

kEZ

The above second equality derives from [ ¢, (x)dz = 1. By [|¢g, (z)|dz < M
and suppy,; C [r; — §,2; + 5], we know the above first inequality.
From this pointwise estimate and Lemma 2.4, it follows that:

1Qf = AfllL2 < M3+ a)llcllezlloscg (on)llw Ly

HOSC%(SON)”W(Ll) I

<M(3+a)
@mmmw

< M(3+a) Al Wl @)

V% | (r + 2k |2

By combining (1),(2) and (3), we can obtain

3N
1T — PA| > < 6+ a(3 + a)M).

2\/; |G (m + 2km)[2

Similar to the procedure in the proof of Theorem 3.1, we have
3N

| fas1 = flloe < (
2\/2¢N(7r+21m)|2

(0+aB+a)M)"||f1 — fllze-

k

Remark 1. Term (3)" is added in the expression of convergence rate. This im-
proves the velocity of convergence. From the construction of operator (Q and A,
we know why it appears in the expression of convergence rate.

The reconstruction algorithm in Theorem 2.1 and 2.2 require the existence of
orthogonal projection from L? onto Vy. For this purpose, the following Theorem
2.3 will construct the orthogonal projection. We can find the similar proof of
Theorem 2.3 in [5, 10].
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Theorem 2.3 Let X = {x,} be a real sequence such that 0 < sup,(x;11 —

x;) =0 < 1. Then

Pf= Z <f7kwj>]%w,-

r;€X

is orthogonal projection from L* onto Vi, where {k,,} and {l;:xj}

Remark 2. : The above improved A-P iterative algorithm maybe be generalized
to the case of LP(R) and VP(yp) whenever generator ¢ belongs to Wy(L'). We
will study it in future work.

3

Conclusion

In this paper we pay main attention on the weighted sampling and reconstruc-
tion in spline subspaces. We give some reconstruction methods from different
weighted sampling in spline subspaces. The improved A-P iterative algorithm
performs better than the old A-P algorithm. And we obtain the explicit conver-
gence rate of the improved A-P iterative algorithm in spline subspaces.
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