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Abstract. We introduce sequence hypergraphs by extending the con-
cept of a directed edge (from simple directed graphs) to hypergraphs.
Specifically, every hyperedge of a sequence hypergraph is defined as a
sequence of vertices (not unlike a directed path). Sequence hypergraphs
are motivated by problems in public transportation networks, as they
conveniently represent transportation lines. We study the complexity of
several fundamental algorithmic problems, arising (not only) in trans-
portation, in the setting of sequence hypergraphs. In particular, we con-
sider the problem of finding a shortest st-hyperpath: a minimum set of
hyperedges that “connects” (allows to travel to) ¢ from s; finding a min-
imum st-hypercut: a minimum set of hyperedges whose removal “discon-
nects” t from s; or finding a mazimum st-hyperflow: a maximum number
of hyperedge-disjoint st-hyperpaths. We show that many of these prob-
lems are APX-hard, even in acyclic sequence hypergraphs or with hyper-
edges of constant length. However, if all the hyperedges are of length at
most 2, we show that these problems become polynomially solvable. We
also study the special setting in which for every hyperedge there also is
a hyperedge with the same sequence, but in reverse order. Finally, we
briefly discuss other algorithmic problems such as finding a minimum
spanning tree, or connected components.
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1 Introduction

Consider a public transportation network, e.g., a bus network, where every vertex
corresponds to a bus stop, and where every bus line is specified as a fixed sequence
of bus stops. One can travel in the network by taking a bus and then following
the stops in the order that is fixed by the corresponding bus line. See Fig. 1 for an
illustration. Note that we think of a line as a sequence of stops in one direction
only, since there might be one-way streets or other obstacles that cause that the
bus can travel the stops in a single direction only. Then, interesting questions
arise: How can one travel from s to ¢ using the minimum number of lines? How
many lines must break down, so that t is not reachable from s? Are there two
ways to travel from s to ¢ that both use different lines?
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Fig.1. A bus line (actually, the career path of the jubilarian) in a transportation
network, and the corresponding hyperedge.

These kinds of questions are traditionally modeled and studied by algorithmic
graph theory, but no model appears to capture all the necessary aspects of the
problems above. We propose the following very natural way to extend the concept
of directed graphs to hypergraphs.

A hypergraph H = (V, £) with an ordering of the vertices of every hyperedge
is called a sequence hypergraph. Formally, the sequence hypergraph H consists
of the set of vertices V = {v1,v9,...,v,}, and the set of (sequence) hyperedges
E ={F4, Es, ..., Ey}, where each hyperedge E; = (v;,,0i,,...,v;) is defined as
a sequence of vertices without repetition. We remark that this definition substan-
tially differs from the commonly used definition of directed hypergraphs [1,2,14],
where each directed hyperedge is a pair (From, To) of disjoint subsets of V. We
note that the order of vertices in a sequence hyperedge does not imply any order
of the same vertices in other hyperedges. Furthermore, the sequence hypergraph
does not impose any global order on V.

There is another way to look at sequence hypergraphs coming from our moti-
vation in transportation. For a sequence hypergraph H = (V, &), we construct
a directed colored multigraph G = (V, E, c¢) as follows. The set of vertices V is
identical to V, and for a hyperedge E; = (v;,, vi,, ..., v;,) from &, the multigraph
G contains [ —1 edges (v;;,v;,,,) for j = 1,...,1—1, all colored with color ¢(Ej),
with ¢(E;) # ¢(Ey) for i # i'. Therefore, each edge of G is colored by one of
the k = |&| different colors C = {c¢(E1), c(E2),...,c(Ey) | E; € £}. Clearly, the
edges of each color form a directed path in G. We refer to G as the underlying
colored graph of H. We denote by m the number of edges of G.
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In this article, we study several standard graph-algorithmic problems in the
setting of sequence hypergraphs. In particular, we consider the problem of finding
a shortest st-hyperpath: an st-path that uses the minimum number of sequence
hyperedges; the problem of finding a minimum st-hypercut: an st-cut that uses
the minimum number of sequence hyperedges; and the problem of finding a maz-
imum st-hyperflow: a maximum number of hyperedge-disjoint st-hyperpaths.

We show that the shortest st-hyperpath is NP-hard to approximate within
a factor of (1 — ¢)lnn, for any € > 0, in general sequence hypergraphs, but
can be found in polynomial time if the given sequence hypergraph is acyclic
(Sect.3). On the other hand, we show that both maximum st-hyperflow and
minimum st-hypercut are APX-hard to find even in acyclic sequence hyper-
graphs (Sects.4 and 5). We then consider sequence hypergraphs with sequence
hyperedges of constant length, where the length of a hyperedge is the number of
its vertices minus one. We note that the shortest st-hyperpath problem remains
hard to approximate even with hyperedges of length at most 5, and we show
that the maximum st-hyperflow problem remains APX-hard even with hyper-
edges of length at most 3. On the other hand, we show that if all the hyperedges
are of length at most 2, all 3 problems become polynomially solvable (Sect. 6).
We also study the complexity in a special setting in which for each hyperedge
there also is a hyperedge with the same sequence, but in the opposite direction.
We show that the shortest st-hyperpath problem becomes polynomially solvable,
but both maximum st-hyperflow and minimum st-hypercut are NP-hard to find
also in this setting, and we give a 2-approximation algorithm for the minimum
st-hypercut problem (Sect. 7). Finally, we briefly study the complexity of other
algorithmic problems, namely, finding a minimum spanning tree, or connected
components, in sequence hypergraphs (Sect.8). For a summary of the results
see Table 1. The table also shows known results for the related labeled graphs
(discussed below). The result on the APX-hardness of the shortest st-hyperpath
problem (Theorem 1) appeared also, in a different context, in [4].

Table 1. Summary of the complexities admitted by some classic problems in the setting
of colored (labeled) graphs and sequence hypergraphs. The last row indicates whether
the sizes of the maximum st-flow and the minimum st-cut equal in the considered
setting. The cells in gray show our contribution.

Colored/Labeled Graphs Sequence Hypergraphs

General Span 1 ‘ General Acyclic Backward Length< 2
Shortest st-path APX-hard P APX-hard P P P
Minimum st-cut APX-hard P APX-hard APX-hard NP-hard 1?
Maximum st-flow APX-hard P APX-hard APX-hard NP-hard 12
MaxFlow-MinCut Duality| X Vv ‘ X X X v

2 Related Work

Recently, there has been a lot of research concerning optimization problems in
(multi)graphs with colored edges, where the cost of a solution is measured by
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the number of colors used, e.g., one may ask for an st-path using the minimum
number of colors. The motivation comes from applications in optical or other
communication networks, where a group of links (i.e., edges) can fail simultane-
ously and the goal is to find resilient solutions. Similar situations may occur in
economics, when certain commodities are sold (and priced) in bundles.

Formally, colored graphs or labeled graphs are (mostly undirected) graphs
where each edge has one color, and in general there is no restriction on a set of
edges of the same color. Note that some of the studies consider a slightly different
definition of colored graphs, where to each edge a set of colors is associated
instead of a single color. Since the computational complexity of some problems
may differ in the two models, the transformations between the two models have
been investigated [8].

The minimum label path problem, which asks for an st-path with a minimum
number of colors, is NP-hard and hard to approximate [5-7,16,17,22]. The 2 label
disjoint paths problem, which asks for a pair of st-paths such that the sets of
colors appearing on the two paths are disjoint, is NP-hard [18]. The minimum
label cut problem, which asks for a set of edges with a minimum number of
colors that forms an st-cut, is NP-hard and hard to approximate [7,23]. The
minimum label spanning tree problem, which asks for a spanning tree using edges
of minimum number of colors, is NP-hard and hard to approximate [17,20].

Hassin et al. [17] give a log(n)-approximation algorithm for the minimum
label spanning tree problem and a /n-approximation algorithm for the mini-
mum label path problem, where n is the number of vertices of the input colored
graph. Zhang et al. [23] give a y/m-approximation algorithm for the minimum
label cut problem, where m is the number of edges of the input colored graph.
Fellows et al. [13] study the parameterized complexity of minimum label prob-
lems. Coudert et al. [7,8] consider special cases when the span is 1, i.e., each
color forms a connected component; or when the graph has a star property, i.e.,
the edges of every color are adjacent to one vertex.

Note that since most of these results consider undirected labeled graphs, they
provide almost no implications on the complexity of similar problems in the
setting of sequence hypergraphs. In our setting, not only we work with directed
labeled graphs, but we also require edges of each color to form a directed path,
which implies a very specific structure that, to the best of our knowledge, has
not been considered in the setting of labeled graphs.

On the other hand, we are not the first to define hypergraphs with hyperedges
specified as sequences of vertices. However, we are not aware of any work that
would consider and explore this type of hypergraphs from an algorithmic graph
theory point of view. In fact, mostly, these hypergraphs are taken merely as a
tool, convenient to capture certain relations, but they are not studied further.
We shortly list a few articles where sequence hypergraphs appeared, but we do
not give details, since there is very little relation to our area of study. Berry
et al. [3] introduce and describe the basic architecture of a software tool for
(hyper)graph drawing. Wachman et al. [21] present a kernel for learning from
ordered hypergraphs, a formalization that captures relational data as used in
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Fig. 2. In both figures, the green-dotted curve and the red solid curve depict two
sequence hyperedges. (a) The length of the st-hyperpath is 2, but the number of
switches is 7. (b) The st-hyperpath consists of two sequence hyperedges that also form
a hypercycle.

Inductive Logic Programming. Erdés et al. [12] study Sperner-families and as
an application of a derived result they study the maximum number of edges of
a so-called directed Sperner-hypergraph.

3 On the Shortest st-Hyperpath

In this section, we consider the shortest st-hyperpath problem in general
sequence hypergraphs and in acyclic sequence hypergraphs.

Definition 1 (st-Hyperpath). Let s and t be two vertices of a sequence hyper-
graph H = (V,&). A set of hyperedges P C £ forms a hyperpath from s to t
if the underlying (multi)graph G’ of the subhypergraph H' = (V, P) contains an
st-path, and P is minimal with respect to inclusion. We call such an st-path an
underlying path of P. The length of an st-hyperpath P is defined as the number
of hyperedges in P. The number of switches of an st-hyperpath P is the minimum
number of changes between the hyperedges of P, when following any underlying
st-path of P.

We note that each hyperpath may have multiple underlying paths. Also note
that, even though the number of switches of an st-hyperpath P gives an upper
bound on the length of P, the actual length of P can be much smaller than the
number of switches of P (see Fig.2a).

Proposition 1. Given a sequence hypergraph, and two vertices s and t, an st-
hyperpath minimizing the number of switches can be found in polynomial time.

Such an st-hyperpath can be found, e.g., by a modified Dijkstra algorithm
(starting from s, following the outgoing sequence hyperedges and for each vertex
storing the minimum number of switches necessary to reach it).

Conversely, we show that finding a shortest st-hyperpath (minimizing the
number of hyperedges) is hard to approximate. On the other hand, if the given
sequence hypergraph is acyclic, we show that the shortest st-hyperpath problem
becomes polynomially solvable.

Definition 2 (Acyclic Sequence Hypergraph). A set of hyperedges O C €
forms a hypercycle, if there are two vertices a # b such that O contains both
a hyperpath from a to b, and a hyperpath from b to a. A sequence hypergraph
without hypercycles is called acyclic.
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Fig. 3. Finding a shortest st-hyperpath is at least as hard as the minimum set cover
problem.

Observe that an st-hyperpath may also be a hypercycle (see Fig. 2b).

Definition 3 (Edges of a Hyperedge). Let E = (v1,v9,...,v;) be a hyper-
edge of a sequence hypergraph H. We call the set of directed edges {e; =
(vi,vi41)| @ = 1,...,k — 1} the edges of E. The edges of E are exactly the
edges of color c(E) in the underlying colored graph of H. The length of a hyper-
edge is defined as the number of its edges (which is the number of its vertices
minus one).

For a fived order VO = (vy,va,...,v,) of vertices V, an edge e of a hyperedge
E is called a forward edge with respect to VO if its orientation agrees with the
order VO. Similarly, e is a backward edge if its orientation disagrees with VO.

Theorem 1. Finding a shortest st-hyperpath in sequence hypergraphs is NP-
hard to approzimate within a factor of (1 —¢)Inn for any e > 0, unless P = NP.
The problem remains APX-hard even if every hyperedge has length at most 5.

Proof. We construct an approximation-preserving reduction from the set cover
problem. The reduction is similar to that presented in [22] for the minimum
label path problem in colored graphs. An instance I = (X,S) of the set cover
problem is given by a ground set X = {z1,...,2,}, and a family of its subsets
S = {51,...,5n}. The goal is to find a smallest subset S’ C S such that the
union of the sets in &’ contains all elements from X. The set cover problem
is known to be NP-hard to approximate within a factor of (1 — €)lnn, unless
P = NP [10]. Moreover, if each subset of S is of size at most 3, the problem
remains APX-hard [9].

From I we construct a sequence hypergraph H = (V,€) as follows (cf.
Figure 3 along with the construction). The set of vertices V = {vg,v1,...,0n}
contains one vertex v; for each element z; of the ground set X, plus one addi-
tional vertex vg. Let VO be the order of vertices in V naturally defined by
their indices. The set of sequence hyperedges £ = {Ey,..., E,} contains one
hyperedge for each set in S. For a set S; € S, consider the set of vertices that
correspond to the elements in S; and order them according to V©, to obtain
a sequence Q = (Vi;, Vi, ...,0;, ), where i1 < ig < --- < i,. First, let us con-
sider the simplest case where none of the v;; and v;,,, (for j=1,...,r —1) are
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consecutive in the order VO, that is, i;j +1 # 7;41. Then the sequence of the
hyperedge F; corresponding to S; is (Uir—lvvi,‘avi(,,,,n—hUz'(,,.,l)a ey Vi =1, Vi)
(e.g., the hyperedge corresponding to Ss in Fig.3). In other words, E; consists
of forward edges: one forward edge (v;;1,v;;) for each v;; in Q; and backward
edges that connect the forward edges in the order opposite to Q. Now, for the
more general case, if for some j, v;; and v;,, are consecutive vertices with
respect to VO, i.e., ij +1 = i;41, the sequence constructed as above would con-
tain vertices repeatedly, which is not allowed (each sequence hyperedge has to
be mapped to a path in the underlying graph). To avoid this, we construct E; as
follows. For simplicity of the explanation, instead of describing the sequence of
the hyperedge, we specify F; by listing the edges of the hyperedge and the path
to which F; is mapped. The hyperedge F; consists of the same forward edges as
before: one forward edge (v;;1,v;,) for each v;; in Q. Whenever two or more
vertices of () are consecutive in VO, their corresponding forward edges form a
path. Clearly, the forward edges of F; then determine a set of (non-overlapping)
paths p1,pa,...,p (uniquely ordered according to V). The backward edges
of E; then connect these paths in the order opposite to V' into a single path
(which specifies E;). In particular, the last vertex of p,» connects to the first
vertex of p,»_1, the last vertex of p,»_; connects to the first vertex of p,»_o, ...,
and the last vertex of py connects to the first vertex of p;.

Note that the length of each sequence hyperedge E; is bounded by 2|S;| — 1,
where |S;| is the size of the set S; € S corresponding to E;. This follows from
the fact that E; consists of |S;| forward edges and at most |S;| — 1 backward
edges to connect the forward edges. In particular, if each subset of S is of size
at most 3, all the hyperedges are of length at most 5.

We set the source vertex s to vg, and the target vertex t to v,, and we
show that a shortest st-hyperpath in H of length k provides a minimum set
cover for I of the same size, and vice versa. First, notice that all the forward
edges (with respect to VO) of the hyperedges in £ are of the form (v;,v;4 1) for
some i = 0,...,n — 1. Together with the fact that ¢ is smaller than s in the
order VO, it follows that any path from s to ¢ in the underlying graph of H
goes via all the vertices, in the order V©. Thus, there is an underlying path p
of the shortest st-hyperpath P in H, such that p does not use any backward
edges of the hyperedges in £. Clearly, by choosing a hyperedge E; into the
st-hyperpath P, one also chooses its forward edges and this way “covers” some
sections of the underlying path of P. Since there is a one-to-one mapping between
the hyperedges in £ and the sets in S, by finding an st-hyperpath P of length
k, one finds a set cover of size k for the given instance. On the other hand, each
set cover of size k can be mapped, using the same direct one-to-one mapping in
the opposite direction, to an st-hyperpath of length k.

Thus, the described reduction is approximation-preserving. By reducing from
the general set cover problem we obtain the first part of the claim, and by
reducing from the set cover problem with all subsets of size at most 3 we obtain
the second part of the claim. |

We complement the hardness result with a positive one.
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Theorem 2. The problem of finding the shortest st-hyperpath in acyclic
sequence hypergraphs can be solved in polynomial time.

Proof. Let H = (V,€) be an acyclic sequence hypergraph. Since H is acyclic,
let VO be an order of the vertices V such that all the edges of each hyperedge
are forward edges with respect to this order. This implies that for every st-
hyperpath, there is an underlying path where all the edges of each hyperedge
appear consecutively (the last edge of a hyperedge F appearing in an under-
lying path is reachable by E from the first appearing edge of E). Therefore,
finding the shortest st-hyperpath P in H is the same as finding a hyperpath
minimizing the number of switches, which can be done in polynomial time by
Proposition 1. a

4 On the Maximum st-Hyperflow

We consider the problem of finding a number of hyperedge-disjoint st-
hyperpaths. Capturing a similar relation as in graphs (between a set of k edge-
disjoint st-paths and an st-flow of size k, when all the capacities are 1), for
simplicity and brevity, we refer to a set of hyperedge-disjoint st-hyperpaths as
an st-hyperflow.

Definition 4 (st-Hyperflow). Let s and t be two vertices of a sequence hyper-
graph H = (V,E). Let F C 2% be a set of pairwise hyperedge-disjoint st-
hyperpaths F = {Py,...,Py}. Then, F is an st-hyperflow of size |F| = k.

We show that deciding whether a given sequence hypergraph contains an
st-hyperflow of size 2 is NP-hard, and thus finding a maximum st-hyperflow is
inapproximable within a factor of 2 — ¢ unless P = NP. This remains true even
for acyclic sequence hypergraphs with all the hyperedges of length at most 3.

Theorem 3. Given an acyclic sequence hypergraph H = (V,E) with all hyper-
edges of length at most 3, and two vertices s and t, it is NP-hard to decide
whether there are two hyperedge-disjoint st-hyperpaths.

Proof. We construct a reduction from the NP-complete 3-SAT problem [15].
Let I be an instance of the 3-SAT problem, given as a set of m clauses C' =
{c1,...,¢m} over a set X = {x1,...,2,} of Boolean variables. Recall that the
goal of the 3-SAT problem is to find an assignment to the variables of X that
satisfies all clauses of C.

From I we construct a sequence hypergraph H = (V,€) as follows (cf.
Figure4 along with the construction). The set V consists of 2 + (m + 1) +
(n + 1) + >_. co lci| vertices: a source vertex s and a target vertex ; a ver-
tex ¢; for each clause ¢; € C' and a dummy vertex c¢,,41; a vertex x; for each
variable z; € X and a dummy vertex x,1; and finally a vertex z;c; for each
pair (z;,¢;) such that z; € ¢;, and similarly, T;¢; for each Z; € ¢;. Let us fix
an arbitrary order C© of the clauses in C. The set € consists of 4 + 2n + |I|
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Fig. 4. Deciding st-hyperflow of size 2 is at least as hard as 3-SAT.

hyperedges: There are 2 source hyperedges (s,c1) and (s,x1), and 2 target hyper-
edges (¢my1,t) and (x,41,t). There are 2n auziliary hyperedges (x;,x;c) and
(x4, Ticpy) for i = 1,...,n, where ¢, or ¢x is always the first clause (with respect
to C9) containing z; or T, respectively. If there is no clause containing z; (or
T;), the corresponding auxiliary hyperedge is (z;, z;41). Finally, there are || lit-
in-clause hyperedges as follows. For each appearance of a variable z; in a clause
¢; as a positive literal there is one lit-in-clause hyperedge (c;, ¢;v1, ¢, z5ck),
where ¢;, is the next clause (with respect to C©) after ¢; where T; appears as
a positive literal (in case, there is no such ¢, then the hyperedge ends in x;;
instead). Similarly, if z; is in ¢; as a negative literal, there is one lit-in-clause
hyperedge (¢;, ¢i+1,T;¢, T;ck), where ¢ is the next clause containing the nega-
tive literal Z; (or it ends in z,41).

Clearly, each hyperedge is of length at most 3. We now observe that the
constructed sequence hypergraph H is acyclic. All the hyperedges of H agree
with the following order: the source vertex s; all the vertices ¢; € C ordered
according to C, and the dummy vertex c,,1; the vertex z; followed by all the
vertices z1¢; ordered according to C©, and then followed by the vertices Zic;
again ordered according to C’O; the vertex x4 followed by all zo¢; and then all
Ta¢i; ... ; the vertex z,, followed by all z,¢; and then all T,c;; and finally the
dummy vertex x,1; and the target vertex t.

We show that the formula I is satisfiable if and only if H contains two
hyperedge-disjoint st-hyperpaths. There are 3 possible types of st-paths in the
underlying graph of H: the first one leads through all the vertices c1, ca, ..., ¢mt1
in this order; the second one leads through all the vertices z1,22,...,Zmy1 in
this order and between x; and x4 it goes either through all the x;c, (here, and
later, * is used as a wildcard) vertices or through all the Tjc, vertices (this may
differ for different j); and the third possible st-path starts the same as the first
option and ends as the second one. Based on this observation, notice that there
can be at most 2 hyperedge-disjoint st-hyperpaths: necessarily, one of them has
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Fig. 5. Acyclic sequence hypergraph with minimum st-hypercut of size 2, and no two
hyperedge-disjoint st-hyperpaths.

an underlying path of the first type, while the other one has an underlying path
of the second type.

From a satisfying assignment A to the variables of I we can construct the
two disjoint st-hyperpaths as follows. The underlying path of one hyperpath
leads from s to t via the vertices c¢1,ca,..., ¢nmy1, and to move from ¢; to ¢;41
it uses a lit-in-clause hyperedge that corresponds to a pair (I,¢;) such that [
is one of the literals that satisfy the clause ¢; in A. The second hyperpath has
an underlying path of the second type, it leads via z1,x3,...,Zn41, and from
x; to x;41 it uses the vertices containing only the literals that are not satisfied
by the assignment A. Thus, the second hyperpath uses only those lit-in-clause
hyperedges that correspond to pairs containing literals that are not satisfied by
A. This implies that the two constructed st-hyperpaths are hyperedge-disjoint.

Let P and @ be two hyperedge-disjoint st-hyperpaths of H. Let P have an
underlying path p of the first type and @ have an underlying path ¢ of the
second type. We can construct a satisfying assignment for I by setting to TRUE
the literals opposite to those that occur in the vertices on ¢q. Then, the hyperpath
P describes how the clauses of I are satisfied by this assignment. a

5 On the Minimum st-Hypercut

Quite naturally, we define an st-hypercut of a sequence hypergraph H as a set C'
of hyperedges whose removal from H leaves s and ¢ disconnected.

Definition 5 (st-Hypercut). Let s and t be two vertices of a sequence hyper-
graph H = (V,E). A set of hyperedges X C £ is an st-hypercut if the subhyper-
graph H' = (V,E\ X) does not contain any hyperpath from s to t. The size of
an st-hypercut X is | X|, i.e., the number of hyperedges in X.

For directed (multi)graphs, the famous MaxFlow-MinCut Duality Theo-
rem [11] states that the size of a maximum st-flow is equal to the size of a
minimum st-cut. In sequence hypergraphs, this duality does not hold, not even
in acyclic sequence hypergraphs as Fig. 5 shows. But, of course, the size of any
st-hyperflow is a lower bound on the size of any st-hypercut. We showed the
maximum st-hyperflow problem to be APX-hard even in acyclic sequence hyper-
graphs (see Theorem 3). It turns out that also the minimum st-hypercut problem
in acyclic sequence hypergraphs is APX-hard.

Theorem 4. Minimum st-hypercut in acyclic sequence hypergraphs is NP-hard
to approzimate within a factor of 2 — e under UGC, or within a factor 7/6 — e
unless P = NP.
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Fig. 6. Minimum st-hypercut is at least as hard as minimum vertex cover.

Proof. We construct an approximation-preserving reduction from the vertex
cover problem, which has the claimed inapproximability [19]. An instance of
the vertex cover problem is an undirected graph I = (U, F'), with the vertex
set U = {uq,...,u,} and the edge set F = {f1,..., fm}. The goal is to find a
smallest subset U’ C U such that U contains at least one vertex from each edge
ferF.

To construct from the instance I an instance I’ of the minimum st-hypercut
problem in acyclic sequence hypergraphs, we fix an order of the vertices and edges
of I as follows. Let UY = (uy,...,u,) be an arbitrary order on the vertices of
U. From every edge in F' we create an ordered edge, where the vertices of the
edge are ordered naturally according to U?. Let F’ denote the set of the created
ordered edges, and let F© be the edges F’ ordered lexicographically according
to UO.

We construct the sequence hypergraph H = (V, £) of I’ as follows (cf. Figure 6
along with the construction). The set of vertices V consists of 3m + 2 vertices:
a source vertex s, a target vertex ¢, and for each edge f; € FO, i =1,...,m,
there are three vertices v(; 1), v(;2), and v 3y. The set of hyperedges £ consists
of 2m +n hyperedges. There are m source hyperedges of the form (s,v(; 1)), each
of them connects s to one vertex v(; ). There are m target hyperedges of the
form (v(; 3),t), each of them connects one vertex v(; 3 to t. And finally, there
are n verter hyperedges, each corresponding to one of the vertices in U, and is
constructed as follows.

For a vertex w € U of I, we describe the sequence of vertices in the cor-
responding vertex hyperedge F, iteratively. We start with an empty sequence.
We consider the edges F© in order, and for each edge f; € F© that contains
u we prolong the sequence of F, as follows. If f; contains u as the first ver-
tex, we append v(; 1) and v(; 2) to E,. Otherwise, f; contains u as the second
vertex, and we append v(;2) and v(;3) to E,. Now consider the edges of the
obtained hyperedge F,, and let us distinguish two types. First, there are edges of
the form (v(; 1), ”(i,Z)) and (/U(i’Q),/U(LS)) for some 7, and second, there are edges
of the form (v(;,2),v(;,1)), (V(i,3),v(j,2)), and (v(;,3),v(;,1)) for some i < j. Note
that, due to the fact that the edges in F'© are ordered lexicographically, all the
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edges of the vertex hyperedge FE, take one of the forms described above. Also
note that, due to the direct correspondence between the vertices in U and vertex
hyperedges, each tuple (v jy,v(,;j+1)) is part of (i.e., an edge of) exactly one of
the hyperedges.

Clearly, by the construction, the sequence hypergraph is acyclic, since the
ordering VO = (8,0(1,1), V(1,2), V(1,35 - - - » V(m, 1) V(m,2)» V(m,3), L) 15 a topological
sorting of the underlying graph G.

Let us now observe that there always exists a minimum st-hypercut that does
not contain any source or target hyperedges. Notice that in the underlying graph
G of H, the only outgoing edge from v; 1) leads to v ), for i = 1,...,m, and
similarly, the only incoming edge to v(; 3y comes from v(; 2. Since for each i, the
tuple (v(; 5),v(,j+1)) is an edge of exactly one hyperedge, every source hyper-
edge (s,v(;,1)) in an st-hypercut C' can be substituted by the vertex hyperedge
containing the edge (v(;1),v(;,2)); and every target hyperedge (v(;3),t) can be
substituted by the vertex hyperedge containing the edge (v(; 2),v(,3)); and the
resulting set is an st-hypercut of size equal or smaller than C. Thus, there exists
an optimal solution that contains only vertex hyperedges.

Now observe that any minimum st-hypercut C' consisting of vertex hyper-
edges only, must for each ¢ = 1,...,m “hit” either the edge (v(;1),v(,2)) or
(v(i,2),v(i,3)) (i-e., one of those two edges is an edge of some hyperedge in
(). Otherwise, the underlying graph of (V,€ \ C) would contain an st-path
Di = 8, U(4,1) V(4,2) U(i,3) s L

We show that the described construction gives us an approximation-
preserving reduction: for an st-hypercut of size k, we can construct a solution
for the vertex cover problem of the same size, and vice versa. Let S’ C ‘H be an
optimal solution to the instance I’ that contains only vertex hyperedges. Recall
that there is a direct one-to-one mapping between the vertex hyperedges and
the vertices U of the instance I. There is also a direct mapping between each
triple (v(;,1),v(i,2), V(i,3)) and an edge from F. Since the solution S hits one of
the edges (v(;1),v(,2)) or (v(;2),v(,3)) for each i, we can use the mapping to
construct a solution & C U to the instance I of the original minimum vertex
cover problem, such that |S| = |S’|. On the other hand, every solution to the
original vertex cover instance can be mapped, using the same direct one-to-one
mapping in the opposite direction, to an st-hypercut of H of the same size. 0O

6 Sequence Hypergraphs with Hyperedges of Length < 2

We have seen that some of the classic, polynomially solvable problems in
(directed) graphs become APX-hard in sequence hypergraphs. Note that this
often remains true even if all the hyperedges are of constant length. In particu-
lar, Theorem 1 states that the shortest st-hyperpath is hard to approximate even
if all the hyperedges are of length at most 5; Fig. 4 illustrates that the duality
between minimum st-hypercut and maximum st-hyperflow breaks already with
a single hyperedge of length 3; and Theorem 3 yields that the maximum st-
hyperflow is hard to approximate even if all hyperedges are of length at most 3.
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Fig. 7. Transforming st-paths into hyperedge-disjoint st-hyperpaths.

It is an interesting question to investigate the computational complexity of
the problems for hyperedge lengths smaller than 5 or 3. We show that, if all the
hyperedges of the given sequence hypergraph are of length at most 2, the shortest
st-hyperpath, the minimum st-hypercut, and the maximum st-hyperflow can all
be found in polynomial time.

Theorem 5. The shortest st-hyperpath problem in sequence hypergraphs with
hyperedges of length at most 2 can be solved in polynomial time.

Proof. Consider a shortest st-hyperpath P in a given sequence hypergraph with
hyperedges of length at most 2. Clearly, whenever both edges of a hyperedge are
part of an underlying path of P, they must appear consecutively on it. Thus,
all the edges of each hyperedge appear consecutively on any underlying path
of P. Therefore, the length of the shortest st-hyperpath P is again the same as
the minimum number of switches of P, and such a shortest st-hyperpath can be
found in polynomial time (Proposition 1). O

Theorem 6. The mazimum st-hyperflow problem in sequence hypergraphs with
hyperedges of length at most 2 can be solved in polynomial time.

Proof. Let H = (V,€) be a sequence hypergraph with hyperedges of length at
most 2, and let s and ¢ be two of its vertices. Then, using standard graph algo-
rithms we can find a maximum st-flow f in the underlying directed multigraph G
of H with edge capacities 1. Thus, the flow f of size |f| gives us a set of |f| edge-
disjoint st-paths p1,...,pj in G (note that any directed cycle in f can be easily
removed).

We iteratively transform pi,...,pjs into a set of st-paths such that all the
edges of each hyperedge appear on only one of these paths. Let F = (u,v,w)
be a hyperedge that lies on two different paths (see Fig.7), i.e., (u,v) € p; and
(v, w) € pj, for some ¢, j € [|f]]. Then, p; consists of an su-path, edge (u,v), and
a vt-path. Similarly, p; consists of an sv-path, edge (v, w), and a wt-path. Since
all these paths and edges are pairwise edge-disjoint, by setting p; to consist of
the su-path, edge (u,v), edge (v,w), and the wt-path, and at the same time
setting p; to consist of the sv-path, and the vt-path, we again obtain two edge-
disjoint st-paths p; and p;. However, now the hyperedge E is present only on
pi. At the same time, since each hyperedge is of length at most 2, all the edges
of any hyperedge appear on any st-path consecutively, and any hyperedge that
was present on only one of p; or p; is not affected by the above rerouting and
still is present on one of the two paths only.



204 K. Bohmova et al.

Thus, the rerouting decreased the number of hyperedges present on more
paths, and after at most |€| iterations of this transformation we obtain |f|
hyperedge-disjoint st-paths, which gives us an st-hyperflow of size |f|. It is easy
to observe that the size of the hyperflow is bounded from above by the size of
the flow in the underlying multigraph. Thus, we obtain a maximum st-hyperflow
in H. O

Theorem 7. The minimum st-hypercut problem in sequence hypergraphs with
hyperedges of length at most 2 can be solved in polynomial time.

Proof. Let H = (V,€) be a sequence hypergraph with hyperedges of length at
most 2, and let s and ¢ be two of its vertices. As in proof of Theorem 6, we find
a maximum st-flow f (of size |f]) in the underlying directed multigraph G of

‘H and obtain a maximum st-hyperflow F' in H of the same size, i.e., |F| = |f].
Since in directed multigraphs the size of the minimum cut equals the size of
the maximum flow [11], it follows that we can find |F| edges ey,...,e/p of G

that form a minimum cut of G. Observe that each of these edges corresponds to
exactly one hyperedge. Thus, we obtain a set C of at most |F| hyperedges that
forms an st-hypercut. Since the size of any st-hypercut is bounded from below
by the size of the hyperflow, C is a minimum st-hypercut. O

Note that we proved Theorem 7 by first constructing an st-hyperflow and
then finding an st-hypercut of the same size. Since this is always possible, it
follows that the equivalent of the MaxFlow-MinCut Duality Theorem holds in
this setting with hyperedges of length at most 2.

7 Sequence Hypergraphs with Backward Hyperedges

We consider a special class of sequence hypergraphs where for every hyperedge,
there is the exact same hyperedge, but oriented in the opposite direction.

Definition 6 (Backward Hyperedges). Let E = (vy,vs,...,v;) be a hyper-
edge of a sequence hypergraph H = (V,&). We say that E’ is a backward
hyperedge! of E if E' = (vg,...,v2,v1). If for every E of &, there is exactly
one backward hyperedge in £, we refer to H as sequence hypergraph with back-
ward hyperedges.

Such a situation arises naturally in urban public transportation networks, for
instance most of the tram lines of the city of Zurich have also a “backward” line
(which has the exact same stops as the “forward” line, but goes in the opposite
direction). We study the complexities of shortest st-hyperpath, minimum st-
hypercut, and maximum st-hyperflow under this setting.

We show that, in this setting, we can find a shortest st-hyperpath in polyno-
mial time. On the other hand, we show that minimum st-hypercut and maximum
st-hyperflow remain NP-hard, and we give a 2-approximation algorithm for the

! Note, if E’ is a backward hyperedge of E, also E is a backward hyperedge of E’.
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Fig. 8. Sequence hypergraph with backward hyperedges with minimum st-hypercut of
size 4, and only three hyperedge-disjoint st-hyperpaths. For every displayed hyperedge,
there is also a backward hyperedge, which is for simplicity omitted from the figure.

minimum st-hypercut. Also observe in Fig. 8 that the equivalent of the MaxFlow-
MinCut Duality Theorem does not hold in sequence hypergraphs with backward
hyperedges. The positive results in this section are based on existing algorithms
for standard hypergraphs, the negative results are obtained by a modification of
the hardness proofs given in Sects.4 and 5.

Theorem 8. The shortest st-hyperpath problem in sequence hypergraphs with
backward hyperedges can be solved in polynomial time.

Proof. Let H = (V,€) be a sequence hypergraph with backward hyperedges,
and let s and ¢ be two vertices of H. We construct a (standard) hypergraph
H* = (V* =V,E) from H in such a way that for each sequence hyperedge E
of £, £* contains a (non-oriented) hyperedge E* that corresponds to the set of
vertices of F. Note that E and its backward hyperedge E’ consist of the same
set of vertices, thus the corresponding E* and E’* are the same. A shortest
st-hyperpath? P* in the (standard) hypergraph H* can be found in polynomial
time. Observe that the size of P* gives us a lower bound |P*| on the length of
the shortest path in the sequence hypergraph H.

In fact, we can construct from P* an st-hyperpath in H of size | P*| as follows.
Let us fix p* to be an underlying path of P*. Let (s = v1,va,...,0p+|41 = 1)
be a sequence of vertices, subsequence of p*, such that for each i = 1,...,|P*|,
there is a hyperedge E* in P* that contains both v; and v;11, v; is the first
vertex of E* seen on p*, and v; 1 is the last vertex of E* seen on p*. Since every
hyperedge E* of £* corresponds to the set of vertices of some hyperedge E of
&, there is a sequence of sequence hyperedges (E1, Es, ..., Ejp«|), E; € £, such
that v;, v;41 are vertices in E;. Since H is a sequence hypergraph with backward
hyperedges, for every hyperedge E of £ and a pair of vertices v; and v;41 of E,
there is a v;v;11-hyperpath in H of size 1, which consists of E or its backward
hyperedge E’. Therefore, there is an st-hyperpath of size |P*| in H. O

Theorem 9. The mazimum st-hyperflow problem in sequence hypergraphs with
backward hyperedges is NP-hard.

2 An st-hyperpath P* and its underlying path are defined as in sequence hypergraphs.
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Fig. 9. Maximum st-hyperflow in sequence hypergraphs with backward hyperedges is
NP-hard.

Proof. We construct a reduction from the NP-complete 3-SAT problem [15].
Let I be an instance of the 3-SAT problem, given as a set of m clauses C =
{c1,...,¢cm} over aset X = {x1,...,z,} of Boolean variables.

From I we construct a sequence hypergraph H = (V,&) as follows (cf.
Figure 9 along with the construction). The construction is very similar to that in
the proof of Theorem 3, so we highlight the changes in bold. One major change
is that now for every hyperedge there is a backward hyperedge. For simplicity,
we divide all the sequence hyperedges into pairs of mutually backward sequence
hyperedges, and we refer to one sequence hyperedge of each pair as forward
hyperedge (and to the other as its backward hyperedge). For simplicity of the
construction, we describe explicitly only the forward hyperedges, and each of
them implicitly defines a backward hyperedge.

Let |I] be the size of I (i.e., [I| = >_. cc |cil). The set of vertices V consists
of 2+ (m+ 1) 4+ (n+ 1) + 3|I| vertices: a source vertex s and a target vertex
t; a vertex ¢; for each clause ¢; € C and a dummy vertex c,41; a vertex x;
for each variable z; € X and a dummy vertex x,41; and finally three vertices
xjc;, uxjc;, and ve;c; for each pair (x;,¢;) such that z; € ¢;, and similarly,
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T;c;, uT c;, and vE c; for each T; € ¢;. Let us fix an arbitrary order CO of the
clauses in C. The set of hyperedges £ contains 4 + 2n + 3|I| forward hyperedges
(plus the same amount of the corresponding backward hyperedges that we do
not specify explicitly). There are 2 + |I| source hyperedges: (s,c1) and (s,xz1);
for each pair (zj,¢;), x; € ¢;, there is (s,ux;c;), and for each T; € ¢;, there is
(s, umjc;). There are 2 + |I| target hyperedges: (¢m+1,t) and (z,41,1t); for each
pair (z;,¢;), *j € ¢, there is (vejc;, t), and for each T; € ¢;, there is (vEjc;, t).
There are 2n auziliary hyperedges (x;, x;cx) and (x;, Ticg) fori = 1,. .. n, where
cr or ¢y is always the first clause (with respect to C©) containing z; or 7;,
respectively. In case there is no clause containing z; (or T;), the corresponding
auxiliary hyperedge is (z;, z;+1). Finally, there are |I| lit-in-clause hyperedges as
follows. For each appearance of a variable x; in a clause ¢; as a positive literal
there is one lit-in-clause hyperedge (vzjc;, uxjci, c;, cit1, ¢, T k), where ¢y
is the next clause (with respect to C?) after ¢; where T; appears as a posi-
tive literal (in case there is no such cg, the hyperedge ends in x;; instead).
Similarly, if x; is in ¢; as a negative literal, there is one lit-in-clause hyperedge
(vZjc, UL Ciy ¢4, Cit1,T;C, T;Ck), Where ¢ is the next clause containing the
negative literal Z; (or the hyperedge ends in x;41).

We show that the formula I is satisfiable if and only if the sequence hyper-
graph H contains 2+|I| hyperedge-disjoint st-hyperpaths. Since there are exactly
2 4 |I| source hyperedges, and no other hyperedge (including backward hyper-
edges) originates from the source vertex s, all these source hyperedges have to
be used to get 2 + |I| hyperedge-disjoint st-hyperpaths. Similarly, all the target
hyperedges have to be used. But then, each of the |I| vertices vz;c; or vZjc;
has to be on one of the underlying st-paths. However, vz;c; can only be reached
(unless passing via t) from uz;c; using a backward hyperedge of a lit-in-clause
hyperedge. Similarly, vZ;c; can only be reached from uZjc; using a backward
hyperedge of a lit-in-clause hyperedge. This all implies that there can be 2 4 |I|
hyperedge-disjoint st-hyperpaths only if |I]| of them are composed in one of
the two following ways: a source hyperedge (s, uxjc;), a backward hyperedge of
some lit-in-clause hyperedge to get from ux;c; to vz c;, and a target hyperedge
(vxjc;,t); or a source hyperedge (s,uT;c;), a lit-in-clause backward hyperedge
to get from uT;c; to vT;c;, and a target hyperedge (vTjc;,t). Thus, the back-
ward hyperedges of all |I| lit-in-clause hyperedges are used and cannot appear
in the remaining st-hyperpaths. Also note that all other backward hyperedges
are useless to reach ¢ from s, since they lead only backwards. This implies a
situation equivalent to that in the proof of Theorem 3. That is, the formula I
is satisfiable if and only if the sequence hypergraph H contains 2 hyperedge-
disjoint st-hyperpaths, when considering forward hyperedges only, without the
|| source and |I] target hyperedges already used above.

Then, there are 3 possible types of st-paths in the underlying graph of H: the
first one leads through all the vertices ¢, co, ..., ¢pm41 in this order; the second
one leads through all the vertices x1,z9,..., &1 in this order and between
x; and x;4; it goes either through all the z;c, vertices or through all the T;c,
vertices (again, * is used here as a wildcart); and the third possible st-path
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starts the same as the first option and ends as the second one. Based on this
observation, notice that there can be at most 2 hyperedge-disjoint st-hyperpaths:
necessarily, one of them has an underlying path of the first type, while the other
one has an underlying path of the second type.

From a satisfying assignment A of I we can construct the two disjoint st-
hyperpaths as follows. One hyperpath leads from s to t via the vertices c1, ca, . . .,
Cm+1, and to move from ¢; to ¢;41 it uses a lit-in-clause hyperedge that corre-
sponds to a pair (,¢;) such that [ is one of the literals that satisfy the clause
¢; in A. The second hyperpath has an underlying path of the second type, it
leads via z1,%2,...,%n41, and from x; to x;41 it uses the vertices containing
only the literals that are not satisfied by the assignment A. Thus, the second
hyperpath uses only those lit-in-clause hyperedges that correspond to pairs con-
taining literals that are not satisfied by A. This implies that the two constructed
st-hyperpaths are hyperedge-disjoint.

Let P and @ be two hyperedge-disjoint st-hyperpaths of H, considering only
the forward hyperedges, without the source hyperedges that lead to vertices
UT4Cy O UTCx. Let P have an underlying path p of the first type and @ has an
underlying path ¢ of the second type. We can construct a satisfying assignment
for I by setting to TRUE the literals opposite to those that occur in the vertices
on ¢. Then, the hyperpath P suggests how the clauses of I are satisfied by this
assignment. a

Theorem 10. The minimum st-hypercut problem in sequence hypergraphs with
backward hyperedges is NP-hard.

Proof. We construct a reduction from the NP-hard vertex cover problem. Let I
be an instance of the vertex cover problem, given as an undirected graph I =
(U, F), with the vertex set U = {uy,...,u,}, and the edge set FF = {f1,..., fm}-

To construct from I an instance I’ of the minimum st-hypercut problem in
acyclic sequence hypergraphs, we fix an order of the vertices and edges of I as
follows. Let U? = (uy,...,u,) be an arbitrary order on the vertices of U. From
every edge in F' we create an ordered edge, where the vertices of the edge are
ordered naturally according to U®. Let F’ denote the set of the created ordered
edges, and let F© be the edges I’ ordered lexicographically according to U©.

We construct the sequence hypergraph H = (V,€) of I’ as follows (cf.
Figure 10 along with the construction). The construction is very similar to that
in the proof of Theorem 4, so we highlight the changes in bold. One major change
is that now for every hyperedge there is a backward hyperedge. For simplicity,
we divide all the sequence hyperedges into pairs of mutually backward sequence
hyperedges, and we refer to one sequence hyperedge of each pair as forward
hyperedge (and to the other as its backward hyperedge). For simplicity of the
construction, we describe explicitly only the forward hyperedges, and each of
them implicitly defines a backward hyperedge.

The set of vertices V consists of 3m + 2 4+ 2n vertices: a source vertex s and
a target vertex t; for each edge f; € FC, i = 1,...,m, there are three vertices
V(i,1)5 V(i,2), and v 3y; and finally, for each vertex uy € U°, k=1,...,n, there
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Fig. 10. Minimum st-hypercut in sequence hypergraphs with backward hyperedges is
NP-hard.

are two vertices ag and by. The set of hyperedges £ contains 2m + 3n forward
hyperedges (plus the same amount of the corresponding backward hyperedges
that we do not specify explicitly). There are m type-1 source hyperedges of the
form (s, U(M)), each of them connects s to one vertex v(; 1y, and there are n type-
2 source hyperedges of the form (s, ay), connecting s to ag, for k = 1,...,n.
There are m type-1 target hyperedges of the form (v(; 3),t), each of them connects
one vertex v 3y to t, and there are n type-2 hyperedges of the form (bg,t),
connecting by to t, for k = 1,...,n. And finally, there are n vertex hyperedges,
each corresponds to one of the vertices in U, that are constructed as follows.

For a vertex up € U of the graph I, we describe the sequence of vertices in
the corresponding vertex hyperedge E,, iteratively. We start with a sequence
containing E,, = byx. We consider the edges F© in order, and for each edge
fi € F© that contains uj we prolong the sequence of E,, as follows. If f;
contains uy as the first vertex, we append v(; 1) and v(; 2y to E,, . Otherwise, f;
contains uy, as the second vertex, and we append v(; o) and v(; 3) to E,, . Once
all edges containing uy have been considered, we append aj to E,,. We denote
by E,, the corresponding backward vertex hyperedge.

Now consider the edges of the obtained hyperedge E,, and note the form
they can have. The first edge is an edge (bg,v(; j)) for some j € {1,2} and
some i € [m]. The last edge is an edge (v, j),axr) for some j € {2,3} and some
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i € [m]. The remaining edges are of two main types: There are edges of the form
(V(i,1), v@i,2)) and (v(,2),v(,3)) for some i € [m], and there are edges of the form
(V(i,2),v(,1))s (V(i3),V(5,2)), and (v(; 3y, v(;,1)) for some i < j, 4,5 € [m]. Note
that, due to the fact that the edges in F'“ are ordered lexicographically, all the
edges of the vertex hyperedge E,, take one of the forms described above. Also
note that, due to the direct correspondence between the vertices in U and vertex
hyperedges, each tuple (v, ;),v(; j4+1)) is part of (i.e., an edge of) exactly one of
the hyperedges.

Let us now observe that there always exists a minimum st-hypercut that does
not contain any type-2 source hyperedges or type-2 target hyperedges. Clearly,
none of the backward type-2 source hyperedges or type-2 target hyperedges are in
a minimum st-hypercut, since each consists of a single edge that either leads to s
or from ¢. Notice that in the underlying graph G of ‘H, for each k = 1, ..., n, there
is only one outgoing edge from ay (other than to s), and this edge belongs only
to the backward vertex hyperedge E;, . Similarly, there is only one incoming edge
from by, (other than from t) and this edge belongs only to the backward vertex
hyperedge E;, . Consequently, every forward type-2 source hyperedge or type-2
target hyperedge in an st-hypercut C' can be substituted for a backward vertex
hyperedge, and the resulting set is an st-hypercut of size equal to or smaller
than C. Thus, there exists a minimum st-hypercut C' which does not contain
type-2 source or type-2 target hyperedges. Now observe that such an st-hypercut
C has to contain all the backward vertex hyperedges, as otherwise, for some k,
the underlying graph of (V,£€ \ C) would contain an st-path using the type-2
source hyperedge from s to ag, the backward vertex hyperedge F;, from ay to
by, and the type-2 target hyperedge from by, to t. Now we show that each type-1
source or type-1 target hyperedge in C can be substituted by a forward vertex
hyperedge. Let B be the set of all backward vertex hyperedges. Notice that in
the underlying graph of (V, £\ B), the only outgoing edges from v(; 1y lead to s or
v(i,2), for i = 1,...,m; and similarly, the only incoming edges to v(; 3) come from
t or v(; 2). (And clearly, the hyperedges (v(; 1), s) and (,v(; 3)) are not part of any
st-hyperpath.) Since for each 7, the tuple (v(; jy,v(; j+1)) is an edge of exactly one
hyperedge, every type-1 source hyperedge (s,v(; 1)) in an st-hypercut C' can be
substituted by the forward vertex hyperedge containing the edge (v(; 1),v(,2));
and every type-1 target hyperedge (v(; 3),t) can be substituted for the forward
vertex hyperedge containing the edge (v(;2),v(;3)), and the resulting set is an
st-hypercut of size equal to or smaller than C. Thus, there exists an optimum
solution that contains only vertex hyperedges, and in particular, it contains all
the backward vertex hyperedges.

Now observe that any minimum st-hypercut C' consisting of vertex hyper-
edges only must for each i = 1,...,m “hit” either the edge (v(;1),v(z2))
or (v(i2),va,3)) (ie., one of those two edges is an edge of some hyperedge
in C). Otherwise, the underlying graph of (V,€ \ C) would contain an st-path
Di = 8, U(4,1) V(4,2), U(i,3) s L-

Let 8’ C H be an optimum solution to the instance I’ that contains only ver-
tex hyperedges. Since S’ contains all n backward vertex hyperedges, it contains
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|S’| —n forward vertex hyperedges. Recall that there is a direct one-to-one map-
ping between the forward vertex hyperedges and the vertices U of the instance I.
There is also a direct mapping between each triple (v(; 1), v(;,2), v(i,3)) and an edge
from F'. Since the solution S’ hits one of the edges (v(; 1), v(,2)) or (v(i,2),v3,3))
for each i, we can use the mapping to construct a solution S C U to the instance
I of the original minimum vertex cover problem, such that |S| = |S’| — n. On
the other hand, every solution of size k to the original vertex cover instance can
be mapped, using the same direct one-to-one mapping in the opposite direction,
to an st-hypercut of H of size k + n. Therefore, an optimum solution for I’ gives
us an optimum solution for I. O

Theorem 11. The minimum st-hypercut problem in sequence hypergraphs with
backward hyperedges can be 2-approximated.

X ={z1,29,...,76}
S1 = {z1, 22,75}
Sy = {z1, 23,24}

cecese D

S3 = {I271‘37x6}

S4 = {I3,I4,I6}

S5 = {1’4@57%}

Fig.11. Minimum s-rooted spanning hypergraph is at least as hard as the minimum
set cover problem.

Proof. Let H = (V, ) be a sequence hypergraph with backward hyperedges, and
let s and ¢ be two vertices of H. Note that we can partition £ into |€|/2 pairs
of hyperedges (each pair contains a hyperedge and its backward hyperedge). We
construct a (standard) hypergraph H* = (V* = V,&*) from H in such a way
that for each pair of mutually backward sequence hyperedges F and E’ of £, £*
contains exactly one (non-oriented) hyperedge E* that corresponds to the set of
vertices of E' (and thus also E’). Note that £* may contain multiple hyperedges
corresponding to the same set of vertices, and we get that £* contains exactly
|€]/2 hyperedges.

Next, we find a minimum st-hypercut X* in H* (this can be done in
polynomial time by a transformation of H* into a directed graph and solv-
ing a maximum flow problem in it). Clearly, |X*| is a lower bound on the
size of a minimum st-hypercut in H. Recall that every hyperedge in X* cor-
responds to 2 sequence hyperedges in H, thus, by removing all sequence hyper-
edges corresponding to hyperedges in X*, we obtain an st-hypercut in H of
size 2 | X*|. O
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8 On Other Algorithmic Problems

We briefly consider some other standard graph algorithmic problems in sequence
hypergraphs.

Definition 7 (Rooted Spanning Hypergraph). Let H = (V,€) be a
sequence hypergraph. An s-rooted spanning hypergraph T is a subset of £ such
that for every v € V, T is an sv-hyperpath. The size of T is |T)|.

Theorem 12. Finding a minimum s-rooted spanning hypergraph in acyclic
sequence hypergraphs is NP-hard to approzimate within a factor of (1 —¢)lnn,
unless P = NP.

Proof. We construct an approximation-preserving reduction from the set cover
problem, which has the claimed inapproximability [10]. Let I = (X,S) be an
instance of the set cover problem, given by a ground set X = {x1,...,2,}, and
a family of its subsets S = {S1,...,Sn}.

We construct from I an instance I’ of the minimum s-rooted spanning
hypergraph problem in sequence hypergraphs (see Fig.11 for an example).
Let H = (V,&) be the following sequence hypergraph. The set of vertices
V = {s,v1,...,v,} contains one vertex v; for each z; € X, and a source vertex s.
Let VO be an arbitrary fixed order on the vertices V. There are m hyperedges in
E ={Fi,...,Epn}, one for each set in S. For a set S; € S, let us take the vertices
that correspond to the elements in S; and order them according to V¢ to obtain
(Viy, Viys - - -, U3, ). Then the sequence of the hyperedge E; corresponding to S; is
simply (s, vi,, Viy,-.-,0;,). The constructed sequence hypergraph is acyclic, as
all the edges of its hyperedges agree with V.

It remains to show that from a minimum s-rooted spanning hypergraph T
for I' a minimum set cover for I of the same size can be constructed. By defini-
tion, 7" is the smallest subset of £ that allows to reach from s any other vertex in
V. Moreover, since H is acyclic and each hyperedge starts at s, for each vertex
v € V, it is enough to choose one of the hyperedges in £ (containing v) to reach
v from s. This, together with the one-to-one correspondence between the hyper-
edges in £ and sets in S, provides us with a prescription for a minimum set cover
for I of size |T'|. On the other hand, we can map any solution of the original
minimum set cover instance to a minimum s-rooted spanning hypergraph of the
same size. a

Definition 8 (Strongly Connected Component). Let H = (V,€) be a
sequence hypergraph. We say that a set C C & forms a strongly connected
component if for every two vertices u,v € V', with V' being all the vertices of V
present in C, the set C' contains a uv-hyperpath. We say that the vertices in V'
are covered by C.

Clearly, we can decide in polynomial time whether a given set of hyperedges
C forms a strongly connected component as follows. Consider the underlying
graph G of H induced by the set of sequence hyperedges C' and find a maximum
strongly connected component there. If this component spans the whole G, then
C'is a strongly connected component in H.
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Theorem 13. Given a sequence hypergraph H = (V, ), it is NP-hard to find a
minimum number of hyperedges that form a strongly connected component C' so
that (a) C is any non-empty set, or (b) all the vertices in V are covered by C'.

Proof. Variant (b) is clearly NP-hard by a reduction from the Hamiltonian cycle
problem: Consider a standard directed graph G = (V,FE) and view it as a
sequence hypergraph, where each sequence hyperedge is just an edge of GG. Then,
by finding a strongly connected component that covers all the vertices of V' and
uses the minimum number of sequence hyperedges (i.e., normal edges) we can
solve the Hamiltonian cycle problem in G (either the component consists of |V
edges or more).

Sy = {x1, 20,25} s ~ 00000000,

S2 = {x17$37754}

ccccce P y
S3 = {z2, 23,26} s : Roeossodd - IRREEEL B
Sy = {w3,x ! [ [
4= {1/'37'7/47'7"6} N I i ,
N I g
Sy = {4, x5, 26 e el — = ¢ .
5 { 4_7_:'37__()_}> Uy U U3 Uy Us Ug

Fig. 12. For a given sequence hypergraph, it is NP-hard to find a minimum non-empty
set of sequence hyperedges that forms a strongly connected component.

We show NP-hardness of variant (a) by a reduction from the APX-hard set
cover problem [10]. Let I = (X, S) be an instance of the set cover problem, given
by a ground set X = {x1,...,2,}, and a family of its subsets S = {S1,...,Sm}.

From I we construct a sequence hypergraph H = (V, £) as follows (see Fig. 12
for an example). The set of vertices V = {s,t,v1...,vp,u;1 ..., u,} contains one
vertex v; and one vertex u; for each x; € X, a source vertex s, and a target
vertex t. Let X© be an arbitrary fixed order on the elements of X. The set of
sequence hyperedges £ consists of m + n + 1 hyperedges. There are n element
hyperedges: for each element z; in X (i-th element of X in the order X©),
there is a hyperedge (v;, u;, u;—1), the hyperedge (vi,u1,s) corresponding to 1
ends at s instead. There is one target hyperedge (t,uy). Finally, there are m set
hyperedges, one for each set in S defined as follows. For every set S; € S, we
take the vertices from {vy,...,v,} that correspond to the elements in S; and
order them according to X© to obtain (v;,,vs,,.--,v;, ). Then the sequence of
the hyperedge E; corresponding to S; is simply (s, vs,,Viyy .-, 05, ).

It remains to show that a minimum set cover for I can be constructed from a
minimum non-empty set of sequence hyperedges of H that form a strongly con-
nected component. Let O be such a non-empty set of hyperedges. First observe
that if O contains any set hyperedge, then O must contain all the element hyper-
edges and the target hyperedge. This follows from the fact that if O contains a set
hyperedge, then s and ¢ are covered by O, and O must contain a ts-hyperpath,



214 K. Béhmova et al.

but the only ¢s-hyperpath clearly consists of all element hyperedges plus the tar-
get hyperedge. Clearly, if O contains an element hyperedge or a target hyperedge,
then either some v; or t is covered by O, and thus O must contain a hyperpath
that leads to v; or t, respectively. However, the only sequence hyperedges that
can reach v; or t are the set hyperedges. Therefore, O always contains at least
one set hyperedge and all the element hyperedges and the target hyperedge.
However, this implies that all the vertices have to be covered by O, which, in
particular, implies that O must contain an sv;-hyperpath for each v;. Therefore,
O consists of all element hyperedges, the target hyperedge, and the smallest
subset of the set hyperedges that allows to reach from s any vertex v; € V. In
other words, for each vertex v; € ¥V, O must contain a set hyperedge that can
reach v; from s. This, together with the one-to-one correspondence between the
set hyperedges in £ and sets in S, provides us with a prescription for a minimum
set cover for I of size |O| — n — 1. On the other hand, using the same mapping
in the opposite direction, we can map any solution of the original minimum set
cover instance to a minimum non-empty set of sequence hyperedges of H that
form a strongly connected component. O

Theorem 14. Given a sequence hypergraph H = (V, &), finding a maximum
number of hyperedges that form a strongly connected component C so that (a) C
is any non-empty set, or (b) all the vertices in V) are covered by C, is polynomial-
time solvable.

Proof. As discussed above, for a given set of hyperedges, we can decide in poly-
nomial time whether it forms a strongly connected component or not. Thus, in
particular, we can check whether the set £ forms a strongly connected compo-
nent. In case it does, variant (b) is solved trivially by taking all the hyperedges in
£. Otherwise, this variant has no solution, because there is no strongly connected
component covering all vertices in V.

To solve variant (a), we start with the set of all hyperedges £ and during the
process, we iteratively remove those hyperedges that cannot be part of a feasible
solution. Iteratively, we find strongly connected components in the underlying
graph induced by the current set of hyperedges and remove all the sequence
hyperedges that occur in two or more components (as these cannot be a part of
a single strongly connected component), and repeat. Once no more hyperedges
can be removed, we reached a situation, where each of the remaining hyperedges
is in exactly one strongly connected component. Thus, the solution is defined by
the component that contains the maximum number of hyperedges. a
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