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                                     Abstract
We provide a Lyapunov-based design of homogeneous High-Order Sliding Mode (HOSM) Control and Observation (Differentiation) algorithms of arbitrary order for a class of Single-Input-Single-Output uncertain nonlinear systems. First, we recall the standard problem of HOSM control, which corresponds to the design of a state feedback control and an observer for a particular Differential Inclusion (DI), which represents a family of dynamic systems, including bounded matched perturbations/uncertainties. Next we provide a large family of zero-degree homogeneous discontinuous controllers solving the state feedback problem based on a family of explicit and smooth homogeneous Lyapunov functions. We show the formal relationship between the control laws and the Lyapunov functions. This also gives a method for the calculation of controller gains ensuring the robust and finite time stability of the sliding set. The required unmeasured states can be estimated robustly and in finite time by means of an observer or differentiator, originally proposed by A. Levant. We give explicit and smooth Lyapunov functions for the design of gains ensuring the convergence of the estimated states to the actual ones in finite time, despite the non vanishing bounded perturbations or uncertainties acting on the system. Finally, it is shown that a kind of separation principle is valid for the interconnection of the HOSM controller and observer, and we illustrate the results by means of a simulation on an electro-mechanical system.
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Appendix: Some Technical Lemmas on Homogeneous Functions
Appendix: Some Technical Lemmas on Homogeneous Functions
We recall or prove some useful Lemmas needed for the development of our main results. Lemmas 1.5 and 1.6 are extensions of classical results for homogeneous continuous functions to semicontinuous ones [29, Theorems 4.1 and 4.4].

                  Lemma 1.4

                  ([26]) (Young’s inequality) For any positive real numbers \(a>0\), \(b>0\), \(c>0\), \(p>1\) and \(q>1\), with \(\frac{1}{p}+\frac{1}{q}=1\), the following inequality is always satisfied
$$ ab\le {\displaystyle \frac{c^{p}}{p}a^{p}+\frac{c^{-q}}{q}b^{q},} $$

and equality holds if and only if \(a^{p}=b^{q}\).

                
                  Lemma 1.5

                  Let \(\eta :\mathbb {R}^{n}\rightarrow \mathbb {R}\) and \(\gamma :\mathbb {R}^{n}\rightarrow \mathbb {R}_{+}\) be two lower (upper) semicontinuous single-valued \(\mathbf {r}\)-homogeneous functions of degree \(m>0\). Suppose that \(\gamma \left( x\right) \ge 0\) \(\left( \gamma \left( x\right) \le 0\right) \) on \(\mathbb {R}^{n}\). If \(\eta \left( x\right) >0\) \(\left( \eta \left( x\right) <0\right) \) for all \(x\ne 0\) such that \(\gamma \left( x\right) =0\), then there is a constant \(\lambda ^{*}\in \mathbb {R}\) and a constant \(c>0\) such that for all \(\lambda \ge \lambda ^{*}\) and for all \(x\in \mathbb {R}^{n}\setminus \{0\}\),
$$ \eta (x)+\lambda \gamma (x)\ge c\left\| x\right\| _{\mathbf {r},p}^{m}\; $$


$$ \left( \eta (x)+\lambda \gamma (x)\le -c\left\| x\right\| _{\mathbf {r},p}^{m}\right) \,. $$



                
                  Proof

                  By virtue of the homogeneity of \(\eta \) and \(\gamma \), it is sufficient to establish the result on the unit sphere \(S=\{x\in \mathbb {R}^{n}:\Vert x\Vert _{\mathbf {r},p}=1\}\). Suppose that this relation is not valid. Then for every integer q there is a point \(x_{q}\) in S such that
$$\begin{aligned} \eta (x_{q})+q\gamma (x_{q})<\frac{1}{q}\,. \end{aligned}$$

                    (1.43)
                

The sequence \(\left\{ x_{q}\right\} \), being bounded, has a subsequence converging to a point \(x_{0}\), and we can accordingly suppose that \(\left\{ x_{q}\right\} \) converges to \(x_{0}\). Since \(\gamma \left( x\right) \ge 0\) on S, it follows from (1.43) and the lower semicontinuity of \(\eta \) and \(\gamma \), i.e. \( \liminf _{x=x_{0}}\eta \left( x\right) \ge \eta \left( x_{0}\right) \,,\,\liminf _{x=x_{0}}\gamma \left( x\right) \ge \gamma \left( x_{0}\right) \,,\) that \(\eta \left( x_{0}\right) \le 0\), \(\gamma \left( x_{0}\right) =0\). This contradicts our hypothesis, and the first part of the Lemma is established. The second part is proved in the same manner since if \(\eta \left( x\right) \) is lower semicontinuous then \(-\eta \left( x\right) \) is upper semicontinuous.    \(\square \)
          

                
                  Lemma 1.6

                  Let \(\eta :\mathbb {R}^{n}\rightarrow \mathbb {R}\) be an upper semicontinuous, single-valued \(\mathbf {r}\)-homogeneous function, with weights \(\mathbf r =[r_{1},\ldots ,r_{n}]^{\top }\) and degree \(m>0\). Then there is a point \(x_{2}\) in the unit homogeneous sphere \(S=\{x\in \mathbb {R}^{n}:\Vert x\Vert _{\mathbf {r},p}=1\}\) such that the following inequality holds for all \(x\in \mathbb {R}^{n}\)
            
$$\begin{aligned} \eta (x)\le \eta \left( x_{2}\right) \left\| x\right\| _{\mathbf {r},p}^{m}\,. \end{aligned}$$

                    (1.44)
                

Under the same conditions, if \(\eta \) is lower semicontinuous, there is a point \(x_{1}\) in the unit homogeneous sphere S such that the following inequality holds for all \(x\in \mathbb {R}^{n}\)
            
$$\begin{aligned} \eta \left( x_{1}\right) \left\| x\right\| _{\mathbf {r},p}^{m}\le \eta (x)\,. \end{aligned}$$

                    (1.45)
                



                
                  Proof

                  By virtue of the homogeneity of \(\eta \), it is sufficient to establish the inequality (1.44) on the unit homogeneous sphere \(S=\{x\in \mathbb {R}^{n}:\Vert x\Vert _{\mathbf {r},p}=1\}\), i.e. \(\eta (x)\le \eta \left( x_{2}\right) \). Since S is compact and non empty, the latter inequality is a consequence of the fact that an upper semicontinuous function has a finite maximum value on a compact set and it achieves it at some point \(x_{2}\) [29, Theorem 3.2]. The second part of the Lemma, i.e. inequality (1.45), is obtained by applying the same arguments to \(-\eta \left( x\right) \), which is upper semicontinuous. If \(\eta \) is continuous, then we obtain item (ii) in Lemma 1.1.    \(\square \)
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