The Linear Complexity and 2-Error Linear
Complexity Distribution of 2"-Periodic Binary
Sequences with Fixed Hamming Weight

Wenlun Pan'2, Zhenzhen Bao®*®™), Dongdai Lin', and Feng Liu'»

! State Key Laboratory of Information Security,
Institute of Information Engineering,
Chinese Academy of Sciences, Beijing 100093, China
wylbpwl@gmail.com, {ddlin,liufeng}@iie.ac.cn
2 University of Chinese Academy of Sciences, Beijing 100049, China
3 Shanghai Jiao Tong University, Shanghai 200240, China
baozhenzhen10@gmail.com

Abstract. The linear complexity and k-error linear complexity of
sequences are important measures of the strength of key-streams gen-
erated by stream ciphers. Based on the characters of the set of sequences
with given linear complexity, people get the characterization of 2™-binary
sequences with given k-error linear complexity for small k recently. In
this paper, we put forward this study to get the distribution of linear
complexity and k-error linear complexity of 2"-periodic binary sequences
with fixed Hamming weight. First, we give the counting function of the
number of 2"-periodic binary sequences with given linear complexity and
fixed Hamming weight. Provide an asymptotic evaluation of this count-
ing function when n gets large. Then we take a step further to study
the distribution of 2™-periodic binary sequences with given 2-error linear
complexity and fixed Hamming weight. Through an asymptotic analysis,
we provide an estimate on the number of 2"-periodic binary sequences
with given 2-error linear complexity and fixed Hamming weight.
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Counting function - Hamming weight - Asymptotic analysis

1 Introduction

The linear complexity of an N-periodic sequence is defined by the length of the
shortest linear feedback shift register (LFSR) that can generate the sequence.
By Berlekamp-Massey algorithm [7], we only need the first 2L elements of the
sequence to recover the whole sequence, where L is the linear complexity of the
sequence. For this reason, a secure key stream must has high linear complexity.
But this is not sufficient. If altering a few elements in the sequence can result in
greatly decrease its linear complexity, then the sequence is not cryptographically
strong. This observation gives rise to the study of the stability of sequence [1]
and develops to the concept of k-error linear complexity [11] which is defined
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as the minimum linear complexity of the sequence altering not more than k
elements from the original sequence. A cryptographically strong sequence must
both have larger linear complexity and k-error linear complexity.

Let S = (sps1---sn—1) be an N-periodic sequence with the terms in finite
field Fy. And we denote SN the set of all N-periodic binary sequences. For a
given sequence S € SV, we denote the support set of S by supp(S), which is the
positions of nonzero elements in S, that is, supp(S) ={i: s; #0, 0<i < N}.
For i,j € supp(S), we define the distance between i and j as d(i,j) = 2! where
li — j| = 2'b and 2 fb. Let wy(S) denote the Hamming weight of sequence S
which is the number of nonzero elements of .S in one period.

The linear complexity of S, denoted by LC(S), is given by [1]

LC(S) = N — deg(ged(z™ — 1, S(x))) (1)

where S(z) = so + s12 + sox? + ...+ sy_12V ! and is called the corresponding

polynomial to S. According to Eq. (1), we can get the following two lemmas:

Lemma 1 [8]. Let S be a 2"-periodic binary sequence. Then LC(S) = 2™ if and
only if the Hamming weight of the sequence S is odd.

Lemma 2 [8]. Let S and S’ be two 2™-periodic binary sequences. Then we have
LC(S + 8") = max{LC(S), LC(S")} if LC(S) # LC(S"), and LC(S + S5') <
LC(S) for otherwise.

In this paper, we focus on 2™-periodic binary sequences. Based on the observation
22" —1=(z—1)*", we have

ged(z?" —1,8(2)) = ged((z — 1)2", Sp.(z) + 22" Sg(x))
=ged((z — 1)*",(Sp(x) + Sr(@)) + (z + 1)

27171

SR('I))7

and according to Eq. (1), we get

on—1 —I—LC(SL -l-SR) if Sp, 7& Sgr,

. (2)
LC(SL) otherwise,

LO(S) = {

where Sp, Sg are the left and right half part of the sequence S respectively
and Sp(z) = s + 12 + -+ + Sgn1_12% "L Sp(T) = Sgn-1 + Sgn-14T +
o4 sgn_122" " ~1. And the summation of two sequences S = (081" SN_1),
S" = (sps) -+ sy_y) is defined as S + 5" = (uouy - --un—_1) where u; = s; + s}
for 0 <i < N.

Iterating Eq.(2) on the length of sequence, one can immediately get the
linear complexity of the 2™-periodic binary sequence (note that, for sequence of
length 1, LC((1)) = 1 and LC((0)) = 0). This iteration algorithm is known as
Games-Chan Algorithm developed in [3].

For 0 < k < N, the k-error linear complexity of S, denoted by LCg(S), is
definable by

LCy(S) = WH(E)I;?EESN LC(S+ E), (3)

where F is called the error sequences.
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For a given sequence S € SV, denote merr(S) = min{k : LCx(S) < LC(9)},
which is called the first descend point of linear complexity of S. Kurosawa et al.
in [6] derived a formula for the exact value of merr(S).

Lemma 3 [6]. Let S be a nonzero 2™-periodic binary sequence, then the first

descend point of S is
merr(S) = 2wn 2" —LCES), (4)

The counting function of a sequence complexity measure depicts the distribu-
tion of the sequences with given complexity. It is useful to determine the expected
value and variance of a given complexity measure of a family of sequences.
Besides, the exact number of available good sequences with high complexity
measure value in a family of sequences can be known. Rueppel [10] determined
the counting function of linear complexity for 2™-periodic binary sequences as
follows:

Lemma 4 [10]. Let N'(L) and A(L) respectively denote the number of and the
set of 2" -periodic binary sequences with given linear complexity L, where 0 <
L <2™. Then

N(0) =1, A(0) = {(00---0)}, and
NE)y =21 AL)={Ses8*": S(x) =1 -=)*""Ta(z), a(l) £ 0} for 1 < L < 2".

Let Ai(L) and Nj(L) denote the set of and the number of 2"-periodic
binary sequences with k-error linear complexity L, AY(L) and N*(L) denote
the set of and the number of 2"-periodic binary sequences with Hamming weight
w and linear complexity L, and A}’(L) and N“(L) denote the set of and the
number of 2"-periodic binary sequences with Hamming weight w and k-error
linear complexity L respectively, which can be formally defined as

Ap(L) ={S € 8% : LCw(S) =L} and Ni(L)=|Ax(L)],

AY(L)={Se€8? : LC(S) =L and wy(S) =w} and NY(L)=|AY(L),
AY(L) ={S € 8% : LCW(S) =L and wy(S) =w} and NP(L)=|A¥(L)|.

By Lemma 4, one can get fully knowledge of the distribution of 2"-periodic
binary sequences with given linear complexity. Based on the characters of A(L)
and using algebraic, combinatorial or decomposing method [2,5,9,13], people
get the counting function N (L) for small k. However, under the current state
of art, distribution of 2"-periodic binary sequences with given linear complexity
when fixed Hamming weight remains unclear. In this paper we first provide a
solution to this interesting problem. And then get the distribution of 2-error
linear complexity with fixed Hamming weight which is a more difficult question
to answer. In other words, we study the counting function for the number of
balanced 2"-periodic binary sequences with given values of complexity measure.
As a contribution, we provide asymptotic evaluations as well as the explicit
formulas of the counting functions.
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2 The Characterization of AY(L)

In this section we discuss the linear complexity distribution of 2™-periodic binary
sequences with fixed Hamming weight.

2.1 Counting Functions for N (L)

Let us first review the Games-Chan Algorithm. For a 2"-periodic binary sequence
S, one can use Eq.(2) recurrently on the length of sequence to get the linear
complexity of S. Now to counting the sequences, we reverse this process, namely,
we use a short sequence to construct the long. In this reversed process, we make
the linear complexity of the constructed sequence equal to L step by step. Simul-
taneously, we restrict the Hamming weight of constructed sequences to w to get
the number of sequences which meet the requirements. We begin with a simple
case that is less general than what can actually be said.

Lemma 5. Let N“(L) be the number of 2"-periodic binary sequences with

Hamming weight w and linear complexity L, then one have

N2 4 1) =

(5)

I8 ry— r1—1
22"2 4271 1(2;) fw=2"24+m-2"" and 0 < m < 2711,

N®(@2M 4272 +1) = {0
(6)

{22"' if w=2n"1,

0 otherwise,

otherwise,

where 0 <r<nand 0 <ry <r; <n.

Proof. Let S = (s9s1+--sny—1) be binary sequence of linear complexity 2" + 1
and length N with N = 2"+l According to Eq.(2), we have S; # Sgr and
LC(St + Sr) = 1 and then we get s; + s;4.n/2 = 1 for 0 < i < N/2 where
Sy, and Sg denote the left and right half part of S respectively. Therefore, the
number of 2" !-periodic binary sequences of linear complexity 2" + 1 is 22" and
we denote the set of all those sequence by A.

For any sequence S in A, we can construct a sequence S; of length 2712
preserving linear complexity by connecting two S, i.e. S; = S||S. In the same
way, we can construct a serial sequences S;, 1 < i < n — i, preserving the
linear complexity where the length of S; is 2"t**1. As a result, we can construct
22" sequences of periodic 2" and linear complexity 2" + 1. From Games-Chan
Algorithm we can know that there does not exist sequences of linear complexity
2" 4+ 1 except for those constructed above. Thus, the number of 2"-periodic
binary sequences of linear complexity 2" + 1 is 22" and the Hamming weight of
the sequence must be (27)"~"~1 = 2n~1,

Similarly, there are 22 binary sequences of length 27>*! having linear com-
plexity 2™ +1. We can extend those sequences to sequences of length 2™ using the
same method. It is clear that the Hamming weight of those extended sequences
are 2”11 and we denote the set of those sequences by A;.
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For any sequence S in Aj, suppose the support set of S is supp(S) =
{i1,i2, ,in,} where N7 = 2" L and 0 < i3 < ip < -+ < in, < 27,
Denote Us = {0,1,---,2™ — 1} and U] = U,. — supp(S). Choose m points j1, jo,
-+, jm from the set U, where 0 < m < 27—l and construct a sequence
S1 = (s0s1- - Sn,) where No = 2" and s;, + s;,10m = 1, 85, + Sj,42m1 = 2
for 1 < u < N, 1 < v < mand sg = 0 for t & {i1, - ,in,,01 +
27 e iy 27 Gy dmy J1 27 o dm + 27} Tt can be confirmed that
the linear complexity of S; is 2™ 4 2" + 1 and the Hamming weight of S; is
211 4+ 2m. We use the same method to extend the length of S; to 2" preserv-
ing the linear complexity. And the Hamming weight of constructed sequences
are (2171 4 2m) - 27—t = 2772 4 4 . 27771 Because for each sequence S
we can construct 22 (2:17;1) different sequences Si, then we can construct
227 .92 " (QT:n_l) different sequences with Hamming weight 2772 4 m - 27~ "1
and linear complexity 2™ + 2™ 4 1. Consequently, we get the counting function
for N (2" 4 272 4+ 1) as shown above. O

This argument readily extends to general cases in which binary representation
of L involves an arbitrary number of ones.

Theorem 1. Let N(L) be the number of 2™-periodic binary sequences with
Hamming weight w and linear complexity L. Then when L = 2™ 42724 . 427141
and w is even, we have

N (L) = > 5 T[ev- (. o

S my 2t T s —gnt >0 91

where 0 < 1 < 14 < - <1 <mn, 2<t<nandu_q = 2171, u; =
(2myjq1 +ujqq) - 20T for 1<j<t—1.

Proof. The proof of Lemma 5 applies verbatim here.

First we construct 22" sequences of length 2"**! and linear complexity 27 +1,
and at the same time all those sequences have Hamming weight 2"¢. Denote the
set of those sequences by A;. For any sequence S; in A;, we extend the length
of it to 2™-1 in the same way as we did in the previous proof, and denote
the extended sequence by S;. It is apparent that the Hamming weight of S} is
2re-1—1,

Suppose the support set of S} is supp(S;) = {i1,42, - ,in,_, } where Ny_; =
2rt-1=1 Denote U;_; = {0,1,---,2"-1 — 1} and U/_; = U;_1 — supp(S}). By
choosing m;_1 points j1,j2," " , jm,_, from U/_;, we can construct a sequence
Si_1 = (s0s1-+-sn, ,) where N,y = 2"+l and s; + S, 4am-1 = 1,
55, + 8j,49m-1 = 2 for 1 < u < Nyy, 1 < v < my_y and s = 0 for
k ¢ {il’ . 7iNt—1’Z-1+2r17. .. 7iNt,1+2n71;j17 o ’jmt717j1_~_27't—1, S ’jmt71_|_
2m-1}. We can confirm that the constructed sequence has linear complexity
2mt=1 + 2™ 4+ 1 and Hamming weight 27-1=1 + 2. m,_;. For each S} we can

TE_1— rp—1—1 . . .
construct 2271 (2;;1 ) different S;_; of linear complexity 271 + 2™ 41 and
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the same Hamming weight by choosing different m;_; points from the set U]_;.
Denote the set of those constructed sequences by Ai_1 pm, ;.
For any sequence S;_1 in A;_1 ,,, ,, we extend the length of it to 2"-2 and
preserving the linear complexity at the same time, which results in a sequence
" 1. It can be verified that Hamming weight of S]_; is u;_o = (27171 +
2my_q) - 22 el
Suppose the support set of S;_; is supp(S;_;) = {é1,42, "+ ,%u,_, - Denote
Ui—2 = {0,1,---,2"=2 — 1} and U/_, = Us_3 — supp(S;_;). In the same vein,
by choosing m;_o points j1, j2, - , jm,_, irom the set U;_,, we can construct a
sequence Sy_o = (8981 - - 52rt,2+1) where s;, +5;, 1omt—2 =1, 85, +5; jort—2 =2
and sy = 0 for 1 < u < w9, 1 < v < myogand k & {i1, - ,0u,_,, 01 +
2rt—2’ - 7iut72 +27"t—27 - ,jl, ce ajmt,gyjl _~_27"t—27 - ,ijz _;'_27%—2}. For each

S;_, we can construct 24¢-2 . (2";2__1;“2) different S;_o of linear complexity

2mt=2 4 2Tt-1 4 2™ 4 1 and Hamming weight u;_o + 2m;_o by choosing differ-
ent m;_o points from U/_,. Denote the set of those constructed sequences by
At—Q,mt,g .

For each sequence S;_g in Ay_2 ., ,, we extend it length to 2"-% and pre-
serving its linear complexity, which results in a sequence Sj_,.

Proceeding in precisely the same manner as the previous process by recur-
rence, we can eventually extend the length of a sequence S; in A; to 2" and make
the final constructed sequence have linear complexity 2" + 272 + ... 42" + 1
step by step. For each S; in A; we can get the set Ai_1 ,,, , by adding m._;
points to S; and similarly for each sequence S;_1 in A;_1 ,,, , We can get the
set A¢—2m,_, by adding m;_» points to S;_1. In this way, we can construct
22" . H;:t—l 2t (2rjn_juj) sequences of linear complexity L and Hamming weight
(u1 42my) - 277"~ where up—y = 27171 and u; = (ujqq +2mjpq) 27 it
for1<j<t—1

As a result, for given linear complexity L and Hamming weight w, the number
of sequences of linear complexity L and Hamming weight w is the summation
of 22" ~H;:t_1 2ui (zr';n_j“f) for all mq, ma,--- ,my_q such that w = (uj +2my) -

gn=m—l = Sy, gn—ri=i+1 1 97—t and from here, we achieve Eq. (. O

Furthermore, we observe that when r; = 0 the linear complexity L = 2" +
272 4 ...2" + 1 has the form L = 2" 427 4+ ... 2"+ where 0 < 1y < 141 <
o<y <, t<n,and gy —ry > 1,15 —rjp =1 for t' < j < t. In this
case, we can use a similar method to construct sequences with linear complexity
L and length 2™ from sequences with linear complexity 2"+ and length 2"+ .

Corollary 1. Let N*(L) be the number of 2"™-periodic binary sequences with
Hamming weight w and linear complexity L. When L = 2" 2™ 4 ... 4+ 2™ we
have

2mt e t—1 .
t ri _ )
NM(L) = E E (2 ) . | | 2’“’""7-1.7' . (2 um‘J>
m=1,m is odd Zt_*imj'QH—Tj—J+1:wim,2n—7‘t—t+1 j=1 J
j=

(®)
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where 0 <ry <rpq <o <711 <0, 2<t<nand pmpy =m2" T U =
(2mjs1 +ujyr) 2977 for 1< <t -1

Proof. This corollary can be derived from Eq.(7) by exchanging the order of
summations. We can also give a constructive proof similar to the one used
for Theorem 1 and get the equation directly. Firstly, the number of sequences
with length 27, linear complexity 2™ and Hamming weight m is (27:) where
m must be odd. And denote the set of those sequences by A,, ;. For sequence
St in Ay, + we can extend the length to 2" and make the linear complexity to
be L using a similar method to the one in the proof for Theorem 1 step by
step. And we can get the number of 2™-periodic binary sequences with lin-

ear complexity L and Hamming weight w = (u;,1 + 2my) - 2" 7171 which
5 (%) S oy 1 27 (75 whete 1o = m - 277 and

Ui = (Umit1 + 2miqq1) - 277"+ 71 for 1 < 4 < ¢ — 1. Then by enumerat-
ing all possible value of m and we can get Eq. (8). O

Because w = Zf;i my; - 2Tl o gn=t gnd 2 < onTi—itl for 1 <

j <t—1, thus 2" "1 |w. Combine with the fact that w is in range from 2"~ to
2" — 1, we have

Corollary 2. Let S be a 2™-periodic binary sequence, if the linear complexity
of Sis L =2" +2™ + ... 42" 4+ 1, where 0 < ry < ry_1 < - <711 <M
and t < n, then the Hamming weight of S only can be 2"~ +1-2""" and
2r1—t _ 27"1—1 S l S 27"1—1 _ 27-1—t.

To get the exact value of N'“(L), we need to get all solutions of equation
Z§;11 mj - 2n it = 2n=1 _ 9n=t Thig may turns out to be impossible to
solve when n is large. Thus, the result for N*(L) in this subsection is perhaps
not too useful for grasping the number of the sequence when n gets large, so
that asymptotic analysis is called for.

To this end, we make asymptotic analysis of N (L), provide lower bound

and upper bound of its value in the following subsection.

2.2 Asymptotic Analysis for N (L)

Suppose L =2" + 2™ 4 ... 42" 4+ 1 with 0 <7, <7141 < --- <ry <nin the
sequel.

Let us begin with a simple case in which ¢ = 3, and w = 2"~!. According to
Eq.(7), when L = 2" +2™ +2™ + 1, 0<r3 <rp <7 <nand w=2""1 we
have

ora—1

N®(L) = 9284272 412 Z gme271 72 (2T2_1> ( 3.2m72 —m .2 )

m 3.2m=3 —ym.2m-r2—1

9)

m=0

The following lemma provides an asymptotic estimate for this case.
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Lemma 6. Let N(L) be the number of 2" -periodic binary sequences with Ham-
ming weight w and linear complexity L. Then when L = 2™ 4272 427 +1 where
0<r3<ry<m <n andw =2""1, we have

r ro— r . 0.7213 ro—
Nw(L) > 22 3492m2- 149 1—0.571—049107(1 4 25.2m22 )2 2—1

)

10
N®(L) < 22T3+2T2—1+2T1—0.57‘1—0.9107(1 + 2;;3% )27‘2*1. (10)

Proof. From Stirling’s formula
nl = V2rn(2)e i, 0< 6, <1, (11)

e

it implies that

(2”> _ (2n)! _ V2 2n (22 - )2n524" — 92n—0.5logn—0.5log T+ _ 92n—0.5logn—0.8257+ £
n nln! (\/7(2) ) ’
(12)

where —0.7214 < 6 < 0.1084.
Accordingly, the logarithmic transformation of the number of combinations

3.2T172_)p.0T1 -T2 . .
(3-2"1—3—m-2T1—T2—1) ylelds.

) 3.2M172 g .2"17 T2

8 (3 Lor1—3 . 2T1*T2*1)

=3.2"172 _ . 2"1772 _ (0 5log(3-2" 72 — - 271772) — 0.3257 + ¢

loge m

o0
_q.9T1—2 __ LoT1—T2 __ -1\ _
—3.92m m-2"17T2 _0.5r + 5 32T22 Z 32T22 ) —0.9107 + ¢
=2

_ 0
where € = 3G I and —0.7214 < 9 < 0.1084.
By observing that 0 < T 2T2 —n § , and T 2“ garir <e< 3 2” =5-—3, we have
3.2M172 _yp . QrioT2 I 0.7213 N
log (3 s 21"14271) 282077 = 05n + (5T — 27 E) m - 09107,
3:.2M72 .22 o 1.1887 _
log <3 93 . 2r1_r2_1) <3-2"7%—0.5r1 + (W —2"7"2) . m — 0.9107.

Altogether, the asymptotic evaluation of N*(L) is well summarized by
Lemma6. (]

By completing a similar yet much harder analytic task, we next provide the
asymptotic form of A'%(L) for more general case.

Theorem 2. Let N“(L) be the number of 2™-periodic binary sequences with
Hamming weight w and linear complexity L. Then when L = 2™ 4272+ .. 42741
with0<ry <11 <---<ry<n,3<t<nandw=2""1, we have
r r_ -~ 0.7213 — v Dt
Nw(L) Z 22 t42"1 —0.571 0.3257+0233113 H b? J (F)Z j—ttd
=2 ’

t—1 9

r 1 _ _ 1.2203 r

Nw([) < 22 t4+2"1 —0.571—0.3257+ ST | I a? J(
a;
J

rj—tti
)*’

=2



The Linear Complexity and 2-Error Linear Complexity Distribution 115

51— 12208 107218 . j—1,9
where ap = 277721, by =277 2 and a; = 1+ [[;2) ()

L+ Hg:(%)zrrrﬁiﬁﬂ forl<j<t.

Proof. Recall that u;—; = 2711 and uj = (2mj11 +ujqq1) 27"+~ for 1<
j <t —1, there follows:

ori—rjti—ji+1

Uy = (Ug + 2m2) . 27«17”71

t—1

= E m; - gri—ri—it2 4 Up_1q - Qri—Ti—1—t+2
Jj=2
t—1

— § m] . 2T1—7‘j—j+2 + 21‘1—t+1.
i=2

Compared with Z;;i mj - 20T = onel _ 9n—t e get
my =2m" = uy /2.
It is evident that the value of u; can take the maximum only when all m; take
the maximum value 2”7 — u;. Let m; = 2" —wu; for 1 < j <t —1, then
uj = (2mjer + ujpr) - 2007

= (2(277 —wjp) +uyqg) - 200

=2 —ujqq - 2?”;'*7“]41*1’
thus

1
Uj . 2_rj =1- §Uj+1 . 2_Tj+1.

Then by recursive substitutions, we obtain
—r1 _1 —ry _ _2Ng _T\t—=2 —Trt—1 _ Z(1_(_9\t
27" =1 2u2-2 =...= (==Y +(=2)" w12 =-(1-(-2)"9

which provides the maximum value of u:
1

max{uj } = 5(1 —(=2)7 ). om L

Obviously, u; > 2" ~**1, and consequently we have
1 U1 2 —
T Som S g(l —(=2)7). (14)
Again, utilizing Stirling’s formula, we obtain

27“1 —
log ( “1) =2 —uy —0.5log(2 — uy) — 0.3257 + ¢

my
. 0.7213u, N R
=2 — 0.5r) —up + T(Hgi(ﬁ) ) —0.3257 + £
where ¢ = ——f%— and —0.7214 < 6 < 0.1084.

3(271 —uq)



116 W. Pan et al.

We only consider the cases in which ¢ > 3 and r; is large, say r1 > 12. In

these cases, 0 < 5 < % and € < 0.0001. Thus

or1 _ 0.7213
log ( . ul) > 2" —0.5r] + (T — Duy — 0.3257,
1
(15)

A - 1.2203
log ( u1> <2 — 0.5 + (= — 1)u; — 0.3257.
mi 2m

From here, we are ready to evaluate the upper bound of N*(L). The deriva-

Z 92"t ﬁ 9t | 2" — uy
=1 M

E?*l m-2" T It _on—1_on—t
j=1mj

271y 272 —uqy
— 9Xi 2T Z Z 2" —uy
mi

mo=0

tions are as follows:

NY(L)

my_1=0

t—1 T
st (20—
m;

Jj=2
27t =1y

t ri—t+J 1.2203
< 9¥j=22" +271-0.5r1 —0.3257+ L2243 Z

my_1=0
272 —yo t—1 .
_t=1 oy —ry—it2 i—1 . —ri—k41 Ly
B = LI b (0> = E i ]
1 .
ma=0 j=2 mj
2= j=
2Tt =1y
St o277 1971 _0.5r —0.32574 12203 o
— 9¥in2" 571 —0. 220G Z
my_1=0
273 —ug t—1
Ct—1 o ory—r—it2 . =1 ori_p—ri—k+1
3 a (Zizg ma2"1 7T )ag’Z*“z.H(gzi:ﬂ” T ymy
m3=0 j=3
2" — Uj
mj
2"t—1 _qy 4 273 —ug
P 27374271 —0.5r, —0.3257+ L2243 or2 _gra—t42
= a2 ...
my_1=0 m3=0

t—1
Csot=1 o org—r—it2y  _x~t—1 . oro—1; —i+3 j—1 o7 _p—ri—k+1
gy (s ma2 T R maa T T oy 2T T

j=3

27t 4271 —0.5r —0.3257+ 1:2203 2"
2 2 aj " (—)

j=2
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Estimate of the lower bound can be obtained via a similar derivation, and
we finally achieve that

t
NU(L) > 92"t +271 ~0.5r1 —0.3257+ 07213 H B2 (z)grrua

i \p.
=2 bi
_ 1.2203 _ 0.7213 i1 ry—riti—j+1
where a; = 2'7720 | by =279 and a; = 14 [[/(2)*" by =
=1, 9 \gri—rj+i—i+l .
1+TLS (5 for 1 <j<t. O

Denote the upper and lower bounds of N*(L) by Upper(N*(L)) and
Lower(N" (L)) respectively. Then we find
(QTI —u1

Upper(N¥(L)) ma ) (1.2203—0.7213 " 15
_ maz _ 9(1. . Jui/2 < 20'4990 = 1.2684.
LOWEI'(NM(L)) — (2 1—uq < 16

my ) min

This implies that the upper and lower bounds of N“(L) are larger and smaller
than N (L) at most 26.84% and 1 — 1/1.2684 = 21.16% respectively.
We next turn our attention to the cases in which w takes other values.
According to Corollary 2, it is effortless to see that the Hamming weight of
sequence of linear complexity L = 2™ + 272 +...2™ + 1 must be w = 2"~ ! 4
[-2777. This leads to my = 5% — 4 = %(2’"1 — 1) + 1. For small | we can
easily transform the binomial coefficient (T;;“l) to (%(2;1:“;1
T Tl __, T __
when | = £1, we get mq = (2™ —uy) £ 1 and (* inl“l) = ﬁﬁ(%ém _uull)).
Utilizing Eq. (14), we get

(2’“1 — ul) - (1—(=2)t7t).2m ( 2M — )

my T (A= (=22 46\ (2 —w))]
<2T1 - u1> o= 21-t) . om ( 2M — )
mi - (1 — 21_t) 2271 42 %(2“ — ul) '

Adopting a calculation analogous the one used for deriving Theorem 2, we
can get the bounds of N*(L) for the cases in which w = 271 £ 27~ as follows.

)) . For instance,

Corollary 3. Let NW(L) be the number of 2"-periodic binary sequences with
Hamming weight w and linear complexity L. Then when L = 2" 422+ .. 42741
wWith0<ry <11 <---<ri<n,3<t<nandw=2""14+2"" we have

t—1

(1-2"1).2n 27t 4271 0.5, —0.32574 1:2203 vy 2 \gri—tti
W L < A .ory . + =55y 21 2 \27T
N ( )—(1721—t>.2r1+2 2 j=2aj (aj) ’
, t—1
(1 _ (_2)1—t) .91 2Tt 4971 _(0.5r; —0.3257+ L7213 oTj 2 orj—t+i
W L > . 0T . P b i 2 F
N 2 T =gy 2 16 : 13 G

(16)
i1 ry—rii—gt1
L+ILS ()2 by =

_1.2203 _0.7213
where a; = 21751 , b = 21571 and a;

LHTEL @) fori<j<t.
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From here, the counting problem for the number of 2"-periodic binary
sequences of given linear complexity and with fixed Hamming weight is solved.

3 The Characterization of AY(L)

In this section, we turn our attention to the counting problem for the num-
ber of 2"-periodic binary sequences of 2-error linear complexity and with fixed
Hamming weight.

Let AL(L) denote the set of 2™-periodic binary sequences of 2-error linear
complexity L and linear complexity smaller than 2", and let N}(L) denote the
size of set A5(L), which can be formally defined as

AL(L) ={S € §¥" : LC,(S) = L and LC(S) < 2"} and N3(L) = |A,(L)|.
(17)
Let us first briefly introduce how to get M} (L). It is clear that, if there is a
sequence S with 2-error linear complexity L then there must be another sequence
S’ of linear complexity L which satisfy that the Hamming distance between S
and S’ being no more than 2. According to Lemma 1, which states that the
linear complexity of sequences with odd Hamming weight are 2", we get

Ap(L) € AL) | JAL) + B, (18)

where Ey = {E € S?" : wy(FE) = 2}.

From Lemmad, it is apparent that for any sequence S in A(L), the corre-
sponding polynomial of S satisfies that S(z) = (z — 1)?"~Fa(x) and a(1) # 0.
Combined with Eq.(1): LC(S) = N — deg(ged(z — 1, 5(x))), we can easily
verify the following two lemmas.

Lemma 7 [4]. Let A(L) be the set of 2™-periodic binary sequences of linear
complezity L and E, E' be two error sequences, then we have

A(L)+ E = A(L) + E' or (A(L) + E)((AL) + E') = 0. (19)

Lemma 8. Let E, E’ be two error sequences in E, then A(L)+ E = A(L)+ E’
if and only if there exist two sequences S, S" in A(L) such that S+ E = S'+E'.

Next, we devote to characterize the set A5(L) and evaluate its size N3(L)
based on the properties provided in the above two lemmas. This problem has
already received a treatment in [5,12], here we provide a more concise formula
and proof.

Lemma 9. Let AL(L) and NJ(L) denote the set of and the number of 2"-
periodic binary sequences with 2-error linear complexity L and linear complexity
less than 2™ respectively, then we have
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—if L=2"—2",0<r <n, then A5(L) = 0 and N}(L) = 0.
—qf L=2"— (2" +2™), 0<7ry; <711 <n, then

Ab(L) = A(L) | J(A(L) +E) and

(20)
Né(L) — (1 + 27‘1 (2T1+1 _ 3 . 27’17’!‘271 _ 1)) . 2L71
where B = {{i,j} : 0 <i < j <21t 2m < d(i,j) < 2™ and i +j <
2+l or 0 < d(i,j) < 272}.
—fL=2"— (2" +2" 4 2),0<ra <711 <n and 0 < x < 2" then

Ab(L) = A(L) | J(A(L) +E) and

21

NQI(L) — (1 + 27‘1 (2T1+1 _ 2'{'1—7'2—1 + 27‘2—7"1+1 _ 1)) 3 2L_1 ( )
where B = {{i,5} : 0 <i < j <20t d(i,j) = 27 and 0 < i <
92+ or 272 < d(i, ) < 2 and i+ j < 27+ or 0 < d(i,§) < 272).

Proof. According to Lemma 7, to get the size of A5(L), it is sufficient to get the
maximum subset of error sequences set Eg|JEs in which for any pair of error
sequences E, E' it satisfies that A(L) + E C A4(L) and (A(L) + E) N (A(L) +
E’) = (. Next, we proceed the proof case by case.

— Case 1. L =2"—2" 0 < r < n. In this case, it can be observed that merr(S) =
2 for any sequence S in A(L), which follows A(L)(.A5(L) = 0. Suppose
the support set of error sequence E in Eg is supp(E) = {i,j}. For each E
in Eo, we can construct an error sequence E’ of which the support set is
supp(E’) = {i,5'} and d(j,5') = 2". Then we have LC(E + E') = 2" — 2" =
L, that is to say LC2(S + E) < LC(S + E + E') < L. Therefore we have
(A(L) + Ez2) N AL(L) = 0. As a result, we have A5(L) = () and N3(L) = 0.

— Case 2. L =2" — (2" 4+ 27), 0 < 7, < r1 < n. In this case, one can observe
that merr(S) = 4, which follows A(L) C AL(L). For any error sequence E in
Es, suppose the support set of E is supp(E) = {i,7}. If d(i,5) > 2™, for any
sequence S in A(L) we have LC(S + E) = L that is to say S+ F € A(L).
According to Lemma 8, we have A(L)+E = A(L). If d(i, j) = 2" then we can
construct an error sequence E’ of which the support set is supp(E’) = {7/, j'}
such that d(¢,4") = d(j,j') = 2. Then LC(E + E') = L and LC5(S + E) <
LC(S+ E+ E') < L, thus we have (A(L) + E) () A5(L) = (. Similarly, when
d(i,j) = 2", we also have (A(L)+E) [ A5(L) = 0. Suppose 2" < d(i,7) < 2™
or 0 < d(i,7) < 2". We construct an error sequence E’ of which the support
set is supp(E') = {i’,j'} where i’ = i mod 2" and j* = j mod 2" T
Then we have (E + E')(z) = 2" + 27 + 2% + 29 = (z + 1)2" " 'b(z) or 0 and
(S + B+ E)z) = (z+1)*" 2a(z) + (z + D> () = (« + 1> (@ +
1) (z) + a(z)) or equal to S(z) itself where b(z) # 0 and ¢ > 0. Thus
S"=8S+E+E € AL) and S+ E = S+ E’. According to Lemma 8, we
have A(L) + E = A(L) + E’. Therefore we only need to consider those error
sequences in Ey with support set {i,7} where 0 < i < j < 2"+ and 272 <
d(i,j) < 2™ or 0 < d(i,7) < 2. If 2" < d(i,j) < 2", we construct error
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sequence E’ with support set supp(E’) = {i’,j'} where |’ —i| = |j' — j| = 2".
Similarly we have S’ =S+ E + E’' € A(L) and thus A(L) + E = A(L) + E'.
Consequently, there are half of those error sequences in the set {{i,j} : 0 <
i< j < 2ntl2r2 < d(i,5) < 2"} satisfying the requirements and we can
choose this half part of the set which denoted by SubE; = {{i,j}:0 <i <
g <2mtlore < d(i, ) < 2™ andi+j < 2711} Denote SubEs = {{i,j} : 0 <
i<j <2t 0<d(i,j) < 2. It is easy to verify that for any error sequences
E and E’ in SubEq | SubE, they satisfy that (A(L)+ E')(A(L)+E") =0
and A(L) + E C A4(L). By combinatorial theory, we can state that the size

of SubE; and SubE, are (27‘21“)(27'1727'271) 22272 = 2m(2m—r2=l 1) and

(2;2) (2".1 717'2“) = 22r-r2H+1(272 1) respectively. As a consequence, we obtain
that

As(L) = A(L) | J(A(L)+ E) and N3(L) = (1+2" (2" —3.271 7727t 1)) .2

where E = {{i,j} : 0 < i < j <21t 2m < d(i,j) < 2™ and i +j <
2+l or 0 < d(i,j) < 272}

— Case3. L =2"—(2" 42" +x) where 0 < ry <71 <nand 0 < x < 2. Similar
to the analysis for Case 2, we can get A(L) C A5(L) and only need to consider
those error sequences in Eg with support set {i,j} which satisfy that 0 <14 <
j < 2mFL If d(i,§) = 2", we construct an error sequence E’ with support set
supp(E") = {i’,j'} where i’ =i mod 2"2! and j' = j mod 2"2"1. It can be
verified that ' = S+ E+ E’' € A(L) and then A(L) + E = A(L) + E'. Thus,
for the error sequences set E = {{i,j} : 0 <i < j < 2"t and d(i,j) = 2™}
we only need to consider its subset SubEs = {{i,j} : 0 <i < 2" and j =
i+2"}. Denote SubEy = {{i,j} :0 <i < j < 2"l and d(i,j) = 2"}. Similar
to the analysis for Case 2, it can be verify that for any error sequences E and E’
in SubE; |J SubEs | SubEs | SubEy4 they satisfy that (A(L)+ E’) (A(L) +
E’) =0 and A(L)+E C A5(L), where SubE; and SubE, are mentioned in the
analysis for Case 2. By combinatorial theory, we can state that the size of E3

and Ey4 are 2211 and (212) (2”;2) = 2271772 respectively. As a consequence,
we obtain that

Ay(L) = A(L) | J(A(L) + E) and
NQI(L) — (1 + o1 (2r1+1 _ 27'1—r2—1 + 27'2—7-1+1 _ 1)) . 2L—1

where E = {{i,j}: 0<i<j <2+ d(i,j) =2 and 0 < i < 2m2+! or 272 <
d(i,j) < 2™ and i+ j < 2" or 0 < d(i, j) < 272}, 0

From Corollary 2, we can know that the Hamming weight w of sequence S
in A(L) satisfy that 2" " |w where L = 2™ 42" + ... 4+ 2™ 41, ¢ < n and
0 <r <mr_1 <---<r <n (Notice that, in Lemmas9 and 10, we used
a different expression form of L, which is actually determined by the binary
representation of n — L). Thus, when r; # n — 1, the Hamming weight of S in
A(L) can be 2"~ but must not be 2"~! + 2. Now, let us first consider a simple
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case: 11 Zn — 1 and w = 2"~ ! and try to get the value of AY (L) based on the
properties of A5 (L).

Lemma 10. Let N3°(L) be the number of 2"-periodic binary sequences with
2-error linear complexity L and Hamming weight w, then we have

~f L=2"—2'0<t<n, then N3°(L) = 0.
—dfL=2""1_-200<t<n-—1andw=2""1, then

(2271,—2 - 3. 22n—t—3 + 1)NU}(L) < ./\/’QUJ(L) < (22n—2 + 1)NU)(L).
—dfL=2""1-20 2 0<t<n—10<x<2 and w=2""1, then
(22n—2 _ 22n—t—3 + 2t+1 + I)Nw(L) S ./\/;U(L) S (22n—2 + I)Nw(L)

Proof. Tt is obvious that AY (L) = (), and N3°(L) = 0 when L = 2" — 2% and 0 <
t < n. According to Corollary 2, the Hamming weight of sequences in A(L) can
not be 2"~ 1+2, then AY (L) C A*(L) | J(AY(L)+E) based on Eq. (20) where E is
defined in Eq. (20). Then the main problem of getting A* (L) is how to eliminate
those sequences with Hamming weight w 4+ 2 or preserving the Hamming weight
when adding an sequence E to S where F € E and S € A. For any sequence S
in A“(L), there are at most () (TL;“’) = 2272 possibilities when we adding a
sequence F in E to it and preserving the Hamming weight of S. And it is clear
that there are at most (’;) = (2n2_1) and (2n;w) = (2n2_1) possibilities when we
adding a sequence F in E to S and changing the Hamming weight of S to w — 2
and w + 2 respectively. Therefore there are at most 22" 2N (L) and at least
(|E| - 2(271271))./\/“’(L) sequences with Hamming weight w in the set A" (L) + E.
Thus we get

(22772 3. 22713 L PDNY(L) < NGU(L) < (222 4 DNY(L).

if L=2""1-2t 2 0<t<n—1,0<ax <2 follows an analysis analogous the
one used for the previous case and we thus omit it here. ([l

Let L =2" — (2" 42" +...2") and w = 2" ! where 0 < r; <714y < - <
r1 <mn, when r; <n — 1, according to As(L) C A(L) |J(A(L) + E2) we have

Ay (L) € A”(L) [ J(A“ (L) + E2) [ J(AY (L) + B2) [ J(A (L) + Ea). (22)

A similar analysis to the one in Lemma 10 provides the following theorem.

Theorem 3. Let N3(L) denote the number of 2" -periodic binary sequences with
2-error linear complexity L and Hamming weight w, then we have

—4f L=2"—2",0<r <mn, then N3*(L) = 0.
—if L=2"— (2" +2"), 0 <71y <7y <n and w =2""", then
NQHJ(L) 2(227~1 —-3. 22r1—r2—1 4 I)Nw(L) 4
(22r1 3. 22r17r271 o 4)(Nw+2(L) + Nw72(L))7
NP(L) <27 + N(L) + (227 = 4) (N2 (L) + N“73(L)).
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—fL=2"— (2" 422 +12),0<ra<r; <n,0<x<2m™ and w = 2""1 then

NQw(L) 2(22r1 _ 227“177"271 4 2r2+1 4 I)NW(L) 4
(227'1 _ 227'1—7'2—1 4 27'2+1 _ 4)(Nw+2(L) +Nw—2(L))
N (L) (27 + DN(L) + (2% = NF2(L) + NU73(L)).

Based on the above theorem and combining the bounds of N (L), N¥*2(L)
provided in inequalities (13) and (16), we can get the bounds of N3°(L).

4 Conclusions

In this paper, we devote to get the distribution of linear complexity and k-error
linear complexity of 2"-periodic binary sequences with fixed Hamming weight.
First, we use short sequence to construct special longer sequence in a manner
similar to the reversed process of the Games-Chan algorithm. And we get the
explicit formula of the number of sequences with given linear complexity L and
Hamming weight w. Besides, we provide an asymptotic evaluation of this count-
ing function when n gets large. Particularly, we analyze the bounds of counting
function of the number of balance sequences with given linear complexity. And
extend those bounds to the case of some special Hamming weight. Secondly,
we characterize the 2-error linear complexity of 2”-periodic binary sequences
using a simple method. And then based on those characters we get the bounds
of the number of 2"-periodic balance binary sequence with fixed 2-error linear
complexity. By further analyzing the bounds of the number of sequences with
given Hamming weight, using our method can get the bounds of the counting
functions of the k-error linear complexity of 2"-periodic binary sequences with
special Hamming weight and for some large k. Along this line of study, one
can get evaluations on the number of sequences of other period or/and of other
values of complexity measures and with fixed Hamming weight.
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