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Abstract. Machine-type communication (MTC) is a new service defined by the
3rd Generation Partnership Project (3GPP) to provide machines to interact to
each other over future wireless networks. One of the main problems in
LTE-advanced networks is the distribution of a limited number of radio resources
among enormously increasing number of MTC devices with different traffic
characteristics. The radio resources allocation scheme for MTC traffic trans-
mission in LTE networks is also standardized by 3GPP and implements the
Random Access Channel (RACH) mechanism for transmitting data units from a
plurality of MTC devices. Until now, there is a number of problems with the
congestion in radio access network, as evidenced by a series of articles calling
attention to the fact that more research is required, and even modification of the
RACH mechanism in order to address drawbacks, exhibiting for example when a
large number of devices are trying to access simultaneously. However, not many
results have been obtained for the analysis, which allows to explore a variety of
performance metrics of RACHmechanism on a qualitative level. In this paper the
mathematical model in a form of the discrete Markov chain is built taking into
account the features of the access procedure under congestion conditions and
collisions. This baseline model allows to obtain the solution for key performance
measures of RACH mechanism, such as the access success probability and the
average access delay, in an analytical closed-form. Based on the proposed
baseline model it is possible to obtain new results for the analysis of some
modifications of RACH mechanism such as ACB (Access Class Baring).
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1 Introduction

In recent years, a huge number of technological devices appeared in the market that
support various applications associated with data transfer automatically. In this per-
spective, a key role will be played by machine-type communications (MTC), which is a
new concept where devices exchange data without any (or minimal) human inter-
vention [1]. MTC is expected to open up unprecedented opportunities for telecom
operators in the various fields of the new digital economy (home and office security and
automation, smart metering and utilities, maintenance, building automation, automo-
tive, healthcare and consumer electronics, etc.), and, therefore, will be one of the
economic foundations of emerging 5G wireless networks [2, 3]. As in the case of any
new technology, the analysis of the impact of MTC traffic features requires modifi-
cation of both classical and modern methods [4–6].

Conventional wireless communication technologies, including 3GPP LTE network,
do not allow establishing effectively machine-to-machine (M2 M) connections between
a large number of interacting MTC devices. One possible solution of the problem is
based on the use of random access (RA) procedure [7, 8]. The advantage of this method
is that the MTC devices can access to the radio access channel (RACH), regardless of
their arrangement and centralized management.

It is well known that an overload on the RACH level can lead to overload in the
entire LTE network. Feature of the M2 M traffic that differs substantially from the
traditional H2H traffic is that existing mechanisms cannot effectively overcome RA
procedure overload. MTC devices such as fire detectors usually send small amounts of
data periodically while operating in the normal mode. However, in the case of emer-
gency MTC devices generate burst traffic, which can cause overloading [9, 10]. In the
case of high network traffic access delay increases significantly, and this can be critical
in various emergency situations [7]. Some other features of M2 M traffic transmission
were considered in [10–19] taking into account problems of optimal radio resources
allocation [11–15], overload control mechanisms based on Access Class Barring
(ACB) schemes [10, 14] and other congestion control problems [16, 17].

The purpose of this paper is the analytical modeling of the access procedure which
is able to support the simultaneous access of MTC devices. According to [7] the
reference scheme of the procedure consists of a four-message handshake between the
accessing devices and the base station. In the same 3GPP technical report main mea-
sures to RACH capacity evaluation for MTC are specified: collision probability, access
success probability, access delay, the number of preamble transmissions to perform a
random access procedure successfully, the number of simultaneous preamble trans-
missions in an access slot.

There are many papers devoted to modeling and simulation of RACH procedure,
e.g. interesting results are obtained in [2], which also provides a review of known
works on this issue. However, not many analytical models are known, which allow
exploring main RACH performance metrics [7] on a qualitative level. We highlight
[18], where the formulas for the calculation of these metrics were obtained. Unlike to
known results, the objective of this study is to obtain a closed-form solution, which
depends on the minimum number of RACH procedure parameters and is easy for
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calculation. This paper is an extension of [19], where the approach to analytical
modeling using Markov chain apparatus was proposed and the Monte Carlo simulation
model was developed. In contrast to [19], this paper concentrates on the analytical
model of a random access procedure in LTE cell and focuses on two metrics for RACH
capacity evaluation – the access success probability and the average access delay in the
presence of collisions and physical channel congestion.

The rest of the paper is organized as follows. In Sect. 2 we shortly describe RACH
signaling reference scheme, simultaneously discuss notations of the mathematical
model and introduce its core assumptions. In Sect. 3, formulas for calculating key
metrics in closed form are obtained. Further, in Sect. 4 main performance measures
calculating is illustrated via the numerical example. Finally, we conclude the paper in
Sect. 5.

2 Random Access Procedure, Model Notation
and Assumptions

In this section we consider RACH procedure that is the initial synchronization process
between user equipment (UE) and the base station eNB while data exchange performs
over Physical RACH (PRACH) in LTE network [7]. Since UEs’ attempt for data
transmission can be performed randomly and the value of distance to the eNB is
unknown, requests for synchronization from various UEs should come with different
delays, which is estimated by the level of incoming PRACH signal by eNB.

Widely known RACH procedure defines the sequence of signaling messages
transmitted between the UE and the eNB. The procedure begins with a random access
preamble transmission to the eNB (Msg 1) by means of one of available PRACH slots
(RACH opportunity). The information about slots is broadcasted by the eNB in System
Information Block messages. The number of RACH opportunities and the number of
preambles depend on the particular LTE network configuration.

After preamble sending the UE waits for a random access response (RAR) (Msg 2)
from the eNB within the time interval called a response window. RAR message
transmitting over Physical Downlink Control Channel (PDCCH) contains a resource
grant for transmission of the subsequent signaling messages. If after the response
window is over the UE has not received Msg 2, it means that a collision occurs. The
collision of a preamble transmission may occur when two or more UEs select the same
preamble and send it at same time slot. In the case of a collision the UE should repeat
preamble transmission attempt after a response window. If a preamble collision occurs,
the eNB will not send RAR message to all UEs, which have chosen the same preamble.
In that case, preambles will be resent after the time interval called the backoff window.
If series of collisions occur for a UE after the number of failed attempts exceeds the
preamble attempts limit, the RACH procedure is recognized failed.

In the case of successful preamble transmission after receiving Msg 2 from the eNB
and RAR processing time, the UE sends connection request (Msg 3) to the eNB using
resources of Physical Uplink Shared Channel (PUSCH) [20]. RACH procedure is
considered completed after the UE received a contention resolution message (Msg 4)
from the eNB. Hybrid automatic repeat request (HARQ) procedure guarantees a
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successful transmission of Msg 3/Msg 4. HARQ procedure provides a limit in
Msg 3/Msg 4 sequential transmission attempts. If the limit is reached UE should start a
new RACH procedure by sending a preamble.

Making a number of simplifying assumptions for the RACH procedure, we
introduce below the basic notation and build a mathematical model in the form of a
discrete Markov chain according to [19]. The time interval between the first RA attempt
and the completion of the random access procedure is called an access delay [7]. To
analyze this parameter we propose a mathematical model in the form of discrete
Markov chain that follows the steps of RACH procedure. The state of the Markov
chain determines the number of preamble attempt collisions and the number of
sequential Msg 3/Msg 4 transmission attempts. With this model the access delay for
each state of the Markov chain can be calculated by summing up the corresponding
time intervals introduced below:

D1
1
– waiting time for a RACH opportunity to transmit a preamble;

D2
1
– preamble transmission time;

D3
1
– preamble processing time at the eNB;

D4
1
– RAR response window;

D1 :¼ D1
1
þD2

1
þD3

1
þD4

1
– time from the beginning of RACH procedure until

sending message Msg 3 or resending a preamble;
D2 – backoff window;
D3 – RAR processing time;
D4 – time for Msg 3 transmission, waiting for Msg 4, and Msg 4 processing.

The model notation is illustrated in message sequence diagram for access success
(Fig. 1) and access failure (Fig. 2).

In the case of reliable connections the access delay is equal to the sum of the
mentioned above variables Di, i ¼ 1; 3; 4. If a collision occurs or connection is

Fig. 1. Message sequence diagram for successful access
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unreliable the number of retransmissions is limited by N ¼ 9 for Msg 1 and by M ¼ 4
for Msg 3 [7]. Let p denote the collision probability, defined as the ratio between the
number of occurrences when two or more MTC devices send a random access attempt
using exactly the same preamble and the overall number of opportunities (with or
without access attempts) in the period [7]. This value depends on the number of MTC
devices at eNB coverage area, on intensity c of incoming calls and on LTE network
configuration. Also, let g denote the HARQ retransmission probability for
Msg 3/Msg 4, and thus we entered all the variables needed further for obtaining for-
mulas for calculation of the access success probability and the average access delay.

3 The Model and Results in a Closed Form

The formalization of the above-described RA procedure according to [19] is given by
the absorbing discrete-time Markov’ chain ni; i ¼ 0; . . .; N þ 1ð Þ Mþ 1ð Þþ 1f g with
the finite state space

X ¼ n;m; kð Þ; n ¼ 0; . . .;N; m ¼ 0; . . .;M; k ¼ 0; . . .; nf g[ x; tf g;

initial state 0; 0; 0ð Þ, and two absorbing states x and t. The initial state 0; 0; 0ð Þ repre-
sents the beginning of the procedure followed by the first RA attempt, the absorbing
state x stands for the access success, and the absorbing state t stands for the access
failure. Other states denoted by n;m; kð Þ, where n is the number of Msg 1 (preamble)
retransmissions, m is the number of Msg 3 retransmissions after the last successful
Msg 1 transmission, and k stands for the number of successful Msg 1 transmissions

Fig. 2. Message sequence diagram for access failure due to (a) preamble collision (b) contention
resolution message retransmission
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followed by M + 1 Msg 3 transmissions after each Msg 1 transmission. Figure 3 rep-
resents one of possible paths from state 0; 0; 0ð Þ to state n;m; kð Þ for successful access.

Note, that the access delay for RA procedure is defined as the time interval from the
instant when a UE sends its first random access preamble until the UE receives the
random access response [7]. In the paper, we focus on the average value D of the access
delay. To calculate it we consider all possible scenarios of the RA procedure, i.e.
different number of Msg 1 and Msg 3 retransmissions for different combinations of
messages’ sequences that influence on the overall access delay. For example, in the
case of the successful access without any collision the sequence is Msg1 !
Msg2 ! Msg3 ! Msg4. For the successful access with two retransmissions of mes-
sage Msg1 and without Msg3 retransmissions the sequence looks like
Msg1 ! Msg1 ! Msg1 ! Msg2 ! Msg3 ! Msg4.

Note that we do not distinguish between two paths having the same delay between
the first RA attempt and the same intermediate state n;m; kð Þ, if the paths differ only
Msg 1/Msg 3 positions. For example, the following message sequences (Msg 2 and
Msg 4 are omitted) have the equal delays:

Msg1 ! Msg1 ! Msg3 ! . . . ! Msg3 ! Msg1 ! Msg3

and

Msg1 ! Msg3 ! . . . ! Msg3 ! Msg1 ! Msg1 ! Msg3:

Under these assumptions, the probability P n;m; kð Þ of Markov chain nif g visiting
state n;m; kð Þ when starting from state 0; 0; 0ð Þ is determined by the formula

P n;m; kð Þ ¼ pn�kCk
n 1� pð ÞgMþ 1� �k

1� pð Þgm; n;m; kð Þ 2 X: ð1Þ

Fig. 3. The example of successful access with Msg 1 and Msg 3 retransmissions
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The first multiplier pn�k stands for n� k Msg 1 collisions, the multiplier

1� pð ÞgMþ 1ð Þk stands for k successful Msg 1 transmissions each followed by Mþ 1
Msg 3 transmissions, the multiplier 1� pð Þgm stands for a unique successful Msg 1
transmission followed by m Msg 3 retransmissions, and the binomial coefficient Ck

n
reflects the number of k combinations (successful Msg 1 transmissions) of an n set
(Msg 1 retransmissions).

The probabilities of being absorbed in the states x and t when starting from state
0; 0; 0ð Þ are

P xð Þ ¼
X

n;m;kð Þ2X
P n;m; kð Þ � 1� gð Þ ¼ 1� pþ 1� pð ÞgMþ 1� �Nþ 1

; ð2Þ

P tð Þ ¼ 1� P xð Þ ¼ pþ 1� pð ÞgMþ 1� �Nþ 1
: ð3Þ

Note, that these probabilities for the RA procedure stand for the access success
probability P xð Þ and for the access failure probability P tð Þ.

For successful random access procedure we denote Q n;m; kð Þ the probability that
the RA procedure will be completed right after state n;m; kð Þ, i.e. there will not be any
further Msg1/Msg3 collisions. Let D n;m; kð Þ be the corresponding access delay under
the condition that random access procedure is successful.

The access delay D n;m; kð Þ can be calculated as follows

D n;m; kð Þ ¼ n� kð Þ D1 þD2ð Þþ k D1 þD3 þMD4ð ÞþD1 þD3 þ mþ 1ð ÞD4

¼ D1 þD2ð Þ � nþD4 � mþ D3 þMD4 � D2ð Þ � kþD1 þD3 þD4:
ð4Þ

Form the definition of probability Q n;m; kð Þ we get the formula

Q n;m; kð Þ
¼ P no Msg1/Msg3 collisions after state n;m; kð Þ j successful accessf g

¼ P no Msg1/Msg3 collisions after state n;m; kð Þ; successful accessf g
P successful accessf g

¼ P no Msg1/Msg3 collisions after state n;m; kð Þf g
P successful accessf g ¼ P n;m; kð Þ � 1� gð Þ

P xð Þ :

ð5Þ

Now, taking into account that the average RA delay, which is calculated only for
successfully accessed MTC devices, is determined by the formula

D ¼
X

n;m;kð Þ2X
Q n;m; kð ÞD n;m; kð Þ; ð6Þ

and taking into account (1)–(5), we finally obtain the formula to calculate the average
access delay in closed form
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D ¼ D1 þD2ð Þ � C
1� pð Þ 1� gMþ 1ð Þ 1� Nþ 1ð ÞCN þNCNþ 1� �

þ D4 � 1� Mþ 1ð ÞgM þMgMþ 1

1� g
g 1� CNþ 1ð Þ
1� gMþ 1

þ D3 þMD4 � D2ð Þ � gMþ 1

1� gMþ 1 1� Nþ 1ð ÞCN þNCN þ 1� �

þ D1 þD3 þD4ð Þ � 1� CNþ 1� �
;

ð7Þ

where C ¼ pþ gMþ 1 1� pð Þ.
The numerical example in the next section illustrates the application of the formulas

obtained for calculation the access success probability and the average access delay
with given collision probability.

4 Numerical Example

We present an example of analysis of a single LTE FDD cell on 5 MHz supporting
M2M communications to illustrate some performance measures for RACH with initial
data closed to real ones [7, 9, 10, 18, 19].

In LTE, the RACH could be configured to occur once every subframe up to once
every other radio frame. As in [7] we assume that the PRACH configuration index is
equal to 6, and then for FDD cell we have 1st and 6th subframes of every frame for
RACH opportunity, so the RACH occurs every 5 ms, that gives us 200 RACH
opportunities per second. The total number of RACH preambles available in LTE is 64.
A number of them are normally reserved for contention free RA procedure (i.e. for
intra-system handover or downlink data arrival with lost synchronization), the rest are
used for contention based RA procedure. According to [7] we assume that 10
preambles are configured to be dedicated for handovers, therefore, the other 54 can be
used contention based random access.

For the scenario with a large number of UEs with RA procedure in the cell and
uniformly distributed arrival of RACH requests the collision probability is given by [9]

p ¼ 1� e�c= 54�200ð Þ: ð8Þ

Maximum number of preamble transmission is equal to 10, hence N = 9. Maximum
number of Msg 3 retransmissions M = 4 [7]. The terms of the sum in (7) are given
below: D1

1
= 2,5 ms; D2

1
= 1 ms; D3

1
= 2 ms; D4

1
= 5 ms; D

2
= 20 ms; D

3
= 5 ms;

D
4
= 6 ms. The calculation were done for 4 values of the HARQ retransmission

probability for Msg 3/Msg 4 g ¼ 0:02; 0:5; 0:8; 0:95.
Typically, e.g. [7, 18], RACH performance metrics are analyzed vs the number of

MTC devices per cell with maximum of 30 000. In the numerical example we analyze
target metrics vs the collision probability p, receiving its value from the formula (8)
with given random access intensity c. Namely the value of c indicates the number of
MTC devices in the cell, but it does not reflect the number explicitly. For example,
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c = 25 000 attempts per second corresponds to the case of overload with the collision
probability p about 0.9. By changing the collision probability p from 0 to 1 we compute
the access success probability P xð Þ using (2) and the average access delay D using (7).

Figure 4 introduces plots illustrating the access success probability P xð Þ for four
values of the HARQ retransmission probability g. The plots show that with g less than
0.5 even for c = 10 000 attempts per second (p = 0.6) the access success probability is
close to 1.

Figure 5 indicates that the average access delay D varies significantly with the
changing of the collision probability p and even for minor g can reach values exceeding
160 ms due to a significant number of preamble retransmissions.

5 Conclusion

In this paper we addressed a RACH procedure for service M2 M traffic in LTE cell and
introduced a mathematical model in the form of discrete Markov chain. Note that the
access success probability is critical for applications such as fleet management service,
when a large number of taxis equipped with fleet management devices gather in a cell,
for example near the airport. Another measure, the average access delay, is critical for
earthquake monitoring applications, because even tens of milliseconds are very important
for an earthquake alarm. The proposed model allows calculating both mentioned per-
formance measures for LTE FDD and TDD cell, UMTS FDD or UMTS 1.28Mcps TDD.

Fig. 4. Access success probability

Fig. 5. Average access delay
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An interesting task for future study is to derive a formula for the cumulative
distribution function (CDF) of the access delay between the first RA attempt and the
completion of the random access procedure, for the successfully accessed MTC
devices. Another important problem is the construction of analytical models of the
overload control mechanisms based on Access Class Barring (ACB) schemes.

Open Access. This chapter is distributed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/),
which permits use, duplication, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and
the source, a link is provided to the Creative Commons license and any changes made
are indicated.

The images or other third party material in this chapter are included in the work’s
Creative Commons license, unless indicated otherwise in the credit line; if such
material is not included in the work’s Creative Commons license and the respective
action is not permitted by statutory regulation, users will need to obtain permission
from the license holder to duplicate, adapt or reproduce the material.
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