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Abstract. An obstacle representation of a graph G is a set of points in
the plane representing the vertices of G, together with a set of polygonal
obstacles such that two vertices of G are connected by an edge in G if
and only if the line segment between the corresponding points avoids all
the obstacles. The obstacle number obs(G) of G is the minimum number
of obstacles in an obstacle representation of G.

We provide the first non-trivial general upper bound on the obsta-
cle number of graphs by showing that every n-vertex graph G satisfies
obs(G) < 2nlogn. This refutes a conjecture of Mukkamala, Pach, and
Palvolgyi. For bipartite n-vertex graphs, we improve this bound to n—1.
Both bounds apply even when the obstacles are required to be convex. We
also prove a lower bound 22 on the number of n-vertex graphs with
obstacle number at most h for h < n and an asymptotically matching
lower bound £2(n*/3M?/3) for the complexity of a collection of M > £2(n)
faces in an arrangement of n? line segments with 2n endpoints.

Keywords: Obstacle number - Geometric drawing - Obstacle represen-
tation + Arrangement of line segments

1 Introduction

In a geometric drawing of a graph G, the vertices of G are represented by dis-
tinct points in the plane and each edge e of G is represented by the line segment
between the pair of points that represent the vertices of e. As usual, we iden-
tify the vertices and their images, as well as the edges and the line segments
representing them.

Let P be a finite set of points in the plane in general position, that is, there
are no three collinear points in P. The complete geometric graph Kp is the
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geometric drawing of the complete graph K|p| with vertices represented by the
points of P.

An obstacle is a polygon in the plane. An obstacle representation of a graph
G is a geometric drawing D of G together with a set O of obstacles such that
two vertices of G are connected by an edge e if and only if the line segment
representing e in D is disjoint from all obstacles in O. The obstacle number
obs(G) of G is the minimum number of obstacles in an obstacle representation
of G. The convex obstacle number obs.(G) of a graph G is the minimum number
of obstacles in an obstacle representation of G in which all the obstacles are
required to be convex. Clearly, we have obs(G) < obs.(G) for every graph G.

In this paper, we provide the first nontrivial general upper bound on the
obstacle number of graphs (Theorem 2). We also show a lower bound for the
number of graphs with small obstacle number (Theorem 3) and a matching
lower bound for the complexity of a collection of faces in an arrangement of line
segments that share endpoints (Theorem 4). All proofs of our results are based
on so-called e-dilated bipartite drawings of K, , which we introduce in Sect. 2.

In the following, we make no serious effort to optimize the constants. All
logarithms in this paper are base 2.

1.1 Bounding the Obstacle Number

The obstacle number of a graph was introduced by Alpert, Koch, and Laison [1]
who showed, among several other results, that for every positive integer h there
is a graph G with obs(G) > h. Using extremal graph theoretic tools, Pach and
Sar16z [11] proved that the number of labeled n-vertex graphs with obstacle
number at most A is at most 2°("”) for every fixed integer h. This implies that
there are bipartite graphs with arbitrarily large obstacle number.

Mukkamala, Pach, and Sar16z [10] established more precise bounds by show-
ing that the number of labeled n-vertex graphs with obstacle number at most h is
at most 20(hn1og® n) fo; every fixed positive integer h. It follows that, for every n,
there is a graph G on n vertices with obs(G) > 2(n/log? n). Later, Mukkamala,
Pach, and Palvolgyi [9] improved the lower bound to obs(G) > £2(n/logn).
Currently, the strongest lower bound on the obstacle number is due to
Dujmovié¢ and Morin [4] who showed that there is a graph G with n vertices
and obs(G) > 2(n/(loglogn)?) for every n.

Surprisingly, not much has been done for the general upper bound on the
obstacle number. We are only aware of the trivial bound obs(G) < (3) for every
graph G on n vertices. This follows easily, as we can consider the complete
geometric graph Kp for some point set P of size n and place a small obstacle
O, on every non-edge e of G such that O, intersects only e in Kp. A non-edge
of a graph G = (V, E) is an element of (‘2/) \ E.

Concerning special graph classes, Fulek, Saeedi, and Sari6z [6] showed that
the convex obstacle number is at most five for every outerplanar graph, and at
most four for every bipartite permutation graph.

Alpert, Koch, and Laison [1] asked whether the obstacle number of every
graph on n vertices can be bounded from above by a linear function of n. We
show that this is true for bipartite graphs, even for the convex obstacle number.
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Theorem 1. For every pair of positive integers m, n and every bipartite graph
G C Ky, and its complement G, we have

obs.(G),0bs.(G) <m+n— 1.

In contrast, Mukkamala, Pach, and Palvolgyi [9] conjectured that the maxi-
mum obstacle number of n-vertex graphs is around n2. We refute this conjecture
by showing the first non-trivial general upper bound on the obstacle number of
graphs. In fact, we prove a stronger result that provides a general upper bound
for the convex obstacle number.

Theorem 2. For every positive integer n and every graph G on n vertices, the
convez obstacle number of G satisfies

obs.(G) < 2nlogn.

By a more careful approach, which we omit in this paper, the bound in
Theorem 2 can be improved to n[logn| —n+ 1. The question whether the upper
bound on obs(G) can be improved to O(n) for every n-vertex graph G remains
open.

1.2 Number of Graphs with Small Obstacle Number

For positive integers h and n, let g(h, n) be the number of labeled n-vertex graphs
with obstacle number at most h. The lower bounds on the obstacle number by
Mukkamala, Pach, and Palvdlgyi [9] and by Dujmovi¢ and Morin [4] are both
based on the upper bound g(h,n) < 90(hnlogn) T fact, any improvement on
the upper bound for g(h,n) will translate into an improved lower bound on the
obstacle number [4]. Dujmovié¢ and Morin [4] conjectured g(h,n) < 2f(m)-o(h)
where f(n) < O(nlog®n). We show the following lower bound on g(h,n).

Theorem 3. For every pair of integers n and h satisfying 0 < h < n, we have

g(h,m) > 220,

1.3 Complexity of Faces in Arrangements of Line Segments

An arrangement A of line segments is a finite collection of line segments in the
plane. The line segments of A4 partition the plane into vertices, edges, and cells.
A vertex is a common point of two or more line segments. Removing the vertices
from the line segments creates a collection of subsegments which are called edges.
The cells are the connected components of the complement of the line segments.
A face of A is a closure of a cell.

Note that every geometric drawing of a graph is an arrangement of line
segments and vice versa. The edges of the graph correspond to the line segments
of the arrangement and the vertices of the graph correspond to the endpoints of
the line segments.
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A line segment s of A is incident to a face F' of A if s and F' share an edge
of A. The complexity of a face F is the number of the line segments of A that
are incident to F. If F is a set of faces of A, then the complexity of F is the
sum of the complexities of F' taken over all F' € F.

An arrangement of lines is a finite collection of lines in the plane with faces
and their complexity defined analogously.

Edelsbrunner and Welzl [5] constructed an arrangement of m lines having a
set of M faces with complexity 2(m?/3M?/3 +m) for every m and M < (’g) +1.
Wiernik and Sharir [13] constructed an arrangement of m line segments with a
single face of complexity 2(ma(m)). These two constructions can be combined
to provide the lower bound 2(m?/3M?/® + ma(m)) for the complexity of M
faces in an arrangement of m line segments, where M < (') +1. The best upper
bound for the complexity of M faces in an arrangement of m line segments is
O(m?/3M?/3 + ma(m) +mlog M) by Aronov et al. [3].

Arkin et al. [2] studied arrangements whose line segments share endpoints.
That is, they considered the maximum complexity of a face when we bound
the number of endpoints of the line segments instead of the number of the line
segments. They showed that the complexity of a single face in an arrangement of
line segments with n endpoints is at most O(nlogn). An 2(nlogn) lower bound
was then proved by Matousek and Valtr [8].

Arkin et al. [2] posed as an open problem to determine the maximum com-
plexity of a set of M faces in an arrangement of line segments with n endpoints.

Since every arrangement of line segments with n endpoints contains at most
(%) line segments, the upper bound O(n**M?/3 + n2a(n) + n?log M) can be
deduced from the upper bound of Aronov et al. [3]. We give a lower bound
that, whenever M > n logg/ 2 n, matches this upper bound up to a multiplicative
factor.

Theorem 4. There is constant C' such that for every sufficiently large integer
n, there is an arrangement A of n? line segments with 2n endpoints such that
for every M satisfying Cn < M < n*/C there is a set of at most M faces of A
with complexity 2(n*/3M?/3).

Taking only the faces with the highest complexity from the construction from
the proof of Theorem 4 gives the following lower bound for smaller values of M.

Corollary 1. For every sufficiently large integer n, there is an arrangement A
of n? line segments with 2n endpoints such that for every M satisfying M < O(n)
there is a set of at most M faces of A with complexity 2(nM).

Consequently, for every value of M, the lower bounds differ from the best
known upper bounds by at most an O(logn) multiplicative factor.

2 Dilated Bipartite Drawings

For a point p € R?, let z(p) and y(p) denote the x- and the y-coordinate of p,
respectively. An intersection point in a geometric drawing D of a graph G is a
common point of two edges of G that share no vertex.
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Let m and n be positive integers. We say that a geometric drawing of K, ,, is
bipartite if the vertices of the same color class of K, ;, lie on a common vertical
line and not all vertices of K, ,, lie on the same vertical line. For the rest of this
section, we let D be a bipartite drawing of K, ,, and use P := {p1,...,pm} and
Q={q1,...,q.} with y(p1) < - < y(pm) and y(q1) < -+ < y(gn) to denote
the point sets representing the color classes of K, , in D. We let £p and {g be
the vertical lines that contain the points of P and @, respectively. The width w
of D is |z(¢1) — z(p1)|. In the following, we assume that £p is to the left of {g
and that p; = (0,0), ¢1 = (w,0). We set d; := y(piy1) —y(p;) fori=1,...,m—1
and h; == y(gj+1) —y(g;) for j =1,...,n— 1. We call d; the left step of D and
hy the right step of D.

We say that D is regular if we have dy = --- = d;,—1 and hy = -+ = hy_1.
Note that every regular drawing of K,,, is uniquely determined by its width,
left step, and right step. A regularization of a (possibly non-regular) bipartite
drawing D is the regular bipartite drawing of K, , with the vertices m(p;) :=
(0,(i —1)dy) and 7(g;) := (w,(j —1)hy) fori=1,...,mand j=1,...,n.

For 1 <k < m+n —1, the kth level of D is the set of edges p;q; with
i+ 7 =k + 1. Note that the levels of D partition the edge set of K,,, and that
the kth level of D contains min{k, m,n, m + n — k} edges. If D is regular, then,
for every 1 < k < m 4+ n — 1, the edges of the kth level of D share a unique
intersection point that lies on the vertical line { d1d+1h1 w} x R.

For an integer | > 2, an ordered I-tuple (p;,qj,,---,Pi,qj) of edges of D
is uniformly crossing if we have 0 < i3 — i3 = -+ = 4y —4;j—1 and jo — j; =
-oo = g1 — ji—1 < 0. In particular, a set of edges forming a level of D, ordered
by their decreasing slopes, is uniformly crossing. Note that if (p;, ¢;,, ..., Pi,¢;,)
is uniformly crossing, then the edges m(p;, )7(q;, ), - .., 7(ps,)7(gj,) of the regula-
rization of D share a common intersection point, which we call the meeting point
of (Pi,qjy,---+Di,q;)- In the other direction, if D is regular and (eq,...,¢) is
a maximal set of edges of D that share a common intersection point and are
ordered by their decreasing slopes, then (eq,...,¢;) is uniformly crossing.

Let € > 0 be a real number. We say that D is e-dilated if we have d; < --- <
Adm_1 < (1 +E)d1 and hy < -+ < hp_1 < (1 +E)h1.

In a geometric drawing D’ of a (not necessarily bipartite) graph, let
(e1,...,¢;) be an ordered [-tuple of edges of D’ such that e; and e;y; share
an intersection point r; for i = 1,...,1 — 1. We say that (eq,...,e;) forms a
cap, if x(r1) < --- < x(r;—1) and the slopes of ey, ..., e are strictly decreasing.
A cap C' is then the component of the lower envelope of e; U- - -Ue; that contains
71,...,77—1. The points r; are vertices of C and e;NC, ..., e,NC are edges of C.
See part a) of Fig. 1. A cap C is good in D', if the edges of C are incident to the
same bounded face of D’ or if C' has only one edge. If D’ is bipartite and the
edges of one of its levels form a cap C, then we call C a level-cap of D'.

The following lemma is crucial in the proofs of all our main results.

Lemma 1. (i) If D satisfies dy < -+ < dpp—1 and hy < -+ < hy_1, then, for
every | > 2, every uniformly crossing l-tuple of edges of D forms a cap.
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(ii) For all w,dy,hy € RT and m,n € N, there is an € = e, n(w,dy,hy) > 0
such that if D is an e-dilated bipartite drawing of K, , with width w, left
step di, and right step hi, then for every | > 2 every uniformly crossing
I-tuple of edges of D forms a good cap in D.

Proof. For part (i), let (eq,...,e;) be a uniformly crossing I-tuple of edges of D
with ey := p;, q;, for every kK = 1,...,1. Consider edges ey, ex+1, ext2 and let
r, and i1 be the points e Nepy1 and eg41 Neg42, respectively. The points 7y
and 741 exist, as y(plk) < y(pik+1) < y(pik+2) and y(qjk+2) < y(qjk+1) < y(qjk)'

Consider the midpoint p of p;, p;,,, and the midpoint ¢ of g;, gj,,,. Since
(e1,...,e) is uniformly crossing and dy < -+ < dj,—1 and hy < -+ < hy_q, we
have y(pi,,,) < y(p) and y(g;,,,) < y(q). See part b) of Fig.1. The edges pq,
ek, and epyo share a common point that lies above ejy1. Since r and 7y lie
on epi1, we obtain z(rg) < z(rgs1). The slopes of ey, exy1, ept2 are strictly
decreasing, thus (eq,...,e;) forms a cap.

a) °

Fig. 1. (a) An example of a cap with vertices denoted by empty circles and with edges
denoted black. (b) A situation in the proof of Lemma 1.

To show (ii), we use the following claim. For all w,d;,h1,d € RT and m,n €
N, there is an € = &, ,,(w,d1, h1,d) > 0 such that if D is e-dilated, then the
intersection point between any two edges p;q; and py g of D lies in distance less
than J from the intersection point 7(p;)m(q;) N w(py)m(g;).

This follows from the fact that for fixed w, dy, hi, all £’-dilated drawings of
K., with width w, left step d;, and right step h; converge to their common
regularization as &’ > 0 tends to zero.

Let 0yn(w,di,h1) = § > 0 be the half of the minimum distance between
two intersection points of the regular drawing of K,, , with width w, left step
dy, and right step hy. For € = ey, n(w,dy, hy,9), let D be an e-dilated drawing
of K, with width w, left step d;, and right step hy. According to (i), every
uniformly crossing I-tuple (eq,...,e;) of edges of D forms a cap. It follows from
the claim that the vertices of a cap C formed by (eq,...,e;) are contained in an
open disc B with the center in the meeting point s of (e, ..., ¢;) and radius §.
In particular, there is a connected component K of B\ (e U---Ue¢;) such that
every edge of C' is incident to the closure K of K.

Suppose for a contradiction that C is not good in D. Then there is an edge
pq of D that divides K into two parts, each incident to some edge of C' and
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each having an empty intersection with some edge of C. Otherwise all edges
of C' are incident to a single face of D, implying that C is good. The edge pq
intersects some edge p;, ¢;, N C of C in a point r € B. By (i), the intersection
point ' := w(p)m(q) N7 (ps, )7(g;, ) is different from s, since edges of C and the
edge pqg do not form a cap. The distance of r and s is less than §, as r € B. By the
claim, the distance of r and 7’ is also less than §. On the other hand, the distance
of " and s is at least 26 from the choice of §. This gives us a contradiction with
the triangle inequality. O

3 Proof of Theorem 1

Let G C K, ,, be a bipartite graph and G be its complement. Using Lemma 1,
we can easily show obs.(G) < m +n — 1. Let ¢ > 0 be chosen as in Lemma 1
for K, and w = d; = h; = 1. Consider an e-dilated drawing D of K, , with
w=4dy =h =1, p1 =(0,0), and ¢ = (1,0). Since edges of every level of D
are uniformly crossing, part (ii) of Lemma 1 implies that the edges of the kth
level of D form a good level-cap Cj in D for every 1 < k < m +n — 1. That is,
there is a bounded face Fj of D such that each edge of Cy is incident to Fj or
C}; contains only one edge.

For every integer k satisfying 1 < k < m+n—1, we construct a single convex
obstacle Oy. If C}, contains only one edge e, the obstacle Oy, is an arbitrary point
of e or an empty set. Otherwise every edge p;qi+1—; of the kth level of D shares
a line segment si of positive length with Fj. The obstacle Oy is defined as
the convex hull of the midpoints of the line segments 32 where p;qr4+1—; is not
an edge of G. See part a) of Fig.2. The levels partition the edge set of Kon,
therefore we block every non-edge of G. Since every bounded face of D is convex,
we have Oj, C F},. Therefore no edge of G is blocked and we obtain an obstacle
representation of G. In total, we produce at most m +n — 1 obstacles.

To show obs.(G) < m + n — 1, we proceed analogously as above, except
the vertices of D are suitably perturbed before obstacles Oy are defined, which
allows to add two (long and skinny) convex obstacles Op and Og blocking all
the edges p;pi and g;g;/, respectively. The addition of the obstacles Op and Og
may be compensated by using a single convex obstacle to block non-edges in the
first and the second level and in the (m + n — 2)th and the (m +n — 1)th level.

4 Proof of Theorem 2

We show that the convex obstacle number of every graph G on n vertices is at
most 2n log n. The high-level overview of the proof is as follows. We partition the
edges of G to edge sets of O(n) induced bipartite subgraphs of G by iteratively
partitioning the vertex set of G into two (almost) equal parts and considering
the corresponding induced bipartite subgraphs of G. For every j =0, ... |logn|,
the number of such bipartite subgraphs of size about n/27 is 2/. Then we con-
struct an obstacle representation of G whose restriction to every such bipartite
subgraph resembles the obstacle representation from the proof of Theorem 1.
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This is achieved by choosing a variant of the well-known Horton sets [12] as the
underlying vertex set. Since the obstacle representation of every bipartite sub-
graph of size about n/27 uses about n/27 obstacles, we have O(nlogn) obstacles
in total.

Let S be a finite set of points on a vertical line. We say that a point p of S
is an odd point of S if p has an odd-numbered position in the ordering of .S by
increasing y-coordinates. Otherwise p is said to be an even point of S.

Let N > 2 be the least power of two such that N > n. If N > n, then we add
N —n isolated vertices to G. Clearly, this does not decrease the obstacle number.
Let € > 0 be chosen as in Lemma 1 for Ky y and w = dy = hy = 1. Let D be an
e-dilated bipartite drawing of K, n with width, left step, and right step equal
to 1 and with d; = h; for every i =1,...,N — 1. We let P := {py,...,pn} and
Q :={q1,-..,qn} be the color classes of D ordered by increasing y-coordinates
such that p; = (0,0) and ¢; = (1,0). By part (ii) of Lemma 1, edges of each
level of D form a good cap in D. For the rest of the proof, the y-coordinates of
all points remain fixed. Let & = a(e) > 0 be a real number to be determined
later.

First, we let D be the drawing obtained from D by removing the even points
from P and the odd points from Q. We use P! and P? to denote the left and
the right color class of D1, respectively. We map the vertices of G to the vertices
of Dy arbitrarily. Let C; be the set of the level-caps of D;. Since every level-cap
in D is good in D, every cap in C; is good in D;.

The drawing D; is a first step towards making an obstacle representation
of G. In fact, we can now block a large portion of non-edges of G by placing
obstacles in D; as in the proof of Theorem 1. Then we take care of the edges
between vertices in the left color class Pl of K N/2,n/2 (edges between vertices
in the right color class P? of K N/2,n/2 are dealt with analogously). We slightly
shift the even points in Pl horizontally to the right. Only some of the edges of a
copy of K /4, n/4 between the even and the odd points of P} belong to G. Hence
we can place convex obstacles along the level-caps of this Kn/4 n/4, again, same
as in the bipartite case. To take care of the edges between vertices in the same
color class of K /4 n/4, and for each of the color classes we proceed similarly as
above.

We now delscribe this iterative process formally. Having chosen point sets
Pl .., Pfi_l for some 2 < j < log N, we define P}, ..., szg as follows. For
1<k <271 let Pj%f1 be the set of odd points of Pf_l and let Pj% be the
set of even points of ngfr Let €5 > 0 be a small real number. If k is odd, we
move the points from szk to the right by ¢;. If £ is even, we move the points
from szkfl to the left by ;. We slightly abuse the notation by using D;_; and
Cj—1 to denote the modified drawing D;_; and the set of modified caps from the
original set C;_1, respectively.

For 1 < k < 277! we add all edges between points from Pij_l and szk to
create a bipartite drawing D;-“ of K2 ny2i- We let C; be the union of C;j_;
with a set of level-caps of the drawings D;-“ for 1 < k < 29~1. We also set

. Nl 29—1
Dj._DjUn-UDj UDj_l.
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We choose €; small enough so that each cap C € C;_1, which is good in D;_1,
is good in D; after the translations by e;. Such €; exists, as every geometric
drawing of a graph is compact and the distance of two points is a continuous
function. We choose €; small enough such that for every edge e of the modified
drawing D;_1, the portion of e between szkfl and Pij is contained in the
horizontal strip R x (y(p) — @, y(p) + a) for some endpoint p of e. This can be
done, as the vertical strips between szf/fl and Pff/l for 1 < k' < 29=2 do not
change during the translations by ¢;.

After log N steps, the drawings lec’,g N contain two vertices and the construc-
tion stops. We show that we can add at most 2nlogn convex obstacles to the
drawing Dioe n to obtain an obstacle representation of G.

For2 <j <logN and 1 <k <2/7! let f; : R? — R? be the affine mapping
fixe(x,y) == (x/ej —cjk,y) where ¢; 1, € R is chosen such that the left color class
of f;x(D}) lies on {0} x R. Note that the drawing f;x(D¥) is contained in the
drawing D and thus edges of the levels of fj,k(D;-“) form good caps in fj7k(Df).
Since f; 1 does not change the edge-face incidences in Dé-“, edges of the levels of
D;-“ form good caps in Df.

Let C be a level-cap formed by edges of a level L of fj’k(Df) and let F¢o
be the bounded face of f]k(Df) such that all edges of C' are incident to Fi.
Edges of L are also edges of a level L’ of D. Since the indices of edges of L have
the same parity, L' contains an edge p;q; for some 1 < i < N. Let £ be the
horizontal line containing p;¢;. No vertex of the level-cap formed by edges of L’
lies strictly above £~ and no edge of C is contained in £c. Thus there is ac > 0
such that every edge of C' is incident to Fo N (R X (—oo, y(p;) —ac)). See part b)
of Fig.2. We choose a = a(e) to be the minimum of o over all level-caps C
of fjr(DF) with 2 < j <logN and 1 < k < 2771, Since f;1(DF) is a drawing
contained in D and determined by j and k, we see that a depends only on €.

b)

Fig. 2. (a) Placing a convex obstacle Oy, that blocks three edges of K, ». (b) All edges
of a cap C' are incident to a part of a face F¢ strictly below p;q;.

Since f; does not change the y-coordinates, for every level-cap C of D;-“,
there is a bounded face F¢ of Df such that all edges of C' are incident to the
part of F that lies below £, (¢ in the vertical distance larger than a.

By induction on j, 1 < j < log N, we show that every cap from C; is good
in Dj in the jth step of the construction. We already observed that this is true
for j = 1. Suppose for a contradiction that there is a cap C' € C; that is not
good in Dj; for j > 1. Using the inductive hypothesis and the choice of ¢;, C' is
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not in Cj_;. Therefore there is a drawing D;-“ for 1 < k < 29=1 such that C is
a level-cap of DJ. Since C' is good in D¥, all edges forming C are incident to a
single bounded face F¢ of Df. However, C' is not good in D;, thus some edge e
of D; \D;C divides F¢ into two parts, each incident to an edge of C' and each
having an empty intersection with some edge of C. The drawings Djl», ceey DJQ»]_1
are contained in pairwise disjoint vertical strips, thus e is an edge of D;_;. It
follows from the proof of Lemma 1 that all edges of C are incident to F¢ in a
20-neighborhood of £y, (¢) for some § = d(¢) > 0. Therefore e intersects this
20-neighborhood. By the choice of ¢;, the portion of e between Pj%_1 and Pj%
is contained in the horizontal strip R x (y(p) — o, y(p) + «) for an endpoint p
of e. Assuming « and § are sufficiently small with respect to the left and the
right step of D, say a,d < 1/8, we see that p lies on £ , (). Thus the portion
of e between Pj%*1 and Pj% lies in the a-neighborhood of ¢, (o) =R x {y(p)}.
On the other hand, all edges of C are incident to the part of Fo that is strictly
below R x {y(p) — a}. Thus e cannot divide F¢, a contradiction.

For every (modified) drawing D;-“, we place the obstacles as in the first part
of the proof of Theorem 1 with respect to the whole drawing Do, v. Using the
fact that bounded faces of every geometric drawing of K are convex, it follows
from the construction of Dj,e y that we obtain an obstacle representation of G.
For every 1 < j <log N and 1 < k < 2/~! we place at most N/2/~! — 1 convex
obstacles in the drawing Df of Kny2i ny2i- For every j, we thus use at most
2771(N/2/=1 —1) = N — 277! obstacles. Summing over j, we obtain an obstacle
representation of G with at most Z;P:glN(N — 271 = N(log N — 1) + 1 convex
obstacles. Since N < 2n, we have less than 2nlogn + 1 convex obstacles.

5 Proof of Theorem 3

Let h and n be given positive integers with h < n. We show that the number
g(h,n) of labeled n-vertex graphs of obstacle number at most h is at least 22(").

For a point set P C R? in general position, let e(h, P) be the maximum
integer for which there is a set F of at most h bounded faces of Kp and a set
of e(h, P) edges of Kp that are incident to at least one face from F. Let e(h, n)
be the maximum of e(h, P) over all sets P of n points in the plane in general
position.

Claim. We have g(h,n) > 2¢(mm),

To prove the claim, let P be a set of n points in the plane in general position
for which e(h, P) = e(h,n). Let F be the set of at most h bounded faces of Kp
such that e(h,n) edges of Kp are incident to at least one face from F. For a face
F € F,let Er denote the set of edges of Kp that are incident to F'. We use G to
denote the graph with the vertex set P and with two vertices connected by an
edge if and only if the corresponding edge of Kp is incident to no face F' of F.

We show that every subgraph G’ of Kp containing G satisfies obs(G’) < h.
The claim then follows, as the number of such subgraphs G’ is 2¢(*™).
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Let G’ be a subgraph of Kp such that G C G’. For every face F € F, we
define a convex obstacle Op as the convex hull of midpoints of line segments
e N F for every e € Ep that represents a non-edge of G’. Note that, since all
bounded faces of K p are convex, the obstacle O is contained in F' and thus Op
blocks only non-edges of G’. Since every non-edge of G’ is contained in Ep for
some F € F, we obtain an obstacle representation of G’ with at most h convex
obstacles. This finishes the proof of the claim. O

Since h < n, the following and the previous claim give Theorem 3.

2
Claim. For n > 3, we have e(h,n) > %.

Let € > 0 be chosen as in Lemma 1 for K7, /91, [n/2) and w = dy = hy = 1.
Let D be an e-dilated drawing of Ky, /21, |n/2) With w =dy = hy =1, p; = (0,0),
and ¢; = (1,0). By part (ii) of Lemma 1, the edges of the kth level of D form a
good cap Cy in D for every k=1,...,n— 1.

We perturb the vertices of D such that the vertex set of the resulting geomet-
ric drawing D’ of KT, /27, |n /2] is in general position. We let Kp be the geometric
drawing of K, obtained from D’ by adding the missing edges. Note that if the
perturbation is sufficiently small, then every good cap C} in D corresponds to
a good cap C}, in Kp.

Let F := {Fy,..., Fy} be the set of (not necessarily distinct) bounded faces
of Kp such that, for i = 1,..., h, all edges of the cap C,Ln/2j _[h/2]4i AT€ incident
to F;. That is, F1,. .., F} are faces incident to edges of h middle caps Cj,. Since
caps C[n/QJ—UL/Q'\+i are good in Kp and n > 3, the faces F; exist.

Every cap C}, is formed by min{k,n — k} edges for every k = 1,...,n — 1.
Therefore, for every i = 1,..., h, the face F; is incident to at least min{|n/2] —
[h/2] 41, [n/2]+ [h/2] —i} edges of Kp. Summing over ¢ = 1,..., h, we obtain
at least (2hn — h? — 1)/4 edges of Kp incident to at least one face of F. This
implies e(h,n) > (2hn — h* — 1)/4 and proves the claim. O

6 Proof of Theorem 4

For a sufficiently large constant C' and every sufficiently large integer n, we
find a bipartite drawing D of K, , such that for every integer M satisfying
Cn <M <n* /C there is a set of at most M faces of D with complexity at least
Q(n*/3M?/3). Theorem 4 then follows, as D can be treated as an arrangement
of n? line segments with 2n endpoints.

Let D’ be the regular bipartite drawing of K, , with width, left step, and
right step equal to 1, p; = (0,0), and ¢; = (1,0). For integers ¢ and k satisfying
1 <4<k <n/2and ged(i, k) = 1, every intersection point of a uniformly
crossing [-tuple of edges (pi, ¢j, s - - -, Pi,q5,) of D’ with io—iy =i and jo—j1 = i—k
is called a uniform (i, k)-crossing. A point that is a uniform (i, k)-crossing for
some integers i and k is called a uniform crossing.

Note that all uniform (i, k)-crossings lie on the vertical line {£} x R and that
no uniform (i, k)-crossing is a uniform (¢’, k’)-crossing for any pair (i', k') # (i, k),
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as ged(i, k) = 1. Since the y-coordinate of every uniform (4, k)-crossing equals
j/k for some 0 < j < kn — k, the number of uniform (i, k)-crossings is at most
kn. There is also at least n? —2in > n? — 2kn edges of D’ that contain a uniform
(¢, k)-crossing. This follows easily, as for every edge pyg; of D" with i <’ <n—i
and 1 < j' < n either py_;iqj 4x—i Or Pir1iqj'—k+i is an edge of D’ and forms a
uniform (3, k)-crossing with p; ¢;-. Here we use the fact £ < n/2.

We choose € > 0 as in Lemma 1 for K,, ,, and w =d; = h; = 1. Let D be an
e-dilated drawing of K, ,, with width, left step, and right step equal to 1, with
the left lowest point (0,0), and with the right lowest point (1,0). By part (ii) of
Lemma 1, every uniformly crossing [-tuple of edges of D forms a good cap in D.
In particular, every uniform crossing c in D’ is the meeting point of edges of D
that form a good cap C.. Let F, be a bounded face of D such that all edges
of C. are incident to F,.. Note that the faces F. and F. of D are distinct for
distinct uniform crossings ¢ and ¢’ in D’.

Let K < n/2 be a positive integer whose value we specify later. For integers
i and k satisfying 1 <4 < k < K and ged(i, k) = 1, let F; ;, be the set of faces
F, where ¢ is a uniform (i, k)-crossing in D’. Tt follows from our observations
that Fi contains at most kn faces and that the complexity of F; ;. is at least
n? —2kn. We let F := Uz i i,k Where the union is taken over all integers ¢ and
k satisfying 1 <i <k < K and ged(i, k) = 1. Then F contains at most

K k-1 K K—1 nK3
Z kn:nZk n2j+1 5
i=1 j=1

=1

k=2
ged (i

faces where ¢ (j) denotes the Euler’s totient function. The last inequality follows
from ¢(j) < K for every positive integer j < K.
Since the sets F; j are pairwise disjoint, the complexity of F is at least

>

k=2

k—

._.

K K—1
(n? — 2kn) ng(k‘—l)(ng—ﬂm) > n? o(j) — nK?3.
k=2

i=1 j=1

K3
ged(i,k)=1

3m

The totient summatory function satisfies > - i=1p() = O(mlogm) [7, pp.

268-269]. Thus the complexity of F is at least % - nK3 -~ O0(n*Klog K).

Let M be a given integer that satisfies 8n < M < n*/8. We set K =
(M/n)'/3. We may assume that K is an integer, as it does not affect the
asymptotics. For 8n < M < n*/8, we have 2 < K < n/2. The set F then
contains at most M faces and its complexity is at least %n‘v SM2/3 — M —
O(M*'3n5/31og (M /n)), which is £2(n*/3M?/3) for a sufficiently large absolute
constant C' and Cn < M < n*/C.
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