
Non-additive Bounded Sets of Uniqueness in Z
n

Sara Brunetti1, Paolo Dulio2,�, and Carla Peri3

1 Dipartimento di Ingegneria dell’Informazione e Scienze Matematiche,
Via Roma, 56, 53100 Siena, Italy

sara.brunetti@unisi.it
2 Dipartimento di Matematica “F. Brioschi”, Politecnico di Milano,

Piazza Leonardo da Vinci 32, I-20133 Milano, Italy
paolo.dulio@polimi.it
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Abstract. A main problem in discrete tomography consists in look-
ing for theoretical models which ensure uniqueness of reconstruction. To
this, lattice sets of points, contained in a multidimensional grid A =
[m1] × [m2] × · · · × [mn] (where for p ∈ N, [p] = {0, 1, ..., p − 1}), are
investigated by means of X-rays in a given set S of lattice directions.
Without introducing any noise effect, one aims in finding the minimal
cardinality of S which guarantees solution to the uniqueness problem.

In a previous work the matter has been completely settled in dimen-
sion two, and later extended to higher dimension. It turns out that d+1
represents the minimal number of directions one needs in Z

n (n ≥ d ≥ 3),
under the requirement that such directions span a d-dimensional sub-
space of Z

n. Also, those sets of d + 1 directions have been explicitly
characterized.

However, in view of applications, it might be quite difficult to decide
whether the uniqueness problem has a solution, when X-rays are taken
in a set of more than two lattice directions. In order to get computa-
tional simpler approaches, some prior knowledge is usually required on
the object to be reconstructed. A powerful information is provided by
additivity, since additive sets are reconstructible in polynomial time by
using linear programming.

In this paper we compute the proportion of non-additive sets of unique-
ness with respect to additive sets in a given grid A ⊂ Z

n, in the important
case when d coordinate directions are employed.

Keywords: Additive set, bad configuration, discrete tomography, non-
additive set, uniqueness problem, X-ray.

1 Introduction

One of the main problems of discrete tomography is to determine finite subsets
of the integer lattice Z

n by means of their X-rays taken in a finite number of
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lattice directions. Given a lattice direction u, the X-ray of a finite lattice set E
in the direction u counts the number of points in E on each line parallel to u.
The points in E can model the atoms in a crystal, and new techniques in high
resolution transmission electron microscopy allow the X-rays of a crystal to be
measured so that the main goal of discrete tomography is to use these X-rays to
deduce the local atomic structure from the collected counting data, with a view
to applications in the material sciences. The high energies required to produce
the discrete X-rays of a crystal mean that only a small number of X-rays can
be taken before the crystal is damaged. Therefore, discrete tomography focuses
on the reconstruction of binary images from a small number of X-rays.

In general, it is hopeless to obtain uniqueness results unless the class of lattice
sets is restricted. In fact, for any fixed set S of more than two lattice directions,
to decide whether a lattice set is uniquely determined by its X-rays along S is
NP-complete [9]. Thus, one has to use a priori information, such as convexity or
connectedness, about the sets that have to be reconstructed (see for instance [8],
where convex lattice sets are considered). An important class, which provides
a computational simpler approach to the uniqueness and reconstruction prob-
lems, is that of additive sets introduced by P.C. Fishburn and L.A. Shepp in [7]
(see the next section for all terminology). Additive sets with respect to a finite
set of lattice directions are uniquely determined by their X-rays in the given
directions, and they are also reconstructible in polynomial time by use of linear
programming. The notions of additivity and uniqueness are equivalent when two
directions are employed, whereas, for three or more directions, additivity is more
demanding than uniqueness, as there are non-additive sets which are unique [6].
More recently, additivity have been reviewed and settled by a more general treat-
ment in [10]. Thanks to this new approach, the authors showed that there are
non-additive lattice sets in Z

3 which are uniquely determined by their X-rays
in the three standard coordinate directions by exhibiting a counter-example (see
[10, Remark 2 and Figure 2]). This answers in the negative a question raised
by Kuba at a conference on discrete tomography in Dagsthul (1997), that every
subset E of Z3 might be uniquely determined by its X-rays in the three standard
unit directions of Z3 if and only if E is additive.

In previous works we restricted our attention to bounded sets, i.e. lattice sets
contained in a given grid A = [m1] × [m2] × · · · × [mn]. In particular, in [2] we
addressed the problem in dimension two and we proved that for a given set S of
four lattice directions, there exists a rectangular grid A such that all the subsets
of A are uniquely determined by their X-rays in the directions in S. In [4] we
extended the previous uniqueness results to higher dimensions, by showing that
d+ 1 represents the minimal number of directions one needs in Z

n (n ≥ d ≥ 3),
under the requirement that such directions span a d-dimensional subspace of Zn.
Also, those sets of d+ 1 directions have been explicitly characterized.

We also recall that Fishburn et al. [7] noticed that an explicit construction
of non-additive sets of uniqueness has proved rather difficult even though it
might be true that non-additive uniqueness is the rule rather than exception.
In particular they suggest that for some set of X-ray directions of cardinality
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larger than two, the proportion of lattice sets E of uniqueness that are not also
additive approaches 1 as E gets large. They leave it as an open question in the
discussion section. In [3] we presented a procedure for constructing non-additive
sets in Z

2 and we showed that when S contains the coordinate directions this
proportion does not depend on the size of the lattice sets into consideration.

In the present paper we focus on non-additive sets in Z
n and estimate the

proportion of non-additive sets of uniqueness with respect to additive sets in
a given grid A, when the set S contains d coordinate directions (see Theorem
1). It turns out that such proportion tends to zero as A gets large so that the
probability to have an additive set is high. From the viewpoint of the applica-
tions, this suggest the use of linear programming for good quality solutions as
the reconstruction problem for additive sets is polynomial.

2 Definitions and Preliminaries

The standard orthonormal basis for Zn will be {e1, . . . , en}, and the coordinates
with respect to this orthonormal basis x1, . . . , xn. A vector u = (a1, . . . , an) ∈
Z
n, where a1 ≥ 0, is said to be a lattice direction, if gcd(a1, ..., an) = 1. We

refer to a finite subset E of Zn as a lattice set, and we denote its cardinality
by |E|. For a finite set S = {u1, u2, ..., um} of directions in Z

n, the dimension
of S, denoted by dimS, is the dimension of the vector space generated by the
vectors u1, u2, ..., um. Moreover, for each I ⊆ S, we denote u(I) =

∑
u∈I u, with

u(∅) = 0 ∈ Z
n. Any two lattice sets E and F are tomographically equivalent if

they have the sameX-rays along the directions in S. Conversely, a lattice set E is
said to be S-unique if there is no lattice set F different from but tomographically
equivalent to E.

An S-weakly bad configuration is a pair of lattice sets (Z,W ) each consisting of
k lattice points not necessarily distinct (counted with multiplicity), z1, ..., zk ∈ Z
and w1, ..., wk ∈ W such that for each direction u ∈ S, and for each zr ∈ Z, the
line through zr in direction u contains a point wr ∈ W . If all the points in each set
Z,W are distinct (multiplicity 1), then (Z,W ) is called an S-bad configuration. If
for some k ≥ 2 an S-(weakly) bad configuration (Z,W ) exists such that Z ⊆ E,
W ⊆ Z

n\E, we then say that a lattice set E has an S-(weakly) bad configuration.
This notion plays a crucial role in investigating uniqueness problems, since a
lattice set E is S-unique if and only if E has no S-bad configurations [7].

For p ∈ N, denote {0, 1, ..., p − 1} by [p]. Let A = [m1] × [m2] × · · · × [mn]
be a fixed lattice grid in Z

n. We shall restrict our considerations to lattice sets
contained in a given lattice grid A, referred to as bounded sets. We say that a
set S is a valid set of directions for A, if for all i ∈ {1, . . . , n}, the sum hi of
the absolute values of the i-th coordinates of the directions in S satisfies the
condition hi < mi. Notice that this definition excludes trivial cases when S
contains a direction with so large (or so small) slope, with respect to A, such
that each line with this slope meets A in no more than a single point. If each
subset E ⊂ A is S-unique in A, we then say that S is a set of uniqueness for A.
For our purpose, we define additivity in terms of solutions of linear programs.
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The reconstruction problem can be formulated as an integer linear program
(ILP). Since the NP-hardness of the reconstruction problem for more than two
directions reflects in the integrality constraint, relaxation of ILP are considered
(see, for instance [1], [11],[14],[15]). In this setting, a lattice set is S-additive if
it is the unique solution of the relaxed linear program (LP). Moreover, a set is
S-additive if and only if it has no S-weakly bad configurations. Additivity is also
fundamental for treating uniqueness problems, due to the following facts (see [5,
Theorem 2]):

1. Every S-additive set is S-unique.
2. There exist S-unique sets which are not S-additive.

A set which is not S-additive will be simply said non-additive, when confusion
is not possible.

In [2] we characterized all the minimal sets S of planar directions which are
sets of uniqueness for A, and in [4] we studied the problem in higher dimension.
In particular, we stated the following necessary condition on minimal sets S of
lattice directions to be sets of uniqueness for A.

Proposition A ([4, Proposition 8]). Let S ⊂ Z
n be a set of distinct lattice

directions such that |S| = d+ 1 and dimS = d ≥ 3 (n ≥ d ≥ 3). Suppose that S
is a valid set of uniqueness for a finite grid A = [m1]× [m2]× · · · × [mn] ⊂ Z

n.
Then S is of the form

S = {u1, ..., ud, w = u(I)− u(J)}, (1)

where the vectors u1, ..., ud are linearly independent, and I, J are disjoint subsets
of {u1, ..., ud} such that |I| ≡ |{w} ∪ J | (mod 2).

Examples of sets S of the form (1) which are contained in Z
3 and Z

4 are
presented in Subsections 3.1 and 3.2, respectively.

Among the sets S of the form (1) we then specified which ones are sets of
uniqueness for A, by employing an algebraic approach introduced by Hajdu and
Tijdeman in [12]. To illustrate the result we need some further definitions (see
also [4]).

For a vector u = (a1, . . . , an) ∈ Z
n, we simply write xu in place of the mono-

mial xa1
1 xa2

2 . . . xan
n . Consider now any lattice vector u ∈ Z

n, where u 	= 0. Let
u− ∈ Z

n be the vector whose entries equal the corresponding entries of u if neg-
ative, and are 0 otherwise. Analogously, let u+ ∈ Z

n be the vector whose entries
equal the corresponding entries of u if positive, and are 0 otherwise.

For any finite set S of lattice directions in Z
n, we define the polynomial

FS(x1, . . . , xn) =
∏

u∈S

(
xu+ − x−u−

)
. (2)

For example, for S = {e1, e2, e3, e1 + e2 − e3} ⊂ Z
3 we get

FS(x1, x2, x3) = (x1 − 1)(x2 − 1)(x3 − 1)(x1x2 − x3) = −x1x2x2
3 + x2x2

3 + x1x2
3 − x2

3+

+x2
1x

2
2x3 − x1x2

2x3 − x2
1x2x3 + 2x1x2x3 − x2x3 − x1x3 + x3 − x2

1x
2
2 + x1x2

2 + x2
1x2 − x1x2.
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Given a function f : A → Z, its generating function is the polynomial defined
by

Gf (x1, . . . , xn) =
∑

(a1,...,an)∈A
f(a1, . . . , an)x

a1
1 . . . xan

n .

Conversely, we say that the function f is generated by a polynomial P (x1, . . . , xn)
if P (x1, . . . , xn) = Gf (x1, . . . , xn). Notice that the function f generated by the
polynomial FS(x1, . . . , xn) vanishes outside A if and only if the set S is valid for
A.

Furthermore, to a monomial kxa1
1 xa2

2 . . . xan
n we associate the lattice point z =

(a1, . . . , an) ∈ Z
n, together with its weight k. We say that a point (a1, . . . , an) ∈

A is a multiple positive point for f (or Gf ) if f(a1, . . . , an) > 1. Analogously,
(a1, . . . , an) ∈ A is said to be a multiple negative point for f if f(a1, . . . , an) <
−1. Such points are simply referred to as multiple points when the signs are not
relevant. For a polynomial P (x1, . . . , xn) we denote by P+ (resp. P−) the set of
lattice points corresponding to the monomials of P (x1, . . . , xn) having positive
(resp. negative) sign, referred to as positive (resp. negative) lattice points. We
also write P = P+ ∪ P−.

The line sum of a function f : A → Z along the line x = x0 + tu, passing
through the point x0 ∈ Z

n and with direction u, is the sum
∑

x=x0+tu,x∈A f(x).
Further, we denote ||f || = maxx∈A{|f(x)|}. We can easily check that the function
f generated by FS(x1, . . . , xn) has zero line sums along the lines taken in the
directions belonging to S.

Hajdu and Tijdeman proved that if g : A → Z has zero line sums along the
lines taken in the directions of S, then FS(x1, . . . , xn) divides Gg(x1, . . . , xn)
over Z (see [12, Lemma 3.1] and [13]). We recall that two functions f, g : A ⊂
Z
n → {0, 1} are tomographically equivalent with respect to a given finite set S

of lattice directions if they have equal line sums along the lines corresponding to
the directions in S. Note that two non trivial functions f, g : A → {0, 1} which
are tomographically equivalent can be interpreted as characteristic functions of
two lattice sets which are tomographically equivalent. Further, the difference h =
f − g of f and g has zero line sums. Hence there is a one-to-one correspondence
between S-bad configurations contained inA and non-trivial functions h : A → Z

having zero line sums along the lines corresponding to the directions in S and
||h|| ≤ 1.

Let us consider a set S = {u1, ..., ud, w = u(I)−u(J)}, where I, J are disjoint
subsets of {u1, ..., ud}. We define

D = {±v : v = u(X)− u(I) 	= 0, X ⊆ I ∪ J ∪ {w}}. (3)

In [4] we proved the following result.

Theorem B ([4, Theorem 12]). Let S ⊂ Z
n be a set of distinct lattice direc-

tions such that S = {ur = (ar1, . . . , arn) : r = 1, . . . , d+ 1} (n ≥ d ≥ 3), where
u1, ..., ud are linearly independent, ud+1 = u(I)−u(J), and I, J are disjoint sub-
sets of {u1, ..., ud} such that |I| ≡ |{w}∪J |(mod2). Suppose S is valid for the grid
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A = [m1]× [m2]×· · ·× [mn]. Denote

d+1∑

r=1

|ari| = hi, for each i ∈ {1, . . . , n}. Sup-
pose that g : A → Z has zero line sums along the lines in the directions in S, and
||g|| ≤ 1. Then g is identically zero if and only if for each v = (v1, . . . , vn) ∈ D,
there exists s ∈ {1, . . . , n} such that |vs| ≥ ms − hs.

From the geometrical point of view, a set S of lattice directions is a set
of uniqueness for a grid A if and only if S and A are chosen according to
assumptions in Theorem B, and the resulting set D is such that its members
satisfy the conditions of the theorem.

3 Non-additive Bounded Set of Uniqueness

In this section we study non-additive sets of uniqueness contained in a given grid
A, in the important case when S contains the coordinate directions. In [3] we
showed that when S ⊂ Z

2 contains the coordinate directions the proportion of
lattice sets E of uniqueness that are not also additive does not depend on the
size of the lattice sets into consideration and is given by

2

2|FS| − 2
,

where |FS | denotes the cardinality of the set of points corresponding to the
polynomial FS(x1, x2).

In the present paper we aim to extend this estimate to higher dimension.
Before presenting the general result, we wish to consider two preliminary cases,
concerning Z

3 and Z
4 respectively, which motivate the general result presented

below.

3.1 Non-additive Sets in Z
3

Let us consider the case n = d = 3. Let S = {e1, e2, e3, w = u(I)− u(J)} ⊂ Z
3,

where I, J are disjoint subsets of {e1, e2, e3} such that |I| ≡ |{w} ∪ J | (mod 2).
Since w is a direction distinct from e1, e2, e3, we have e1 ∈ I and, up to exchang-
ing the role of e2 and e3, we have the following choices for w.

1. w = e1 + e2 + e3 = (1, 1, 1), where I = {e1, e2, e3}, J = ∅.
2. w = e1 + e2 − e3 = (1, 1,−1), where I = {e1, e2, }, J = {e3}.
3. w = e1 − e2 − e3 = (1,−1,−1), where I = {e1}, J = {e2, e3}.
In order to apply Theorem B, we now evaluate the set D defined by (3), in all
these cases.

1. If I = {e1, e2, e3}, J = ∅, then by choosing X = {w, ei}, for i = 1, 2, 3, we
get v = ei ∈ D.

2. If I = {e1, e2, }, J = {e3}, then for X = {e1, e2, e3} we get v = e3 ∈ D. For
X = {e1} we get v = −e2 ∈ D, and for X = {e2} we get v = −e1 ∈ D.
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3. If I = {e1}, J = {e2, e3}, then for X = {e1, ei} we get v = ei ∈ D, where
i = 2, 3. For X = {w, e1, e2, e3} we get v = e1 ∈ D.

Since in all the previous cases we have hi = 2, for i = 1, 2, 3, then the set S is a
set of uniqueness for the grid A = [m1]× [m2]× [m3] if and only if mi−hi ≤ 1 for
each i = 1, 2, 3, that is mi = 3. This implies that A contains a unique S-weakly
bad configuration given by FS . The non-additive sets of uniqueness in FS are
precisely F−

S and F+
S . All the other subsets of FS , are additive. Therefore, the

proportion of bounded non-additive sets of uniqueness w.r.t. those additive is
given by

2 · 2|A\FS|

2|A| − 2 · 2|A\FS | =
2

2|FS | − 2
. (4)

3.2 Non-additive Sets in Z
4

Let us now consider the case n = 4. We first note that the condition |I| ≡
|{w}∪ J | (mod 2) in Theorem B implies that |I ∪ J | must be odd. Therefore, we
have |I ∪ J | = 3 and we can distinguish the following cases:

1. n = 4 > d = |I ∪ J | = 3;
2. n = 4 = d > |I ∪ J | = 3.

1. Suppose n = 4 > d = |I ∪ J | = 3. Up to permutations of the standard
orthonormal vectors, we can assume S = {e1, e2, e3, w = u(I)− u(J)} ⊂ Z

4,
where I, J are disjoint subsets of {e1, e2, e3} such that I ∪ J = {e1, e2, e3},
and |I| ≡ |{w} ∪ J | (mod 2). By identifying Z

3 with the subspace H =
{(z1, z2, z3, 0) : z1, z2, z3 ∈ Z} in Z

4, we can repeat the same considerations
as in the previous subsection. Therefore, we have S,D ⊂ H and the set
S is a set of uniqueness for the grid A = [m1] × [m2] × [m3] × [m4] if
mi = 3 for i = 1, 2, 3, and m4 ≥ 1. We shall simply write m = m4. In
this case the grid A can be arbitrary large in one direction and we shall
compute the proportion of bounded non-additive sets of uniqueness w.r.t.
those additive in A as a function of m. For the sake of simplicity, we assume
w = e1 + e2 + e3 = (1, 1, 1, 0), since all the other cases are analogous. We
have

FS(x1, x2, x3) = (x1 − 1)(x2 − 1)(x3 − 1)(x1x2x3 − 1),

and all the S-weakly bad configurations contained in A correspond to poly-
nomials of the form FS(x1, x2, x3)P (x4), where P (x4) is a polynomial in x4

with degree less than or equal to m− 1. Thus P (x4) = am−1x
m−1
4 + · · ·+a0,

where the coefficients am−1, · · ·, a0 are not all zero.
Let us consider two polynomials

Q1(x1, x2, x3, x4) = FS(x1, x2, x3)P1(x4) = FS(x1, x2, x3)
(
am−1x

m−1
4 + · · ·+ a0

)
,

Q2(x1, x2, x3, x4) = FS(x1, x2, x3)P2(x4) = FS(x1, x2, x3)
(
bm−1x

m−1
4 + · · ·+ b0

)
.
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The corresponding sets of points Q1, Q2 are equal if and only if ai = 0
implies bi = 0, for all i = 0, · · ·,m − 1. Thus the number of S-weakly bad
configurations contained in A equals the number of polynomials P (x4) =
am−1x

m−1
4 + · · ·+ a0 whose coefficients belong to the set {0, 1}, except the

null polynomial.
Let us denote by F the set of all points in A which belong to some S-weakly
bad configuration. Notice that each S-weakly bad configuration contains two
non-additive sets consisting of the set of positive (resp. negative) points. By
multiplying the corresponding polynomial by −1, these two non-additive sets
exchange each other. Therefore, the number of non-additive sets which are
contained in F equals the number of polynomials P (x4) = am−1x

m−1
4 +···+a0

whose coefficients belong to the set {−1, 0, 1}, except the null polynomial.
Thus we have 3m − 1 non-additive sets in F . Any other non-additive set
in A is obtained by adding some points of A \ F to a non-additive set in
F . Therefore, the number of non-additive sets contained in A is given by
2|A\F| (3m − 1).
The proportion of bounded non-additive sets of uniqueness in A with respect
to those additive is given by

2|A\F| (3m − 1)

2|A| − 2|A\F| (3m − 1)
=

3m − 1

2|FS|m − 3m + 1
. (5)

For m = 1 we get
2

2|FS| − 2
,

as in (4). Moreover, as A gets large, we get

lim
m→∞

3m − 1

2|FS|m − 3m + 1
= 0,

so that the set of non-additive sets is negligible.
2. Let us now suppose n = 4 = d > |I ∪ J | = 3. Up to permutations of

the standard orthonormal vectors, we can assume S = {e1, e2, e3, e4, w =
u(I) − u(J)} ⊂ Z

4, where I, J are disjoint subsets of {e1, e2, e3} such that
I ∪ J = {e1, e2, e3}, and |I| ≡ |{w} ∪ J | (mod 2). By identifying Z

3 with the
subspace H = {(z1, z2, z3, 0) : z1, z2, z3 ∈ Z} in Z

4, we can repeat the same
considerations as in the previous subsection. In particular, we have hi = 2,
for i = 1, 2, 3, h4 = 1, and the set S is a set of uniqueness for the grid
A = [m1]× [m2]× [m3]× [m4] if and only if mi = 3 for each i = 1, 2, 3, and
m4 = m ≥ 2. Again we assume w = e1 + e2 + e3 = (1, 1, 1, 0), so that we
have

FS(x1, x2, x3, x4) = (x1−1)(x2−1)(x3−1)(x1x2x3−1)(x4−1) = FT (x1, x2, x3)(x4−1),

where T = {e1, e2, e3, w}. All the S-weakly bad configurations contained
in A correspond to polynomials of the form FS(x1, x2, x3, x4)P (x4), where
P (x4) is a polynomial in x4 with degree less than or equal to m − 2. Thus
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P (x4) = am−2x
m−2
4 + · · · + a0, where the coefficients am−2, · · ·, a0 are not

all zero. Denote by F the set of all points in A which belong to some S-
weakly bad configuration. Then, by the same arguments as in the previous
case we have that F contains 3m−1 − 1 non-additive sets. Thus, we obtain
the following estimate for the proportion of bounded non-additive sets of
uniqueness in A with respect to those additive.

2|A\F| (3m−1 − 1
)

2|A| − 2|A\F| (3m−1 − 1)
=

3m−1 − 1

2|F| − (3m−1 − 1)
=

3m−1 − 1

2|FT |m − 3m−1 + 1
, (6)

as |F| = m|FT |.
For m = 2 we get

2

2|FS| − 2
,

as |FS | = 2|FT |.
Again, as A gets large, we get

lim
m→∞

3m−1 − 1

215m − 3m−1 + 1
= 0,

so that the set of non-additive sets is negligible.

3.3 Non-additive Sets in Z
n

We now consider the general case. In the following, for p, q ∈ N with 1 ≤ p < q,
we denote (p, q] = {z ∈ N : p < z ≤ q}. Further, to unify different cases, when
p = q we still adopt the notation (p, q] with the convention that

∏
j∈(p,q] zj = 1,

for every zj ∈ Z.

Theorem 1. Let S = {e1, . . . , ed, w = u(I) − u(J)} be a set of d + 1 distinct
directions in Z

n, where n ≥ d ≥ 3, I ∪ J = {e1, . . . , ek} (3 ≤ k ≤ d), and
|I| 	≡ |J | (mod 2). Let A = [m1] × [m2] × · · · × [mn] ⊂ Z

n, where mi = 3 for
i = 1, . . . , k, mi ≥ 2 for i = k + 1, . . . , d, and mi ≥ 1 for i = d+ 1, . . . , n. Then
the set S is a set of uniqueness for A and the proportion of non-additive sets of
uniqueness in A with respect to those additive is given by

3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1

2(2
k+1−1)

∏
i∈(k,n] mi −

(
3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1
) . (7)

Proof. By Theorem B, in order to prove that S is a set of uniqueness for A, we
have to show that for each v = (v1, . . . , vn) ∈ D there exists i ∈ {1, . . . , n} such
that |vi| ≥ mi − hi.

We have w =
∑k

i=1 δiei, where δi = 1 if ei ∈ I, and δi = −1 if ei ∈ J , so that
hi = 2 for i = 1, . . . , k, hi = 1 for i = k+1, . . . , d, and hi = 0 for i = d+1, . . . , n.
If v = (v1, . . . , vn) ∈ D, then vj = 0 for k + 1 ≤ j ≤ n, and vi 	= 0 for some
io ∈ {1, . . . , k}, so that |vio | ≥ mio − hio = 1. This proves that S is a set of
uniqueness for A.
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We have

FS(x1, . . . , xd) =
(
xw+ − x−w−

) d∏

i=1

(xi − 1).

Let us denote FT (x1, . . . , xk) = (xw+ − x−w−)
∏k

i=1(xi − 1). Then

FS(x1, . . . , xd) = FT (x1, . . . , xk)
∏

i∈(k,d]

(xi − 1).

All the S-weakly bad configurations contained in A correspond to polynomials of
the form FS(x1, . . . , xd)P (xk+1, . . . , xn), where the degree degiP (xk+1, . . . , xn)
of P (xk+1, . . . , xn) with respect to xi, where i = k + 1, . . . , n, satisfies the con-
ditions

degiP (xk+1, . . . , xn) < mi − 1 for i = k + 1, . . . , d,
degiP (xk+1, . . . , xn) < mi for i = d+ 1, . . . , n.

(8)

Thus we have

P (xk+1, . . . , xn) =
∑

ark+1,...,rnx
rk+1

k+1 . . . xrn
n , (9)

where rk+1 ∈ [mk+1 − 1], . . . , rd ∈ [md − 1], rd+1 ∈ [md+1], . . . , rn ∈ [mn]. Each
S-weakly bad configuration contained in A corresponds to a polynomial of the
form

P (xk+1, . . . , xn)FT (x1, . . . , xk)
∏

i∈(k,d]

(xi − 1),

where P (xk+1, . . . , xn) is given by (9).
Let us denote by F the set of points in A which belong to some S-weakly
bad configuration. Notice that each S-weakly bad configuration contains two
non-additive sets consisting of the set of positive (resp. negative) points. By
multiplying the corresponding polynomial by −1, these two non-additive sets
exchange each other. Therefore, the number of non-additive sets which are con-
tained in F equals the number of polynomials P (xk+1, . . . , xn) given by (9),
whose coefficients belong to the set {−1, 0, 1}, except the null polynomial. Such
a number is given by

3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1.

Any other non-additive set in A is obtained by adding some points of A \ F to
a non-additive set in F . Thus, the proportion of non-additive sets of uniqueness
in A with respect to those additive results

2|A\F|
(
3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1
)

2|A| − 2|A\F|
(
3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1
)

=
3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1

2|F| −
(
3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1
) . (10)
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Since |F| = |FT |
∏

i∈(k,n] mi and |FT | = 2k+1 − 1, we get

3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1

2(2
k+1−1)

∏
i∈(k,n] mi −

(
3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1
) ,

as required. �
When n = d = k = 3, as in Subsection 3.1, we have

∏

i∈(k,d]

(mi − 1) =
∏

j∈(d,n]

mj =
∏

i∈(k,n]

mi = 1, 2k+1 − 1 = 24 − 1 = |FS |,

so that formula (7) gives (4).
When 4 = n = d > k = 3, as in Subsection 3.2 case 2, we have

∏

i∈(k,d]

(mi−1) = m4−1 = m−1,
∏

j∈(d,n]

mj =1,
∏

i∈(k,n]

mi = m4 = m, |FT | = 2k+1−1 = 15,

so that formula (7) gives (6).
Moreover, if 3 ≤ k < n, then for (mk+1, . . . ,mn) → (∞, . . . ,∞) we have

3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1

2(2
k+1−1)

∏
i∈(k,n] mi −

(
3
∏

i∈(k,d](mi−1)
∏

j∈(d,n] mj − 1
) → 0.

4 Conclusions

We have determined explicitly the proportion of bounded non-additive sets of
uniqueness with respect to those additive. The resulting ratio has been computed
as a function of the dimensions of the confining grid. This allows us to prove
that, in the limit case when the grid gets large, the above proportion tends
to zero, meaning that the probability that a random selected set is additive
increases. Further improvements could be explored by considering more general
sets S of directions. In this case the tomographic grid, obtained as intersections
of lines parallel to the X-ray directions corresponding to nonzero X-ray, is not
necessarily contained in the confining rectangular grid A, and the computation
of the proportion of bounded non-additive sets of uniqueness with respect to
those additive, seems to be a more challenging problem to be investigated.
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