Copula Representations for Invariant
Dependence Functions

Jayme Pinto and Nikolai Kolev

Abstract Our main goal is to characterize in terms of copulas the linear Sibuya
bivariate lack of memory property recently introduced in [12]. As a particular case,
one can obtain nonaging copulas considered in the literature.

1 Introduction and Preliminaries

Let X; be non-negative continuous random variables with survival functions Sx; (x;)
= P(X; > x;) and densities fx,(x;),i = 1,2. Denote by S(x1,x2) = P(X; >
x1, X2 > x2), the joint survival function of the random vector (X, X»). Following
[13], any bivariate survival function can be decomposed as a product of marginal
survival functions and a dependence function £2(xy, x») via

S(x1,x2) = Sx; (x1)Sx, (x2)2(x1, x2) forall xq,xp > 0. (D

The function £2(x1, x2) represents the free-of-margin influence contribution to the

genuine dependence advocated by S(x1, x2). A family of Sibuya copulas is intro-

duced in [6], where the authors are motivated by a particular dynamic default model.
Our analysis is based on the following relation

S +t,x+1) =801, x2)S(, ) B(x1, x25 1), t>0 2)

where B(x1,x2;t) is an appropriate “aging” function satisfying the boundary
conditions B(xy,x2;0) = B(0,0;¢7) = 1. In fact, incorporating a time
component in the arguments, we replace the product of marginal survival functions
in (1) by the product of joint survival functions with nonoverlapping arguments.
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In the simplest case, when B(x1, x2; t) = 11in(2), one gets the functional equation
S +1,x2 +1) = S(x1, x2)S(2, 1) 3)

forall x1, x > O and ¢ > 0. Bivariate continuous distributions satisfying (3) possess
the classical bivariate lack of memory property (BLMP).

The only solution of (3) with exponential marginals is the Marshall-Olkin bivari-
ate exponential distribution introduced in [9]. However, there do exist distributions
having BLMP with nonexponential marginals. Various solutions of functional equa-
tion (3) are presented in [7] where the marginals may have any kind of failure rates:
increasing, decreasing, bathtub, etc. It is well-known that BLMP preserves the dis-
tribution of (X, X») and its residual lifetime vector

Xi =X, Xo) =[(X1 —t, Xo—1) | X1 >, X2 > 1]

independent of t > 0, i.e., (X1, X2) 4 X; implying X; 4 Xi¢, i = 1,2 for all
t > 0.

Remark 1 The vectors (X1, X») and X; should necessarily have the same survival
copula, which is unique under continuity of X;, i = 1, 2. Therefore, BLMP implies
that the corresponding survival copulas are time invariant (nonaging).

The joint survival function of X, is given by Sx, (x1, x2) = S(x1+¢, xo+1)/S(¢, ).
Its marginal survival functions are Sx,, (x1) = S(x1 +1,1)/S(z, 1) and Sx,, (x2) =
S(t, x2+1)/S(t, t). Applying the Sibuya form representation (1) with respect to the
residual lifetime vector X; we have

Sx, (x1, x2) = Sx,, (x1)Sx,, (x2)$2; (x1, x2), 4

where £2;(x1, x7) is the dependence function of X;.

‘We will consider a class of continuous bivariate distributions preserving §2; (x1, x2)
independent of + > 0, i.e., imposing condition £2;(x1,x2) = $2(x1, x2), where
£2(x1, x2) is the dependence function of (X1, X) from (1). Such a class with mem-
oryless dependence function has been recently introduced in [12] as follows.

Definition 1 The nonnegative continuous bivariate distribution (X1, X2) possesses
linear Sibuya BLMP (to be abbreviated LS-BLMP) if

Sx, (x1, x2) _ S(x1, x2)
Sx;, (x1)Sx,, (x2)  Sx;(x1)Sx, (x2)

®)

for all xq, xp,t > 0 and

SX” (x)) = SX[ (x;) exp{—a;x;t} for a; >0,i=1,2. (6)
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Observe that BLMP distributions satisfy (5). This means that the class of bivariate
continuous distributions with LS-BLMP includes those possessing BLMP.

Let us assume that the partial derivatives of S(x1, x2) exist and are continuous.
Denote by r; (x1, x2) = —9 In S(x1, x2)/0x; the conditional failurerates, i = 1, 2.1In
[12]itis introduced a class £ (x; a) of nonnegative bivariate continuous distributions
that satisfy the relation

r(xy, xp) = ri(x1, x2) +r2(x1, x2) = ap + ajx; +azxxy for ap,ay,a; >0 (7)

for all x1, xp > 0, where x = (x1, x2) and a = (ao, a1, az) is the parameter vector.

When the survival function S(xj, x») is differentiable, the sum ri(xq, xp) +
r2(x1, x2) has the following interpretation in terms of directional derivatives: it estab-
lishes the performance of —In[S(x1, x2)] along the lines parallel to {x; = x3}, i.e.,
with 45° inclination.

Managing a portfolio means observing and controlling its value changes over time
to achieve a desired outcome. The vector (71 (x1, x2), r2(x1, x2)) of partial derivatives
of —In[S(x1, x2)] is its gradient. With the gradient at hand, the risk manager can
evaluate the incremental impact of changes to the portfolio.

The Marshall-Olkin bivariate exponential distribution is a widely used model
in risk management and possesses BLMP, see Chap.3 in [8]. The class .Z(x; a)
transforms into BLMP when a; = a» = 0in (7) and r{(x1, x2) 4+ r2(x1, x2) = ap.

The sum in (7) may serve as a complementary risk measure. For example, the
portfolio can be considered “risky” if r1(x1, x2) + r2(x1, x2) > ap + a1x; + axxa,
where parameters ag, a1 and a; are preliminary fixed by an expert.

The joint survival function corresponding to (7) is given by

Sy, (x1 — x2) exp {—agxs — ajxixr — 25Ux2) | if x; > xp > 0;
S(xl,xz)=[ ' P 7ol .

Sx,(x2 — x1) exp {—a0x1 —arxi1xy — @x%} , ifxy >x; > 0.

Remark 2 The joint survival function S(x, x2) in the previous expression is proper
only for certain marginals Sy, (x1) and Sx, (x2). Their choice will determine the range
of possible values for the non-negative parameters ag, a; and a,, see Theorem 5.2.14
and Proposition 5.2.17 in [12]. The nonnegative parameter aq plays an important role
in the class .Z’(x; a). If ag = fx, (0) + fx,(0), the joint survival function S(x1, x2)
is absolutely continuous and if ag < fx,(0) + fx,(0), the distribution exhibits a
singular component.

It happens that the class .Z(x; a) specified by (7) can be characterized by the
LS-BLMP defined by (5) and (6). The class £ (x; a) contains continuous bivari-
ate distributions that are symmetric or asymmetric, positive quadrant dependent or
negative quadrant dependent, absolutely continuous or exhibit a singular compo-
nent. In addition, .Z(x; a) can be equivalently represented by relation (2) when
B(x1, x2; t) = exp{—aixit — ayxat}, i.e., by
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Sx1+t,x2+1)

SCD = S(x1,x2) exp{—aixit — axxat}. ®)

In Sect. 2, we will characterize the class £ (x; a) (or equivalently LS-BLMP) in
copula terms using the functional equation (8) as base. Recall that the time invariance
(nonaging) phenomena of the dependence function §2 (x1, x;) concerns the preserva-
tion of the dependence function £2; (x1, x2) given in Sibuya form (4). This justifies our
suggestion to the corresponding copula be named “Sibuya-type copula.” In Sect. 3,
we discuss bivariate survival functions with nonaging survival copulas and obtain
known relations as particular cases of our findings.

2 Copula Representations of the Class .Z(x; a)

Let the vector (X, X») be a member of the class .Z(x; a). Hence, the survival
function of the corresponding residual lifetime vector X, is given by (8). Denote
by C and C;, the survival copulas of (X1, X») and X;, respectively. First, we will
find a relation between the survival copulas C and C;. As a second step, we will
obtain a characterizing functional equation for the survival copula C, that joins the
corresponding marginals in both sides of (8).

Theorem 1 Let (X1, X3) belong to the class £ (x; a). The survival copulas of X,
and (X1, X;) are connected by

Crtu,v) = C((exp(=Hi Gy, (= Inw)}, exp(—Ha (G, (= Inv)})
x exp{—atG7' (— Inu) — axt Gy (— Inv)}, )

whereu,v € (0, 1], H;(x;) = —In[Sx, (x;)1and G;(x;) = H;(x;)+a;x;t,i =1,2.

Proof The marginals of X; have survival functions specified by (6). Using Sklar’s
theorem, relation (8) can be rewritten in terms of the survival copulas C; and C as
follows

C(Sx, (x1) exp{—aixit}, Sx, (x2) exp{—azx2t})
= C(SX1 (x1), SXz(xz)) exp{—aixit — arxst}. (10)

Let u = Sx, (x1) exp{—aixt} and v = Sx, (x2) exp{—azx2t}. From the relations
Sx; (xi) = exp{—H;(x;)} and G;;(x;) = H;(x;) +a;x;t, i = 1,2, we get x| =
Gftl (—Inu) and x; = szl (—Inv). Using these Egs. in (10) we obtain (9). U

Relation (9) shows that the survival copulas of (X1, X») and X; do not coincide in
general. The time invariance (nonaging) in the class .Z’(x; a) (being equivalent to LS-
BLMP) is related to the memoryless dependence function §2; of the residual lifetime
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vector X;, see relation (5). For comparison only, recall that the time invariance for
BLMP distributions is concerned with the joint distribution of X;.

Substituting a; = a; = 0in (9), we get C;(u,v) = C(u,v) forallt > 0, i.e., the
survival copula C; is time invariant, see Remark 1. The conclusion is same if X; and
X, are independent, i.e., C (4, v) = uv. Thus, we have the following result.

Corollary 1 Under conditions of Theorem 1 if
() ay =ar =0or
(1) X1 is independent of X,
then Ci(u,v) = C(u,v) forallu,v € (0,1]andt > 0.

The next example illustrates the relations established.

Example 1 Let the vector (X1, X») belong to £ (x; a). Suppose that the marginals
are exponentially distributed, i.e., Sx, (x) = exp{—X;x;}, A; > 0, i = 1, 2. There-
fore, G;;(x) = A;jx + a;xt and G;l(u) = u/(Aj + ajt), i = 1,2. From (9) we
obtain

Colu.v) = C AMinu Ay lnvy aitlnu n atInv
u,v) = expy——t,expj— ¢ ) ex ,
! P M+ art P Ao + aot P M +ait A+ ant

which can be simplified to

A A apt apt
Ci(u,v) = C(uk|+a1t , V)Lerazl)u}»]Jralt protaxt (11)

Relation (11) gives a general expression for the survival copula C;(u, v) corre-
sponding to X; for all members of the class -2 (x; a) with exponential marginals.

Assume further that (X, X») follows Gumbel’s type I exponential distribution
with survival function

S(x1, x2) = exp{—A1x1 — Aoxp — OrjAzx1x2}, 60 €[0,1], 11,42 > 0,

see [5]. This distribution is a member of the class .Z(x; a) and the constants in (7)
are specified by ag = A1 + A2 and a; = ap = OA ;. The corresponding survival
copula is C(u,v) = uvexp{—0Inulnv}. Substituting C(u, v) in (11) we obtain
Ci(u,v) = uvexp{—0Inulnv/[(1 + Orzt)(1 + 6Xxt)]}. Therefore, the survival
copula C;(u, v) depends on ¢ as well.

When ¢+ = 0 in (11) we recover the survival copula C(u,v) of (X1, X») and
letting t — oo, we obtain the independence copula Coo (1, v) = uv. Notice that the
independence of X and X> is equivalent to the condition a; = ap = 0.

Now, our interest is to find a characterizing functional equation involving the
survival copula C; of X; for the absolutely continuous members of the class .Z (x; a).

Theorem 2 Let the survival copula C; of X; be differentiable in its arguments. The
absolutely continuous random vector (X1, X») belongs to the class £ (x; a), if and
only if there exist non-negative constants ay and ay, such that
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(S(x1 +t,1) S{t,xa+1)
t

DG ) = Cy(Sx, (x1) exp{—ayxt}, Sx, (x2) exp{—arxat}),

(12)
forall x1,x2,t > 0.

Proof Let us assume that the functional equation(12) is satisfied. We will show
that (7) is fulfilled. Taking the derivative in both sides of (12) with respect to r we
obtain

cl (SGuttn  Stx+n [S! Gy 41,0 +82(x +1.018(,.0) =S (x1 1,08 (1,0)+ 5% (1,1)]
t \TSG@n T SGn [S(t.nT?
+c2? Sei+t,t)  Stxa+0)\ [S' (10404821, 5040181, 1) —S (1, x0+D)[S  (1,0)+52(2,1)]
t S S [S(t,0)]%
= C; (Sx, (x1) exp{—aixi1}, Sx, (x2) exp{—azx2t}) (—ay1x Sx, (x1) exp{—ajx;t})

+C2 (Sx, (x1) exp{—aix1t}, Sx, (x2) exp{—azxat}) (—arx2Sx, (x2) exp{—azxat}),

where the superscripts ! and ? denote the partial derivatives with respect to the first
and second arguments of the corresponding functions. Letting x; = 0 in the last
equation we have

c2 (1. Stxatn [SL(t,x04+0)+82(t . x2+D1S(1.0) = S(t, 504D [S) (1.)+ 52 (2.1)]
t\" 8@ [S(t,0)]?

= C? (1, Sx, (x2) exp{—azxat}) (—azx2Sx, (x2) exp{—azxat}).

When x; = 01in (12) we get relations (6) in Definition 1, i = 1, 2 and therefore

[SY(t, x2 + 1) + S2(t, x2 + DS, 1) — S(t, x2 + D[S (1, 1) + S22, 1)]
5001 = —a2x28x, (x2) exp{—azxat}.

Since r(t,xy + 1) = —[S'(t,x2 + 1) + S*(t,x2 + )]/S(t,x2 + t) and
r(t, 1) = [S'(t, 1) + S?(t,1)]/S(t, t) we get

S(t,x +1)

SG.D [r(t,x2 +1) — r(t, 1)] = —axx2Sx, (x2) exp{—azxat},

which is equivalent to
r(t,xp+1t) =r(t,t)+ axxa. (13)

Analogously we obtain the equation

r(xi+t,t)=r(,t) +aix;. (14)

Now, we will represent r (¢, t) as a function of ag, a1, a and ¢. Taking the partial
derivative of (12) with respect to x; we have

S(xi+1,1) St,xa+0Y\ Sty +1,1
‘l( ();'l(t 1) 2 (S:tzt) )) (;Lt ) ):Czl (Sx, (x1) exp{—arxit}, Sx, (x2) exp{—azx21})

X (= fx, (x1) exp{—aix1t} — aitSx, (x1) exp{—aixi}).
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Applying (6) in the last equation we obtain

Sy +1,1)
W = — fx, (x1) exp{—aix1t} — atSx, (x1) exp{—a; xt}

and putting x; = 0 we have r((¢,1) = fx,(0) + a;z. Similarly we get ro(t, 1) =
Jfx,(0) + axt. The sum of last two equations gives

r(t, 1) =rit, 1) +r2(t, 1) = [fx,0) + fx,(0)] + aif + ast.
Let r = 0 in last relation to get fx, (0) 4+ fx,(0) = ap > 0. Thus,
r(t,t) = ag + ait + ast.

Taking into account (13) and (14), we conclude that r(x1, x2) = ap + a1 x| + azxs.
Therefore, we obtain the relation (7) which defines the class .2 (x; a). In addition, the
corresponding bivariate distributions are absolutely continuous because of equation
fx,(0) + fx,(0) = ap, see Remark 2.

Conversely, assume that the random vector (X1, X2) belonging to the class
Z(x; a) is absolutely continuous. Therefore (8), being equivalent to (5) and (6),
is valid. In addition, relations (6) show that the marginal distributions in both sides
of (8) coincide. Applying Sklar’s theorem to (8), we obtain the functional equa-
tion (12). O

Since the dependence function £2; satisfies the Sibuya form (4), we refer to the
survival copula C; characterized by functional equation (12) as Sibuya-type copula.

Example 2 Let us consider the absolutely continuous joint survival function

exp {— [Mxl 4+ Xoxp + AAaxo(01x1 + 02501 xz)]} , ifx; >xp2>0;
S(x1,x2) =

exp {— I:Mxl + Xoxp + AAaxg(B2xp + 01502)6])]} , ifxp>x1 >0,

where 6; € (0,1], and A; > 0, i = 1, 2. This distribution was obtained in [12]
and can be named Generalized Gumbel’s bivariate exponential distribution with
parameters A; and ;,i = 1,2. If | = 6, = 6, we get the Gumbel distribution
considered in Example 1. The marginal survival functions are S, (x;) = exp{—2X;x;},
i=1,2.

The survival function of the residual lifetime vector X; is given by (8). After some
algebra, we get the corresponding survival copula
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6 _1(62—01) 2
uy exp{ OIG) InuIn v} exp{ 2y 2(0) (Inv) ] ,

if u=*2n® > y=hn@),

_ [P _)»2(0I*02) 2
uvexp{ TORO Inuln v} exp [ 20720) (Inu) ] ,

Ci(u,v) =
if =2 < =@

where y|(t) = 1 4+ A102t, y2(t) = 1 + A0t and u, v € (0, 1]. Fix a; = A1A20;,
i = 1,21n (12) to verify that

S(x1+t,x0+1)

C(exp{—A1x1 — A1A201x1t}, exp{—A2xp — A1A202x21}) = St

3

for all # > 0. Therefore, the generalized Gumbel’s bivariate exponential distribution
is member of the class .Z(x; a).

3 Bivariate Survival Functions with Nonaging
Survival Copulas

In this section, we will consider nonaging survival copulas C(u, v) instead of
memoryless dependence functions £2;(x1, x2).

Let us denote by o7 the class of continuous bivariate survival functions S(x1, x3),
such that (X1, X7) and X; have the same survival copula C(u, v). Therefore, the
functional equation

C(Sx,(x1 +1), Sx,(x2 + 1)) _ C(Sx, (x1 4+ 1), Sx, (1)) C(Sx, (#), Sx,(x2 +1)) (15)
C(Sx, (1), Sx, (1)) C(Sx, (1), Sx,() ~ C(Sx, (1), Sx,(1))

has to be satisfied for all x;, x; > 0 and r > 0. We will assume further that the
survival copula C is time invariant (or nonaging) if it corresponds to a member of
the class <.

Taking into account the conclusion in Remark 1, all bivariate survival functions
possessing BLMP belong to <. It happens that this time invariance property is not
restricted to BLMP survival functions. For instance, it is well-known that the Clayton
bivariate survival function given by

» » ~1/6
Serox) =[S0+ 8700 = 1] 7, 0 € 0,00,

has time invariant survival copula. One can find other members of the class <7 in
Examples 3 and 4.
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Let 2(t) = {(u,v) € (0,1]|u = Sx,(t), v = Sx,(t), t > 0} be a curve on
the unit square parameterized by ¢ > 0. In such a case, from (15) we may obtain
nonaging survival copulas whenever C is invariant on the curve Z(t). In particular,

. d . . . C g
if X1 = X», we have invariance of the survival copula along the main diagonal of the
unit square.

Example 3 [Invariance on the main diagonal] The Cuadras-Augé survival copula
Co(u,v) = [min@w)]*[wv]' ™, « €[0,1]

is invariant on the main diagonal of the unit square, see [2]. Let us initially consider
equally distributed marginals Sy, (x) = Sx,(x) = Sx(x). If Sx(x) is exponen-
tially distributed, then S(x1, x2) = Co(Sx, (x1), Sx,(x2)) is a particular case of the
Marshall-Olkin’s bivariate exponential distribution, see [9], possessing BLMP and,
consequently, belonging to the class .<7. Now, let X be gamma distributed random
variable. In this case, BLMP does not hold true but the corresponding joint survival
function still belongs to 7.

In a third scenario, where X and X, do not share the same distribution but are
joined by the Cuadras-Augé survival copula, S(x1, x2) neither possesses BLMP nor
belongs to <7

Example 4 [Invariance along a curve] The Marshall-Olkin survival copula
Copu,v) = min(' v, u' ), «, B €(0,1)

is invariant on the curve {(u,v) = (¢%, %), 1 € (0, 1)}, see [2]. Notice that when
o = B we obtain the Cuadras-Augé survival copula from Example 3.

Let us consider a baseline survival function Sy (x) and substitute Sy, (x) =
[Sx(x)]* and Sx,(x) = [Sx (x)]8. Then, the corresponding joint survival function
S(x1, x2) = Cq,p(Sx, (x1), Sx,(x2)) belongs to . In particular, if the marginals are
exponentially distributed, not necessarily sharing the same parameter, then S(x1, x2)
possesses BLMP. But choosing X exponentially distributed and X» beta distributed,
say the corresponding joint survival function is not a member of the class <7

The cases considered in the last two examples depend on the choice of the marginal
survival functions. A general invariance property can be obtained when we consider
the Clayton survival copula. In such a case, for any marginals we have time invariant
survival copulas. We refer the reader to Sect. 4 in [2] for more details on time invariant
copulas.

In fact, the Clayton survival copula is the only absolutely continuous copula that
is preserved even under bivariate truncation, see [11]. The absolutely continuous
assumption is relaxed in Theorem 4.1 in [3]. In [10], it is given a characterization
of the survival functions which simultaneously have Clayton survival copula and
possess BLMP, see their Theorem 3.2.

In the next statement, we establish a necessary condition to an absolutely contin-
uous bivariate survival function be a member of the class o7
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Theorem 3 Let S(x1, x2) be an absolutely continuous survival function belonging
to the class o7 . Then, its survival copula satisfies the functional equation

_ fx0C3u, 1)

1
C(M, V) — [M P — w] C2(u, V),
0

:| c! (u,v) + |:v
ap

(16)

forallu,v € [0, 1] and ay > 0, where C! and C? denote the partial derivatives of

C with respect to the first and second arguments, respectively.

Proof Take the derivative in (15) with respect to ¢ and substitute r = 0 to get (16).
O

The knowledge of the first partial derivatives of the survival copula C(u, v) is
sufficient to recover the distribution of min(U, V), where U and V are uniformly
distributed with survival copula C(u, v). Really, P(min(U, V) > t) = C(t,t) for
t € [0, 1]. Now, substitute # = v = ¢t in (16) to get the corresponding equation (and
main diagonal copula).

Finally, we show two known functional equations which are particular cases
of (16). Under assumptions of Theorem 3, let fx, (0) = fx,(0). Then

C%(u, 1)

1
Clu,v) = |:” - —} Clu,v) + [v— cdv

2

5 }c%mvy

The same equation is obtained in Proposition 3 (ii) in [1] under the condition that
X1 and X are uniformly distributed on the unit square, i.e., fx,(0) = fx,(0) = 1.

Further, assume that C(u,v) is exchangeable. Thus, Cz(u, 1) = c! (1, u),
C%(u,v) = C'(v, u) and the last equation transforms into

cla,u
2

cla,v)
2

C(u,v):[u— i|C1(u,v)+|:v— ]Cl(v,u),

see Proposition 3 on page 18 in [4].

4 Conclusions

The time invariance of the residual lifetime vector X; of (X, X») is characterized
by BLMP in [9]. It tells us that the joint distributions of X, and (X, X2) coincide
independently of ¢, i.e., the BLMP holds. In this paper, we consider a more general
concept, namely time invariance of the dependence functions of X; and (X1, X»),
given by (4) and (1), respectively.

We offer copula representations for the time invariance property related to bivariate
survival functions of the residual lifetime vector X,. While in Sect. 2, the nonaging
phenomena is associated with the dependence function £2;(x1, x2), in Sect.3 our
interest is on the survival copula C; (u, v) of X;.

We are thankful to the referee and editor for their comments.
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