®

Check for
updates

Exercise 1.1: Manipulating Spinor Indices

The sigma-matrix four-vector is defined as (6")‘5“" = (1,—0)", where
0 = (61,62,63) is the list of the Pauli matrices &;.! We rewrite (0/)yy =
—€4p (c‘r“)ﬂﬂeﬁa in matrix notation, as

01\ _ 01
U“:—(_10)~a“~<_1 0). (5.1)

Substituting the explicit expressions for G# gives 0 = 1 and ¢! = §;, hence o* =
(1, ). Multiplying the latter by the metric tensor proves the second identity,

10 0 O 1
0—-1 0 O o1

ow=nwo’ =100 o e =1, —0)". (5.2)
00 0 —1 03

To prove the third identity, Tr (c#6") = 2n*", we consider it for fixed values
of ;v and v. The facts that the Pauli matrices have vanishing trace and obey the
anti-commutation relation {6;, 6} = 28,; imply that

Tr (0%6°) = Tr (1) Tr (0%") = —Tr (6;) = 0,

=2 (5.3)
Tr(0'6%) =Tr(6;)) =0, Tr(o'6/) =—Tr(6:6;) = —28;;, '
fori, j = 1, 2, 3. Putting these together gives the third identity.
I'For the sake of clarity, here we use o; (with i = 1,2, 3) for the ith Pauli matrix. This way,
the symbol o unambiguously refers to the sigma-matrix four-vectors and their components. This
distinction is necessary, as Eq. (5.2) implies that o; = —a;.
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The Pauli matrices and the identity matrix form a basis of all 2 x 2 matrices. Any
2 x 2 matrix M can thus be expressed as

My = mu(aﬂ)ad . (5.4)

By contracting both sides by (5")*# and computing the trace using the third
identity, we can express the coefficients of the expansion in terms of M as m"* =
Tr (Ma*) /2. Substituting this into the expansion of M, gives

2 Moy = Mg(5,)"F (0" )i (5.5)
Since this holds for any matrix M, it follows that
(0")ai(Gu)P = 28050 (5.6)

Contracting both sides with suitable Levi-Civita symbols gives the fourth identity.

Exercise 1.2: Massless Dirac Equation and Weyl Spinors

(a) Any Dirac spinor £ can be decomposed as & = &, + £_, where &4 satisfy the
helicity relations

Pre =gy, Pitz =0, (5.7)

with P+ = (1 £ y3)/2. Using the Dirac representation of the y matrices in
Eq. (1.24) we have that

1, £1,
Py = . 5.8
* <:i:]12 1, ) (5-:8)
The helicity relations then constrain the form of £ to have only two independent
components:
T T
£y = (SO,sl,EO,El) . e = (go,sl,—so, —51) : (5.9)

Indeed, u4+ and v_ (u_ and uy) have the form'of £T (§7). We now focus
on &,. We change variables from k* to k* and e, which have the benefit of
implementing k> = 0. Then we have that

T T & e ==
ik, = 0 S etV Sk (5.10)
O R e '

i - kT =kt kT +k—
e ktk e 0 —eFe
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Plugging the generic form of & into the Dirac equation y#k,&* = 0 gives one
equation, which fixes £! in terms of &°,

ok
1 _ Li¢ 0
§ =e —k+E : (5.11)
Since the equation is homogeneous, the overall normalisation is arbitrary.

Choosing £0 = v/kT/+/2 gives the expressions for &, = uy = v_ given above.
(b) For any Dirac spinor & we have

_ T
EPe ="y P =Py = (VOPst) (5.12)
where we used that ()T = 3> and {y°, y°} = 0. From this it follows that
u+ P+ =0, uLPr =u4, v Py = vy, v P =0. (5.13)

(c) Through matrix multiplication we obtain the explicit expression of U,

- L (12 _12> (5.14)

V2 \1, 1,
which is indeed a unitary matrix. The Dirac matrices in the chiral basis then are
0 _ 70,1 _ (0 Tox2 i _ it _ 0 @
=Uy'U'= , =Uy'U'= : ,
Ych 4 <12><2 0 ) Yeh 4 <—0l
(5.15)

with i = 1, 2, 3. Putting these together gives

yh = (_0 "M) : (5.16)

ot 0

Similarly, we obtain the expression of ¥, which in this basis is diagonal,

1, 0
V3 = UySUt = ( . 112> , (5.17)

Finally, the solutions to the Dirac equation in the chiral basis are given by

Uuy = (0, 0, Vk+, ei‘p\/k_—)T , Uu_ = <«/k__e_i¢, —Vkt,0, 0>T ,
(5.18)

and similarly for v4.



228 5 Solutions to the Exercises

(d) The product of four Dirac matrices in the chiral representation (5.16) is given
by

yry yPyT = (o‘M&”Oo'P&f &MUU()(}%T) (5.19)
Multiplying to the right by
sa-m=(50) (520
selects the top left entry,
%V“VVV”W 1 —ys) = (auauogp&r 8) (5.21)

Taking the trace of both sides of this equation finally gives Eq.(1.29). Note
that this result does not depend on the representation of the Dirac matrices, as
the unitarity matrices relating different representations drop out from the trace.
Using 1 + ys instead gives a relation for Tr (6/0V6°c 7).

Exercise 1.3: SU(N,) Identities
(a) The Jacobi identity for the generators (1.49) can be proven directly by expanding

all commutators. We recall that the commutator is bilinear. The first term on the
left-hand side gives

[T“, (7’ TC]] — TOTETC — TOTCTY — TPTCTY 4 TCTPT .  (5.22)
Summing both sides of this equation over the cyclic permutations of the indices
({a, b, ¢}, {b, c, a}, {c, a, b}) gives Eq. (1.49).

(b) We substitute the commutation relations (1.46) into the Jacobi identity for the
generators (1.49). The first term gives

[T“, (7, T"]] — _p fhee pacgps (5.23)

By summing over the cyclic permutations of the indices and removing the
overall constant factor we obtain

<fabefceg + fbcefaeg + fcaEfb€g> T8 =0. (5.24)
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We recall that repeated indices are summed over. Since the generators T8 are
linearly independent, their coefficients in Eq. (5.24) have to vanish separately.
This gives the Jacobi identity (1.50).

(c) Any N. x N, complex matrix M can be decomposed into the identity 1, and
the su(N,) generators T¢ (witha =1, ..., Nf — 1),

M =moly, +my T¢. (5.25)

As usual, the repeated indices are summed over. The coefficients of the
expansion can be obtained by multiplying both sides by 1 and T¢, and taking
the trace. Using the tracelessness of T¢ and Tr7¢T? = §% we obtain that
mqy = Tr(M)/N, and m, = Tr(MT®). We then rewrite the expansion as

Ji J2 J2g it Jig 2 i _
[(T“)il (1) =550 + 515 }Mj; —o. (5.26)
Since this equation holds for any complex matrix M, it follows that the
coefficient of M jlzz vanishes. This yields the desired relation.

Exercise 1.4: Casimir Operators

(a) The commutator of T¢T¢ with the generators T is given by

[T“T“, Tb] .y [T“, Tb] + [T", T”] T4
(5.27)
— i\/Efabc (TaTC + TCTa) ,

which vanishes because of the anti-symmetry of f¢°¢. In the first line we used
that [AB, C] = A[B, C]+[A, C]B, which can be proven by expanding all com-
mutators, and in the second line we applied the commutation relations (1.46).

(b) The Casimir invariant of the fundamental representation follows directly from
the completeness relation (1.51),

X . . 1 .

(Tlg)i (qu)kj = 5i15kk - E(S/‘Sk]
N2 (5.28)

= CN,: (Ine);j -

from which we read off that Cr = (N, 3 — 1)/ N,. For the adjoint representation,
we use Eq. (1.56) to express the generators in terms of structure constants,

(T4T§)" = 2 ok peak . (5.29)
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We express one of the structure constants in terms of generators through
Eq. (1.48),

(T474)" = —i2v/2Tr (TﬁTﬁTﬁ) Fo, (5.30)

where we also used the anti-symmetry of £“f to remove the commutator from
the trace. Next, we move f cak into the trace and rewrite f cak Tf in terms of a
commutator,

(T9T9)" = 27Tr (T,’?T,?[T,?, T,?]) . (5.31)
Applying the completeness relation (1.51) finally gives
(1418 = 2N, (1), (5.32)
from which we see that C4 = 2 N,.
Note that in many QCD contexts it is customary to normalise the generators
so that Te(T4T?) = 8“b/2, as opposed to Tr(T“ T?) = 59 as we do here. This
different normalisation results in C4 = N, and Cr = (ch —1)/(@2N,).

Exercise 1.5: Spinor Identities

The identities (a) and (b) follow straightforwardly from the definition of the bra-ket
notation and from the expression of y# in terms of Pauli matrices,

~ © ) . .
[ily"1j) = (0 &) - (;M ”0 ) : (%) = (A)a (@) (e (5.33)
m -
=) (5% ) (1) =@ (534)
J

Setting j = i in the previous identities and using that (¢**) B = €Paciy (G 1)ae
gives the relation (c),

[ily"1i) = gl (5" eaprl =10 (0")gpil = tily"1i]. (5.35)

We obtain the relation (d) by substituting the identities ):;’"A;" = p;‘ (6M)d“ and
tr (c#a"v) = 2n*Y into (b) with j =i,

(i1y"1i] = (6")ag (pi)(6")* = 2p!*. (5.36)
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In order to prove the Schouten identity, we recall that a spinor A; is a two-
dimensional object. We can therefore expand A3 in a basis constructed from A; and
A2,

A = cIAf + 2A§ . (5.37)

Contracting both sides of this equation by A; and A, gives a linear system of
equations for the coefficients ¢; and ¢y,

(5.38)

Substituting the solution of this system into Eq.(5.37) and rearranging the terms

gives the Schouten identity. Finally, the identity a) and (GH)ep (ou )ﬂ"‘ — 2e@B b
give the Fierz rearrangement,

i1y ) Kyl = Gida 6™ (1) () 56,07 (M)
= 2()ae () 3 () peP (o (5.39)
= 2[ik]{lj) .

Exercise 1.6: Lorentz Generators in the Spinor-Helicity Formalism

(a) The Lorentz generators in the scalar representation are obtained by setting to
zero the x-independent representation matrices S*¥ in Eq. (1.10):

M"Y =i (x“ 9 —x" i) } (5.40)

We act with M*¥ on a generic function f(x), which we express in terms of its

Fourier transform as f (x) = [ d*pelrx f (p). By integrating by parts and using
3

xt = —ia—ei’”‘ we obtain
Pu
M Fw = [atper i fip). (5.41)
where
- B B
M™ =i <p” - p”—) (5.42)
opy opu
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is the momentum-space realisation of the Lorentz generators. Indeed, one can
verify that this form of the generators satisfies the commutation relations of the
Poincaré algebra in Egs. (1.8) and (1.9).

(b) We begin with mqg. It is instructive to spell out the indices of Si*",

i g o
(51 = 5687 [ (") (*)7 = (0) 0 (6") ] (543
Contracting it with M wv and doing a little spinor algebra gives

1 R I DR TR
map = 34 ()i M 5 + rede () ey o G449

We now need to express the derivatives with respect to p* in terms of derivatives
with respect to A% and A®. For this purpose, we use the identity p* =
ALY (0M) 4 /2 (see Exercise 1.5), which allows us to use the chain rule,

-~ 0

9 oph 9
=P (01), 1 —— . (5.45)
aph

1
9A* T 9A¥ apn 2

This takes care of the first term on the RHS of Eq. (5.44). For the second term,
we do the same but with the equivalent identity p* = Aydg (6#)** /2. Using

EN .
that ﬁ = €gy We obtain

9 _11.
are 2P

— BB a
(O'”') €Ba 8’7 . (546)

Substituting Egs. (5.45) and (5.46) into Eq.(5.44) finally gives the desired
expression of mqg. The computation of 717, 4 is analogous.
(c) The n-particle generators are given by

z 9 3 z B] B
maﬂz E ()\,ka—ﬂ +)\kﬁ—a) , mdB= E )"de_'_)\'kﬂ'T ,
k=1 I I k=1 ka Irg
n
- 9 0
MM =1 E b pY )
(” Copr, )

k=1

(5.47)

We act with myg and n_adﬁ- on (ij) = )Lj.’kjy and [ij] = XI-);)L’;. {ij) (ijD
depends only on the A; (%;) spinors, and is thus trivially annihilated by Mg
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(mqp). With a bit more of spinor algebra we can show that (ij) is annihilated
also by mgg,

n
mepij) = Z I:aika)//g)hka)hjy + 8jkeyprkal] + (@ < /3)] =
P (5.48)

=Xdiahjp—Aigrja + (@ < B)=0.

Similarly we can show that 7, plij1= 0. The Lorentz generators are first-order
differential operators. As a result, any function of a Lorentz-invariant object is
Lorentz invariant as well. We can thus immediately conclude that s;; = (ij)[ji]
is annihilated by mgg and m Iz Alternatively, we can show that

Mysij = 2i[pippjv + pivpju — (< v)] =0. (5.49)

Exercise 1.7: Gluon Polarisations

(a) In order to construct an explicit expression for the polarisation vectors we will
write a general ansatz and apply constraints to fix all free coefficients. The

polarisation vector €** is a four-dimensional object which satisfies constraints
involving the corresponding external momentum p® = ):?‘)L;" and reference
vector r** = [ u®. For generic kinematics, i.e. for p; - r; # 0 (and thus
(Aimi) # 0 and [A;f1;] # 0), one can show that X?‘A?‘, s, ):f‘,u,;?‘ and /lf‘kf‘

are linearly independent, and thus form a basis in which we can expand €}*“.
Our ansatz for €** therefore is

ef‘“ = ):f‘)»f‘ +c ﬁ?‘uf’ +c3 X?uf‘ +cy [L?kf‘ . (5.50)
The transversality and the gauge choice,

€ (P = c2(miri)[Aifii] = 0,

: o (5.51)
€% (r) g = c1(Mini)itiril =0,
imply that ¢; = ¢ = 0. The light-like condition,
€7 (€)aq = 2c3¢4(Aipi)[Aifii] =0, (5.52)

has two solutions: c3 = 0 and c4 = 0. We parametrise the two solutions as

a

o =nafug, e =i 653
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Next, we normalise the two solutions such thate ; -€p; = —1 and ej; ; = €B.i.
This implies that

Vi V2

(Aimi) [)N\,/l,] ’

nang = ny =ng. (5.54)

There is now some freedom in fixing n4 and np, which we must use to ensure
that the two solutions have the correct helicity scaling. We may parametrise
na =ne” and ng = ne ¥ with real n and ¢, and fix the phase ¢ by requiring
that the solutions are eigenvectors of the helicity operator. It is however simpler
to follow a heuristic approach. Recalling that (A;u;)* = —[ii fLi], we notice
that a particularly simple solution to the constraints (5.54) is given by ng =
—\/E/()\im) and ng = \/E/[ii/li]. Following this guess, we have two fully
determined vectors which satisfy all constraints of the polarisation vectors:

) L “}Jx
ede = ol — V2 it (5.55)
' (i) (il

Finally, we need to check that 6;4 . and 4 p.; are indeed eigenvectors of the
helicity generator £ in Eq. (1.122), which in this case takes the form

I 3 R B
h=—|—p\¢— ;o A g — . 5.56
2 [ ona Mg T gz T a,z;.*] (0

The explicit computation yields that
he§® = +€5% he® = —e§? . (5.57)

ao

. . o _
We can therefore identify €3 = €17

derivation.
(b) We rewrite the spinor expressions for the polarisation vectors as Lorentz vectors
using the identities of Exercise 1.5,

and €3% = €*%, which completes the

T A G oo LAy oo
o V2o (i) TV2 o [

Plugging these expressions into the polarisation sum gives

e 1OMaREL @) gl (o v)

e (5.59)
el (i 1) i ]




5 Solutions to the Exercises 235

Next, we rewrite the numerator in terms of traces as

Ze _ 1TF[C7MP1CT rl]+(/~’l/<_>v)
mi€ (A ) [ i

(5.60)

We then use the identity (1.29) to rewrite the trace of Pauli matrices in terms of
Dirac matrices. Finally, by using

Tr (y v yPy") =4 (n"'n"" — """ +9""n"’) ol
Tr (Y y vy yTys) = —4ielT, Gob

we obtain

y’r.‘} + Vr.p'
meu = gt 4 P (5.62)

Exercise 1.8: Colour-Ordered Feynman Rules

We start from the full Feynman rule four-point vertex (1.66) contracted with dummy
polarisation vectors €;,

Vi = —ig? £ f9U [(e1 - €3) (€2 - €4) — (€1 - €2) (€3 - €4)] +cyclic,  (5.63)
and use fabe fede —  _Tr([T®, T?][T€¢, T?])/2, which is obtained from
Egs. (1.48) and (1.51). Note that the U (1) piece cancels out here. Expanding

out the commutators in the traces and collecting terms of identical colour ordering
gives

igz apbpcpd
Vi = TTI (T T°T°T ) [2(€1 - €2)(e3 - €4) — (€1 - €3) (€2 - €4)
— (€1 - €4)(en - 63)] + cyclic, (5.64)

which is the result quoted in Eq. (1.149).

Exercise 1.9: Independent Gluon Partial Amplitudes

(a) Taking parity and cyclicity into account we have the following independent four-
gluon tree-level amplitudes:

Afee(1t, 21,31 4t Afee(17, 21,31 4%
Afee(17,27,3%, 41, Afee(17,2%,37,41).
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(b)

The last two are related via the U (1) decoupling theorem as
AFEE(17,27,37,4T) = —Afee(17, 27,47 ,37) — Afee(17, 47,27, 37)
=A@, 17,2141 — Af*(37,17,47,27).
(5.65)

Hence only the three amplitudes AJ*°(17, 2%, 3%, 4%), Afec(17,2%,3%,4%)
and AJ®(17,27,3%,4%) are independent. In fact the first two of this list
vanish, so there is only one independent four-gluon amplitude at tree-level to
be computed.

Moving on to the five-gluon case, we have the four cyclic and parity independent
amplitudes

Atsree(1+’ 2+’ 3+’ 4+’ 5+) , Atsree(l—’ 2+, 3+, 4+, 5+) ,
Atsree(]f’ 27,37 4% 57, Az{ee(]i, 27,37,4%,5%).

Looking at the following U (1) decoupling relation we may again relate the last
amplitude in the above list to the third one

Atsree(2+, 3—’ 4+’ 54—7 1—) —
= _Atsree(3_5 2+’ 4+9 5+7 1_) - Atsree(3_9 4+7 2+7 5_7 1_)
— AF(37, 41,57 27 17) (5.66)
= —A*(17,37,2%,47,57) — AT*°(17,37,4%,21,5T)
— AT*e(17,37, 47,57, 2%).
Hence also for the five-gluon case there are only three independent ampli-
tudes: Agee(1+,2+, 3t, 41,51, Al*e (17, 2+, 3F,4% 5F), Agee(l_,Z_, 3+,

4%, 5%). The first two in this list vanish, leaving us with one independent and
non-trivial five-gluon tree-level amplitude, of the MHV type.

Exercise 1.10: The MHV3; Amplitude

Using the three-point vertex in Eq. (1.149) we obtain

_ 1
A§eC (11,2%,37) = —g{(€+,1 c€12)(p1—p2)-€-3

V2 (5.67)

+ (42 €-3) (P2 — p3) €41+ (e—3-€41) (p3 — p1) - €42}
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Choosing the same reference momentum for all polarisations, poe — /1‘5‘ ue, we
have

_ widlpd] (i_pj)'€+k=\/§[ki]<,ui>

it e =00 i e =

where we used that p; + p; + pr = 0. Substituting these into Eq. (5.67) yields

—(u1)[12]
_ . (u3) —uhiizy
AL (1% 2% 37) = ig——22"([12)[u212u) — (1] (3)[32
o ) lg[S/L](lu><2M)([ 101212p) — (] (u3) ])
(13)[12] UG
e
=g oy (11212 + (e
lg[3u]<1m<2m([u 12u) + (DI u])
32
(1p)2u)

(5.69)

Since the left-handed spinors~ are co}linear,~ we may set Ay = aAj and A3 = bAj.
Momentum conservation A1(A1 + aty + bA3) = 0 then implies that a = [31]/[23]
and b = [12]/[23]. Substituting these into Eq. (5.69) finally gives

[1273
[23][31]

A (1F,2+,37) = —ig (5.70)

Exercise 1.11: Four-Point Quark-Gluon Scattering

There are two colour-ordered diagrams contributing to A‘q-r;‘; (17 24,37,4%):

2+ 3- 2+ 3-

q

tree - + - +\
Al (15,25.37,4%) = +

(D (1)
(5.71)
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The first graph (I) is proportional to [2|¢3 _(p, + p,)¢4 .|1), which vanishes for
the reference-vector choice w4 fi4 = pi. This is so as

'\/E '\/z Ha=A1
=Y (4 4) = 1) = ——2 14 ual) =M 0.
= = gy (108l + L)) farll) = = =)
(5.72)

Evaluating the second graph (II) with the colour-ordered Feynman rules we obtain

ig? © w w
) = 5 50] @ e Ply+ely (i) T e |

@ ()] 3

(5.73)

where ¢ = p1 + p2 and p;; = p; — p;. The term (2) vanishes for our choice
W4 flg = pi,

) o [2I¢y 1) "o, (5.74)
For the term (3), we note that ¢5 _ = ﬁ( 13) [m3] + 1m3] (3])/[313] to find

2
(3) x [2/¢5 1) = L (23] (31), (5.75)
[Bus]

which is killed by the choice u3ii3 = ps. Hence, for this choice of reference vectors
only the term (1) in Eq. (5.73) contributes. One has

4= — (43) [n3 4] M3=k2£ll4=>»1 _ (13) [24] (5.76)

(4peq) [Bu3] (41) 321"

and, using momentum conservation,
[2[(p5 — ppI1) = 2[23](31). 5.77

Inserting these into the term (1) of Eq. (5.73) and using g% = (12)[21] yields

_R1103)
——
e = b A gy o2 (13)7 [24143) 5, (13)°(23)
Adags (g 2437247 = =18 s onasy — ¢ Ty @3y @)
(5.78)
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as claimed. The helicity count of our result is straightforward and correct:

1 | 1 1
Mg =—5G-1-D==3.  hlafg]=—30-1-1=+;,

Exercise 2.1: The Vanishing Splitting Function Split{*(x, a*, b*)

We parametrise the collinear limit 57 || 6™ by

As=~xXAp, As=+xip, re=~1—xip, As=+1-—xkp,
(5.79)

with P = )LPXP = ps5 + pe. Substituting this into the Parke-Taylor formula (1.192)
for AF*¢(17,27,3%, 41,57, 6T) gives

516 g ig3(12)4

T A —x) (56) (12)(23)(34) (4P)(P1)
(5.80)

Alee(17,27,3%, 4% 57 61

Comparing this to the expected collinear behaviour from Eq. (2.5),

ARE(17,27, 35,4757 67) 28 Splid™e(x, 5+, 6%) ATR(17,27, 3¢, 4%, P

+ Splitf*(x, 57, 6%) A§*(17, 27,37, 4%, P7),
(5.81)

and using Eq.(1.192) for the 5-gluon amplitudes, we see that the term with
Splitf**(x, 57, 61) is absent. Since A¥**(17,27,3%, 4%, P7) = 0, we deduce that

Splitf**(x, 57, 6%) =0, (5.82)

as claimed.

Exercise 2.2: Soft Functions in the Spinor-Helicity Formalism

The leading soft function for a positive-helicity gluon with colour-ordered neigh-
bours a and b is given by Eq. (2.19) withn =a and 1 = b,

SO (4 gt b =i<€+'Pb_E+‘Pa>‘ (5.83)
v (@47 b) V2\pr-a  pa-q
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Using Eq. (1.124) for the polarisation vector with u as reference spinor, we have
that

€ Pi_ 5 (i)

= _ ) (5.84)
pi-q (qi){ng)

Substituting this with i = a, b into Eq. (5.83) and using the Schouten identity give

(0] + oy lab)
Sym (@47, b) =¢ TR (5.85)

as claimed. We can obtain the negative-helicity soft function by acting with
spacetime parity on the positive-helicity one. Parity exchanges A% and A%, which
amounts to swapping (ij) with [ji].

We now turn to a positive-helicity graviton. The starting point is again Eq. (2.19),

(0] GIJ Pif PZ
Sor (@1, .. Z . (5.86)

We parametrise the graviton’s polarisation vector by two copies of the gauge-
field one,

el (@) =€l(q, ) el (q.y), (5.87)

where we spelled out the arbitrary reference vectors x and y. Substituting this into
Eq. (5.86) and using Eq. (1.124) for the polarisation vectors gives the desired result:

SO (gt 1, n) =« Z (ZZ? (5.88)

As above, the negative-helicity result can by obtained through parity conjugation.

Exercise 2.3: A §qggg Amplitude from Collinear and Soft Limits

Let us consider the collinear limit 3= | 4% of the quark-gluon amplitude
Agzzgg(lg, 2;]“, 37,47, 5T). We parametrise the limit with

M= AxAp, Aol —xAp,
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where P = p3 + p4. The collinear factorisation theorem implies that
tree — ot 2= 4+ s+ oM s ctree - a4t tree — nt - gt
Aqqggg(lq,ZqJ ,47,57) — Split, " (x, 37,4 )Aqqgg(lé,Zq,P ,51)

+ Split™e(x, 37, 4T) Al (17,2, PT,5T)

_ gx? —ig2(1P)3(2P)
T /x(T=x) (34) (12)(2P)(P5)(51)°

(5.89)

where we inserted Eq. (2.7) for the splitting functions, and Egs. (2.36) and (2.37) for
the amplitudes. The limiting form of Eq. (5.89) suggests that the amplitude before
the limit takes the form

(13)°(23)

tree = 9t 3= g4t sty — ;o3
Aaggee(1g-2q- 3 47.57) = ~ig (12)(23)(34)(45)(51) (5.90)

The form above leads us to conjecture the following n-particle generalisation:

tree N +y _ _ion=2 (13)3(23)
Adge.sUg- 202340 on) == sy oy - OO

By analogy with Eq.(5.89), we see that the conjectured form of the n-particle
amplitude Eq. (5.91) is consistent with the collinear limits 3~ || 4% and it || G+1)"
fori =4,...,n — 1. Let us also study two soft limits. First we take A3 — 0. Then
we immediately see that

37—=0

tree - 9+ 23— g+ +
Abge.g(17.24,37,47,....n") —> 0. (5.92)
Since the expected behaviour in the limit is
tree - A+ 2— g+ +y 3-20 0] -
Abge.g17:24,37,47,....n7) — 8§"(2,37,4)

AR ((17.28.4% o0y, (5.93)

and the relevant soft function is not zero, this implies that

v - n+ 2+ +y
Afee (17,253, ....n") =0, (5.94)

which is thus the conjectured n-particle generalisation of Eq. (2.36). Taking the soft
limit 4% — 0 (or any other positive-helicity gluon leg) on the other hand again
allows us to check the self-consistency of Eq. (5.91),

_ _ t-0  (35)

At (17,28,37 40, ah e 2
qqg“.g( q nt) g(34)(45)
——’

S 3,4+ 5)
tree — At A= = +
Aéqg...g(lq’zq,?) , 57, ...,n7).
(5.95)



242 5 Solutions to the Exercises

Exercise 2.4: The Six-Gluon Split-Helicity NMHV Amplitude

We want to determine the NMHV six-gluon amplitude Ag*(1F,2%,3%, 47, 57,
67). The [6—17) shift leads to the BCFW recursion relation
Age(1t,2t,37, 47,57 67) =

5

Z Z Atree <1+, 2t i1, —ﬁi‘h(za-)) (5.96)

i=3 h==+

i N A
? Atgriel (Plh(ZPl)s iv R 577 67) .
i

Since the all-plus/minus and single-plus/minus tree amplitudes vanish, only two
contributions are non-zero. Diagrammatically, they are given by

where we used the short-hand notation P;; = p; + p;. The first diagram is given by

—ig[12]3 y i 8 ~ig3[P123]3
R(—Pi)][(—Pi)1] ~ (12)[21] * [34][45][56] [6P1a]

I = (5.97)

The corresponding z-pole is at z; = P122/(6| P12]1]1 = (12)/(62). Hence we have

D=0 =1, @ =16, 181= 161+ 2 (5.98)
T2y b e - 62) '

where we used the Schouten identity to simplify |i), and, for 1312 = p1 + p2,

Pp) =12 13]—2]+<61>1] 5.99
[P12) =12), |P12] = | @I . (5.99)
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By combining the above we obtain

5 1 (61) 5 A . [51Pisl2)
[2P;] = & 211, [Pp1]=121], [56] = TR
6/P1213] P2+ P2 + P2 (5.100)
p _ Wil 25 1 16 12 16
[P123] = 6 [6P12] = —(62)

The expression for [6 P12] can be further simplified by noting that P226 + P122 +
P126 = (ps + p1 + p)* Substituting all these into Eq.(5.97), with the sign
convention (1.113), gives our final expression for diagram (I):

- (6| P12|31° 1
) =ig* . 5.101
M=l (61)(12)[341[451(51 P1612) (ps + p1 + p2)? ( )
For the second diagram we start with
A . . ~ 3
(an = 18" 4Pse)” L 180T 50
(Pse1)(12)(23)(34) <56>[65] (6(—Ps6)) ((—Ps6)5)
Now the shift parameter takes the value zj; = [65]/[51], which implies
by 0 e s 6]
I1>—|1)+[51]|6>, [6) =16), [Ps¢) =|5) + [15]|6), (5.103)
and hence
. 4| Psg|1 L. + ps + pe)? 5
(4Ps6) = % (Pss1) = % (56) = (56) ,
[16] [51Pis|2) 100
5\ A _ 116} oy — 16
(6Ps6) = (65), (Ps565) = [15] (65), (12) NG
Plugging these into Eq. (5.102) yields
3
an = ig* LECH S— (5.105)
(23)(34)[16][65][5| P1612) (p1 + p5 + pe)
Finally, by combining the two diagrams we obtain
e 6| P12|313 1
AUt 2t 3t 47 57 67) = 4( (
6 ¢ )= 6 (12 BAESIGI Prol2) (e + 11 + 72
(4] Psg|1]° 1 )
(23)(34)[16][651(5] P1612) (p1 + p5 + pe)?

(5.106)
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Exercise 2.5: Soft Limit of the Six-Gluon Split-Helicity Amplitude

In the soft limit ps — 0 we have the reduced momentum-conservation condition
P14 p2+ p3 + pa+ ps = 0, which implies that (ps + p1 + p2)? = (34)[43] and
(p1+ ps + ps)? = (16)[61]. Using these in Eq. (2.67) and pulling out the pole term
([451[561) " gives

Alree(1+ ot 3+ 4= 57 67) 3
ig* ( (6 P12|313[56] (4] Ps¢|113[54] )
[5]P1612) [451[56] \ (61)(12)[34]2(43) ~ (23)(34)[16]3(61)

(5.107)
We use the reduced momentum conservation and the Dirac equation to simplify
(61 P12|3] = —(61(p3 + pa + pe)I3]
= —(64)[43], (5.108)
and the soft limit for (4| Psg|1] = (46)[61], obtaining
tree 1+ A+ 3+ 4= 5= ¢—y 20
Agc(17,27,37,47,57,67) —

ig* (46)° (
[51P16|2) [451[56] (12)(23)(34)(61)

[34][56](23) + [16][45](12)) .
(5.109)
The two terms in the parentheses may be simplified using a Schouten identity as

—[45][36]—[53][46] —p4
—— —~ =
[341(561(23) + [16][45](12) = [54][6] P13 |2) + [35][46](23)
= [46][5] P3412)

= —[46][5]| Pis|2) . (5.110)
By plugging this into the above we find
L el 550 [46] ig? (46)°
AGAT, 27, 30,47,57,60) " g X 1y 23) AN 61
.111)

which indeed matches the expected factorisation,

ARt 27,3447, 57,60) "= SPL @57 ) x ATt 27,31 47,60,
(5.112)

with the soft function given in Eq. (2.25).
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Exercise 2.6: Mixed-Helicity Four-Point Scalar-Gluon Amplitude
The [4~17) shift leads to the BCFW recursion

2 (o] 3«‘;
N /
’

i
P2 —m?2

= As ((—P)qg, i+,2¢) As (3¢;,2r,13¢)

[ <r1|(—ﬁ)|i]) - Apslr] )
(nly ) P2-m? [dra] |~ (5.113)

where we used Eqgs. (2.78) and (2.79) for the three-point scalar-gluon amplitudes
(with g = 1), P = p1 + pa, and r1 (r4) denotes the reference momentum of the
gluon leg 1 (4). With the gauge choice r; = p4 and r4 = p; along with the identities
|4) = |4) and |1] = |1] for the [4~17) shift one has

(1) =@41), [@Grl=1[411, (nIPI1] = —@psll], (4Ipslral = &Ip3l1].
(5.114)

Plugging these into the above yields the final compact result

(4| ps3I11?
(p1+ pa)? [(p1 + p2)? —m?]’

A4(17,24,35,47) =i (5.115)

Exercise 2.7: Conformal Algebra
The commutation relations with the dilatation operator d,

[d.p"8] = p™, (dokaid = ~kea. [domap] =0=[d. 5] . (5.116)
are manifest from dimensional analysis. We recall in fact that d measures the mass
dimension, i.e. [d, f] = [f]f where [f ]~denotes the dimension of f in units of

mass, and that the helicity spinors A; and 2; have mass dimension 1/2. It remains
for us to compute the commutator [kgg, p’gﬂ], which is given by

[kai PP = [0 AP35 05+ 0 06, 23P | = 80, 37 05 + 87, 2P0, + 87, 8
(5.117)
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By using Eq. (2.102) for a single particle with raised index,

1
AP 0y = PP A (pda) + 3 PP epy 278, (5.118)
Y

—Ya

and the analogous equation with dotted indices, we obtain

. A 5 5 1 1--
[kad, pﬂﬂ] = 88 PP 3504 + 65, PP A (i) +5%3€1( M By A0y 1 ) :
—_— S —

=Mpe =Mpa —d

(5.119)

which concludes the proof of Eq. (2.107).

Exercise 2.8: Inversion and Special Conformal Transformations

(a) Using the inversion transformation 7 x* = x* /x2 and the translation transfor-
mation P* x = x* — a” we have

[ P ST e S ks S
x2 (x —a)? (i_a)z 1—2a-x+a?x?
X2

(5.120)

which equals the finite special conformal transformation in Eq. (2.111).

(b) We begin by computing the Jacobian factor |dx’/dx/, i.e. the absolute value of
the determinant of the matrix with entries dx"*/dx" for u,v = 0, 1,2, 3. It is
convenient to decompose the special conformal transformation x — x’ as in

point a):
1 xt o pe I z*
= Y= = =yt et — XM=
x b4
(5.121)

The Jacobian factor for x — x’ then factorises into the product of the Jacobian
factors for the three separate transformations:

ax’
0z

ax’

Bx

az| |dy
dy ’

5.122
™ ( )

For the first inversion, x* — y*, we have that

oyt 1 xHx,
8)6_”2)7(77#”_2 > ) , (5.123)
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so that the Jacobian factor takes the form

dy

ax| (xz)_4

m
det (n“v 27 f”)‘ . (5.124)
X

We use the representation of the determinant in terms of Levi-Civita symbols:

2\ —4
a_y — (x ) € 61)11)21)31)4 77/“ _2x”1x\)l
ax 4' M2 3[4 Vi xz
xMax
.<n“%4 -2 x2”“>‘ ) (5.125)

The contractions involving two, one, or no factors of n*,, vanish because of the
anti-symmetry of the Levi-Civita symbol. The contractions with three factors of
nti,. are equal. This leads us to

—4
dy x2 x%x,
| = (4_)! €pvpo €7 + 4 €pg €1P <—2 x;”)‘ . (5.126)
Using the identities €,,p5€*"?° = —4! and €55, €772 = —3! 77"2012 gives
dy 2\ —4
—| = . 5.127
- (x%) (5.127)

Similarly, for the second inversion, z — x’, we have

ax’
0z

="

_ 1—2a-x+a%x?
= =

The Jacobian factor of the translation y* — z/* = y* — g" is simply 1, as
the translation parameter a* does not depend on y*. Putting the above together
gives

(5.128)

—4

a /
a :(1—2(1~x+a2x2> . (5.129)

Bx

2 We can derive this identity by tensor decomposition (see Sect. 3.4.1). We write €uvpo €4P2 =
¢ n?4,, and fix ¢ = —3! by contracting both sides by 7°' 5, and solving for c.
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‘We now consider the transformation rule for the scalar field @ in Eq. (2.112),
2 2\
' (x) = (1—2a~x+a x) O(x). (5.130)

and expand both sides in a Taylor series around a* = 0. For the LHS we obtain

&' () = &'(x) + a” (8x ) 8,0/ (x) +0(a?)
9a J la=o (5.131)

=@ (x) +at (—nu‘)xz +2x, x”) 0,®'(x) + O(az) .

Since @'(x) — @(x) = O(a), we can replace 3,P'(x) by 9,®(x) in the above.
Plugging this into Eq. (5.130) and expanding also the RHS gives

@' (x) + at (—nu"xz +2x, x") 8,0/ (x) = B(x) —2A(a-x) D(x) +O(d?).

(5.132)
By comparing this to the defining equation of the generators (2.113),
@ (x) = [1 —ia" K, +O(a2)] ®(x), (5.133)
we can read off the explicit form of the generator,
K =138, = 2x, (+"0, + 4)] (5.134)

as claimed.

Exercise 2.9: Kinematical Jacobi Identity

We start from the expression of ng given in Eq. (2.119). We choose the reference
momenta r; for the polarisation vectors ¢; so as to kill as many terms as possible.
We recall that €; - r; = 0. Choosing r| = p2, r2 = p1, 73 = p4, and r4 = p3 yields

ns = (p1-p2) (€1 -€)(€3-€4) — (€1 - €3)(€2 - €4) + (€2 - €3) (€] - €4)]

+2(p2-p3)er-€)(e3 - €4).
(5.135)

The other factors are obtained from n, by replacing the particles’ labels as

Ny =Ns|1 52253351 Nu =Ns||_,3251,352" (5.136)
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Adding the three factors gives

ng+n; +ny = [(e1 - €4)(e2 - €3) + (€1 - €3)(€2 - €4) + (€1 - €2)(€3 - €4) ]

X (p1-p2+ p2-p3+p3-p1),
(5.137)

which vanishes because of momentum conservation.

Exercise 2.10: Five-Point KLT Relation

The squaring relation (2.139) in the five-point case reads

M{*(1,2,3,4,5) = ) A§®(1,0,4,5) S[olp] AS°(1,p,5,4),  (5.138)

0,pES,

where S5 is the set of permutations of {2, 3}, namely S» = {{2, 3}, {3, 2}}. We recall
that the KLT kernels S[o|p] are given by Eq. (2.140) withn = 5,

3

Slolo1 =] [2p1 Do+ 2P, - o, e(aj,a»p} , (5.139)

i=2 j=2

where 6(0;, 0i), = 1if o} is before o; in the permutation p, and zero otherwise.
We then have

=1
——
SI2IH=2p1-p2[2p1-p3+2p3-p262,3) 23 ] (5.140)

= s12(513 +523) ,
where s;j =2 p; - pj, and similarly

SIG.DIE, 3] =s12513 =S5[(2,3)|3,2)],
S13,2)[3,2)] = s13(s12 + 523) -

(5.141)

Plugging the above into the squaring relation (5.138) gives

ME(1,2,3,4,5) =
s12AT(1,2,3, 4, 5)[513A8%°(1,3, 2, 5, 4) + (513 + 52) ALS(1,2,3, 5, 4)]

+ s13A5°°(1,3,2,4,5)[51245%°(1,2,3,5,4) + (s12 + 523)A5°°(1, 3,2,5,4)].
(5.142)
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The terms in the square brackets can be simplified using the BCJ relations (2.133).
For instance, for the first term we use

P3Pl Atsree(lv 3s 2! 57 4’) +p3- (Pl + p2) Atsree(l» 27 31 574)

(5.143)
+ 3 (p1+ p2+ ps) AS%(1,2,5,3,4) =0,

which is obtained by replacing 1 — 3,2 — 1,3 - 2,4 — Sand 5 — 4 in
Eq. (2.133) with n = 5. Substituting

513 ATS(1,3,2,5,4) + (513 + 523) ATS(1,2,3,5,4) = 534 AT(1,2,5,3,4) ,
512 ATS(1,2,3,5,4) + (512 + 523) AT(1,3,2,5,4) = 524 AT(1,3,5,2,4) ,

(5.144)
into Eq. (5.142) finally gives
ME®(1,2,3,4,5) = s12534 AL%°(1,2,3,4,5) AL*(1,2,5,3,4)
(5.145)

+ 513524 A5%°(1, 3, 2,4, 5) A5%(1, 3,5,2,4),

as claimed.

Exercise 3.1: The Four-Gluon Amplitudein N =4
Super-Symmetric Yang-Mills Theory

We begin with the 51> channel. The cut integrand is given by the following product
of tree amplitudes:

C{\{Ei =Cr2p34 (I}(\l/):4(1*, 27, 3%, 4+)>

= Y iA® (T 2T @) i 4O (17, 3T 4 )

hi,ha

—4 3 A0 (T 2T ) AQ (3T e anly)
hi,hy

+6iAD ((=11)g, 17,27, (l)g) iAD ((=1)g, 3T, 4T, (1)g) -
(5.146)

The constant factors multiplying the amplitudes deserve a few remarks. First, we
have a factor counting each field’s multiplicity in the N = 4 super-multiplet: 1
gluon (g), 4 gluinos (A), and 6 scalars (¢). Next, the factors of imaginary unit
“” follow from the factorisation properties of tree-level amplitudes as discussed
below Eq.(2.3). In particular, note that the factorisation of the fermion line does
not require any factors of “i”, as opposed to gluons and scalars. Finally, the gluino’s
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contribution comes with a further factor of —1 coming from the Feynman rule for the
closed fermion loop. The only non-vanishing contribution comes from the product
of purely gluonic amplitudes with 4y = — and hy = +,

O =iAD ((~1DT 17,27, ) h) 1AQ ((~l) 7. 37,41, ()
(5.147)

This is the same as in the non-supersymmetric YM theory computed in Sect. 3.2
(see Eq. 3.34), hence we can immediately see that

Cuopa (I3)_,(17.27.35,49)) =Com (10(17,27,3%,45)) . (.148)

as claimed.
In contrast to the s> channel, all fields contribute to the sy3-channel cut:

C%/ij = C341 (I}(\l,;(l*, 2-,3%, 4+)>
= 1A (=" 27,35, (1)) 140 ()4 1 )
+iAQ ()7, 2737, @)7) 14D ()7 47 17 1))
—4AO ((_11);‘, 2, 3%, (lz)jﬁ) A© ((—lz)Z, 4t 1, (ll)Z)
—4A0 ((_11)} 27,3%, (12)2) A© ((—lz)j, 41 (11)2)

+6iAD ((=11)4,27,3%, (l)g) i AD ((=12)g, 4T, 17, (11)g) -
(5.149)

The second and fourth terms can be obtained by swapping 1 <> 2 and 3 <> 4 in the
first and the third ones, respectively. We put all terms over a common denominator:

D = (11)(l112){124) (41) (112)(23) (3L2) (211 - (5.150)
Factoring it out we have

DCNG! = (1)*2h)* + @uK1h)* — 41 1) (123 12) (1) (5.151)

— 421 (1) (12)° + 6 (112 (1) (112)2(1h2)2 .

Here the “magic” of N'= 4 super Yang-Mills theory comes into play: the five terms
above conspire together to form the fourth power of a binomial,

Aot ()en) — (h)2n)*
Cz3|41 = D ’

(5.152)
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which can be further simplified using a Schouten identity, obtaining

oN=4 _ (Lhlp)*(12)*
23\41 = D
_ (hia)*(12)* (5.153)
(11)(112)(123) (124)(23)(14) '
This matches ngﬁ | (see Eq. (3.46)), and we can thus conclude that
Cosal (1‘ ) (47273, 4+)) 3% (1(1>(r, 2, 3+,4+)) . (5154

Exercise 3.2: Quadruple Cuts of Five-Gluon MHV Scattering
Amplitudes

(a) We parametrise the loop momentum /; using the spinors of the external
momenta as in Eq. (3.58). We then rewrite the quadruple cut equations,

=0,
= —pm)?=0,
(i — p2) ; (5.155)
= —p2—p3)"=0,
=0+ p)*=0,
in terms of the parameters «;, as
ays;z =0,
=0,
*2512 (5.156)

(a1 — azag)si2 =0,
a1513 + 2523 + a3(13)[32] + a4 (23)[31] = 523 .

For generic kinematics this system has two solutions:

23) 1 23
(lfl))u=%5<lly“l2], (liz)) {13} QlyH1]. (5.157)
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The spinors of the on-shell loop momenta on the first solution can be chosen as

1"y = %m, 1171 =121,
15"y = %B), 591 =121,
(5.158)
15"y = 13)., 1571 = %m — 131,
) =11y, 1 =11+ 2y

(13)

The spinors for the second solution, [ gz)’ are obtained by swapping () < [] in

the first one. For each solution / }S), the quadruple cut is obtained by summing
over all internal helicity configurations h = (hy, ha, h3, ha) (with h; = £) the
product of four tree-level amplitudes,

Cip213145 (1(1> (17,27,3%,4%, 5+)) |1

()
1

(5.159)

Consider A4. The only non-vanishing four-gluon tree-level amplitude with two
positive-helicity gluons is the MHV one, namely hy = —h3 = —.A3 is thus
MHV, and hy = +. Since MHV/MHV three-point vertices cannot be adjacent,
A must be MHV, and A{MHV. This fixes the remaining helicity, #; = +. The
quadruple cuts therefore receive contribution from one helicity configuration
only, which we represent using the black/white notation as

Cippspas (10(17,27,3%,4,5%)) =

(5.160)
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Recall that the trivalent vertices impose constraints on the momenta. The MHV
vertex attached to p; and the MHV vertex attached to p, imply that |/1) o |1)
and |/1] o |2], or equivalently that l{‘ o (1]y*|2]. Only the solution ll(l)
is compatible with this constraint. Indeed, we can show explicitly that the
contribution from the second solution vanishes, for instance

2

Iy

o DI

=} (5.161)

where we used /(] = (123]/[131)1] and [{”] = |1]. We assign spinors to —p
according to the convention (1.113), namely | — p) = i|p) and | — p] = i|p].
We thus have that

=0. (5.162)

Cipp3ias (1(1)(1_, 27,3%, 4%, 5+)) o
ll

On the first solution, the quadruple cut is given by

i (L2 351 (Is13)?

. (5.163)
(1111141] 212) {I21h) [1302][123] (134)(45)(5l4)

1"

Cl|2\3\45|1;1) =

where we omitted the argument of C for the sake of compactness. Plugging in
the spinors from Eq. (5.169) and simplifying gives

C112/3145 (1(1)(1_, 27,31, 47, 5+))

, ( i(12)3 )
=18512834 | A e e |
1o (23)(34)(45)(51)
(5.164)
where in the parentheses we recognise the tree-level amplitude. Averaging over

the two cut solutions (as in Eq. (3.73) for the four-gluon case) gives the four-
dimensional coefficient of the scalar box integral,

2
1
coppas(17.27. 3%, 45 59 =2 3 Cippas (10017, 27, 3%, 4%, 5T))

s=1

®)
ll

— %SIZSMA(O)(r, 2=, 3%, 4% 57,
(5.165)

as claimed.
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(b) The solution of the quadruple cut can be obtained as in part (a) of this exercise.
Alternatively, we can take a more direct route by exploiting the black/white

formalism for the trivalent vertices. On each of the two solutions lfs) the
quadruple cut is given by

Ci2314)5 ([(1)(1+, 2%, 37, 4%, 5_)) )l(“')z Z
1 h

(5.166)

The only non-vanishing tree-level four-point amplitude is the MHV (or equiv-
alently MHV) one, so we have either hy = hy, = — or hy = hy = +.
Specifying /1 and Ay and excluding adjacent black/white vertices fixes all the
other helicities, so that the quadruple cut receives contribution from two helicity

configurations:
pi i
(a) — + (b) —
Clpaps = 0 » Clpajgs =

(5.167)

In both cases the trivalent vertices constrain |l4) o |1) and |l4] o< |5]. The two
configurations are thus non-vanishing only on one solution of the quadruple cut,

say [ fl) , which we parametrise starting from /4 as

1
(zgl))“ = a3y s). (5.168)
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The value of a is fixed by requiring that lél) = lil) + p4 + ps is on shell (i.e.

(lél))2 = (), which gives a = (45)/(14). The spinors for the internal momenta
on this solution can then be chosen as

M, _ y_ 45) o
1)y =11), 7= gy 151 =11,
15
=1, )=+ ﬁw] ,
(15) (5.169)
Dy _ (D _ 7
li3”) = 14), 1571 = 1151
Dy _ (1, _ 45)
;") =11), 1= 151
The first contribution to the quadruple cut is given by
o a1 (3L)° (L4 (5l)?
HBHIS O ™ [1110[1114] (10 ) (12)(23) [41311312] (Lal3) (135) |00
! (5.170)

) ((34)(15))4 ( i(35)4 )
= 15455815 )
(14)(35) (12)(23)(34)(45)(51)

where in the right-most parentheses of the second line we recognise the tree-
level amplitude A@ (17, 2%, 37, 4%, 57). The computation of the second term
is analogous. Summing up the two contributions finally gives

4)(15)\* 13)(45)\*
Ci231415 /0 = 1545515 A© [(M) + (( 3N 5>> } , (5.171)

(14)(35) (14)(35)

where we omitted the argument of Cy234;5 and AO for compactness. The
second solution, / 1(2), is the complex conjugate of the first one. The quadruple

cut vanishes on it by the argument above,

Cipsps (10(17,2%,37,4%,57))

0. (5.172)

@ =
ll

Finally, we obtain the coefficient of the scalar box function at order €’ by
averaging over the two solutions:

co1p3pas(17,27,37,4%,57)

_ i © <34><15>>4 ((13)(45))4
= 2S45515A |:<<14><35> + (14) (35) . (5.173)
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Exercise 3.3: Tensor Decomposition of the Bubble Integral

(a) We contract both sides of the form-factor decomposition in Eq. (3.81) by the

basis tensors 712 and p/|" p/|2, obtaining

[Dl12 2
F7 k] = D )
{ 2 [ ] a2,00 +a211171 (5.174)

B k- p»)?] = az00 P2+ az11 (PP
For the sake of simplicity we omit the dependence of the bubble integrals on pj,

and we introduce the short-hand notations D| = k% and Dy = (k— p1 )2 for the
inverse propagators. Solving the linear system (5.174) for the form factors gives

1 1
_ U ome] L amif, 2
“2’00_D_1(F2 [k] Ak [(" 1’”])’

1 D
[D] 2 [D]] 2
wi = (B AP [ po?] - AP []).
piD—D\pt 2 ’ )

The contraction of the rank-2 bubble with n*1#2 is given by a scaleless integral
and thus vanishes in dimensional regularisation,

(01[,2] _ L _
F! I:k:l_./l;(k—Pl)z =0. (5.176)

The contraction with p|" p|? is instead given by

2 2 2
FQIDII:(k-Pl)z:I:—/((p) T L Y ﬂ>,

(5.175)

4
(5.177)

where we used that 2k - p; = D; — Dy + p%. All terms but the first one
vanish in dimensional regularisation. To see this explicitly, consider for instance
the second term. By shifting the loop momentum by p; we can rewrite it as a
combination of manifestly scaleless integrals,

ky,
/k(k )2 / +p1/k2+2p] 22 (5.178)

which vanish in dimensional regularisation (see Sect.4.2.1 in Chap. 4). Equa-
tion (5.177) thus reduces to

25\2
AP e pn?] = %FZ[D][I]. (5.179)
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Substituting Eqs. (5.176) and (5.179) into Eq. (5.175) finally gives

P2 D
az,00 = —m F2[ 'y,
(5.180)
D
[D]
F. 1] .
a1 = TR [1]
(b) We proceed as we did in part (a). For compactness, we define
Tlmuzus — muzp + nuzm My n#wlp’l“ ,
1H2U3 M2 U3 (5.181)
T2 = p Pl )2

Note that FZIDl [k*1kH2kH3] is symmetric under permutations of the Lorentz
indices. While 7> enjoys this symmetry, the three separate terms of 77 do not.
That is why they appear together in 77 rather than with distinct form factors.
The symmetry property would in fact constrain the latter to be equal. We then
contract both sides of the tensor decomposition (3.82) with the basis tensors, and
solve the ensuing 2 x 2 linear system for the form factors, Using the following
contractions,

D
Fz[ ] [kmkuzkua] (T paps =0,

FLIP[pm g2 gti3] (T _ (p12)3 (D]
2 [ \](Z)M-IMZI/&_ 3 ) [,
5.182
T1M1M2M3 (Tl),uluzp,3 — 3}?%(D + 2) , ( )
T1ﬂ1ﬂ2ﬂ3 (TZ)M1M2/L3 — 3(p%)2 ,
TZMIMZMS (TZ),LL”,Q;H — (p%)3 ,
we obtain
2
@ = g5 A7 01
(5.183)
— F 1] .
a1l = so_1 2 [1]

Exercise 3.4: Spurious Loop-Momentum Space for the Box
Integral

(a) The physical space is 3-dimensional, and may be spanned by {p1, p2, p3}. The
spurious space is 1-dimensional. In order to construct a vector w spanning the
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spurious space, we start from a generic ansatz made from the spinors associated
with p; and p»,

1 1
o = arpll +aapy + a3 (1y"12] + asz 2ly" 1] (5.184)

and constrain it by imposing the orthogonality to the external momenta and the
normalisation (w?> = 1). While w - py = 0and @ - p» = 0 fix o] = a» = 0, the
orthogonality to p3 and the normalisation imply

a3(13)[32] + @4 (23)[31]1 =0, asas sy = —1, (5.185)

where s;j = (p; + p;)*. The solution is given by

1
= [(1y"2123)[31] — (2ly*11(13)[32]] - 5.186
“ 2«/S12523sl3[< [Y¥121(23)[31] = 21y *|11(13)[32]] ( )

(b) We rewrite the spinor chains in Eq. (5.186) in terms of traces of Pauli matrices,

1
W = 5 [T (057075") = Tr (05" 076" |pru P2y
(5.187)

We trade the Pauli matrices for Dirac matrices through Eq. (1.29). The terms
free of ys cancel out thanks to the cyclicity of the trace and the identity
Tr (yPy yPy®) = Tr(yTyPyVyH"). We rewrite the traces with ys in terms of
the Levi-Civita symbol using Tr (y*y"yPyTys) = —4ie*"PT, obtaining

2i
————" prup2ppic
/512523513

ot = (5.188)

Exercise 3.5: Reducibility of the Pentagon in Four Dimensions

(a) We rewrite the triangle integral as

1
[D]
FIP (o1, o) = / , (5.189)
: « (—=D1) (—=D2) (—D3)
with inverse propagators
Di=k*, Dy=(k—p)?, Ds=(k—p—p)*. (5.190)

The 10 is irrelevant here, and we thus omit it. We introduce a two-dimensional
parametrisation of the loop momentum k* by expanding it in a basis formed by
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two independent external momenta, say p| and p5, as
= ay piL—i-ang. (5.191)

Since there are only two degrees of freedom, parametrised by a; and ap,
the three inverse propagators of the triangle integral cannot be algebraically
independent (over the field of the rational functions of s). In order to find the
relation among them, we express them in terms of a; and a,

Dy =saj(ar — az),
Dy=s(1—-a)(+4+a—ay), (5.192)
D3 =s(1—ay)(a—a1),

with s = p%. We then solve two of these equations to express a1 and a3 in terms
of inverse propagators. Choosing D and D3 we obtain

D, (D — D3)* —s Dy
= -, az:
D{ — D3 s (D3 — Dy)

(5.193)

aj

Plugging these into the expression of D; in Eq. (5.192) gives a relation among
the three inverse propagators,

1
1:—(D1+D2—D3— (5.194)

DD,
. .

D3

Inserting this into the numerator of the triangle integral, expanding, and
removing the scaleless integrals which integrate to zero finally gives

[2—2¢] 1 1 ) )

F; (p1,p2) = = | 57— + terms missed in 2D
s Ji k#(k — p1)

(5.195)

1 _ . .
- F2[2 2¢1(py) + terms missed in 2D .
s

Up to terms which are missed by the two-dimensional analysis, the triangle
integral in D = 2—2¢ dimensions can be expressed in terms of a bubble integral,
and is thus reducible.

(b) In D = 2 dimensions, any three momenta are linearly dependent. The Gram
matrix G (k, p1, p2) therefore has vanishing determinant,

1
—Zﬂ#—sw-mxkpﬁ—sw~mf:o, (5.196)

which can be verified using a two-dimensional parametrisation of k* such as
Eq. (5.191). In order to convert it into a relation among the inverse propagators,
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we express the scalar products of the loop momentum in terms of inverse
propagators,

Dy — Dy +s Dy — D3 —s
kzlev k'l’lzf, k.p2:f

(5.197)

Expressing the determinant of G(k, p1, p2) in terms of inverse propagators
gives the relation (5.194).

(c) The steps are the same as for the previous point, but the algebraic manipula-
tions are cumbersome. We implement them in the Mathematica notebook
Ex3.5 Reducibility.wl [1]. In D = 4 dimensions the following Gram
determinant vanishes:

det G (k, p1, p2, p3, pa) = 0. (5.198)

We aim to rewrite this in terms of the inverse propagators of the pentagon:

Dy = k?, Dy = (k—p1 — p2— p3)?,
D> = (k— p1)?, Ds=(k—pi—pr—p3—ps)?>. (5199
D3 = (k — p1 — p2)?,

The first step is to parametrise the kinematics in terms of independent
invariants s;; = (p; + p;)*. It is instructive to count the latter for a generic
number of particles n. There are n(n + 1)/2 distinct scalar products p; - p;
with i, j = 1,...,n. Momentum conservation gives n constraints, as we
may contract > iy p; = 0 by p% for any j = 1,...,n. Moreover, we
have n on-shell constraints: pi2 =O0fori = 1,...,n. We are thus left with
w — 2n = n(n — 3)/2 independent invariants. For n = 4 that gives 2
independent invariants—the familiar s and + Mandelstam invariants—while for
n = 5 we have 5. It is convenient to choose them as s := {517, 523, $34, 545, S51}-
‘We now need to express all scalar products p; - p; in terms of s. We may do so by
solving the linear system of equations obtained from momentum conservation
as discussed above:

5
Y piopi=0.¥j=1...5. (5.200)

i=1

We rewrite the latter in terms of s;;’s and solve. We do this in the
Mathematica notebook, obtaining—for example—that p; - ps = (sp3 —
$45 — 851)/2.

We now turn our attention to the scalar products involving the loop momen-
tum: k2, and k - pifori =1,...,4 (k- psis related to the others by momentum
conservation). Having parametrised the kinematics in terms of independent
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invariants s, we may solve the system (5.199) to express them in terms of inverse
propagators and s. For example, we obtain that k- p3 = (D3 — D4+ 545 —512) /2.
Using this result, we can rewrite the Gram-determinant condition (5.198) as

I_ZAD + Z BiiD:D;, (5.201)
i<j=I

where A; and B;; are rational functions of the invariants s. Plugging this into
the numerator of the pentagon integral and expanding finally gives the reduction
into integrals with fewer propagators, up to terms missed in D = 4.

Exercise 3.6: Parametrising the Bubble Integrand

(a) We parametrise the loop momentum as in Eq. (3.159). We recall that p; -w; =0
and w;-w; = §;; a)lz The coefficient o1 can be expressed in terms of propagators
and external invariants by noticing that o1 = k - p1/ p%, and rewriting k - p; in
terms of inverse propagators (3.158). This gives

D, —D —m2
o == 2 pi b mi—m) (5.202)

2p1

We thus see that «; does not depend on the loop momentum on the bubble
cut D = Dy = 0. As a result, the loop-momentum parametrisation of the
bubble numerator Ay} depends only on three ISPs: k - w; fori = 1,2, 3. The
maximum tensor rank for a renormalisable gauge theory is two, hence a general
parametrisation is
Aplk - o1,k - w3y, k- @3) = cooo
+ ci00(k - w1) + co10(k - @2) + coo1 (k - w3)
+ criotk - w1)(k - w2) + cro1(k - w1) (k - w3) + cor1(k - w2)(k - w3)

+ 2000k - 01)* + copo(k - @2) + con (k - w3)? .
(5.203)

The cut condition D; = 0 implies one more constraint on the loop-momentum
dependence:

Cip (k) + Z(k 02w —m? = (5.204)
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Since C]|2(kﬁ) = (m% — m% + p%)z/(4 p%) does not depend on the loop
momentum on the cut, we may use Eq.(5.204) to eliminate, say, (k - w3)?
from the numerator (5.203). It is however more convenient to implement the
constraint (5.204) so as to maximise the number of terms which integrate to zero.
The terms in the second and third line on the RHS of Eq. (5.203) contain odd
powers of k - w;, and thus vanish upon integration. Using transverse integration
one can show that

(k-w)? o] [ (k-w))’

= (5.205)
r Di1Dy a)? r Di1D2

We can then use the constraint (5.204) to group (k - w1)?, (k- w)? and (k - w3)?
into two terms which vanish upon integration. This can be achieved for instance
as
Ak - w1,k - w2, k- w3) = co;1)2
+ciiptk - w1) +eoplk - w2) +c3pk - w3)
+ caplh - w1)(k - @) + sk - w1) (k- w3) + ceip(k - w2) (k- w3)

2 w% 2 2 a’% 2
ez | (ko) — k- -o3)" | +egp | k-w2)” — Sk -03)° |,
w3 w3

(5.206)

such that only the term with coefficient cy,j> survives upon integration, as
claimed.
(b) The bubble cut of the one-loop amplitude Agl),[4—2e] is by definition given by

2
Cip (A,gl%[“—zd) = /k |:I(l)(k)l_[<Di (—27i) 8P (D,-)>j| . (5.207)

i=1

where IV (k) denotes the integrand of A,(ql)‘[472€]. We parametrise the latter in
terms of boxes, triangles, and bubbles. The terms which survive on the bubble
cut 1]2 are

_ Ap (k-w1,k-w, k- w3)
Cipp (Afll)*[“ 26]) _/|: |
k (—=D1)(—D2)

Arpix (k- of k- o))

Z (=D1)(—=D2)(—Dx)

X

Az (k- w¥?) ] 2 .
D; (—271)8' 7 (D;
+ sz: (=D1)(=D2)(—Dy)(—Dz) + L ( (=2mi)8 T ( ))

1
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(k- o} k- o)
—Dy

Aqp)x
:/k[A1|2(k-w1,k-w2,k-w3)+z 2

X
2

A k ¥ :
BN o)

Y,z =1

(5.208)

Here, the ellipsis denotes terms which vanish on the cut. The sum over X
runs over all triangle configurations which share the propagators 1/(— D) and
1/(—Dy), a)f( and w§ are the vectors spanning the corresponding spurious loop-
momentum space, and 1/(— Dy) is the propagator which completes the triangle.
Similarly, the sum over Y, Z runs over all box configurations sharing the
propagators 1/(—D1) and 1/(— D), w¥? spans their spurious-loop momentum
space, and 1/(—Dy) and 1/(— D7) are the inverse propagators which complete
the box. Equating Eqs. (5.207) and (5.208) and solving for Aq|> gives

Ap k- w1, k- w2, k - w3)

2
= (1<1>(k)]_[D,~
i=1
+3° Aipix (k- of k- of) 3 Aipyyiz (k- wYZ))

" Dy Y.z DyDy

D;=0

3

D=0
(5.209)

as claimed.

Exercise 3.7: Dimension-Shifting Relation at One Loop

We decompose the loop momentum into a four- and a (—2¢)-dimensional parts as
R R S (5.210)

with k{72 kM = 0 = 1172 pyand L2 kL2 = 4y Note that pyp > 0.

The loop-integration measure factorises as d’k; = d4k54] d—zekE—ZG]_ We rewrite
the integral on the LHS of Eq. (3.184) as

_ dPk,
Fl4 25](P1,--~,Pn—1)[uﬁ1]=f D2 Muﬂ( i ,M11)~ (5.211)

The integrand ¥, depends on the loop momentum only through its four-dimensional

components k54]’ " and p11. In other words, the integrand does not depend on the
angular coordinates of the (—2¢)-dimensional subspace. We thus introduce angular



5 Solutions to the Exercises 265
and radial coordinates as

_ 1
e 5422 wiCdp (5.212)

and carry out the (—2¢)-dimensional angular integration in Eq. (5.211). We recall
that the surface area of a unit-radius sphere in m-dimensions is given by

2m/?
2 = /dgm - (5.213)
We obtain
d4k[4] 00
FY 21, pee )iy ] = /mzl—ffo dpn piy '™ Eﬁ<1 ,Mn)
(5.214)

We view the remaining 11 integration as the radial integration in a (2r — 2¢)-
dimensional subspace. The loop-integration measure in the latter is in fact given by

_ 1
d2r=2eplar=2e1 _ 5 422 i e d (5.215)

Exploiting again the independence of the integrand on the angular coordinates, we
rewrite Eq. (5.214) as

r 47.[4] q2r—2¢7,[2r—2¢]
[4—2¢] _ T 9726 d kl d kl
Fn € (P],-n,pnfl)[,u/q]] = 222 / g 24r—e Fn (K 1 ’H/ll .
(5.216)
Using Eq. (5.213) for the prefactor gives
"2_ r'r—
T _TCZe) (5.217)

22r2¢  T'(—e)

which we simplify using Eq. (3.185). The loop integration on the RHS of Eq. (5.216)
matches the scalar one-loop integral (i.e., with numerator 1) with loop momentum
in D = 4 + 2r — 2¢ dimensions and four-dimensional external momenta, namely

r—1

FE 2 (1, paoDludy ] = (1_[<s - €>) FIF2 =260 py L pa I,
s=0
(5.218)

as claimed.
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Exercise 3.8: Projecting Out the Triangle Coefficients

The solution follows from the theory of discrete Fourier transform. Let N be a
positive integer. The functions

g
e, 1=0,...,N—1¢, (5.219)

with k € Z, form an orthogonal basis of the space of complex-valued functions on
the set of the N roots of unity, {ez’“l/ N 1=0,...,N— 1}. In other words, they
satisfy the orthogonality condition

N-T
D em =5 (N (5.220)
=0

This is straightforward for n = k. For n # k, Eq. (5.220) follows from the identity

N-1

Z
=0

N
I _ l—z

(5.221)

with z = e2™®=k/N and hence zV = 1.

We can then use the orthogonality condition to project out the triangle coeffi-
cients dy.1)23. Using Eqgs. (3.192) and (3.193) we have that

2ni 2ri
Z e 1k9’A1\2|3(91) = Z dp:123 € —3n—k) = Ze 7 (=l (5.222)

1=-3 n=-3

Substituting Eq. (5.220) with N = 7, and solving for d. 1|23 gives

3
1 »
dicaops = 5 > e MA@, (5.223)
I=—3

as claimed.

‘We now consider a rank-4 four-dimensional triangle numerator AYI‘%B k-wi, k-
7). We parametrise the family of solutions to the triple cut by the angle 6 as in
Eqg. (3.190). Expanding sine and cosine into exponentials gives

4

“) “4) k9
AfDR0) = > dp; ¢ (5.224)
k=—4
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The coefficients d1ﬁ|2|3 can then be projected out using the 9th roots of unity el
with 6/ = 27 1/9, for | = —4, ..., 4. By using the orthogonality condition (5.220)
with N = 9 we obtain

4
1 i
) —ikf] A(4)
Gt =75 D € A (01) - (5.225)
I=—4

Exercise 3.9: Rank-One Triangle Reduction with Direct Extraction

(a) After integration, the tensor integral F3[D](P, Q)[k"] can only be a function of
P* and Q. We thus expand it as

FPY(P, Q)K" = ¢1 P* 4¢3 QM. (5.226)

Contracting both sides by P* and Q*, and solving for the coefficients gives

R SR TSy s
Cl_(P~Q)2—ST[(P Q) F;7(P, Q)lk - Q1 - T F; (P,Q)[k-P]],

I SRR TSy )
Cz_(P-Q)Z—ST[(P Q) F37 (P, Q)lk - P] = S Fy (RQ)U«Q]].

(5.227)
Next, we need to rewrite the integrals above in terms of scalar integrals. To this

end, we express the scalar products k- P and k- Q in terms of inverse propagators
D;, as

1 A 1 -
k-P:i(Dl—Dz-i-S), k'QZE(DZ_D3+T)’ (5.228)

where

Dy=k —mj, Dy=(k—P)y—mj, Di=(k—-P—0Q)—m3,
(5.229)

and

S:=8+m?—ms, T=T+ms—mi+2(Q -P). (5.230)
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‘We thus have that

AP ook ]_1/ 1 _/ 1 _/ T
3 Q) 'Q_E x D1 D> « D1 D3 k D1 D2 D3

[APpy = FPY e+ o)+ T FPp, 0]
(5.231)

N =

while F3ED](P, O)[k - P] contains no P-channel bubble. We recall that
F,ED](- )= F,ED](~ --)[1]. Putting the above together gives

FYPY P, Q)k-Z)=c1 (P-Z) +¢2(Q - Z)

1@ OP-2)-(Q-2)S
2 (P-Q)?2—-ST

PPy + ...,
(5.232)

where the ellipsis denotes terms which do not involve P-channel bubbles.
Finally, we can read off that the coefficient of the P-channel scalar bubble
integral is given by

(P-QP-2)-(Q-D)S

P OFST) (5.233)

co;PlOR =

as claimed.

(b) We outline here the main steps of the solution, while the computations are per-
formed in the Mathematica notebook Ex3 .9 DirectExtraction.wl
[1]. Since we are considering a triangle integral, all quadruple cuts vanish. The
coefficients of the box numerator are thus zero. We parametrise the triangle
numerator Ap|g|r as in Eq. (3.151),

Apjg|r(k - @1 1, k - @2,41) = co;p|o|R + C1;P|0|R (k - @1 1ri)

+c2,pio|R (k - w2,41i)
2
2 P ui 2
+ ez pior | (k- 01,4)” — ——(k - 02,1ri) (5.234)

w2,tri
+ ca;p1o|R (k- 1,4i1) (K - @2,17)

+cs.pio|r (k- wl,tri)3 + ce.pio|R (k - wl,tri)z(k C W2 1)
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with the spurious vectors as in Eq. (3.220),

| VR 1 . L
o i = S (PIY"I101 @i + S (Oly" 1 Pl (5.235)
1 . . 1 . L
Wi = 5Pl 101 i — Z{OIy 1Pl & (5.236)

Here, @y is an arbitrary factor which makes the summands phase-free. E.g. we
may choose @y = (Q|Z]|P], but its expression is irrelevant as it cancels out
from the result. Moreover, we have the light-like projections

s _ 7 (P —S 0" or Y Q=T P

PH , 5.237
y2—ST y2—ST ( )

’

with two projections y+ = (P - Q) & /(P - Q)% — S T. We parametrise the
loop momentum on the triple cut P|Q|R (D1 = D> = D3 = 0) in terms of ¢ as

discussed in Sect. 3.5:
1 ; 1 ;
Crioir (K*) = p1 P”+,32Q”+§(t+$> a)’f’m+§ (t— %) @ i s
(5.238)
with

ST —T(P-0) ST—S8(P-Q)

2(ST —(P-0Q)?)’ 2T a(sT—(P-0)?)" (5:239)

B =

We use yyi in Eq. (5.238) to distinguish it from the y used in Eq. (5.237). Its
value is fixed by the constraint D; = 0, and we omit it here for conciseness. We
now determine the triangle coefficients c;; p|g|r by solving

Crior (Apioir(k - @1ui, k - 02,41)) = Cpigir (k- Z) . (5.240)

We recall that the box subtraction terms are zero in this case. In Sect. 3.5 we have
seen how to extract directly co. p|g|r using the operation “Inf” (see Eq. (3.208)).
Here however we need all triangle coefficients. The two sides of Eq. (5.240) are
Laurent polynomials in ¢, with the loop-momentum parametrisation (5.238). As
the equation holds for any value of ¢, we may solve it separately order by order
in t. This gives enough constraints to fix all triangle coefficients. We find

Z - w1,y Z - w3 i
CLPIOIR = — <% - C2PIQIR = —— (5.241)
2pP-Q 2P-Q

The coefficient of the scalar triangle integral, co. pjg|r, Will not contribute to
the bubble coefficient, and we thus omit it here. The higher-rank coefficients,
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¢i;plo|Rr With i = 3,...,6 all vanish, as we could have guessed from start by
noticing that the example integral we are studying has a rank-one numerator.

We can now move on to the bubble coefficients. We parametrise the bubble
numerator as in Eq. (3.161),
Ap|gr(k - @1 bub, K - @2,bub, k - @3, 6ub) = C0;P|QR
+ c1;p1or Kk - @1, bub) + €2, P|0R (K - @2, bub) + €3 p|oR (K - ©3 bub)
+ ca:poRr(k - @1,6ub) (k - @2,bub) + ¢5: QR (K + @1, bub) (K - @3 bub)

+ c6;P|oR (k - 2, bub) (k - @3 bub)

(5.242)
“’% bub 2
+ 7. p10r | (k- ©10u6)* — —7 (k - @3,bub)
@3 bub
©3 bub
+ c8.P|oR ((k c w2 pup)” — 5 (k- w3,bub)2> ,
@3 bub
with the spurious vectors as in Eq. (3.212),
1 1 _
Oy = 5 (P'17H 1] @y + ]y [P By (5.243)
1 1 _
Oy = 5 (P71Y" 1] Poub — = (nly | P°] Py (5.244)
S
I b,
@3 pup = P — P n', (5.245)
where n* is an arbitrary light-like momentum, and
S
PoH = pH — nt. (5.246)
2P -n

We may choose the phase factor e.g. as @pup, = (1n|Z|P"] but—just like @y—this
will not appear in the result. We parametrise the loop momentum on the double cut
P|QR (D1 = Dy = 0) in terms of ¢ and y as in Eq. (3.210):

1 1 _
Crior (k*) = a1 P " + azn* + a3 3 (P°|y*|n] Poub + o4 §<n|y“|Pb] Dt
(5.247)

with

S—Sy y(S‘—Sy)—m%
B=L M=y

(5.248)
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The bubble coefficients c;. p|gr are fixed through Eq. (3.163) with the box subtrac-
tion term set to zero:

k-Z A k - W i
Crior(AriorUk - ®ibuw))) = Crior (— + PIOIR(k - @i })> .

Ds Ds
(5.249)

We can extract the coefficient co, p|g directly using Eq. (3.226), as

A k- i,tri
o, pioR =PInfInf, | Crion (__)__ ZC| ( plolr({k - w; })> ’

_D3
y=vr+
(5.250)
with the operator P defined in Eq. (3.223),
S 1 (82 m%
P(FO:0) = floy0+3 f|,o w3l 5 ) floye (5.251)

while Inf, expands a rational function around x = oo and keeps only the terms that
do not vanish in the limit (see Eq. (3.205)). We obtain

) b
k Z)} =%—<P |ZIn] (5.252)

Inf, Inf - ,
#inf; Inf, [CP'QR ( Ds (P"|Qn]

and

PInf, Inf, |:CPIQR (AP|QR({k'wi,tri})>:| _ _(PPIPZQIn] + (P’ |QZP|n]

—Ds3 4(P- Q) (P"|QIn]
(5.253)
We may simplify the RHS of Eq. (5.253) by rewriting
(P’|PZQIn] = (QIZ|P1(PP")[nQ]
= Tr(a“o olo ) Z, P, VpQr , (5.254)

where we introduced the short-hand V#* = (P"|y*|n]/2. Using the identity (1.29)
we can trade the o-matrix trace for a y-matrix trace, obtaining

(P’|PZQIn] = —Tr (ZPVQ(I —y5)> (5.255)

The trace with ys is fully anti-symmetric in the four momenta, and thus cancels out
between (P°|PZQ|n] and (P°|QZ P|n]. The remaining traces can be expressed



272 5 Solutions to the Exercises

in terms of scalar products using the familiar rule for the Dirac matrices (see
Eqg. (5.61)). We then obtain

A Wi
PInf, Inf, |:CP|QR( ploIr({k w,m})ﬂ

—Ds
(5.256)
_IST+y)H(P-2) -2y S(Q-2) + 1 (P"|Z|n]
2 2y ST—(ST+y)H(P-0Q)  2(P’[QIn]’
Averaging over the two projections y+ then gives
1 Apigir(k - 0 ui})
3 Z PInf, Inf, |:CP|QR< s als
e (5.257)
__P-OP-2)-5(0-2) 1(PZIn]
2((P- Q)2 —ST) 2(P"|QIn]"
Substituting this and Eq. (5.252) into Eq. (5.250) finally gives
P P-Z2)-S(Q-Z
oo = P QP D=5@:2) (5.258)

2((P-0)?—-S8T)

in agreement with the result of the Passarino-Veltman reduction given in Eq. (5.233).

Exercise 3.10: Momentum-Twistor Parametrisations

The matrix Z in Eq. (3.258) has the form

o
1

Z=(Z1Z223Zs), with Z;= (’\"?'> . (5.259)

We can thus read off X;, and compute all (ij) through (ij) = —)\iaeo‘ﬁ)»j,g. Our
conventions for €%? are given in Exercise 5. For instance, we have that

(12) = —(10) - (? _01> : (?) =1. (5.260)

Repeating this for all (ij) we get

2
(12) = (13) = (14) =1, (23):—%, 4y =y, (4=-F2

y
(5.261)
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From these we can see explicitly that the helicity information is obscured, as some
(ij) are set to constants. Next, we compute the }; through Eq. (3.257). E.g. we have

sa_ (12) g + 24) uf + (41) ug (5.262)
i = @1)(12) ' '

From Eq. (3.258) we read off /L‘f‘ = ug‘ = (0,0)" and /Lﬁ = (0, x)". Substituting
this and Eq. (5.261) into Eq. (5.262) gives A% = —u§. The other ; are obtained
similarly:

=g 0 =g X ~a xy (—vy ~q —X 1
)\_az N Aaz s )\,az— s P .
! (—X) 2 (0> T 14y? ( 1 ) T 4y? (y)

(5.263)
These allow us to determine all [ij] through [ij] = —)Zf‘ed BX?’
2.2 2
X<y x
12] = —x?, 13] = . [14]= ,
[12] = —x 131= 10 4= 15
5 ) ) (5.264)
3= -2 4= pa=-2.
142 14 y? 1+ y?

We calculate s;; from (ij) and [ij] through s;; = (ij)[ji]. Thanks to momentum
conservation, only two are independent. We choose

2 x?
s1p = x2, SR = ——— 5.265
12 23 T+y? ( )
The others are determined from these as s;3 = s4 = —S12 — 523, S14 = 823,
and s34 = s12. We obtain the momenta plf‘ from X;, and Af‘ through plf‘ =
—Xig€®® (o) P f;):f . See Exercise 5 for our conventions on o*. We obtain
_ _ 1
o1 o1 T
n=Z p=Z e 5.266
_ 1-y?
! ! 14y?
and ps = —p1 — p2» — p3. This parametrisation describes two incoming particles

with momenta —p; and —p; traveling along the z axis with energy £ = x/2 in
their center-of-mass frame. The outgoing particles, with momenta p3 and p4, lie on
the xz-plane. The angle 6 between the three-momentum p3 and the z axis is related
to y through y = tan(6/2).
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Let us consider the tree-level four-gluon amplitude Af‘o) (1=,2%,37,4h). Using
the Parke-Taylor formulae (1.192) and (1.193) (with g = 1) it may be written
either as

) ot oA gty (13)*
Aygyy(17.27,37,4 )—1<12><23)(34)(41>, (5.267)
or as
©) b Al e (2414
Av(1-27.37.4 )—1—[12][23][34][41]. (5.268)

Using the momentum-twistor parametrisation in Egs.(5.261) and (5.264) it is
straightforward to see that both expressions evaluate to
2

O 1= ot 2= g4y Y
AV, 27,374 )_11+y2. (5.269)

Showing this with the spinor-helicity formalism alone requires some gymnastics
with momentum conservation. For instance, we may proceed as

A7 27374 ap(12)(23) (34) (41)

Ay (17,27, 37,41y (13)A120[23][34][41]

—(13)[34] —(31)[14] —(31)[12] —[23](31)
—— e — e — ——
(12)[24] (32)[24] (34)[42] [24](41)
(13)4[12][23][34][41]
—1. (5.270)

The proof for the adjacent MHV configuration Ago)(l_, 27,3%, 47) is analogous.

Exercise 4.1: The Massless Bubble Integral
(a) Applying the Feynman trick (4.12) to the bubble integral (4.15) gives

F(ai+a) [ dedey [ dPk o™ 'a® ) +ap) =@
2 =
I'@)l(a) ) GLA) J iz% [-M2 - io]a1+u2

9

(5.271)

where

2
M=k 22 2 2 (5.272)
o] + o) o]+ o
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We complete the square in M2,

2
o , a1
M*= (k- +pf— 5.273
( o) + o p) P )2 ( )

and shift the loop momentum as k — k — «2/(¢1 + «2) p. This gives
I'(a; + a») dojdon dPk Ol?1 : az (011 +ap)THTR

= I'(a)I (a2) GL(1) i]Tg [_ 2oy . j|a|-|-a2 .
K~ Grtap Pt 10

(5.274)

We can now carry out the integration in k using the formula (4.6), obtaining

) r (Cll +ax — %) / dojday 4,-1 g1 (@] + ap)@1Fta2=D

T(anT (a2) GL(H 1 % R
(—ajaz p? —i0) 2

(5.275)

This formula is the Feynman parameterisation for the massless bubble integral.
It matches the one-loop master formula (4.14), with U = o] + oz and V =
—ajapp?.

(b) We use the GL(1) invariance to fix o1 +a2 = 1, namely we insert § (a1 +a2 — 1)
under the integral sign in Eq. (5.275), and we absorb the i0 prescription into a
small positive imaginary part of p>. We can carry out the remaining integration
in terms of Gamma functions, obtaining

_D 1 D
Fzz(_pZ_iO)%falfazr(al+a2 2) / dalali—az—l(l_al)gialil
I'(apI'(a2) Jo

Fata-2)(3-a)l (3 -a)
L@l @)D —a —az)

e

s

(5.276)

as claimed.

Exercise 4.2: Feynman Parametrisation

We draw the diagram of the triangle Feynman integral F3 (4.18) in Fig. 5.1, with
both momentum-space and dual-space labelling. We assign the dual coordinate x
to the region inside the loop, and relate the other dual coordinates to the external
momenta according to Eq. (4.10):

pP1=Xx2— X1, P2 =Xx3— X2, P3=X1 —X3. (5.277)
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Fig. 5.1 Diagram of the
triangle Feynman integral F3
defined in Eq. (4.18). We
write next to each internal
edge the corresponding
momentum. The arrows
denote the directions of the
momenta. The edges of the
graph divide the space into
four regions, which we label
by the dual coordinates x;

Note that momentum conservation (p; 4+ p2 + p3 = 0) is automatically satisfied in
terms of the dual coordinates. The loop momenta are then given by

k=x0—x2, k+ p1=x0—x1, k—py=x0—x3, (5.278)

so that the integral takes the form of Eq. (4.11),

dPxg
Fy— / o ]‘[ - (5.279)

The relation between the loop momentum k and the dual variables in Eq. (5.278)
differs from that given in Eq. (4.10), k = x; — xo. We emphasise that this is just
a convention, as we are free to redefine the loop integration variables. The dual
regions, on the other hand, are invariant. This means that once we assign coordinates
x; to the dual regions, the integral takes the form of Eq. (5.279) (in agreement with
the general formula (4.11)), regardless of the loop-momentum labelling we started
from.
The kinematic constraints p% = p% =0and p% = s imply that

xh =p=0, x223=p§=0, x%:p%:s, (5.280)
as claimed. The Symanzik polynomials are given by
U=uo1+oy+as, V=—-su0ua;3. (5.281)

Substituting the above into Eq.(5.279) with D = 4 — 2¢ gives the following
Feynman parameterisation:

© daydordas 1

GL(1) (o1 + a2 + a3)! 726 (—s a3z — i0) 1<
(5.282)

F3=F(1+6)/
0
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Exercise 4.3: Taylor Series of the Log-Gamma Function

(a) The recurrence relation of the digamma function follows from that of the I
function (4.23). Differentiating the latter, and dividing both sides by xI"(x)
gives

F’(x—l—l)_] I'(x)

—_ == —, (5.283)
I'x+1) X I'(x)

where we have used xI"(x) = I'(x + 1). Comparing to the definition of the
digamma function in Eq. (4.29), we can rewrite this as

Yx+1) = % + ¥ (x). (5.284)

We apply Eq. (5.284) recursively starting from ¥ (x + n) withn € N,

1
W(X"i‘"):m‘i‘l/f(x‘i‘n—l)

1 1

=x+n—1+x+n—2+w(x+n_2) (5.285)

n

1
=Zx—+n_s+w<x>.

s=1

Changing the summation index to k = n — s in the last line gives Eq. (4.30).
(b) Consider the difference ¥ (x + n) — ¥ (1 4+ n). Using Eq. (4.30) we can rewrite

it as
n—1
lp(x+n)—1p(1+n)=z LI +v(x)+ e (5.286)
m\x+k 14k ’ '
where we recall that (1) = —yg. In order to study the limit n — oo we use

Stirling’s formula (4.32), which implies the following approximation for ¥ (x),

1 1
Y1 +x)=— +log(x)+0 (—2> . (5.287)
2x X
It follows that
nhﬁn;O [Y(x+n)—yv(1+4+n)]=0. (5.288)

Taking the limit n — oo of both sides of Eq. (5.286) gives Eq. (4.31).
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(c) The series representation (4.31) of the digamma function allows us the compute
the higher-order derivatives in the Taylor expansion (4.28),

n dn—l
gor 0+ =gamvd+a)
© (5.289)
==D"m-1'Y —
(=" (n = 1) ;(HW,

for n > 2. By changing the summation index to ¥’ = k + 1, we recognise in
the last line the definition of the Riemann zeta constant ¢, given in Eq. (4.26).
Substituting Eq. (5.289) into Eq. (4.28) and simplifying finally give Eq. (4.24).

Exercise 4.4: Finite Two-Dimensional Bubble Integral
We start from the Feynman parameterisation in Eq. (4.34). We set D = 2, fix the
GL(1) freedom such that o; + oo = 1, and absorb the i0 prescription in a small

positive imaginary part of s. We obtain

do
—sai(l —ay) +m?’

(5.290)

1
Fz(s,mz; D= 2) = /
0

In order to carry out the integration, we factor the denominator and decompose the
integrand into partial fractions w.r.t. oq:

F>(s,m* D =2) ! /ld : 1 (5.291)
s,mD=2)= ————— o — , .
2 K (af‘ —a;) Jo ! o] —osz ap — o

where

1 2
a1i=§<1j:\/A>, A=1-4"" (5.292)
S

For s < 0 and m?2 > 0, we have that a1+ > 1 and o] < 0. The integration then
yields

Fz(s, mz; D= 2) =

O Gl (5.293)
sVA lafer -0 | |

We may simplify the expression by changing variables to s and x through

2 X
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with 0 < x < 1. The discriminant A in fact becomes a perfect square, and v A a
rational function. The choice of the branch of the square root is arbitrary. We choose

1
VA = 1 tx (5.295)
— X

which is positive for 0 < x < 1. Equation (5.293) then simplifies to

X
—log(x). (5.296)

2
2. — —

Fz(s,m ,D_Z)_ 1

Equation (5.296) is very simple, but hides a symmetry property. We said above

that the choice of the branch of +/A is arbitrary. In other words, F> must be invariant

under \/Z — —\/Z. Let us work out how x changes under this transformation.

Solving Eq. (5.294) for x gives two solutions. We choose the one such that 0 < x <
1 for s < 0 and m? > 0, which is compatible with Eq. (5.295):

x:l—%i(l—@). (5.297)

m2

One may then verify that 1 /x = x | N7y Therefore, when changing the sign of

VA, both the logarithm in Eq. (5.296) and its coefficient gain a factor of —1, so that
F> is indeed invariant. This property is very common in Feynman integrals involving
square roots. A particularly convenient way to make it manifest is to rewrite the
argument of the logarithm in the form

log (“/Z - “) , (5.298)

\/Z—i-a

for some rational function a. In the triangle case, dimensional analysis tells us that
a must be a constant. Indeed, one may verify with a = 1 we recover log(x). Our
final expression for the two-dimensional bubble integral therefore is

Fy(s,m*; D =2) = s%log(ﬁli) )

(5.299)

Exercise 4.5: Laurent Expansion of the Gamma Function

(a) Since I'(z) has a simple pole at z = 0, I'(z + 1) = z[I'(z) admits a Taylor
expansion around z = 0,

2
T+ =1-zys+ %F’/(1)+O(z3). (5.300)
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In order to evaluate the second derivative of I"(z), we relate it to the digamma
function through Eq. (4.29). Then we have that

'y =y’ (1) +ye’. (5.301)

Finally, we can evaluate v/'(1) using the series representation of the digamma
function (4.31), obtaining

o0

/ _ l _
v = g—(u o =6 (5.302)

Substituting Eqgs. (5.302) and (5.301) into Eq. (5.300), and dividing by z both
sides of the equation gives the desired Laurent expansion (4.40).

(b) In order to exploit the Laurent expansion around z = 0 computed in the previous
part, we apply the recurrence relation (4.23) iteratively until we get

I'(z+n)
I'(z) = . 5.303
@ z2z+1D...(z+n-=1) ( )
The Laurent expansion of I'(z + n) around z = —n is then obtained from
Eq. (4.40) by replacing z with z4-n. The remaining factors are regular at z = —n,

and their Taylor expansion is given in terms of harmonic numbers (4.42) by

n—1 1\ 2
sz—k:( nl') |:1+(z+n) Hn—i-(Z +2n) (Hn,2+an)+O ((Z+n)3):| .
k=0 )

(5.304)
Substituting Eq. (4.40) with z — z 4+ n and Eq. (5.304) into Eq. (5.303), and
expanding up to order (z + n) gives Eq. (4.41).
Exercise 4.6: Massless One-Loop Box with Mellin-Barnes

Parametrisation

We begin by rewriting the function B in Eq. (4.50) as

2
B= _[_j BY +0(e), (5.305)
where
d Il +z)?
g =/ _Z.x—z r(—z)3 ﬂ (5.306)
Re(z)=c’ 271 I+z
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Fig. 5.2 Pole structure of the

I functions in Eq. (5.307), A
and integration contour OT(—2) L ’
(dashed line) AT(1+2) 1 \
R R

-2 —-11:0 1 2/ Re(z)
We applied the recurrence relation (4.23) twice—withn = —1 —zandn = 14z—
to simplify the expression w.r.t. Eq. (4.50). The pole structure of B() is depicted in
Fig.5.2. From the latter we see that —1 < ¢’ < 0. E.g., we may set ¢’ = —1/2.

In order to carry out the integration we close the contour at infinity. Assuming that
x > 1, we close the contour to the right, as shown in Fig. 5.2. The contribution from
the semi-circle at infinity vanishes, and the integral is given by

o0
_ ra+z)3
B — _ Res|: (=) —— 2 = } 5.307
};) X (—2) T2 z=n ( )

The minus sign comes from the clockwise direction of the loop. To compute the
residues, we make use of the Laurent expansions computed in Exercise 4.5. The
factor of 1"(—1)3 entails a triple pole at z = n (withn = 0, 1, ...), so that we need
the expansion of all functions involved around z = n up to the third order. We obtain
the Laurent expansion of I"(—z) around z = n by replacing z — —z in Eq. (4.41),

I'(—z)=

=nr { -1 z-

n
St Hy—yp— [(H;z_VE)2+§2+Hn,2] T
n! z7—n 2

(5.308)

In order to compute the Taylor expansion of I"(1 4 z) we leverage what we learnt
about the digamma function in Exercise 4.3. The first derivative is given by

%F(l +2)| =rad+myd+n) =n(Hy — y8), (5.309)

z=n

where we used the recurrence relation (4.30). We recall the definition of the
harmonic numbers in Eq. (4.42). For the second derivative we use again Eq. (4.30)
to write ¥'(1 +n) = ¥'(1) — Hy 2, and Eq. (4.31) to evaluate ¥/ (1) = ¢. We thus
obtain

2

d
—I'(14+72)

a2 —n! [+ 1) + 9/ (14 m)]

=n

=n![(H, — y&)* + & — Hy 2] . (5.310)
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Putting the above together gives the Taylor expansion of I"(1 + z) around z = n:

(z—n)?
2

rd+z)=n! {1+(Z — n)(Hn — ]/E)+ [(H,,—yE)2+C2 - H,,,z] + .. } .

(5.311)

Attentive readers may notice that the expansion of I"(1 +z)I"(—z) is much simpler:
1
(=) (1 +2) = —(=1)" [— (- n)} +0(z-n?). (5312

We could have arrived directly at this result through Euler’s reflection formula,

r—»rl+z=- (5.313)

sin(wz)

The Taylor expansions of the other functions in Eq.(5.300) are straightforward.
Substituting them into Eq. (5.307) and taking the residue gives

—}’l

o (=) 7" o~ (0" 1 -
M _ —
B —’;(l+n)3+log(x)r§)(l+n)2+2JT + log®(x) 2(:) :

(5.314)

The series can be summed in terms of polylogarithms through their definition (4.56):
o
(=)™ . 1
Zm = —X le -], (5315)
= n x

for k = 1,2,... and x > 1. Plugging this into Eq.(5.314), and the latter into
Eq. (5.305) gives our final expression for B:

B = 2¢ |:Li3 (—l> + log(x) Lip (—l> - l(nz + logz(x)) log (1 + l) :|
st X X 2 X

+0(e?). (5.316)

The expression of the massless one-loop box Fy in Eq.(4.55) is obtained by
subtracting from B in Eq.(5.316) the Laurent expansion of the residue A in
Eq. (4.49).
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Exercise 4.7: Discontinuities
(a) The logarithm of a complex variable z = |z|e! € is defined as
log(z) = log |z| +iarg(z), (5.317)
where |z| is the absolute value of z, and the argument of z (arg(z)) is the
counterclockwise angle from the positive real axis to the line connecting z
with the origin. log |z| is a continuous function of z, hence the discontinuity
of log(z) originates from arg(z). As z approaches the negative real axis from

above (below), arg(z) approaches w (—m). In other words, we have that

lir%)l+ arg(x £1in) = £7 O(—x), (5.318)
T]*)

for x € R. The discontinuity of the logarithm across the real axis is thus given
by

Discy [log(x)] = 1i1})1+ i [arg(x +1in) —arg(x — ir;)]
n—

(5.319)
=2imr O(—x).
(b) We rewrite the identity (4.67) here for convenience:
Lip(x) = —Lia(1 — x) — log(1 — x) log(x) + &> . (5.320)

This equation is well defined for 0 < x < 1. Focusing on the RHS, however,
we see that all functions are well defined for x > 0 except for log(1 — x). We
can thus make use of Eq. (5.320) to reduce the analytic continuation of Lis (x)
to x > 1 to that of log(1 — x). For x > 1 we have that

Liz(x+in) — Liz (x — in) =log(x) [log(1 — x + in)—log(1 — x —in)|+O0(n) .
(5.321)

Hence, the discontinuity of the dilogarithm follows from that of the logarithm,
as

Discy [Liz(x)] = log(x) Discy [log(l — x)]
=27i log(x) @(x — 1). (5.322)
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Exercise 4.8: The Symbol of a Transcendental Function

We make use of the recursive definition of the symbol (4.98). The differential of
log(x) log(l — x) is given by

d [log(x) log(1 — x)] = log(l — x)dlog(x) + log(x) dlog(l — x). (5.323)
Through Eq. (4.98) we then have that
S(log(x)log(l — x)) = [S(log(l — x)), x] + [S(log(x)), 1 — x]. (5.324)
Since we already know that S(loga) = [a] (Eq. (4.99)), the final result is
S(log(x)log(l —x)) =[x, 1 —x]+[1 — x, x]. (5.325)
Alternatively, one may replace each function in the product by its symbol,
S(log(x)log(l — x)) = [x] x [1 —x]. (5.326)
By comparing Eqgs. (5.325) and (5.326) we see that
x]x[1—=x]=[x,1—x]+[1—x,x]. (5.327)
This is a very important property of the symbol called shuffle product. It allows us
to express the product of two symbols of weights n and n; as a linear combination
of symbols of weight n| + n,. For example, at weight three we have
l[a] x [b,c] = [a,b,c]+ [b,a,c]+[b,c,a]. (5.328)

We refer the interested readers to ref. [2].

Exercise 4.9: Symbol Basis and Weight-Two Identities

(a) The symbol method turns finding relations among special functions into a linear
algebra problem. The first step is to put the symbols of Eq.(4.106) and the
functions of Eq. (4.107) in two vectors:

b= (Lx, x], [x, | —x], [T —x, x], [T —x, 1 —x]) ", (5.329)

g = (log?(x), log>(1 — x), log(x) log(1 — x), Liz(1 — x)) " . (5.330)
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The elements of b are a basis of all weight-two symbols in the alphabet {x, 1 —
x}. We can thus express the symbol of g in the basis b, as

2[x, x] 2000
201 —x. 1 — x] . 0002
- - M. h M=
S® = | 1 — x4+ —x ] b, wit 0110
—[x,1—x] 0-100
(5.331)

Since the matrix M has non-zero determinant, we can invert it to express the
weight-two symbol basis b in terms of the symbols of the functions in g,

1000
0001
001 1
1

0100

b=M" .S, with M~ = (5.332)

Therefore, g is a basis of the weight-two symbols in the alphabet {x, 1 — x} as
well.
(b) Let us start from Li (x/(x — 1)). Using Eq. (4.96), its symbol is given by

. X X X
S|:L12( )i|=—|:l——,—i|. (5.333)
x—1 x—1 x-—1

The properties (4.100) allow us to express the latter in terms of the letters {x, 1 —
x}:

S|:Liz (%)} = —x.x]—[1—x,1—x]. (5.334)

X

‘We can then express the symbol of Lip (x/(x — 1)) in the basis b, as

S[Liz (ﬁ)} —(0,0,1,—1)-b. (5.335)

In this sense, Liz (x/(x — 1)) ‘lives’ in the space spanned by Eq. (4.106). We do
the same for the other dilogarithms in Eq. (4.108):

S[Liz(x)] = —[1 = x,x] = (0,0, ~1,0) - b, (5.336)

S[Liz ()]—C) ] =1 —x,x]—[x,x]=(=1,0,1,0) - b, (5.337)
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. 1
S|:L12 (1—>i| =—[1—-x,1—x]+[x,1—x]=(0,1,0,—-1) -b,
(5.338)

S[Liz (%)} =[x, 1 —x] =[x, x] = (=1,1,0,0) - b. (5.339)

(c) Having expanded the symbols of the dilogarithms in Eq. (4.108) in the basis b,
we can change basis from b to S(g) as in Eq. (5.332). For example, we have

S[Lig( al )} —(0,0,1,—1)-M~'. S(g)
x—1

:5[ - %logz(l — x) + log(x)log(1 — x) + Lis(1 — x)i|.

(5.340)

Doing the same for the other dilogarithms in Eq. (4.108) gives the following
identities:

S| Liz(x) + Lia (1 — x) + log(x) log(1 — x)] =0, (5.341)

S| Li» (%) — Lir(1 — x) — log(x) log(1 — x) + %mgz(x)] =0,

(5.342)
S|Lis <1 ix> +Lix(1 — x) + %logz(l —x)i| =0, (5.343)
Lo (S5 +Lid -+ 1o
S| Li» +Liz(1 = x) + 5 log"(x) | =0. (5.344)
L X

The terms which are missed by the symbol may be fixed as done for Eq. (4.92).

Exercise 4.10: Simplifying Functions Using the Symbol

We compute the symbol of fi(u, v) in Eq.(4.109). The general strategy is the
following: we use the rule in Eq.(4.96) for the dilogarithms; next, we put all
letters over a common denominator and factor them; finally, we use the symbol
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properties (4.100) to expand the symbol until all letters are irreducible factors. This
gives

S|:Li2<1_v>]:[u+v—1,u]—[u+v—1,l—v]+[u,l—v]—[u,u],
u
(5.345)

S|:Li2<w>:|:([u+v—l,u]—[u—i—v—l,l—u]—i—[u,l—u]

uv
+[u,1—v]—[u,u]—[u,v])+(u<—>v).
(5.346)

Lip ((1 — u)/v) is obtained from Li> ((1 — v)/u) by exchanging u <> v, and so is its
symbol. The symbol of 772 /6 vanishes. Putting the above together gives

S[ i@, v)] = [, 1 — ul + [v,1 = v] = [u, v] — [v, ul, (5.347)

as claimed. Note that the letter u + v — 1 drops out in the sum. In other words,
u + v = 1 is a branch point for the separate terms in the expression of fi(u, v)
given in Eq. (4.109), but not for f1(u, v).

On the RHS of Eq. (5.347) we recognise in [u, 1| — u] ([v, 1 — v]) the symbol of
—Lis(u) (—Liz(v)), and in [u, v]+[v, u] the symbol of log u log v (see Exercise 4.8).
An alternative and simpler expression for fj(u, v) is thus given by

S[ fi(u,v)] = S[ — Liz(u) — Liz(v) — logulogv], (5.348)

which matches—at symbol level—the expression of f>(u, v) in Eq. (4.112).

Exercise 4.11: The Massless Two-Loop Kite Integral

We define the integral family as

- dPky dPk 1
G](jllt,eaz,as,amas = / i D/12 i D/22 D% D% D% p94 p% ’ (5.349)
e an 1 PPy Py Ds

where the inverse propagators D; are given by>

— 2 — 2 — 2
Dy = —k7, ) Dy = —(k1 — p) 5 D3 = —k3, (5.350)
Dy=—(ky+p)*, Ds=—(ki+k)".
3 In Chap. 4 we write the inverse propagators as D, = —(k — q4)> + mg — 10, which is natural for

the loop integration (see Sect.4.2.1), as opposed to D, = +(k — q)* —m?2 +i0. We used the latter
in Chap. 3 as it is more convenient for the unitarity methods.
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Feynman’s i0 prescription is dropped, as it plays no part here. The desired integral
is

Fiie(s; D) = GY'F 4. (5.351)

The IBP relations for the triangle sub-integral with loop momentum k, are given by

0, (5.352)

dPk; dPky @ q"

/ i P/2ix P2 9kY D1DyD3D4Ds
for any momentum ¢. Upon differentiating we rewrite the scalar products in terms
of inverse propagators—and thus of integrals of the family (5.349)—by inverting
the system of equations (5.350) (e.g. k1 - p = (D2 — D1 + 5)/2). There are three
independent choices for g: ki, k2, and p. We need to find a linear combination

of these such that the resulting IBP relation contains only Fij, and bubble-type
integrals. Using g = k1 + k> gives

kite kite kite kite kite _
(D—=HGiT111—6rr120— 612101t 6o1211+610121=0.
(5.353)

The graph symmetries imply that
Glﬁtﬁl,z,o = Glftﬁz,l,()a Glﬁi)e,l,ll = Gl(()ftle,ll,l : (5.354)
Gllmle 2.1,0 18 a product of bubble integrals. Using Eq. (4.16) for the latter gives
G, 0= B(1, 1) B(1,2) (—s)P 7. (5.355)

Gg“f ».1,1 instead has a bubble sub-integral. By using Eq. (4.16) iteratively we obtain

=B(1,1) x

2

=B(1,1)B (3 - 2,2) (—s)P~3
2 (5.356)
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where the numbers next to the propagators in the graphs are their exponents. Putting
the above together gives

. 2 D
Ghie = 52 BLD [3(1, 2)-B (3 -3 2)] (=9)P72,  (5357)

which can be expressed in terms of gamma functions through Eq. (4.17). Setting
D =4 — 2¢ and expanding the I" functions around € = 0 through Eq. (4.24) finally
gives Eq. (4.130).

Exercise 4.13: “d log” Form of the Massive Bubble Integrand with
D=2

We start from the integrand w;; in the first line of Eq.(4.169). We use the
parameterisation k = Byp; + Bap2, with p = p1 + pa, p% = p% = 0 and
2 p1 - p2 = s. We change integration variables from k to 81 and ;. The propagators
are given by

—k*+m? = —s (Bi1p2 — x),

. (5.358)
—(k+p)*+m* =—s[(1+ B+ ) —x],

where we introduced the short-hand notation x = m?/s. The Jacobian factor is a
function of s, and dimensional analysis tells us that J o s. The constant prefactor
is irrelevant here.* The integrand then reads

o1 dp1dpa
s Brpr— [+ + o) — 2]

Our goal is to rewrite ;1 in a “dlog” form. First, we decompose w11 into partial
fractions w.r.t. B,:

1,1 (5.359)

dsi g dp dpg
Bi+Bi+x —x/B1 BI+Pi+x Bot+1—x/(1+1)
(5.360)

Swi, 1 X

We then push all 8>-dependent factors into d log factors, obtaining

dpi ( x) dpi ( x )
—— 1 - — ) - —=———dlog|1 -
swl’lo(ﬂ12+/31+x oz (A2 Bi B+ B+ x og(1+F2 1+ B

dgi ( Bi1Br —x )
x ——  dlog .
B+ B1 +x (14 B+ B2) —x

(5.361)

4 For an example of how to compute the Jacobian factor, see the solution to Exercise 4.14.
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In order to do the same w.r.t. Bj, we need to factor the polynomial in the
denominator:

1
BE+ B +x= (61— B)(B1— B, /31i=§<—1:i:\/1—4x>.
(5.362)

Partial fractioning w.r.t. 81 and rewriting all 8;-dependent factors into d log’s yields

) . (5.363)

w11 X

1 dlog B — By dlog( BB —x
s /T —ax B — By (I + B0+ B2) —x

Note that there is a lot of freedom in the expression of the d log form. For instance,
we might have started with a partial fraction decomposition w.r.t. 81, and we would
have obtained a different—yet equivalent—expression. While the expression of the
dlog form may vary, all singularities are always manifestly of the type dx/x, and
the leading singularities stay the same (up to the irrelevant sign).

We now consider the momentum-space d log form in Eq. (4.169), namely

1
w11 X ————=dlog(t1) dlog(m), 5.364
11 & e dlog(n) dlog(z) (5.364)
where
k> +m? —(k + p)* +m?
= - - 5.365
Tk —ke)? & (k — ky)? (36

We rewrite the latter in terms of 81 and B, and show that it matches Eq. (5.359).
We recall that d = dB; dg, + dB2 dg, and df, dB; = —dpB1 dB>, which imply that

dp1dps
T

aty 0 aty 0
dlog(t) dlog(r) = (iﬂ — iﬁ)
0p19B2  9p2 9P
In Eq. (5.365), k+ denotes either of the two solutions to the cut equations. We choose
ky = B p1 + B p2. where B is given by Eq.(5.362) and g5 = x/B,". We then
have

(5.366)

(k=ko)? =3 [0+ B+ B+ 2850+ (B = POVT =] (536D)

We substitute Egs.(5.367) and (5.358) into Eq.(5.365), and the latter into
Eq. (5.366). Simplifying the result—possibly with a computer-algebra system—
gives

1 dBi dp,
dlog(rdlog() = ¢ ol + B0 + o) —x]
(5.368)

1
sa/1—4x

which matches the expression of w; 1 in Eq. (5.359), as claimed.
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Exercise 4.14: An Integrand with Double Poles: The Two-Loop
Kitein D =4

We complement p; and p, with two momenta constructed from their spinors,

1
(Ly™21, py= 5 @IyHI, (5.369)

N =

Py =

to construct a four-dimensional basis. We have that p; - p» = —p3- ps = s5/2, while
all other scalar products p; - p; vanish. We expand the loop momenta as

4 4
K=Y aipl. Ky =) bipl, (5.370)
i=1 i=1

and change integration variables from k’f and kg to a; and b;. The inverse
propagators defined in Eq. (5.350) are given by

Dy = (azas — a1a2) s, Dy = (azas —araz + a1 +ax — 1) s,
D3 = (b3by — b1b2) s, Dy = (b3bs —b1by —b1 — by — 1) s, (5.371)

Ds = (azas — ajaz + bzbs — b1by + azby + asb; — a1by — axby) s .

The Jacobian |J;| of the change of variables {kf } — {a;} is the determinant of the
4 x 4 matrix with entries
"
ok,

(Jl)#zw, nw=0,....3, i=1,...,4. (5.372)
l

Dimensional analysis tells us that |J;| o s2. It is instructive to compute it explicitly
as well. To do so, it is convenient to first consider

O nww UD = pi - pj - (5.373)
Taking the determinant on both sides gives

S4

hP=-—,
|11 16

(5.374)

where the minus sign comes from the determinant of the metric tensor. The Jacobian
for {kg } — {b;} is similar. The maximal cut is then given by

5
Fl?litix cut o g4 / daidaydazdasdbidbrdbidby l_[ 8 (Dj) , (5.375)

i=1
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where the inverse propagators are expressed in terms of a; and b; through
Eq. (5.371), and the overall constant is neglected. We use the delta functions of D
and D3 to fix a; = azas/ar and by = b3bya /by,

max cut 1 dapdazdasdbydbzdby
kite ; a2b2
b3b by —b by — b
s(1—a — 4344 ) « Lk byt 3245 (axb3 — braz)(azby — bray) .
a by arby

(5.376)

We then use the first two delta functions to fix a3 = ax(l — az)/as and b3 =
—by(1 + by) /b4, and the remaining one to fix by = axbs/as. We obtain

Fmaxcut o l/ dasdasdby ' (5.377)
kite s J asq(as + by)

New simple poles have appeared, and the integrand has a double pole at a, — oo.
We can make this manifest by the change of variable ay — 1/a,, which maps the
hidden double pole at a; — oo into a manifest double pole at a, = 0,

1 f d&zda4db4 (5 378)

Fmaxcut o - ]
kite ~
s ) a3as(as + bs)

Exercise 4.16: The Box Integrals with the Differential Equations
Method

(a) We define and analyse the box integral family using LITERED [3]. There are
3 master integrals. LITERED’s algorithm selects them as the 7- and s-channel
bubbles, and the box (see Fig.5.3). We denote them by g,

box
10,1,0,1

g, 6) = [ 1%, 0] - (5.379)

box
Il,l,l,l

(b) We differentiate g w.r.t. s and ¢, and IBP-reduce the result. We obtain

0s8(s,t;€) = Ag(s, t;€) - g(s, 1 €),
0:8(s, t;€) = As(s, t;€) - g(s, t;€),

(5.380)
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P2 P3
b3 yzi P2 b3
P2 b b1 yZi
I(;),Tfo, 1 1 lb.L('))jl,O P1 P4
I 113,(?:1,1
Fig. 5.3 Master integrals of the box integral family in Eq. (5.379)
where
0 0 0 —% 0 0
A = 0 —§ 0 , A = 0 0 0
2Qe—1) 2(1-2€) _ s+i+et 2(1-2¢) 2(2e—1) _ s+i+es
st(s+t)  s2(s+1) s(s+1) 12(s+1)  st(s+1) t(s+t)
(5.381)
We verify the integrability conditions,
AS 'Al _Al‘ 'AS +8I‘AS —asA[ =0, (5382)
and the scaling relation,
s Ay +t A, = diag(—e, —€, =2 —€) . (5.383)

The diagonal entries on the RHS of the scaling relation match the power
counting of the integrals in g in units of s.

(c) We express f in terms of g as f = T~! . g by IBP-reducing the integrals in
Eq. (4.175).5 We obtain

0 0 st
T-'=ce)| 0 210 (5.384)
2¢—1
= 00
The new basis f satisfies a system of DEs in canonical form,
asf(sat; 6) ZEBS(Svt) 'f(S,[;E), (5385)

0f(s,t;€) =€ B(s,t) -f(s,t; €),

5 We use the inverse of T to match the convention of Sect. 4.4.3 for the gauge transformation.
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where
1 _12 22 1 _12 2 _2
s+t s s+t s s+t s+t t s+t s+t t
Bi=| 0 -1 0|, B=| 0o 0 0
0 0 0 o o0 -1
(5.386)

We compute By and B; as in point b, or through the gauge transformation
eB,=T ' A, - T—T7". 5T, (5.387)
and similarly for . From Eq. (5.386) we see that the symbol alphabet of this
family is {s, 7, s+¢}. Thanks to the factorisation of € on the RHS of the canonical
DEs (5.385), the integrability conditions split into
BS‘B[_B['BSZO, aSBl_a[BS:O. (5388)
The scaling relation is given by

sBg+tB, =—13. (5.389)

(d) Viewed as a function of s and x = ¢ /s, f satisfies the canonical DEs

{asf(s, x;€) =€ Cs(s, x) - £(s, x5 €) (5.390)

Oxf(s, x;€) =€ Cx(s,x) - (s, x; €),

where C; and Cy are related to By and B; in (5.386) through the chain rule,

C)C =SBt

t
, Cs =B+ -B; . (5.391)
s

1=xs 1=xs

‘We observe that Cy is a function of x only, and Cs of 5. Thanks to this separation
of variables, we can straightforwardly rewrite the canonical DEs in differential
form,

df(s, x;€) = €[dC (s, 0)] - £(s, x5 €) . (5.392)

The connection matrix C is given by a linear combination of logarithms of the
alphabet letters 1 = s, 0p = x and a3z = 1 + x,

3
C(s.x) =Y _ Cx logax(s. x), (5.393)
k=1
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with constant matrix coefficients,

—10-2 122
C =-13, C=10001], C3=1000] . (5.394)
0 0-1 000

(e) We expand the pure integrals f as a Taylor series around € = 0,°

f(s, x; €) = Zew £ (s, x), (5.395)
w>0
and define the weight-w boundary values at s = —1 and x = 1 as b®) =

f(¥)(—1, 1). Using Eq. (4.16) for the bubble-type integrals we obtain

e 2 2
fals.xi€) = —1+¢ log(—s) — =5 (6log (—s)— 7 )
€ 3 2 4
+ o (2 log” (—s) — m* log(—s) + 28 {3) +0(e).
(5.396)

The expression for f3(s, x; €) is obtained by trading s for t = sx in f>(s, x; €).
We leave biw) as free parameters. The weight-0 boundary values are thus given
by p©® — (b%o), -1, —l)T. We can now solve the canonical DEs in terms of
symbols. In order to do so, we note that the canonical DEs (5.392) imply the
following DEs for the coefficients of the € expansion,

3 3

d 0 =Y 1Y (o £ Vs, x) | dlogans, x) . (5.397)

k=1 | j=1

The iteration starts from £ = b We spelled out all indices in Eq. (5.397) to
facilitate the comparison against the recursive definition of the symbol given by
Egs. (4.97) and (4.98). From this, we find the following recursive formula for
the symbol of the solution to the canonical DEs:

S(fi(w)> = Z Z(Ck)ij [S<fj(w_l))» Olk] , (5.398)

k=1 j=1

6 The factor c(¢) in the definition of the pure integrals (4.175) is chosen such that they are finite at
e =0.
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starting at weight w = 0 with S( fi(o)) = b;o)[] (we recall that [] denotes the
empty symbol). With a slight abuse of notation, we may rewrite this in a more
compact form as

3
S(E) = Y0 Ce- [SE). a] - (5399)
k=1

At transcendental weight 1 we thus have that

S(EY) =C1- b [s1+C2 - b [x]+ 3 bO [1 +x]. (5.400)
Since [1 4 x] is the symbol of log(1 + x), £ (x) would diverge at x = —1
unless the coefficients of [1 4+ x] vanish. The finiteness at x = —1 thus implies

C; b =0, (5.401)

which fixes bio) = 4. We now have everything we need to write down the
symbol of the solution up to any order in €. For f1, for instance, we obtain

S(fi)=4I[1- 26(2 [s]+ [x]) + 262(2 [s, sT4+ [s, x] + [x, s])
— 263(2 [s,s,s]+[s,s, x]+[s,x,s]+ [x,s,8] —[x,x,x]+[x,x,1 +x])

+0(e*).
(5.402)

(f) The dependence on s is given by an overall factor of (—s)~¢,” which is fixed by
dimensional analysis. We thus define

f(s, x;€) = (—s) " “h(x;¢€), (5.403)

where h(x; €) does not depend on s. We expand h(x; ¢) around ¢ = 0 as
in (5.395). The coefficients of the expansion h®) (x) satisfy the recursive DEs

C . C
8 h™)(x) = [72 + ﬁ} WD (). (5.404)

7 The minus sign in front of s ensures the positivity in the Euclidean region, where s < 0.
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Equation (5.396) implies that

2
b4 7
ho(x;e) = -1+ 2=+ =55+ 0(eh),
12 3
2

h3(x;€) = —1 + € log(x) + ;—2 [72 - 6 log? )] (5.405)

3
+ :—2 [2 log3(x) — 72 log(x) + 28 43] +0(e*)

which give us the boundary values e®) = h™)(1) for the second and third
integral. We have determined above that eio) = 4, and we leave the remaining
eiw) ’s as free parameters. Integrating both sides of Eq. (5.404) gives

/

1+ x

Cs-h™ D) + e,
(5.406)

X d / X
h@“(x):f i,cz-h<w—1>(x/)+f
1 X 1

starting from h©® = e©. For arbitrary values of the undetermined eiw)’s, the

second integral on the RHS of Eq. (5.406) diverges at x = —1. We can thus fix
the remaining boundary values by requiring that

lim Cs - ™ (x) =0, (5.407)
x—>—
order by order in €. For instance, at weight one we have that

.
¢ bV = (e, 0,0) . (5.408)

The finiteness at x = —1 thus fixes egl) = 0. Iterating this up to weight 3 yields

2
hi(x;€) =4+ e[ —2log(x)] +62|:— 4%]

+ ¢ [2 Liz(—x) — 2 log(x) Liz(—x)

1 Tn? 34
+ 5 log(x) — log()? log(1 +x) + % log(x) — 72 log(1 + x) — ?§3:|

+0(*).
(5.409)
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(g) Equation (4.55) is related to Eq.(5.409) through h; = €2s1e€7E(—s5)¢ F4. Up
to transcendental weight two the equality is manifest. At weight three we find
agreement after applying the identities

. 1 . L5
Li (—1) = “Lix(—) - L1020 — &2,
X 2
1 1 (5.410)
Lis (—;) = Lis(—x) + 5, log’ () + &2 log ()

for x > 0, which we may prove by the symbol method, as discussed in
Chap.4.4.4.
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