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Abstract

Water droplet deformation, impingement, and freezing are major processes in the
study of in-flight icing. There are complex multi-physics phenomena involving
interactions between gas, liquid, and solid. In this chapter, droplet deformation is
first numerically investigated. Following this, its effects on airflow velocity,
droplet diameter, and ambient temperature are systematically examined through
coupling with the level-set method. Based on these studies, new droplet drag
analytical models are proposed.
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Besides, for investigating the droplet impingement effect, especially the
impingement on surfaces with different hydrophobicity, two numerical tech-
niques (such as level-set and multi-phase Lattice Boltzmann) are employed and
developed. The level-set method is used to simulate droplet impact on flat
superhydrophobic surfaces; accordingly, a water droplet impingement model
governed by Weber and Reynolds numbers is then proposed to predict the
outcomes of droplet impingement. In addition, a three-dimensional pseudo-
potential Lattice Boltzmann method is developed to investigate the droplet
impingement on superhydrophobic surfaces with protrusions, with particular
emphasis on the mechanism of contact time reduction.

Finally, the droplet freezing phenomenon is numerically studied through the
proposed method, in which the multiphase Lattice Boltzmann and the enthalpy
porosity method are adopted to track the gas-liquid and solid-liquid interfaces,
respectively. The evolution process of the interface during droplet freezing is
visually illustrated, and the effect of droplet size, supercooling degree, and surface
hydrophobicity on this process are systematically investigated and analyzed.

Keywords

Droplet · Deformation · Breakup · Weber number · Acceleration · Droplet
impact · Superhydrophobic surface · Level-set · Lattice Boltzmann method ·
Contact time

Introduction

The supercooled water droplet has been reported to be the main cause of aircraft
icing (Cao and Xin 2020). Aircraft icing usually occurs when aircraft encounters
clouds with supercooled water droplets in flight. The unfrozen supercooled droplets
impact the surface of aircraft, and ice accretion occurs through mass and heat
exchange phenomena. A better understanding of the droplet deformation and move-
ment mechanisms can significantly improve the efficiency of aircraft icing protection
systems.

When a droplet is initially quiescent in a gas flow, it is accelerated by the
surrounding gas and deforms. Without considering the effect of gravity, the defor-
mation of the droplet is dominated by the inertial, viscous, and surface tension
forces. The well-known non-dimensional Reynolds, Weber and Ohnesorge numbers
are defined to characterize the effects of the above forces:

Re ¼ ρlUgD0

μl
,We ¼ ρgU

2
gD0

σ
,Oh ¼ μl

ρlσD0

p

where ρ, μ and σ are the density, viscosity, and surface tension coefficient, while the
subscripts l and g stand for the liquid and gas phases, respectively. The parameter D0

is the droplet’s initial diameter and Ug is the incoming airflow speed. Previous
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research shows that the deformation regimes are usually determined by the Weber
number and can be categorized into mainly six modes: vibration, bag breakup, bag-
stamen breakup, sheet stripping, and catastrophic breakup. Table 1 presents the
ranges of Weber numbers for the three deformation regimes from several authors.
It is shown that the droplet deformation transfers from the no breakup regime to the
breakup regime as We is increased, while the value of the critical We varies from
different sources.

Over the past decades, numerous experimental and numerical investigations have
been conducted on droplet deformation. As early as the 1980s, Krzeczkowski (1980)
experimentally studied droplet deformation and breakup in a continuous airflow,
with six different liquids. The droplet diameter varied from 2 mm to 5 mm, with the
tested Weber number in the range of 13.5~162. It was shown that the droplet
deformation and disintegration were dependent on We, and the deformation regime
map was proposed. Hsiang et al. (Hsiang and Faeth 1995) conducted an experimen-
tal study on the effects of density ratios on droplet deformation and breakup with
various liquid droplets. Zhao et al. (2010) experimentally studied the deformation of
water and ethanol droplets with high-speed digital photography. The dimensionless
parameter Rayleigh-Taylor wave number, NRT, was proposed as the criterion for
different breakup regimes. Kulkarni et al. (Kulkarni and Sojka 2014) experimentally
studied the breakup regimes of water, ethanol, and glycerin droplets with a high-
speed digital camera. An empirical model for the dimension growth rate of the
deformed droplet was given. Obenauf et al. (Obenauf and Sojka 2021) studied the

Table 1 Different breakup regimes in terms of Weber number

Vibrational or no
breakup mode

Bag breakup
mode

Bag-stamen or multi-
breakup mode

Krzeczkowski
(Krzeczkowski 1980)

We < 10 10 < We < 18 18 < We < 30

Pilch and Erdman
(Pilch and Erdman
1987)

We < 12 12 < We < 50 50 < We < 100

Hsiang and Faeth
(Hsiang and Faeth
1995)

We < 11 11 < We < 35 35 < We < 80

Chou and Faeth
(Chou and Faeth 1998)

13 < We < 20

Dai and Faeth
(Dai and Faeth 2001)

13 < We < 18

Zhao et al. (Zhao et al.
2010)

We < 12 12 < We < 16 16 < We < 28

Guildenbecher et al.
(Sojka and
Guildenbecher 2011)

We < 9 9 < We < 15 15 < We < 31

Jain et al. (Jain et al.
2015)

We < 12 12 < We < 24 24 < We < 45

Li et al. (Li et al. 2022) We < 10 10 < We < 15
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deformation of a liquid droplet in continuous uniform air flow, both theoretically and
experimentally. A theoretical breakup criterion dependent on the Weber number was
developed, and models for droplet velocity and breakup time were proposed. Li et al.
(2020) experimentally investigated the droplet deformation and breakup in an
opening wind tunnel. A fixed airfoil model was installed inside the wind tunnel to
observe the droplet deformation near the airfoil’s leading edge. Xu et al. (2020)
experimentally investigated the shear effect on droplet behavior in airflows, and a
new breakup mode named butterfly breakup was identified.

As an alternative to experimental studies, computational methods are efficient for
studying droplet deformation. Regarding the multiphase flows, the treatment of
the liquid-gas interface is critical. Nowadays, numerous numerical methods for the
interface between phases have been developed. The most used methods are the
Volume of Fluid (VOF), Level Set (LS), Coupled Level Set and VOF (CLSVOF),
phase field and front tracking. Based on the finite difference/front tracking tech-
nique, Han et al. (Han and Tryggvason 1999) numerically studied the breakup of
liquid droplets within an axisymmetric system. Quan et al. (Quan and Schmidt 2006)
numerically investigated the drag force of droplets when the droplet was accelerated
by the gas flow. A density ratio of 50 was simulated, and the moving mesh interface
tracking scheme was applied. The results suggested that compared to the solid
sphere, the total drag coefficients of the deformed droplet were greater due to the
larger recirculation region behind the droplet. Jing et al. (Jing and Xu 2010)
numerically studied the breakup of accelerated droplets in continuous gas flow.
The axisymmetric governing equations were simulated, and the level-set method
was applied for interface capturing. Jalaal et al. (Jalaal and Mehravaran 2014)
numerically and theoretically studied the mechanisms of droplet deformation with
the VOF method. Kelvin-Helmholtz (KH) and Rayleigh-Taylor (RT) theories were
applied to model the instability over the droplet interface by focusing on the initial
deformation stage caused by hydrodynamic instability.

In this aspect, the deformation of a water droplet in continuous airflow will be
numerically investigated in section “Droplet Deformation.” The level-set method is
applied for liquid–gas interface capturing. The projection method is applied to solve
the incompressible 3D Navier–Stokes equations. The initial droplet diameter and
incoming velocity of the continuous airflow vary from 20 μm to 100 μm and 10 to
100 m/s, respectively. A wide range of corresponding Reynolds numbers
(221.96–11,098) and Weber numbers (0.033–16.45) are examined. The initially
tested parameters are the typical environmental conditions under which aircraft
icing occurs. The vibration, transition, bag breakup, and bag-stamen breakup
modes of droplet deformation are observed and quantitatively analyzed. The
governing equations and adopted numerical models are introduced in section
“Governing Equations and Numerical Methods.” The validation of the numerical
model is presented in section “Validation of the Numerical Model” via a comparison
with multiple classical multiphase flow problems, and also our experimental results.
Simulation results and discussions are given in section “Microscale Water Droplets
Deformation.” and the conclusions of this study are described in section
“Conclusions.”
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Additionally, droplet impingement is also a widespread phenomenon in many
technical and industrial applications. Examples include spray cooling, internal
combustion engines, inkjet printing, spray coating, and painting. In an icing envi-
ronment, the super-cooled droplets are contained in the clouds. When an aircraft
passes through the clouds, the super-cooled droplet impact on the aircraft leads to
aircraft icing, which greatly threatens aviation safety. Therefore, the droplet impact
dynamic is also investigated in the present chapter. During the impingement process,
various phenomena such as spreading, receding, rebound, breakup, and splashing
can be observed. The impact outcome is affected by numerous factors such as impact
velocity, droplet diameter, droplet viscosity, surface tension, geometric features of
the surfaces, and so on. Considering its great significance, droplet impact dynamics
have attracted more and more attention.

Similar to the above-mentioned droplet deformation process, the main factors
governing the droplet impact dynamics can be characterized by the non-dimensional
Reynolds, Weber, and Ohnesorge numbers, which has been shown in Eq. (1). One of
the most essential topics of droplet impact is determining the threshold
distinguishing the droplet spread/splash regions. Many researchers have established
various droplet impact models governed by non-dimensional numbers. Mundo et al.
(1995) experimentally investigated the single water and ethanol droplet impact on a
dry solid aluminum surface. Based on the measurements to characterize the droplet
transition from spreading to splashing, a droplet impingement model was derived,
which was given as K ¼ OhRe1.25 (where the parameter K is the threshold value).
Taking the relative wall surface roughness into consideration, Bai et al. (2002)
developed a droplet impingement model for predicting the outcomes of gasoline
spray droplets’ impact on a solid wall for both dry and wetted surfaces. This model
was assessed by simulating experiments on oblique spray impingement in a wind
tunnel and showed good accuracy. The topology change of droplets during the
impingement process is also a popular research topic, for instance, droplet fingering.
For the lower Weber number regime (We < 160) in which no splashing or fragmen-
tation occurs, a theoretical model for predicting the number of fingers, Kcr, was
developed by Huang et al. (2018). This model indicated that no droplet fingers
occurred when We < 60, and the value of Kcr increased along with the droplet size
and impact velocity, which was consistent with the experimental results. Especially,
due to the significant effects of contact time on droplet hydrodynamics and thermo-
dynamics in many industrial applications, more attention has been given to the
reduction of contact time. On a flat solid surface, a theoretical limit of contact time

for droplet impacting was proposed with the value of 2.2τ0 τ0 ¼ ρlR
3
0

σ (Bird et al.

2013). However, several experimental studies reported that asymmetric deformation
of droplet impact on a superhydrophobic surface decorated with protrusions could
effectively reduce the contact time below the theoretical limit (2.2τ0) (Gauthier et al.
2015). Bird et al. (2013) conducted a pioneering work in which they investigated the
effects of a macroscopic ridge on the contact time for the first time and demonstrated
that the contact time could be reduced by 37% compared with droplet impact on flat
superhydrophobic surfaces. Gauthier et al. (2015) developed the study of Bird et al.
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(2013), and based on their experimental results, they declared the contact time on the
superhydrophobic surface with a cylindrical wire can be estimated as τfalt

n
p , where τflat

is the contact time on flat surfaces and n is the number of lobes.
In fact, due to the microscale of the impacting droplets and visualization chal-

lenges, it is usually difficult to obtain detailed flow fields and achieve the desired
conditions in experiments. As a powerful and efficient method, numerical simulation
has become an essential part of the research on droplet impact. Lee and Son (2011)
numerically investigated the micro-scaled droplet dynamics on hydrophilic and
hydrophobic surfaces, while the liquid-gas interface was captured by a level-set
method. Owing to the low impact velocity, they only discussed the droplets’
spreading and coalescence behaviors. Zhang et al. (2016) adopted the phase field
method to investigate the effects ofWe (1–150) and Re (10–1000) on droplet impact
on the hydrophobic surface within the axisymmetric coordinate system. In addition
to those traditional CFD methods, due to its natural parallel property and ability to
deal with complex boundaries, the Lattice Boltzmann method (LBM) has been
widely applied in multiphase simulations (Strotos et al. 2016). Based on a Lattice
Boltzmann algorithm, Andrew et al. (2017) found that the contact time can be
reduced by up to 35% when the radius of the impacting droplet is equal to that of
a cylinder. Lin et al. (2019) studied the effects of a single macro-rectangular ridge
with two different characteristic sizes on the contact time via a 3D pseudopotential
LBM and demonstrated that the contact time can be reduced by more than 40%.
Although numerous numerical or experimental studies have been conducted, due to
their complexity in nature, the droplet impingement dynamics are still far from
completely understood.

To further explore this, the droplet impact on a solid superhydrophobic surface
with or without protrusions will be numerically investigated in section “Droplet
Impact on Surfaces with Different Hydrophobicity.” Due to its outstanding advan-
tages in dealing with complex boundaries, the three-dimensional pseudopotential
LBM is adopted to investigate the effects of We (0 < We � 67.7), protrusion size
(10 � W � 30), and protrusion shape (triangle, square, and circle) on the droplet
dynamics. The level-set method is applied in the investigations of droplet impact on
a flat superhydrophobic surface; the effects of ambient temperature, We and Re will
be analyzed in detail. First, the numerical methods, including the level-set and
pseudopotential LBM, will be introduced in sections “Governing Equations and
Numerical Methods” and “Pseudopotential Lattice Boltzmann Method and Curved
Boundary Treatment” respectively. Then droplet impact dynamics on a flat super-
hydrophobic surface will be discussed, followed by the discussion of droplet
dynamics and contact time reduction mechanism on superhydrophobic surfaces
with protrusions. Finally, concluding remarks will be made.

Besides, droplet freezing on the wing surface is another fundamental problem in
aircraft icing. A detailed description of the freezing process will provide helpful
guidance for anti-icing and de-icing applications. Numerous experimental works
have been reported regarding droplet freezing (Jung et al. 2012). Huang et al. (2012)
conducted a series of freezing experiments on surfaces with different contact angles.
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It was found that the contact angle can significantly influence the droplet’s total
freezing time, and the freezing on the surface with a larger contact angle starts later.
Zhang et al. (2018, 2019) analyzed different-sized supercooled droplet freezing on
the surface with different cooling temperatures. They reported that compared to the
droplet volume, the plate temperature and contact angle play a more significant role
in freezing. Stiti et al. (2020) adopted a new experimental technique to acquire the
liquid-ice interface within the freezing droplet and observed that it appeared to have
a spherical shape. They also observed that different surfaces could affect the
formation of the protrusion tip after the droplet turned into ice.

Furthermore, numerical solutions could provide more comprehensive informa-
tion on the initiation and development of the ice and reveal the droplet freezing rules
(Zhao et al. 2017; Rakotondrandisa et al. 2019; Wang et al. 2020). Sun et al. (2015)
conducted the simulations by LBM, which applied the velocity and temperature
distribution functions. The results suggested that freezing occurs earlier at lower
plate temperatures, and the phase transition develops at a decreasing rate. Zhang
et al. (2020a) developed an axisymmetric LBM for simulations with the density ratio
of the droplet to air (DR) being equal to 20 and indicated that the ice and droplet
profile form an acute angle which keeps almost constant. For a natural density ratio
of about 1000, Blake et al. (2015) studied the supercooled droplet freezing and
bouncing. The results showed that the droplet was more likely to be attached under
lower plate temperatures. However, the works mentioned above do not involve the
effects of droplet supercooling and volume expansion when simulating the droplet
freezing from CFD governing equations with natural liquid-gas density ratio, which
is a more straightforward way to reveal the development of the phase transition and
temperature distribution evolution.

To solve this problem, considering the volume expansion of the droplet during
droplet freezing, a numerical method is proposed through the combination of a
multiphase Lattice Boltzmann flux solver and the phase field method; based on
this, the droplet freezing process on the cold surface is then studied in section
“Droplet Freezing.” Validations of this proposed numerical model are presented in
section “Validation of the Method” by comparing with experimental data. Afterward,
three main impact factors (respectively the droplet size, supercooling degree, and
surface hydrophobicity) and their impact on the freezing process of droplets are
systematically investigated in section “Results and Discussions.” The conclusions of
this study are summarized in section “Conclusions.”

Droplet Deformation

Governing Equations and Numerical Methods

Firstly, the level-set method (Sussman et al. 1994) for multiphase interface capturing
is introduced. The level-set function ϕ is defined as the signed distance function
based on the location of interface Γ
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ϕ x, tð Þ ¼
x� xΓj j, x� air phase

0, x�Γ
� x� xΓj j, x� liquid phase

ð1Þ

The smoothed Heaviside function H(ϕ) is applied to smooth the discontinuous
physical properties near the interface within a certain thickness 2ε

H ϕð Þ ¼
1,ϕ > e

1

2
1þ ϕ

e
þ 1

π
πϕ
e

, ϕj j � e

0,ϕ < �e

ð2Þ

Then the density and viscosity fields are determined according to the value of the
level-set function:

ρ ϕð Þ ¼ ρl þ ρg � ρl H ϕð Þ

μ ϕð Þ ¼ μl þ μg � μl H ϕð Þ
ð3Þ

where the subscripts l and g denote the liquid and air phases, respectively. In the
present study, the interface thickness is set as ε ¼ Δx.

The conservative form of the level-set advection equation is solved for the liquid-
gas interface evolving:

@ϕ
@t

þ ∇ � uϕð Þ ¼ 0 ð4Þ

The WENO5 scheme for conservative advection equation (Solomenko et al. 2017) is
applied for spatial discretization, and a third-order TVD Runge-Kutta scheme is used
for temporal discretization. In addition, the Hamilton-Jacobi equation is solved
for ϕnþ1 to maintain the level-set function as a signed distance function.

@ϕ
@τ þ Sign ϕð Þ ∇ϕj j � 1ð Þ ¼ 0 ð5Þ

where Sign(ϕ) is the sign function and τ is the pseudo marching time. The third-order
TVD Runge-Kutta scheme is used for temporal discretization, while the fifth-order
WENO scheme(Fedkiw et al. 1999) is applied for the first-order spatial derivatives.

The continuity and momentum equations for incompressible, immiscible multi-
phase flow are written as:

∇ � u ¼ 0 ð6Þ
@ρu
@t

þ ∇ � ρuu ¼ �∇pþ ∇ � μ ∇uþ ∇uT þ ρgþ f s ð7Þ
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in which u is the velocity vector, p is the pressure, g is the gravitational acceleration,
and fs is the surface tension force acting on the liquid-gas interface. The continuum
surface tension force (CSF) model (Brackbill et al. 1992) is applied to the surface
tension force:

f s ¼ σκ∇C ð8Þ
with

κ ¼ �∇ � n, n ¼ ∇ϕ
∇ϕj j ð9Þ

where σ is the surface tension coefficient, κ is the interface curvature and n is the
normal unit vector. The normal vector to the interface is computed with the signed
distance function ϕ. The function C is a mollified version (Nangia et al. 2019) of the
Heaviside function that ensures the surface tension force is applied only near the zero
level set within a certain interface thickness.

For the solution methodology for governing equations, the staggered grid system
is applied, as shown in Fig. 1. The variables ρi,j, pi,j, ϕi,j, μi,j are located at the cell
center, while the velocity components uiþ1

2
,j and vi,jþ1

2
are located at the cell centers.

The well-known projection method is used to solve the momentum equation. Firstly,
the pressure gradient term is decoupled from the original momentum eq. (8) and
yields:

Fig. 1 (a) A staggered-grid discretization of the computational domain. (b) A schematic of the
Cartesian grid cell.
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ρ u� � unð Þ
Δt ¼ Rn ð10Þ

ρ unþ1 � u�ð Þ
Δt ¼ �∇pnþ1 ð11Þ

Where Rn¼ � ∇ � ρuuþ ∇ � [μ(∇uþ ∇ uT)]þ ρgþ fs, and u
� is the intermediate

velocity after decoupling. The intermediate velocity is implicitly solved by the
Crank-Nicolson scheme. An explicit third-order cubic upwind interpolation (CUI)
scheme (Patel and Natarajan 2017) is applied to compute the convective derivative.
The CUI scheme of (∇ � uψ)i�1/2,j is summarized below as an example where ψ is the
advected variable that could be the x-component velocity or the density on the faces.
The approximation of the normalized value is given as:

ψf ¼

3ψC, 0 < ψC � 2

13

5

6
ψC þ 1

3
,

2

13
< ψC � 4

5

1,
4

5
< ψC � 1

ψC, otherwise

ð12Þ

in which the normalized value is defined as:

ψ ¼ ψ� ψU

ψD � ψU
ð13Þ

where the upwind ψC, far upwind ψU and downwind ψD are labeled depending on
the direction of the advection velocity. Finally, the approximation of (∇ � uψ)i�1/2,j is
computed as below, where the subscript w, e, n, and s stand for the interpolated
values on the faces of the shifted control cell.

∇ � uadvψlimð Þi�1
2
,j ¼

ueψe � uwψw

Δx þ vnψn � vsψs

Δy ð14Þ

Then, combining Eq. (12) with the continuity equation Eq. (7), we have the pressure
Poisson equation:

∇ � u�
Δt

¼ ∇ � ∇pnþ1

ρ ð15Þ

The conjugate gradient (CG) method solves the above implicit pressure equation,
and then the velocity field is updated via Eq. (12).

In numerical simulations, the high-density ratio between liquid and gas phases
often results in significant numerical oscillations at the liquid-gas interface. To avoid
this problem, the conservative discretization method proposed by Nangia et al.
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(2019) is employed and applied to achieve robust simulations. The additional
discretized density update equations on faces of the staggered gird are solved with
the third-order accurate strong stability preserving Runge-Kutta (SSP-RK3) time
integrator

ρ^ 1ð Þ ¼ ρ^n � ΔtR unadv, ρ
^n
lim ð16Þ

ρ^ 2ð Þ ¼ 3

4
ρ^n þ 1

4
ρ^ 1ð Þ � 1

4
ΔtR u 1ð Þ

adv, ρ
^ 1ð Þ
lim ð17Þ

ρ^nþ1,kþ1 ¼ 1

3
ρ^n þ 2

3
ρ^ 2ð Þ � 2

3
ΔtR u 2ð Þ

adv, ρ
^ 2ð Þ
lim ð18Þ

Here, the subscript “adv” indicates the interpolated advective velocity on the faces of
the face-centered control volume, and the subscript “lim”means the limited value, as
defined by Eq. (15).

The adaptive time step is determined following the works of Kang et al. (2000).
The restriction to the time step is based on convection, viscosity, and surface tension:

Δt
Ccfl þ Vcflð Þ þ Ccfl þ Vcflð Þ2 þ 4 Scflð Þ2

2
� 1

2
ð19Þ

where Ccfl, Vcfl and Scfl are convection, viscosity, and surface tension time step
restriction, respectively. The corresponding definitions are given as:

Ccfl ¼ uj jmax

Δx
þ vj jmax

Δy
þ wj jmax

Δz
ð20Þ

Vcfl ¼ max
μl
ρl
,
μg
ρg

� 2

Δxð Þ2 þ
2

Δyð Þ2 þ
2

Δzð Þ2 ð21Þ

Scfl ¼ σ κj j
ρg � min Δx, Δy, Δzf gð Þ2 ð22Þ

Validation of the Numerical Model

Before using this method for simulations of water droplet deformation, several
commonly studied multiphase flow problems are investigated to verify the accuracy,
consistency, and stability of the present numerical method. The accuracy of present
numerical method is also validated via the comparison with corresponding experi-
mental results. Related results and discussions are given below.
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Rayleigh-Taylor Instability
The Rayleigh-Taylor instability problem is simulated here to test the numerical
model. The Rayleigh-Taylor instability of binary fluids is generated by gravity
when the heavy fluid is on top of the light one. The problem is simulated within a
rectangular computation domain [0, d] � [0, 4d]. The domain size d is chosen as
1 and the grid resolution is 100 � 400, while the time step is fixed as Δt¼0.001. The
dimensionless number Atwood number is defined for the density ratio between two
fluids as At ¼ (ρH � ρL)/(ρH þ ρL), in which H denotes the heavy fluid above the
interface and L denotes the light one. In this simulation At number is chosen as 0.5,
which corresponds to a density ratio of 3, and a viscosity ratio μH/μL ¼ 3. For this
gravity-induced problem, the Reynolds number is defined as Re ¼ dg

p � d=ν, in
which g is the gravity that is set as 1, v is the kinematic viscosity as ν¼ μ/ρ and Re is
fixed as 256. The initial location of the interface is set as y ¼ 2 þ 0.1cos(2πx), and
the initial velocity of two different fluids is zero. The left and right boundaries are set
as symmetric, while the top and bottom boundaries are set as non-slip conditions.

The simulated temporal evolutions of the interface are given in Fig. 2. At the early
stages, the heavy fluid above the interface starts to fall due to gravity, and a spike
forms on the interface. In the meantime, the rising bubbles of light fluid are formed
along the two vertical boundaries. Then, two counter-rotating vortices are generated
adjacent to the falling spike of the interface due to the rolling-up of heavy fluid. As
the evolution continues, the two counter-rotating vortices are separated from the
heavy fluid, and a pair of secondary vortices are formed at the ends of the roll-ups.

The simulated temporal evolutions of the spike and edge of the interface are
presented in Fig. 3 and compared with the published results from Patel. et al. (Patel

Fig. 2 Fluids interface of Rayleigh-Taylor instability with Re ¼ 256
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and Natarajan 2017). The comparison shows a good agreement between the present
numerical results and the results from the literature.

Droplet Splashing on a Thin Water Film
Droplets impacting a thin layer of liquid are commonly observed in many industrial
applications such as inkjet printing and fuel injection. Its numerical simulation is
challenging due to the large density and viscosity ratios across the liquid-gas
interface, which may generate singularity at the impact point. In this section,
the problem of a water droplet splashing on a thin water film is simulated to verify
the accuracy of the present model for a high-density ratio. For this simulation, the
rectangular domain size is [0, 8D]�[0, 2D] with grid size 800�200, and the diameter
D of the droplet is 1. The initial location of the droplet center is at [4D, 0.75D], and
the thickness of the initial liquid film is 0.1D. The physical properties of water and
air are adopted for the liquid and gas phases, respectively. The dimensionless

number Webber number We ¼ ρgU2D
σ ¼ 0:126, and two values 6.6 and 66 are tested

for Reynolds number Re ¼ ρgUD
μg

. The initial downward velocity of droplet U ¼ 1

and the gravity are neglected. The time step Δt ¼ Δx/50, and the no-slip boundary
conditions are imposed on each boundary of the domain. The simulated temporal
evolutions of the interface are given in Fig. 4.

Fig. 3 Temporal evolutions of the spike and edge of the interface
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Figure 4 shows the interactions among moving droplets and liquid film and the
slashing process of liquid film at different simulation times. From Fig. 4a it is seen
that for low Reynolds number, the droplet hits the liquid film surface and then
merges into the film. During the following temporal evolution, a pair of symmetric
waves called “liquid fingers” are formed on the film surface and move outward to the
vertical boundaries. Under this circumstance, the liquid fingers are strong enough to
withstand the surface tension and viscous force, so no droplet satellites are observed
during the evolution. The simulation results of Fig. 4a match well with the numerical
works of Patel et al. (Patel and Natarajan, 2017) and Nangia et al. (2019). For higher
Reynolds number Re ¼ 66 as shown in Fig. 4b, it is seen that the splashing
phenomenon happens at a higher Reynolds number and the “crown” is observed.
Compared to the case with a lower Reynolds number, the length of the splashed
liquid finger is increased while the thickness becomes smaller. At T ¼ 1.5, a tiny
liquid droplet attached to the end rim of the liquid finger can be observed. The jet
base location xj investigated by Coppola et al. (2011) is graphically displayed in

Fig. 4 Evolution of droplet movement and film splashing process (a) Re ¼ 6.6; (b) Re ¼ 66
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Fig. 5. The value is computed by averaging the x-position of the two neck points of
the splashing rims. The normalized jet base location (xj� x0)/D is presented in Fig. 6
versus the normalized time Ut=D, which x0 is the initial x-position of the droplet
center. According to the theoretical studies of Josserand and Zaleski (2003), the
normalized jet base location xj should scale with the square root of the normalized
time. The comparison given in Fig. 6 indicates that the present numerical results
have a better agreement with both the power law and the numerical results of Nangia
et al. (2019).

The Collapse of a Water Column
The water column collapsing problem caused by gravity is investigated here. The
simulation for the collapse of a liquid column is challenging due to the interface’s
free-surface flow and large distortions, especially with a large density ratio. The
rectangular domain has a size of [0, 7a]�[0, 2a], in which a is the length of the initial
square water column and a¼ 1. The grid size is 350� 100, while time step Δt¼ Δx/
100. The density ratio 815 and viscosity ratio 55 are applied while ρg ¼ 1 and μg ¼
1.78 � 10�5. The surface tension coefficient of water is σ ¼ 0.0728. The gravity
value is set as 9.8, and the water column and ambient air are initially stationary. The
no-slip boundary conditions are imposed for all boundaries of the simulation
domain. The temporal evolution of the collapsing water column is shown in
Fig. 7. The dimensionless time is normalized by t ¼ T= a=g. It is shown that the
initially unstable water column collapses under the effect of gravity. During the
movement, the liquid interface remains smooth and develops stably.

Fig. 5 Jet base location of splashing rim

3 Numerical Simulation of Supercooled Droplets Deformation, Impingement. . . 75



The temporal evolutions of the water column height and the front position are
shown in Fig. 8. It is shown that after the collapse is triggered, the front position is
almost linearly increased during the spreading on the bottom surface. Meanwhile,
the changing rate of the column height first increases during the preliminary stage of
development; then the rate later decreases when the water film forms above the
surface. The experimental results of Martin and Moyce Penney (1952) and the
numerical results of Nangia et al. (2019) are also presented in Fig. 8. The comparison
gives a good agreement between the present simulation results and the published
results in previous literature.

Deformation of Water Droplet in Incoming Airflow
The experimental setup used to study the droplet deformation process is shown in
Fig. 9. The open-loop wind tunnel with a horizontal rectangular nozzle is designed to
generate a continuous airflow. The outlet cross-section is 300 mm in width and
75 mm in height. The airflow is generated by a centrifugal blower and an inverter
motor. A honeycomb mesh is placed in the upstream duct of the contraction and
nozzle to produce a uniform airflow. The maximum velocity that can be produced at
the nozzle exit is 45 m/s.

Fig. 6 Dimensionless jet base location versus time for Re ¼ 66
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Deionized water is used as the droplet fluid. The fluid is driven by a syringe
pump, with a droplet formed at the tip of a dispensing needle (inner diameter of
0.11 mm). The droplet detaches from the needle and falls into the airflow under
gravity. The distance between the airflow stream and the nozzle exit is 17 mm. The
height of the droplet generator can be adjusted to ensure the droplet passes through

Fig. 7 Evolution of collapsing water column (a) t ¼ 0; (b) t ¼ 1; (c) t ¼ 2; (d) t ¼ 3; (e) t ¼ 4
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the boundary layer quickly, so that the effect of the boundary layer is negligible. The
diameter of the droplets generated in this study is D0 ¼ 2.2 � 0.1 mm and the
downward velocity of the droplet is approximately 2.1 m/s. A high-speed camera
(PCO. DIMAX) is used to record the deformation process of the droplet. The frame
rate of the camera is 4000 fps and the image resolution is 17.06 μm per pixel. The
visibility of the droplets is enhanced by a backward-facing LED light source with a
ground glass. The experiments are performed at room temperature and atmospheric
pressure.

Figure 10 presents the numerical results for the temporal evolution of the droplet
configuration, as well as a comparison with the experimental results. The initial
diameter of the water droplet and the incoming velocity of the airflow agree with the
experimental conditions: D0 ¼ 2.22 mm and Ug ¼ 13.2 m/s. The boundary

Fig. 8 The position evolution of collapsing water column (a) height position, (b) front position

Fig. 9 Schematic diagram of the experimental setup
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conditions and numerical domain follow the setup described in section “Microscale
Water Droplets Deformation.” It is seen from Fig. 10 that at the preliminary stage of
acceleration, the windward side of the droplet becomes flat while the whole droplet
is elongated in the cross-stream direction. At time t ¼ 3 ms, the droplet deforms into
a typical “hat shape,” with a bulge on the leeward side. The droplet is then further
stretched in the cross-stream direction and deforms into an ellipsoid (t ¼ 4 ms).
As the development continues, the bulge forms again on the leeward side of the
droplet (t ¼ 7 ms), and then the droplet becomes elongated in the streamwise
direction (t ¼ 8 ms). The numerical results for the temporal evolution of the droplet
configuration are in good agreement with the experimental results.

Microscale Water Droplets Deformation

The microscale water droplets deformation in uniform airflow is numerically inves-
tigated in the present section. A schematic illustration for the corresponding 3D
simulation domain is provided in Fig. 11. The size of the computational domain is
(Lx, Ly, Lz) ¼ (10D0, 5D0, 5D0), and the grid resolution is 40 grids per droplet
diameter. The droplet is quiescent at the beginning, and its center is placed at a
distance of D0 from the left boundary. The uniform airflow with constant inlet
velocity Ug moves into the simulation domain from the left boundary (x ¼ 0),
which is set as the inlet boundary condition (marked as the blue plane in Fig. 11).
The pressure outlet boundary condition is applied for all other boundaries. Different
droplet initial diameters and uniform airflow velocities are tested, and the effects of
initial droplet diameter, non-dimensional numbers, and supercooling on droplet
deformation and acceleration are studied.

The physical properties such as density, viscosity, and surface tension coefficient
corresponding to room temperature T ¼ 25 �C and icing temperature T ¼ � 25 �C
are adopted for the liquid and gas phases. The specific values of applied physical
properties are presented in Table 2. The initial diameter of the water droplet D0 is in
the range of 20~100 μm and the velocity of uniform airflow Ug is in the range of

Fig. 10 Comparison of droplet deformation: (a) numerical results, (b) experimental results (We ¼
6.36)
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10~100 m/s. The simulated initial conditions, non-dimensional numbers, and out-
comes in the present section are summarized in Table 3.

The deformation modes of the droplet are categorized into four regimes: vibra-
tion, transition, bag breakup, and bag-stamen breakup. The examples are presented
in Fig. 12 for each deformation regime. In the present work, non-dimensional time is
used and the definition is given as:

t� ¼ t
τ ¼ Ug

D0 ρl=ρg
t ð23Þ

As presented in Fig. 12a, the vibration mode is defined as the water droplet being
able to maintain its initial spherical form during the whole computation, without
obvious deformation. As shown in Fig. 12b, when the Weber number is increased,
the droplet is in transition mode and remarkable deformation occurs. The droplet is
elongated in cross-stream and streamwise directions alternately without fragmenta-
tions. For bag breakup mode shown in Fig. 12c, the water droplet first deforms into a
staircase pyramid (t� ¼ 0.5). As the droplet is further compressed in a streamwise
direction, it turns into disk form (t� ¼ 1) due to the strong aerodynamic force. Then

droplet

Fig. 11 Schematic illustration of the 3D computational domain

Table 2 Physical properties of water droplet and air phase used in numerical simulations

Temperature (�C) ρl(kg/m
3) ρg(kg/m

3) μl(Pa � s) μg(Pa � s) σ(N � m)

�25 999 1.424 6.0 � 10�3 1.59 � 10�5 0.0793

25 997 1.185 0.898 � 10�3 1.84 � 10�5 0.0728
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the liquid film is expanded along the streamwise direction and a thin hollow bag
appears. Finally, a breakup occurs as the droplet is further accelerated by surround-
ing airflow. Bag-stamen breakup mode is observed with a higher We number as
shown in Fig. 12d. Different from the bag breakup mode, in the center of the bag a

Table 3 Summary of investigated parameters and outcomes for different simulations

Case No. We Re T(�C) D0(μm) Ug(m/s) Deformation mode

1 0.03 221.96 25 20 10 Vibration

2 0.13 443.92 25 20 20 Vibration

3 0.53 887.84 25 20 40 Vibration

4 2.11 1775.69 25 20 80 Transitional

5 0.08 554.90 25 50 10 Vibration

6 0.33 1109.80 25 50 20 Vibration

7 1.32 2219.61 25 50 40 Transitional

8 5.27 4439.22 25 50 80 Transitional

9 0.16 1109.80 25 100 10 Vibration

10 0.66 2219.61 25 100 20 Vibration

11 2.63 4439.22 25 100 40 Transitional

12 10.53 8878.44 25 100 80 Bag breakup

13 2.96 3329.41 25 50 60 Transitional

14 4.03 3884.32 25 50 70 Transitional

15 6.66 4994.12 25 50 90 Transitional

16 5.92 6658.83 25 100 60 Transitional

17 8.06 7768.63 25 100 70 Transitional

18 13.33 9988.24 25 100 90 Bag breakup

19 16.45 11098.05 25 100 100 Bag-stamen breakup

20 1.44 332.58 �25 50 40 Vibration

21 2.25 415.72 �25 50 50 Vibration

22 3.23 498.87 �25 50 60 Transitional

23 4.40 582.01 �25 50 70 Transitional

24 5.75 665.16 �25 50 80 Transitional

25 7.28 748.30 �25 50 90 Transitional

26 2.16 498.87 �25 75 40 Vibration

27 3.37 623.59 �25 75 50 Transitional

28 4.85 748.30 �25 75 60 Transitional

29 6.60 873.02 �25 75 70 Transitional

30 8.62 997.74 �25 75 80 Transitional

31 10.91 1122.45 �25 75 90 Bag breakup

32 2.87 665.16 �25 100 40 Vibration

33 4.49 831.45 �25 100 50 Transitional

34 6.47 997.74 �25 100 60 Transitional

35 8.80 1164.03 �25 100 70 Transitional

36 11.50 1330.32 �25 100 80 Bag breakup

37 14.55 1496.60 �25 100 90 Bag breakup
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thin stamen appears against the incoming flow. The whole simulated bag-stamen
breakup process matches well with the experimental results for the case of We ¼ 18
from Zhao et al. (2013).

Droplet Deformation and Breakup Regimes
To summarize the numerical outcomes presented in Table 3, the regime map of
droplet deformation dependent onWe number is presented in Fig. 13. It is shown that
the deformation and breakup modes are dominated by the non-dimensional
We number. When the parameterWeis smaller than 1, the water droplet is in vibration
mode. The initial spherical configuration is maintained, and no visible deformation
appears during the movement. This value agrees well with the numerical works of
Kékesi et al. (2014). When 1<We< 10, the water droplet turns into transition mode
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Fig. 12 Schematic of different deformation modes: (a) vibration mode (Case 3, We ¼ 0.53), (b)
transition mode (Case 15, We ¼ 6.66), (c) bag breakup (Case 18, We ¼ 13.3), (d) bag-stamen
breakup (Case 19, We ¼ 16.5)
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with significant deformations. WhenWe is over the critical value of 10, a droplet is in
bag breakup mode. AsWe becomes greater than 15, the droplet turns into bag-stamen
breakup mode. This deformation regime map from the present numerical results has
good agreement with the experimental works of Krzeczkowski (1980) and
Guildenbecher et al. (Sojka and Guildenbecher 2011).

The non-dimensional Rayleigh-Taylor wave number NRT was proposed by Zhao
et al. (2010) as a critical condition of bag breakup. The fit correlation between the
wave number NRT and We number is given as:

NRT ¼ 0:076 1þ 0:19We0:5
2

1:2We
p

ð24Þ

and droplet bag breakup mode occurs when 1= 3
p

< NRT < 1. The simulated
We number in the present investigation and the corresponding wave number NRT

are shown in Fig. 14. Since the deformation/bag breakup threshold is NRT ¼ 1= 3
p

(black dashed line), it is shown that the numerical results agree well with the
conclusions of Zhao et al. (2010).

Fig. 13 Droplet deformation and breakup regimes for simulated cases

3 Numerical Simulation of Supercooled Droplets Deformation, Impingement. . . 83



Temporal Evolutions of Deformation Factor
The non-dimensional parameter named deformation factor (L) is defined to estimate
the droplet deformation, following the work of Quan et al. (Quan and Schmidt
2006). It is the ratio between the cross-stream diameter and the streamwise diameter,
L ¼ Dy/Dx, as illustrated in Fig. 15.

The temporal evolutions of the deformation factor are given in Fig. 16 for droplet
vibration mode. In the vibration regime, the aerodynamic force is small and the
surface tension force of the droplet can maintain its original shape. As it is shown in
Fig. 16 the deformation factor L varies between 1.0 and 1.1 during the acceleration
process, which means the droplet remains spherical but slightly compressed in the
stream-wise direction.

The temporal evolutions of the deformation factor are given in Fig. 17 for droplet
transition mode. For better visibility, the numerical results of T ¼ 25 �C are
presented and grouped by initial droplet diameter. It is shown in Fig. 17 that in
transition mode, the deformation factor L is in approximately periodical variation.
Also, the peak values and period of deformation factor L become greater at a larger
We number. This is consistent with the well-known conclusion that a greater Weber
number results in a more dramatic deformation.

Fig. 14 Numerical results compared with the breakup criterion from Zhao et al. (2010)
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droplet

Fig. 15 Sketch of the
deformed droplet and
deformation factor

Fig. 16 Temporal evolutions of deformation factor of vibration mode
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The maximum deformation factor Lmax is a vital parameter in the study of liquid
droplet deformation since it describes the extent of droplet deformation and the
windward area of the deformed droplet. During its periodical movement, the droplet
reaches the maximum deformation factor (maximum cross-stream diameter) at the
first peak of the curves given in Fig. 17. The simulated Lmax of each droplet transition
case are shown in Fig. 18 againstWe. It is shown that the value of Lmax increases with
larger We , and the best fit correlation is given as:

Lmax ¼ 0:034We2 þ 0:135Weþ 1:048 ð25Þ

Fig. 17 Temporal evolutions of deformation factor of transition mode (a) D0 ¼ 50 μm, (b) D0 ¼
100 μm

Fig. 18 The minimum
deformation factor Lmax of
simulated transition mode
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The critical time t�c to reach the maximum deformation factor Lmax is also studied.
The values of t�c against Weber number are shown in Fig. 19 for each transition case.
It is shown that the value of t�c is increased along with the value of We. Since the
droplet has a greater extent of deformation at higher We, it takes more
non-dimensional time to reach its maximum cross-stream diameter. The best fit
polynomial correlation for the critical time t�c is given as:

t�c ¼ 0:03We We� 11ð Þ2 þ 0:023 We� 2ð Þ2 ð26Þ
During the droplet bag breakup process, the temporal evolution of cross-stream
diameter Dc before breakup has been widely studied. Chou et al. (Chou and Faeth
1998) proposed their empirical correlation of Dc/D0 as a function of
non-dimensional time:

Dc

D0
¼ 1:0þ 0:5t�, 0 � t� � 2 ð27Þ

Cao et al. (2007) suggested the temporal evolution of Dc/D0 as:

Dc

D0
¼ 1:0, 0 � t� � 0:3

0:59þ 1:34t�, 0:3 � t� � 0:99
ð28Þ

Fig. 19 The critical time t�c of minimum deformation factor
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and Zhao et al.(2013) proposed the function of Dc/D0 as:

Dc

D0
¼ 1:0þ 0:54 t�ð Þ1:67, 0 � t� � 1:5 ð29Þ

The simulated temporal evolutions of Dc/D0 are presented in Fig. 20 for the droplet
breakup regimes. It is shown that the numerical results agree well with the published
conclusions. The numerical results have better consistency with the results of Cao
et al. (2007) at higherWe, while fitting better with the works of Chou et al. (Chou and
Faeth 1998) and Zhao et al. (2013) at relatively smaller We.

Deformation and Breakup Mechanism Analysis
The droplet’s velocity and pressure distributions are analyzed for investigating the
mechanisms of droplet deformation and breakup. The temporal evolutions of
x-component velocity and pressure fields are presented in Fig. 21 for case
20, where the droplet is in a vibration regime. It is found in Fig. 21a that at the
beginning of acceleration (t� ¼ 0.5), due to the existence of the droplet, the uniform
airflow passes around the droplet and a stagnation point occurs at the windward side
of the droplet. At the same time, a pair of symmetric vortices are generated behind
the droplet. As shown in Fig. 21b, the high-pressure region appears at the windward
side of the droplet, while the low-pressure region appears at the downstream region.
This non-uniform pressure distribution leads to the deformation that the droplet is
compressed in the airflow direction. As the flow further develops, the pressure
difference between the windward and leeward sides of the droplet decreases, as
well as the scale of the circulation. In the vibration regime, We is small and the
surface tension force of the droplet can balance the aerodynamic force and viscous

Fig. 20 The temporal
evolutions of the cross-stream
diameter of simulated bag
breakup mode
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force so that the spherical shape of the droplet is maintained during the acceleration
process.

The temporal evolutions of x-component velocity and pressure fields are presented
in Fig. 22 for case 20, in which the droplet is in a transition regime. It is seen in Fig. 22
that due to the strong effect of aerodynamic force, a low-pressure area is generated at
the downstream area (t� ¼ 0.9). The produced pressure difference elongates the water
droplet in the cross-stream direction and turns it into a disk shape. Meanwhile, a pair of
symmetric vortexes are generated at the downstream region. In this circumstance, the
surface tension force can still retain the whole interface, and the droplet turns back into
a spherical shape. At t� ¼ 2.5, the droplet deforms into an ellipsoid with minimum

Fig. 21 Temporal evolutions of droplet configuration (case 20) (a) x-component velocity field, (b)
pressure field

Fig. 22 Temporal evolutions of droplet configuration (case 15) (a) x-component velocity field, (b)
pressure field
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cross-stream diameter. The detour of airflow is alleviated, and the symmetric vortex
starts to separate from the droplet. During the following movement, the deformation of
the droplet is approximately periodical.

The temporal evolutions of x-component velocity and pressure fields are pre-
sented in Fig. 23 for case 20, where the droplet is in the breakup regime. As the
acceleration is trigged, the symmetric vortex pair is generated at the downstream
region and the recirculation keeps growing more prominent. By contrast to the
situations of vibration and transition regimes, the pressure difference around the
droplet keeps increasing, and the airflow at the downstream area becomes turbulent.
During the development, the droplet is further flattened by the recirculation and
continuously stretched in the cross-stream direction. The details of the flow field near
the droplet are given in Fig. 24 for moment t� ¼ 0.55 an t� ¼ 1.2. The structures

Fig. 23 Temporal evolutions of droplet configuration (case 18) (a) x-component velocity field, (b)
pressure field

Fig. 24 Details of the flow field near the droplet (case 18)
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1-toroidal vortex pair in the flow separation region and 2-return flow near the wake
axis are identified in Fig. 24, which are observed in vibration and transition regimes
as well. At t� ¼ 0.55, the droplet deforms into a staircase pyramid, and a structure
3-solitary toroidal vortex appears near the rim of the droplet. The vortex keeps
developing, and the recirculation region is further expanded. In this circumstance,
the surface tension force cannot overcome the effect of aerodynamic force and,
finally, droplet breakup occurs.

Effect of Water Droplet Supercooling
In aircraft icing problems, the water droplets encountered by aircraft are usually in a
supercooled state. To investigate the effect of supercooling on water droplet defor-
mation, comparisons between numerical results under different temperatures are
presented in Fig. 25. It is shown that with the same initial diameter and airflow
velocity, the deformation factor is decreased compared with the results at room
temperature. Also, the variation becomes larger at higherWe numbers. As it is shown
in Table 2 for the supercooled state, the water droplet viscosity significantly
increases compared to room temperature, while the surface tension coefficient
slightly changes. Due to a larger internal viscous force of supercooled water droplets,
the effect of aerodynamic force is withstood, and the droplet deformation is atten-
uated. In Fig. 25 it is worth noting that for each airflow velocity, the curves of
different temperatures have similar tendencies till the droplet reaches its maximum
deformation factor.

Conclusions

Firstly, a systemic numerical method is proposed for solving incompressible multi-
phase flow problems. In which, the continuity and momentum equations are solved
with the projection method, the transport and reinitialization equations of level-set
function ϕ are solved to capture the liquid-air interface, the governing equations are
discretized and solved within a staggered grid system, and the adaptive time step that
determined by convection, viscosity, and surface tension is used to meet CFL
criterion. Three typical multiphase flow problems (Rayleigh-Taylor instability,
water droplet splashing on a thin water film, and water column collapsing problem)
are simulated via introduced numerical methods. The accuracy of the adopted
numerical methods is validated by the excellent agreement between the present
numerical results of classical multiphase flow problems and the published results.

Secondly, the water droplet deformation in continuous airflow is numerically
studied in the present section. The microscale water droplet with initial diameter
D0 ¼ 20~100 μm, and the uniform airflow with velocity Ug ¼ 10~100 m/s, are
simulated according to the conventional environment conditions of aircraft icing
problems. The numerical results indicate that the droplet is in vibration mode, and it
can retain the initial spherical shape when We < 1. For We < 10 the droplet is in a
transition mode, where periodical deformations are observed. As We is greater than
the critical value 10, the droplet is in bag breakup mode. Additionally, the phase
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properties corresponding to a low temperature T ¼ � 25 �C are tested to study the
supercooling effects on droplet deformation. The numerical results reveal that with
the same initial droplet diameter D0 and uniform airflow velocity Ug the extent of

Fig. 25 Temporal evolutions of deformation factor (a) D0 ¼ 50 μm, Ug ¼ 40 m/s, (b) D0 ¼
100 μm,Ug¼ 40 m/s, (c)D0¼ 50 μm,Ug¼ 60 m/s, (d)D0¼ 50 μm,Ug¼ 70 m/s, (e)D0¼ 50 μm,
Ug ¼ 80 m/s, (f) D0 ¼ 50 μm, Ug ¼ 90 m/s
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deformation is decreased for supercooled water droplets compared to the results with
room temperature. Such quantitative analysis results could help with understanding
the physical intrinsic characteristic behind the droplet deformation phenomenon.

Droplet Impact on Surfaces with Different Hydrophobicity

In this section, both the level-set and the Lattice Boltzmann methods are employed to
investigate the droplet impingement on surfaces with different hydrophobicity. Since
the level-set methodology is presented above, only a description of the Lattice
Boltzmann method is given below.

Pseudopotential Lattice Boltzmann Method and Curved Boundary
Treatment

Due to the advantages of the Lattice Boltzmann method in dealing with curved
surface boundaries, a three-dimensional nineteen-velocity (D3Q19) pseudopotential
multiphase Lattice Boltzmann model based on multiple-relaxation-time (MRT)
collision operator is applied to investigate the droplet impact on a superhydrophobic
surface with protrusions, which can be expressed as:

f i xþ eiδt, tþ δtð Þ � f i x, tð Þ ¼ �M�1SM f i x, tð Þ � f eqi x, tð Þ þ Δf i ð30Þ
where fi(x, t) is the particle distribution function, ei is the particle velocity in the ith
direction, M is a transformation matrix, S is a diagonal matrix, f eqi x, tð Þ is the
equilibrium distribution function, and the exact difference method (EDM)
(Kupershtokh et al. 2009) is adopted which is corresponding to the third term on
the right side of the equation.

For the D3Q19 model, the discrete lattice velocity ei is given as:

ei ¼
0, 0, 0ð Þ i ¼ 0

�1, 0, 0ð Þ 0,�1, 0ð Þ 0, 0,�1ð Þ i ¼ 1, � � �, 6
�1,�1, 0ð Þ �1, 0,�1ð Þ 0,�1,�1ð Þ i ¼ 7, � � �, 18

ð31Þ

and f eqi x, tð Þ can be expressed as:

f eqi ¼ wiρ 1þ ei � u
c2s

þ ei � uð Þ2
2c4s

� u � u
2c2s

ð32Þ

where w0 ¼ 1/3, w1 � 6 ¼ 1/18, w7 � 18 ¼ 1/36, and c2s ¼ c2=3 with c ¼ δx/δt. The
density ρ and velocity u can be obtained by the following relationships:
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ρ ¼
18

i¼0

f i

ρu ¼
18

i¼0

eif i

ð33Þ

Using the transformation matrix M, the whole particle evolution can be divided into
the following two steps:

m� ¼ m� S m� meqð Þ ð34Þ
f i xþ eiδt, tþ δtð Þ ¼ f �i x, tð Þ þ Δf i ð35Þ

where m¼Mf, meq ¼Mf eq, f�(x, t)¼M�1m�, and Δfi is the force term which can be
explicitly expressed as Δf i ¼ f eqi ρ, uþ Δuð Þ � f eqi ρ, uð Þ where Δu ¼ Fδt/ρ and the

actual macroscopic velocity is ρv ¼
18

i¼0

eif i þ Fδt=2 (Kupershtokh et al. 2009).

In the pseudopotential multiphase model, the intermolecular interaction force is
introduced to achieve phase separation which is given as:

Fint ¼ β Gwiϕ
2 xþ eið Þei þ 1� 2βð Þϕ xð Þ Gwiϕ xþ eið Þei ð36Þ

where β is fixed at 0.152, G equals 3, and ϕ ¼ ρc2s � kp, where p ¼ p=pc,
ρ ¼ ρ=ρc, and k ¼ 0.01. Due to its remarkable performance in high density ratio
simulations, the reduced formulation of Carnahan-Starling EOS is applied, which
reads:

p ¼ 2:7859ρT
1þ 0:13044ρ

4
þ 0:13044ρ

4

2

� 1� 0:13044ρ
4

3

1� 0:13044ρ
4

3
� 3:8525ρ2 ð37Þ

To mimic the wet phenomenon, the adhesive force between the fluid and the solid
wall is introduced which is computed by (Li et al. 2014):

Fads ¼ �Gadsϕ xð Þ
19

i¼0

wiϕ xð Þs xþ eið Þei ð38Þ

where Gads is used to adjust the wettability and s(x þ ei) is an indicator function
which is equal to 1 for solid and 0 for fluid. The gravitational force is given as:

Fg ¼ ρg ð39Þ
Where g is the gravitational acceleration. To obtain a stable initial density field, the
droplet is equilibrated after 10,000 times without gravity, and the initial velocity of
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the droplet is added by the second law of Newton. Therefore, the specific form of
gravity becomes:

Fg ¼
0 time < 10000

ρ
vint
δt

time ¼ 10000

ρg time > 10000

ρ ¼ 0 ρ < ρavg
ρ ρ 	 ρavg

ð40Þ

Where ρavg is the average density in the computational domain.
In the LB community, the bounce-back scheme is widely applied for non-slip

boundaries due to its simplicity. However, it will cause staircase approximation of
curved walls, which loses the fidelity of real geometry and introduces additional
errors. Furthermore, most of LBM’s common curved boundary schemes have a mass
leakage problem. In the present work, an improved scheme is proposed based on the
halfway bounce-back interpolation boundary condition (HBI) scheme (Ling et al.
2020). The unknown distribution function in the HBI scheme can be expressed as:

f�i xf , tþ Δt ¼ f i xf , t þ 2q� 1

2qþ 1
f�i xf , t � f i xff , t ð41Þ

Where xff¼ xf� eiΔt and q ¼ xf�xwj j
xf�xsj j as illustrated in Fig. 26. To avoid the negative f0

and overcome the mass leakage problem, the leakage mass is added to all the
distributions of the particular fluid node, multiplied by the corresponding weights
following the idea of Sanjeevi (Sanjeevi et al. 2018). It should be noted that the
corrections should be carried out after the force measurement, because the actual

Fig. 26 Schematic of a
curved wall immersed in the
fluid region (blue point: solid
node, orange point: fluid
node, blue line: curved
boundary)
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force on the particle would be corrupted by these corrections (Sanjeevi et al. 2018).
The mass leakage at the curved wall boundary can be computed as (Yu et al. 2020):

Δm xf , tþ Δt ¼
outgoing

f i xf , t �
incoming

f i xf , tþ δt ð42Þ

Then, the final formulations of distribution functions at the boundary node can be
expressed as:

f finali ¼ f i þ wiΔm ð43Þ
It needs to be noted that the droplet will undergo non-physical deformation and
“evaporation” without mass-conservation corrections, which have been reported in
(Yu et al. 2020). In addition, the strategies proposed by Wu et al. (2018) are
employed to improve the simulation stability.

In the Lattice Boltzmann method, the simulation parameters are all based on the
lattice units, which are combinations of the basic units consisting of mu (Mass), lu
(Length), ts (Time), and tu (Temperature), etc. For example, velocity is given in lu/ts,
density in mu/lu3, surface tension inmu/ts2. A transformation relationship between
lattice and real physical units can be established according to dimensional analysis.
At the condition of [oh]lu ¼ [oh]real, the transformation relationship between the

units of length can be written as: l0 ¼ v2l ρl
σ real

=
v2l ρl
σ lu

where [vl]lu is the liquid

kinematic viscosity in LBM, [σ]lu is the surface tension in LBM which is 0.134 in
our simulations according to Laplace’s law and [ρl]lu is the liquid density in LBM. In
the same way, at the condition of [tc]lu ¼ [tc]real, the time scale can be obtained as:

t0 ¼ l1:50

ρl
σð Þ0:5

real
ρl
σð Þ0:5

lu

.

Validation of Related Numerical Methods

Before this study, method validations are highly required. Firstly, to validate the
accuracy of the level-set method introduced in section “Governing Equations and
Numerical Methods” in detail, an experiment about droplet impact on a super-
hydrophobic surface was conducted, and the experimental results were compared
with numerical results. Figure 27 illustrates the corresponding experimental setup.
The water droplets are carefully released from the microliter syringe with a diameter
rangeD0¼ 2~3.5 mm. The impact velocity of the water droplet is controlled in a range
of U0 ¼ 0~3 m/s by adjusting the droplet release height. Poly tetra fluoro ethylene
(PTFE) particles are adopted as the raw material of the homemade superhydrophobic
coating. Firstly, the PTFE is mixed with ethanol and dispersed by a magnetic stirrer
and ultrasonic cell disruptor. Then to improve stability, the thermosetting epoxy resin
is added. The produced coating is sprayed on an aluminum plate, and the plate is
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soaked at a temperature of 80 �C for two hours to deposit a low-surface-
energy monolayer. The equilibrium apparent contact angle for water droplets in the
prepared surface is 156 � � 1� which is measured by the contact angle analyzer (SEO
Phoenix 300 Touch, China). A high-speed camera PCO DLMAX HS4 is used to
record the process of droplet impingement. The experiment with D0 ¼ 2.14 mm and
U0 ¼ 0.64 m/s is implemented for the validation of the numerical method.

The set of level-set simulations is consistent with that of experiments and the
properties of the liquid and gas phases are set as ρl ¼ 998 kg/m3, ρg ¼ 1.185kg/m3

for density, μl ¼ 8.98 � 10�4 Pa � s, μg ¼ 1.84 � 10�5 Pa s for viscosity and the
liquid surface tension coefficient σ ¼ 0.0728 N/m.

Figure 28 compares the water droplet deformations during the spreading and
recoiling stages. Predictions of droplet topology from the numerical model agree
well with the experimental results. In the initial phase, when the droplet contacts the
solid surface, it becomes a truncated sphere. After that, the droplet expands into a
pancake shape and reaches the maximum spreading factor. In the recoiling stage, the
wetting area decreases with the height increase of the droplet center. In the end, the
droplets rebound off the superhydrophobic solid surface.

As shown in Fig. 29, the non-dimensional parameter spreading factor ξ, which is
defined as ξ tð Þ ¼ D tð Þ

D0
, is compared. The time is nondimensionalized by

t� ¼ Ut
D0

ð44Þ

Fig. 27 Schematic of the experimental setup for droplet impact
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It can be found that the numerical results match well with the experimental results. In
addition, the deviation in the maximum spreading factor between the numerical
results (ξmax ¼ 1.42) and the experimental results (ξmax ¼ 1.428) is only 0.56%.

On the other hand, the reliability and accuracy of the three-dimensional pseudo-
potential LBM are also validated before using it to investigate the droplet impact
problem. Laplace’s law is tested at first, with the computational domain set as 151�
151 � 151 lu3 with a periodic boundary condition at all side boundaries. Several

Fig. 28 Comparison of the droplet impact behaviors. Top: simulation results. Bottom: experimen-
tal results (U0 ¼ 0.64 m/s, D0 ¼ 2.14 mm)

Fig. 29 Comparison of wetted surface diameter between the simulation and experiment. (D0 ¼
2.14mm, U ¼ 0.64m/s).
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cases having a droplet with different radii from R ¼ 20 lu to 40 lu initially located at
the center of the domain are performed to obtain pressure difference inside and
outside the droplet. In addition, for numerical stability, the diffuser density field is

initialized as ρ ¼ ρlþρg
2

� ρl�ρg
2

tanh
2 x�x0ð Þ2þ y�y0ð Þ2þ z�z0ð Þ2
p

�R0

W , whereW ¼ 5 lu

is the initial interface thickness, R0 is the initial droplet radius, and x0, y0 and z0 are
the initial center of the droplet which is also set as the center of the computational
domain. The interface of the steady droplet is set as the location of the mean density
0.5(ρl þ ρv), which is also used to measure the steady-state radius. It is worth noting
that when the droplet reaches a stable state, its radius has a slight change compared
with the initial radius due to the evolution of the interface. For a three-dimensional
static droplet, Laplace’s law can be expressed as:

Δp ¼ pin � pout ¼ 2σ
R

ð45Þ

where σ is the surface tension, R is the radius of the droplet, and pin and pout are the
pressures inside and outside the droplet respectively. According to Laplace’s law, the
pressure difference should be proportional to the reciprocal of the droplet radius with
constant surface tension. Figure 30 plots the change of pressure difference with the
reciprocal of droplet radius. It can be found that the simulations agree well with the
linear fit, which means that Laplace’s law is well-validated.

Fig. 30 Numerical verification of Laplace’s law
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In the thermodynamic theory, the thermodynamic coexistence curves (ρl and ρg)
are determined by the Maxwell equal-area which is built in terms of the following

requirement:
ρl

ρg

P0� PEOSð Þ 1
ρ2 dρ ¼ 0, where PEOS is the equation of state in ther-

modynamic theory and P0 ¼ PEOS(ρl) ¼ PEOS(ρg). For the original pseudopotential
LB model, the gas-liquid two-phase density of the numerical solution in the pseudo-
potential LB model is different compared to the solution given by the Maxwell
construction, especially when the two-phase density ratio is large. This problem is
usually called thermodynamic inconsistency. In the present work, we employ the
model proposed by Kupershtokh et al. (2009) to resolve the problem of thermody-
namic inconsistency, which means adjusting β in Eq. (36) to make the numerical
coexistence curves consistent with Maxwell constructions. To validate the thermo-
dynamic consistency of our methods, serval cases about the one-dimensional flat
interface are performed. Here, a three-dimensional domain with dimensions of 26 �
26 � 101 is adopted, where the periodic boundary conditions are applied in both
directions. To improve the numerical stability, the initial density profile is given by:

ρ ¼ ρl þ ρg
2

� ρl � ρg
2

tanh
z� zcenterj j � r0ð Þ

W
ð46Þ

where ρl and ρg are liquid density and gas density respectively, W ¼ 5, zcenter ¼ 50
and r0 ¼ 25. As shown in Fig. 31, the numerical coexistence curves predicted by our
methods are presented. For comparison, the results obtained with Maxwell’s equal-
area rule are also presented in Fig. 31, which refers to the black line. It can be seen
that our results are in excellent agreement with the Maxwell construction in both the
liquid and gas branches and even at T ¼ 0:49, which corresponds to ρl

ρg
¼ 875, the

Fig. 31 Comparison of the
numerical results with the
analytical solution of the
Maxwell construction
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present method still works well, which means its thermodynamic consistency has
been well validated.

Additionally, to assess the performance of the Lattice Boltzmann method, the
droplet impact on a flat superhydrophobic surface is also validated with the exper-
imental results (Li and Zhang 2019; Chen et al. 2011; Abolghasemibizaki and
Mohammadi 2018). As shown in Fig. 32a, at We ¼ 2.64, albeit of some deviation
in time, the multi-layered pancake shape (at 1.4 ms) and the elongated droplet due to
the non-uniform velocity distribution (at 9.8 ms) are all reproduced in simulations
and agree well with the experiment. The droplet deformation after impacting a flat
surface at We ¼ 10 and 51.6 is shown in Fig. 32b and c, respectively. Good
agreement with the experiment, in terms of droplet deformation and bouncing
timing, can be achieved based on the present model. Therefore, it can be considered

Fig. 32 Comparison of experimental and numerical results (a)We¼ 2.64 (Li and Zhang 2019), (b)
We ¼ 10 (Chen et al. 2011), (c) We ¼ 51.6 (Abolghasemibizaki and Mohammadi 2018)
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that the current methodology can reproduce the droplet impact dynamics faithfully
for various values of the parameter We.

Results and Discussions

Droplet Impact on Flat Superhydrophobic Surfaces
The level-set method is applied to investigate microscale water droplets’ impact on a
superhydrophobic solid surface under various conditions. The simulations in this
section are performed in a 3D domain with the dimensions of 4D � 5D � 4D as
shown in Fig. 33. The grid resolution is 50 grids per droplet diameter. It has been
proved that the present size of the domain is large enough to capture the droplet
spreading and rebound movements. The solid bottom surface is set as a no-slip
boundary condition, while other surfaces are specified as the pressure outlet bound-
ary conditions. The intrinsic contact angle is defined as 156� for the wettability of a
solid surface which is consistent with the experiment setup.

Taking the effects of temperature on droplet impact into consideration, different
phase properties corresponding to temperatures from �25 �C to 25 �C are adopted.
For the temperature below 0 �C , the water droplet is considered as a supercooled

Fig. 33 Schematic
illustration of the
computational domain
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state, and the solid-liquid phase change is not considered in the present numerical
study. The specific properties of water under different temperatures are obtained via
the empirical functions (Shinan et al. 2019): μl ¼ 0.01779/(1 þ 0.03368T þ
0.000221T2), σ ¼ (75.769 � 0.145T � 0.00024T2)/1000. The gas properties are
determined according to the reference (Zhu and Zhu, 2016). The detailed physical
properties of the liquid and gas phases are shown in Table 4.

According to the numerical results, different outcomes of droplet impact, such as
complete rebound, rebound with satellite droplets, and breakup during spreading and
splashing, are summarized in Fig. 34 and the four impact outcomes are schematically
illustrated in Fig. 35.

Table 4 Physical properties of the water droplet and air phase used in numerical simulations

Temperature
(�C) ρl(kg/m

3) ρg(kg/m
3) μl(Pa � s) μg(Pa � s) σ(N � m)

�25 999 1.424 6.0 � 10�3 1.59 � 10�5 0.0793

�15 999 1.369 3.27 � 10�3 1.64 � 10�51.64 �
10�5

0.0779

0 999.8 1.293 1.78 � 10�3 1.72 � 10�5 0.0758

15 999.13 1.226 1.14 � 10�3 1.79 � 10�5 0.0736

25 997 1.185 0.898 � 10�3 1.84 � 10�5 0.0728

Fig. 34 Droplet impact regimes of numerical simulations
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Figures 36 and 37 shows the fingering evolutions for the cases of droplet impact
without breakup. The maximum number of fingers generally appears when the
droplet reaches its maximum spreading state. Then the fingers start to coalesce,
resulting in a decrease in finger numbers. In addition, the finger size and the
separation with the lamella increase with Re.

An analytical model is proposed by Aziz et al. (Aziz and Chandra 2000) to predict
the maximum number of fingers around the periphery of the droplet. The expression
of the model is in the formulation of

N ¼ We Re
p
48

ð47Þ

As shown in Fig. 38, the numerical results show a good agreement with the
analytical model from Aziz et al. (Aziz and Chandra 2000).

The splashing threshold plays an important role in many industrial applications
and is wildly investigated in droplet impingement research. A general expression of
the splashing model can be given as

Wea Re b ¼ K ð48Þ

Fig. 35 Schematic of different impact regimes: (a) completely rebound, (b) rebound with satellite
droplet, (c) doughnut-breakup, (d) splashing
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where K is the droplet splashing threshold. Based on the present numerical and
experimental results, the expression of the proposed impact model is given in the
form of:

We0:25 Re 0:25 ¼ 25:15 ð49Þ
As shown in Fig. 39, the splash criterion ofWe decreases under a high Re region. It is
because as Re increases, the inertial force of the droplet becomes dominant, the
periphery of the droplet cannot be maintained by surface tension force, and breakup
occurs.

Fig. 37 Snapshot of droplet fingering evolutions with conditions T ¼ 25 �C, D0 ¼ 50 μm and
U0 ¼ 20 m/s

Fig. 36 Snapshot of droplet fingering evolutions with conditions T ¼ 15 �C, D0 ¼ 50 μm and
U0 ¼ 20 m/s

3 Numerical Simulation of Supercooled Droplets Deformation, Impingement. . . 105



Droplet Impact on Superhydrophobic Surfaces with Protrusions
Except for those above, the droplet impact on the superhydrophobic surfaces with
protrusions is numerically investigated. In which, a three-dimension pseudopotential
LBM is employed due to its advantage in dealing with the curved boundary. It
should be noted that all the parameters in this section are all based on lattice units,
which is typical in Lattice Boltzmann simulations. Figure 40a illustrates the sche-
matic of a droplet impacting a superhydrophobic surface with protrusions and
protrusion shapes. In the simulations, a droplet with a diameter of 80 lu is initially
located at several lu above the protrusion whose characteristic length isW lu without
gravity to obtain an equilibrium state. After 10,000 time steps, the droplet (which has
reached an equilibrium state) is released with a falling velocity, u0. The different
shapes of protrusions consisting of triangle protrusion, square protrusion, and circle
protrusion are considered in this study, as shown in Fig. 40b. In the present work, to
reduce and facilitate the research, only the cases in which the height of the isosceles
triangle and square are the same as W is considered here. The 3D computational
domain with dimensions of 341� 241� 151 lu3 is applied with periodical boundary
conditions on all sides of the domain and non-slip boundary conditions on the top
and bottom. In addition, the specific curved boundary treatment that can effectively
overcome the mass leakage problem described in the previous section is applied
here.

Fig. 38 Comparison of the maximum number of fingers between numerical results and analytical
model.
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In general, the droplet impact process can be divided into three stages: (a) the
falling stage, (b) the spreading and retraction stage, and (c) the lifting-up stage. The
t ¼ 0 is taken as the moment when the droplet just contacts with the top of the
protrusion, and the durations for the three stages can be noted as t1, t2, and t3. Thus,
the whole contact time can be defined as tc¼ t1þ t2þ t3. Unless otherwise specified,
the time t used in this section is nondimensionalized by ρR3=σ.

Figure 41a shows the dimensionless time t� which is defined as t� ¼ t/tcflat for
differentWe. It can be seen that whenWe� 5.2, the contact time is more than that on
the flat surface. This negative effect is attributed to the fact that more time is required

Fig. 39 Droplet impact regimes and proposed impact splashing criteria

Fig. 40 Schematic of (a) a droplet impacting a superhydrophobic surface decorated with a
protrusion and (b) protrusion shapes
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for the droplet to move down and up the protrusion and the spreading speed on the
bottom wall is also significantly reduced. This phenomenon was also reported in
previous experimental studies (Jiang et al. 2020; Hu et al. 2021). When 5.2 < We
< 35.3, as shown in Fig. 41b, the proportion of stage (a) and stage (c) decreases
significantly with increasedWe. Even whenWe is greater than 7.5, stage (c) no longer
exists, and the contact time of droplets will be effectively reduced due to the
occurrence of the break-up. With the further increase of We, the time for stage
(b) will dramatically decrease. As shown in Fig. 41a, a step-like shape of reduced
contact time occurs at We ¼ 35.3 caused by the transition from twice-retraction to
once-retraction and the contact time exhibits two reduced values, which are 0.75 and
0.56 at moderate and high We respectively. Those phenomena are consistent with
previous experiments (Gauthier et al. 2015).

The instantaneous droplet velocity vz is introduced to quantitatively describe the
movement trend of the droplet in the vertical direction, which is defined as a mass-
averaged z-component velocity

vz ¼ Ω
ρlvzdΩ

Ω
ρldΩ

ð50Þ

where Ω represents the droplet computational domain. The parts are marked by a
black circle in Fig. 42 represents the moment when the droplet just touches the
bottom wall and the corresponding dimensionless z component velocities v�z ¼
vz=vi where vi is the droplet falling velocity are 0.85, 0.96, and 0.97 at We ¼ 1.88,
16.93 and 47.01, respectively, which means the loss of kinetic energy in stage
(a) becomes smaller with increasedWe. In addition, in Fig. 42, it can be found that
vz is approximately linearly related to t from droplets touching the bottom wall to
the moment vz ¼ 0 which means during this process, the acceleration is almost

Fig. 41 (a) Contact time as a function of We for W ¼ 16, (b) The proportion of three stages to the
total time (case 1 to 17 correspond to We from small to large)
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constant and approximately satisfies the quadratic relationship with We which can
be written as k ¼ � 0.00006689We2 þ 0.008974We � 0.02469 where k is the
scaling coefficient (acceleration).

As discussed, there are two critical We 5.2 and 35.3 to distinguish whether the
protrusion can effectively reduce the contact time and the efficiency of reducing the
contact time, respectively. Therefore, to facilitate discussion, the low, moderate, and
highWe regimes are defined, respectively, asWe lower than 5.2,We between 5.2 and
35.3, and We 	 35.3.

To investigate the influence of protrusion size on contact time, its shape is kept
unchanged while its size W is changed in the range of 10–30. As shown in Fig. 43,
three different rebound ways can be observed in our simulations, which are noted as
non-break bouncing, two droplets bouncing and three droplets bouncing, respec-
tively. Figure 44a shows the specific type of bouncing corresponding to differentWe
andW, and it can be found that when the size of the protrusion andWe increase, there
will be a transition from non-break bouncing to two droplets bouncing, and then to
three droplets bouncing.

The contact time of droplets at different We and W are shown in Fig. 44b. In the
lowWe regime, the droplet needs to spend more time moving down and up along the
protrusion with increased W. Therefore, the contact time of the droplet will increase
with protrusion scale W. In the moderate We regime, the increase of W leads to the
deformation of the fragments on both sides of the protrusion to be more drastic,
which results in a great reduction in contact time. However, with W and We are
increasing further, the transition of bouncing type from two droplets bouncing to
three droplets bouncing occurs, which increases the contact time. Under these
comprehensive effects, the whole contact varies slightly with the change of W but
is affected significantly in the high We regime. As shown in Fig. 45, when

Fig. 42 The evolution curve
of vz at We ¼ 1.88, 16.93, and
47.01 (the marked part
represents the moment when
the droplet just touches the
bottom wall)
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W increases to 30lu, the fragments on both sides of the protrusion no longer evolve
into four apparent branches. In addition, two obvious cavities can be observed in the
center of the liquid films, leading to a larger surface area. In the process of droplet
contraction, the surface energy is transformed into kinetic energy and potential

Fig. 44 The effects of W on (a) the types of bouncing and (b) the contact time for various We

Fig. 45 Snapshots of a droplet impacting a superhydrophobic surface with a cylindrical protrusion
of W ¼ 30 lu at We ¼ 47.01 lu

Fig. 43 Different types of bouncing: (a) non-break bouncing, (b) two droplets bouncing, and (c)
three droplets bouncing
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energy. The larger the surface area, the smaller the kinetic energy of the liquid film.
In addition, the small droplets formed above the protrusion prematurely take away
part of the kinetic energy. The reduction of kinetic energy leads to the rebound speed
vz at W ¼ 30 lu is lower than that at W ¼ 16 lu, except for the starting point and end
point shown in Fig. 46. Therefore, the droplet rebounds earlier at W ¼ 16 lu than at
W ¼ 30 lu.

In addition, the effects of different protrusion shapes on contact time are also
examined. In the low and moderate We regimes, although the time proportion of the
three stages varies, the whole contact is almost the same, as shown in Fig. 47.

Fig. 46 The evolution curve of vz for W ¼ 16 lu and W ¼ 30 lu at We ¼ 47.01

Fig. 47 The contact time and the proportion of different stages for differentWe and protrusions. (a)
We ¼ 1.88. (b) We ¼ 16.93. (c) We ¼ 47.01
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However, in the highWe regime, the retraction way, and the types of bouncing which
are responsible for the variation of contact time depend on the protrusion shape.
Figure 48 shows the droplet dynamics when droplets leave the surface, and it can be
found that the completion rate of twice-retraction determines the order of the time for
droplets’ bounce-off. In addition, because the droplet contacts the square protrusion
by a curved surface to a plane surface, different from a curved surface to a line for the
circle and triangle protrusion, which makes the droplet spread on the top of the
square protrusion and vertical plane successively, it is more easily for a small droplet
to be formed on the top of square protrusion as shown in Fig. 48b. This transition
from two droplets bouncing to three droplets bouncing increases the contact time.
According to the numerical results, in the high We regime, the time for droplets
bounce-off are in order: square > circle > triangle, and the contact time of the
droplet impacting on a superhydrophobic surface decorated with triangle protrusion
can effectively be reduced up to 48% compared with a flat surface.

Conclusions

In this section, two topics are numerically investigated: droplet impact on a flat
superhydrophobic surface and a superhydrophobic surface with a single protrusion.
For the first topic, the level-set method is employed, and the results reveal that: four
different impact regimes are observed and studied, which include completely
rebound, rebound with satellite droplet, doughnut breakup, and splashing. For the
cases of droplet impact without breakup, it can be found that the maximum number
of fingers appears when the droplet reaches its ultimate spreading state. Then the
fingers begin to coalesce, leading to a decrease in finger numbers. In addition, our
numerical results show a good agreement with the analytical model from Aziz et al.
(Aziz and Chandra 2000). Due to the importance of the splashing threshold in many
industrial applications, based on present numerical and experimental results, a new
impact spread/splash model is also proposed, which can be given as: We0.25Re0.25 ¼
25.15.

Then, the dynamic behavior of a droplet impacting a superhydrophobic surface
with protrusions is numerically studied via the 3D pseudopotential Lattice
Boltzmann method, which is in the form of reduced values. For the case of the

Fig. 48 Schematics of droplets leaving the surface for different protrusions. (a) Triangle protru-
sion. (b) Square protrusion. (c) Circle protrusion
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superhydrophobic surface with a single protrusion, it is found that the droplet
exhibits different non-axisymmetric dynamics for various We and W, including
three bouncing ways (non-break bouncing, two droplets bouncing, and three drop-
lets bouncing) and two retraction ways (once-retraction and twice-retraction). Spe-
cifically, in the low We regime, the contact time increases with We and W due to the
additional time required for the droplet to move along the protrusion. In the moderate
We regime, since the droplet is split into two small fragments leading t3 to be zero,
the contact time is effectively reduced. In the high We regime, a further decrease in
contact time can be observed due to the transition from twice-retraction to once-
retraction. On the other hand, the factorW has little influence on the contact time for
the moderate We regime; while in the high We regime, the large W facilitates the
occurrence of three droplets bouncing, which will greatly hinder the reduction in
contact time. While in terms of the shape of protrusions, the way droplets contact
with the protrusion varies from a curved surface to a plane surface for square
protrusions to a curved surface to a line for the circle and triangle protrusion. It is
observed that the contact reduction is inefficient for the square protrusion compared
with circle and triangle protrusions.

Droplet Freezing

In this section, the droplet freezing process on surfaces with different wettability is
simulated through the multiphase lattice Boltzmann flux solver (Wang et al. 2015a, b)
and the enthalpy porosity model. The temperature evolution of the droplets is visually
illustrated to identify the phenomenon involved in the cooling and phase change of the
droplets.

Multiphase Lattice Boltzmann Flux Solver and Phase Field Method

The mass, momentum, and energy equations for incompressible flow with phase
change and volume expansion effect are given by:

@ρ
@t

þ ∇ � ρu ¼ 0 ð51Þ

@ρu
@t

þ ∇ � ρuuð Þ ¼ �∇pþ ∇ � μ ∇uþ ∇uð ÞT þ Fs ð52Þ

@ρmCm
p T

@t
þ ∇ � ρmuCm

p T ¼ �ρmCL
@γ
@t

þ ∇ � km∇Tð Þ ð53Þ

where t is time, p is pressure, ρ is density, u is velocity, cs is the speed of sound, μ is
dynamic viscosity, ρl is water density, ρs is ice density, L is the latent heat of water,
T is temperature, Cp is specific heat capacity, k is thermal conductivity, and Fs is
source term, including gravity force and surface tension force. γ in the energy
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equation, the liquid fraction takes 0 in the pure ice phase and 1 in the pure non-ice
phase, while C is the non-air fraction that takes 0 in the pure air phase and 1 in the
pure non-air phase. The material properties with superscript m refer to the mean
value of the pure material properties, which take the following form:

ψm ¼ ψa þ C ψ s þ γ ψ l � ψ sð Þ � ψa½ 
 ð54Þ
where ψ represents either ρ, Cp, or k while ψ with subscripts a, l, or s are properties
of air, water, or ice, respectively. Moreover, it is noted that the above equations are
not closed due to the independence of the liquid fraction. A supplementary equation
is required to correlate γ and T. It’s assumed that the freezing phenomenon occurs
within a narrow temperature band, Ts to Tl, rather than at a certain temperature point.
Thus, one optional solution to close flow and energy equations is using a piecewise
linear function (Shen et al. 2019; Shinan et al. 2019; Zhang et al. 2020b):

γ ¼
1 T 	 Tl

T � Ts

Tl � Ts
Ts < T < Tl

0 T � Ts

ð55Þ

Actually, the static droplet freezing on the surface could be divided into four distinct
stages (Zhang et al. 2018): the droplet first cooled down by the cold surface and this
stage is liquid cooling (supercooling). Then, the droplet enters the nucleation stage
instantly and completes the recalescence spontaneously, the period of which is so
short that compared to the following freezing stage, the nucleation and recalescence
stage takes place within several orders of magnitude lower than the duration of the
freezing stage. When the droplet is completely frozen, the ice is cooled by the cold
surface and this stage is solid cooling. It’s worth noted that, after nucleation and
recalescence stage, the temperature of the supercooled droplet increases to the
freezing point 0 �C due to the release of the latent heat and the droplet is assumed
to be uniform. Therefore, the corresponding initial liquid fraction γ0 is:

γ0 ¼ 1� CplΔT
L

ð56Þ

where ΔT is the droplet supercooling. The freezing temperature 0 �C and the
corresponding liquid fraction serve as the initial conditions in the following
simulations.

In addition to the flow and heat transfer governing equations shown above, the
following interface-capturing equation is proposed to track the interface between
water and air:

@C
@t

þ ∇ � Cuð Þ ¼ C 1� ρl
ρs

@γ
@t

ð57Þ
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Obviously, from the numerical viewpoint, the right-hand side of the equation
accounts for the volume expansion effect, which appears at the liquid water and
ice interface. Specifically, C(1-γ), Cγ, and 1-C are referred to as ice, liquid water, and
air, respectively.

It should be noticed that instead of adding a damping source term to the
momentum equation or specifying the ice viscosity (Karlsson et al. 2018; Attarzadeh
and Dolatabadi 2019; Zhang et al. 2020b), which requires the determination of the
uncertain coefficient, the following treatment is implemented to ensure the stagnant
state inside the frozen ice area:

u ¼ u C γ � 1ð Þ þ 1½ 
 ð58Þ
For the flow field solution, the improved multiphase Lattice Boltzmann flux solver
(Wang et al. 2015a, b) in a cylindrical coordinates system is applied, while the
energy equation is solved by a finite difference method using a second-order upwind
scheme. In addition, the finite volume method is utilized to solve the interface
capturing equation where the fifth-order WENO scheme is adopted to increase
accuracy.

Validation of the Method

The droplet freezing on the cold surface is simulated by applying the above-
introduced multiphase Lattice Boltzmann flux solver and phase field method. The
initial conditions are as follows: equivalent diameter of the droplet D is 2.93 mm,
relative humidity is 36.7� 1%, surface temperature Twall is�10.7� 0.1 �C while air
temperature Tair is�5.7� 0.1 �C, and contact angle of the test plate CA is 120�. The
numerical result is compared with the experimental data in Fig. 49, where the
representative four frames are presented.

It is indicated that the ice develops from the plate surface to the top of the
droplet and the water-ice interface evolves from flat to concave. Finally, the entire
droplet presents a peach-like shape due to the volume expansion of the freezing

Fig. 49 Comparison of the droplet freezing process between the experiment and simulation

3 Numerical Simulation of Supercooled Droplets Deformation, Impingement. . . 115



process. Two non-dimensional variables are defined here: the expansion degree
of droplet volume evaluated by the relative volume expansion ratio (V-V0)/V0,
where V is the droplet volume while V0 is its initial volume, and dimensionless
time t0 ¼ tkl/(ρlCplD

2). The computational result of the expansion degree is shown
in Fig. 50. The droplet expansion degree increases with time and finally coincides
with the theoretical value ρl/ρs�1, which verifies the droplet mass conservation in
the simulation. The qualitative and quantitative comparisons confirmed that the
introduced numerical method could accurately capture the droplet freezing pro-
cess on a cold surface.

Results and Discussions

The dynamic droplet freezing process on the cold plate is governed by several
factors, including droplet equivalent diameter D, the contact angle of the plate
surface CA, supercooling of the droplet ΔT, and cooling of the plate Twall. In this
part, Tair and ΔT are equal to Twall, and the effects of D, CA, and Twall are analyzed.
The normalized temperature θ is hereby introduced and defined as θ ¼ �T/Twall.

Effect of Droplet Size
The droplet sizes suspended in the air encountered by the aircraft are usually from
tens of micrometers to hundreds of micrometers. The droplets with diameters of

Fig. 50 The computational result of expansion degree
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50 μm, 500 μm and 2 mm on the �20 �C surface with a contact angle of 90� are
simulated. As the ice-water and liquid-gas interface development processes are
similar for different-sized droplets, Fig. 51 only shows the ice formation and growth,
as well as the temperature evolution of 500 μm diameter droplet.

It is evident from Fig. 51 that the ice accumulates from the bottom initially with
nearly the flat shape, and the expanded volume pushes the liquid water upwards.
With the development of the freezing, the water-ice interface presents the concave
profile, as shown in Fig. 51b, implying that the ice freezes more rapidly at the droplet
surface than at the center. Furthermore, the liquid water surface is frozen, but the
motion is not significantly affected, which is inconsistent with the experiments
(Marin et al. 2014; Zhang et al. 2018). However, because of continuous cooling
from the plate surface, the entire droplet finally turns into ice, and a bulge is formed
on the top, as described in Fig. 51c. And the latent heat is released, as seen from the
temperature distribution.

It’s shown in Fig. 52 that the temperature distributes along the droplet’s symmet-
rical axis at different times, where the horizontal axis represents dimensionless
height z/D. The temperature within the droplet declines continuously while that of
the air increases firstly and then decreases to the temperature of the plate surface.
With the global evolution of the temperature field presented in Fig. 52, it is inferred
that the air is heated by the convection and conduction between the droplet and air.
However, the plate surface cools down the air, and the cold air gradually develops to
surround the unfrozen water. As heating from the droplet to the air is weaker than
cooling the cold upper air, the temperature of the air above the droplet decreases
when t* ¼ 0.108.

Effect of Droplet Supercooling
The droplet freezing processes under different plate cooling temperatures are simu-
lated and the effect of the cooling temperature ranging from �10 �C to �20 �C is
discussed. The evolutions of the water-ice interface and temperature distribution
where three moments of each case are selected as approximately 15%, 50%, and
100% of the droplet total freezing time are shown in Figs. 53 and 54.

Fig. 51 The freezing process of 500 μm diameter droplet on the �20 �C surface with a contact
angle of 90�. (a) t0 ¼ 0.0162. (b) t0 ¼ 0.054. (c) t0 ¼ 0.108
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Despite the droplets experiencing a similar ice growth process under different
plate cooling temperatures, its effect is distinct from that of the droplet size. They
spend unequal time under dimensionless units. The lower the plate cooling temper-
ature, the shorter it takes for the droplet to be frozen completely. The total freezing
time increases to around 2.2 times when the plate temperature varies from �20 to
�10 �C. It is also found that the heating from droplets’ latent heat release on the air is
weaker than that under higher plate cooling temperatures at 15% of droplets’ total
freezing time. This is mainly because of the lower initial air temperature and the
larger supercooling of the droplet, with which the droplet has consumed more latent
heat to rise to the freezing point at the recalescence stage.

Fig. 52 Temperature distributions on the droplet symmetrical axis

Fig. 53 The freezing process of 500 μm diameter droplet on the �10 �C surface with a contact
angle of 90�. (a) t0 ¼ 0.0356. (b) t0 ¼ 0.119. (c) t0 ¼ 0.238

118 C.-l. Zhu et al.



The temperature variations versus time at 50% height of the initial droplet
centerline for the droplet on a cold plate with different cooling temperatures are
described in Fig. 55. The droplet duration at a freezing point is prolonged by the
smaller droplet supercooling and higher plate temperature, which raises every 5 �C,
greatly increasing the time to reach the identical dimensionless temperature.

Effect of Surface Wettability
The droplets freezing on the plates with different surface wettability could present
different frozen shapes, and the temperature distributions during the freezing process

Fig. 54 The freezing process of 500 μm diameter droplet on the �15 �C surface with a contact
angle of 90�. (a) t0 ¼ 0.0227. (b) t0 ¼ 0.756. (c) t0 ¼ 0.151

Fig. 55 Temperature variations at 50% height of the initial droplet centerline
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are correspondingly changed. The simulation results for droplets freezing on the
plates with contact angles of 60� and 150� are presented in Figs. 56 and 57.

It is obvious that when the plate surfaces are hydrophilic and neutral (contact
angle varies from 60� to 90�), the profiles of the ice fronts show flat first and
gradually transit to concave. While for the superhydrophobic plate surface in
Fig. 57, the ice front is convex before the flat shape appears, indicating the larger
ice growth velocity in the center. Correspondingly, the temperature distribution
inside the droplet near the plate surface is not approximately zero gradients along
the radial direction. The reason for the convex ice front is that when the bottom ice
layer forms, the heat transfer is stronger between the ice in the center and the above
liquid water, while that is weaker at the droplet’s lateral root, where the liquid water
contacts with the lower conductivity air compared to the ice. Another important
characteristic is that the temperature inside the droplet could stay higher when the
droplet is frozen instantaneously compared to the droplet on the hydrophilic surface.
This is related to the limited heat transfer area so that the ice accumulation velocity is
slower, and the cooling effect of the plate is weaker in the upper part of the droplet.

Fig. 56 The freezing process of 500 μm diameter droplet on the �20 �C surface with a contact
angle of 60�. (a) t0 ¼ 0.00972. (b) t0 ¼ 0.0324. (c) t0 ¼ 0.0648

Fig. 57 The freezing process of 500 μm diameter droplet on the �20 �C surface with a contact
angle of 150�. (a) t0 ¼ 0.0529. (b) t0 ¼ 0.175. (c) t0 ¼ 0.351
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Hence, with the release of droplets’ latent heat, the cooling effect from the plate on
the surrounding air is relatively decreased.

The droplet volume expansion degrees for droplet freezing on surfaces with
different wettability are depicted in Fig. 58. For the neutral surface, the expansion
degree increases linearly with time in double logarithm coordinates while the growth
curves slightly deviate from the linear relation for CA ¼ 60� and 150� but finally
reach the identical relative volume expansion ratio. It is also illustrated that the total
freezing time increases to around 5.4 times when the contact angle varies from 60�

to150�, which is also suggested in Fig. 57.

Conclusions

In this section, the droplet freezing process on the cold surface is investigated
through the developed multiphase Lattice Boltzmann flux solver and phase field
method. Three main impact factors, droplet equivalent diameter D (ranging from
50 μm to 2 mm), plate surface temperature Twall (ranging from �10 to �20 �C), and
plate surface contact angle CA (ranging from 60 to 150�), are considered seriously in
the fully unsteady droplet phase change process. The developed solver is confirmed
to be accurate by comparing the experimental and theoretical results.

The numerical results show that the droplet size leads little effect on the freezing
process of the droplet. In contrast, the cold plate temperature and surface wettability
significantly impact more. When the temperature of the cold plate increases from
�20 to �10 �C, the total freezing time increases to around 2.2 times due to the less

Fig. 58 Temperature distributions on the droplet centerline
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latent heat released during the recalescence stage. Besides, the droplet freezing on
the superhydrophobic surface shows a convex ice front before a flat water-ice
interface followed by a concave shape. And the total freezing time increases to
around 5.4 times when the contact angle varies from 60� to 150�.

Conclusions

The supercooled water droplet contained in clouds are the main cause of aircraft
icing. During aircraft aviation, the supercooled water droplets ahead the aircraft will
go through deformation, impact with aircraft and finally freezing on the aircraft
surface. A better understanding of the mechanisms of the movement and thermody-
namics of supercooled water droplet is critical for aircraft icing protection systems.
When droplet is surrounded by air and the relative velocity between droplet and air is
presented, the droplet deformation occurs due to interface instability. The present
numerical results indicate that the droplet is in vibration mode, and it can retain the
initial spherical shape whenWe < 1. For higher Weber number with rangeWe < 10,
the droplet is in a transition mode, where periodical deformations are observed. As
We is greater than the critical value 10, the droplet is in bag breakup mode.
Additionally, with the same initial droplet diameter D0 and uniform airflow velocity
Ug, the extent of deformation is decreased for supercooled water droplets compared
to the results with room temperature.

For droplet impingement onto a solid surface, the numerical research reveals four
different impact regimes: completely rebound, rebound with satellite droplet, dough-
nut breakup, and splashing. For the cases of droplet impact without breakup, it can
be found that the maximum number of fingers appears when the droplet reaches its
ultimate spreading state. Then the fingers begin to coalesce, leading to a decrease in
finger numbers. Since the splashing threshold is a critical parameter in many
industrial applications, a new impact spread/splash model for superhydrophobic
surface is proposed based on present numerical and experimental results:
We0.25Re0.25¼ 25.15. Numerical research is also conducted for the droplet impacting
onto a superhydrophobic surface with protrusions. It is found that with protrusions
existing, the droplet exhibits different non-axisymmetric dynamics for various We
and the protrusion characteristic length W. The main dynamics include three bounc-
ing ways (non-break bouncing, two droplets bouncing, and three droplets bouncing)
and two retraction ways (once-retraction and twice-retraction). When weber number
is low, the contact time increases with We and W due to the additional time required
for the droplet to move along the protrusion. In the moderateWe regime, the contact
time is effectively reduced. In the highWe regime, a further decrease in contact time
can be observed due to the transition from twice-retraction to once-retraction. While
in terms of the shape of protrusions, the way droplets contact with the protrusion
varies from a curved surface to a plane surface for square protrusions to a curved
surface to a line for the circle and triangle protrusion. It is observed that the contact
reduction is inefficient for the square protrusion compared with circle and triangle
protrusions.
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Since the existing temperature difference between droplet and surface, the super-
cooled droplet will go through freezing once it is attached to cooling surface. The
present numerical results indicate that the droplet size leads little effect on the
freezing process of the droplet. In contrast, the cold plate temperature and surface
wettability significantly impact more. When the temperature of the cold plate
increases from �20 to �10 �C, the total freezing time increases to around 2.2
times due to the less latent heat released during the recalescence stage. Besides,
the droplet freezing on the superhydrophobic surface shows a convex ice front
before a flat water-ice interface followed by a concave shape. And the total freezing
time increases to around 5.4 times when the contact angle varies from 60� to 150�.
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