
Chapter 6
Polarization in cascade decays

It often happens that vector particles are not produced directly from the partonic
collision but are, together with an accompanying “recoil” system, the fruit of the
decay or transformation of another particle or object. In inclusive production studies
the two-step process usually remains unobserved and the dilepton decay distribution
is studied as if the vector particle were produced directly.

The basic, intuitive expectation is that the isotropic decay from a J = 0 (mother)
state should lead to the observation of a rotationally smeared angular distribution of
the (daughter) vector particle decay, while, for J > 0, the observed polarization of
the vector particle should somehow reflect the one of the mother particle.

We will address the following specific questions.

• In what kind of measurement and kinematic conditions can we indeed expect
that a vector particle indirectly produced from the decay of a J = 0 particle
(χc0 → J/ψ γ, B→ J/ψK, H→ Z γ, etc.) tends to look as unpolarized?

• How can the observation, made at the LHC, of almost unpolarized “directly” pro-
duced J/ψ mesons be justified in terms of fundamental production mechanisms?
Is it not true that those coming from the decays of (J = 0) B mesons are the ones
most reasonably expected to be unpolarized?

• How do the polarizations of J = 1 or J = 2 mother particles transform into the
observed polarization of the vector particle (χc1,2 → J/ψ γ, Z→ J/ψ γ, etc.)?

• What polarization frame definitions can be adopted to describe the two-step pro-
cess and what are their respective advantages?

173© The Author(s) 2023
P. Faccioli and C. Lourenço, Particle Polarization in High Energy Physics,
Lecture Notes in Physics 1002,
https://doi.org/10.1007/978-3-031-08876-6_6

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-08876-6_6&domain=pdf


174 6 Polarization in cascade decays

6.1 Observing unpolarized vector-particle production

In this chapter we describe how the polarization is transferred from the mother par-
ticle to the daughter particle in a cascade (two-step) decay, where the daughter is
a vector particle further decaying into a lepton-antilepton pair. Most of the chapter
is devoted to the detailed discussion of the simplest case, the one where the mother
particle is a J = 0 state. This is not only the easiest possible template of a general
description, but it also corresponds to several interesting physics cases. Moreover,
it represents a bridge to the subject of the previous chapter, where we proposed ex-
amples of “smearing” effects reducing the “amount” of the observed polarization.
In fact, we can see the cascade production from a J = 0 particle as the potential
source of the most extreme of the smearing effects, leading, in certain limits and
conditions, to an effectively unpolarized production, thereby seemingly violating
the unavoidable mathematical constraint that vector particles are necessarily intrin-
sically polarized (Theorem 1.1, Section 1.10).

We will consider examples of the cascade process O→ V + X, V → `+`−, where
O is (in the first part of the chapter) a particle of spin J = 0, V the vector state
of which we want to study the polarization, and X an accompanying particle. The
process has four degrees of freedom, represented by the angles Θ and Φ, describing
the direction of V in the O rest frame, and ϑ and ϕ, the lepton emission angles in the
V rest frame.

Figure 6.1 illustrates the definitions of these variables. The angles Θ and Φ are
defined with respect to the polarization frame chosen for O (such as the GJ, CS, HX,
and PX frames introduced in Chapter 2), referred to external physical directions (the
colliding hadrons). For V we take as polarization axis the V direction in the O rest
frame and, as a reference for the azimuthal anisotropy, the plane containing the
polarization axes (z and z′) of the two particles: we will refer to this frame as the
“cascade helicity frame” (cHX).

In our specific case, the fact that O has zero angular momentum reduces con-
siderably the complexity of the problem. Any J = 0 state, when it decays, emits its
products isotropically. In fact, the spherical symmetry of a J = 0 wave function does
not provide any possible reference for the definition of what an angular anisotropy
could be. The calculation of the decay distribution involves the D0

LL′ (Θ,Φ) matrix,
which has, actually, only one element,D0

00, constant and independent of the angles.
As a result, the full angular distribution, W(cosΘ,Φ, cosϑ, ϕ), is actually indepen-
dent of cosΘ and of Φ.

In several concrete cases it is also straightforward to write the cosϑ and ϕ de-
pendence of W. We will consider a series of examples, where V is either a vec-
tor quarkonium or a Z boson and O is either a χ0 quarkonium (χc0 → J/ψ γ and
χb0 → Υ γ), a B meson (B → J/ψK), or a Higgs boson (H → J/ψ γ, H → Z γ).
Some of these decays happen quite frequently in high-energy experiments; others
are rare or even so-far unobserved processes. Together, they cover a large spectrum
of possible observable manifestations of the polarization of V , thanks to the wide
range of masses of the mother and daughter particles. In fact, and as we will see
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Fig. 6.1 Definition of the four angles used in the description of the cascade decay O → V + X,
V → `+`−: the Θ and Φ angles are measured in the O polarization frame (x, y, z), defined as one of
the usual frames (HX, CS, etc.) introduced in Chapter 2, while ϑ and ϕ are the dilepton emission
angles in the V rest frame, with respect to the “cascade helicity” (cHX) system of axes (x′, y′, z′).

in detail in Section 6.3, the results that can be observed in a real (or simulated)
experiment are strongly dependent on the mass difference between O and V .

In all these examples the polarization of V , when measured in the cHX frame, is
either fully transverse or fully longitudinal, depending on the accompanying daugh-
ter particle X (a photon or a kaon), as a pure consequence of angular momentum
conservation: no role is played by the different interaction couplings involved.

The O→ V + X decay in the O rest frame is illustrated in Fig. 6.2-top. The V + X
system has angular momentum J = 0 and, therefore, projection Jz = 0 on any z axis,
so that, in general,

JV
z + JX

z + IV−X
z = 0 . (6.1)

This relation includes a possible orbital angular momentum component IV−X be-
tween the final states, which is, in particular, mandatory and well determined (I = 1)
in the decay B(J = 0) → J/ψ(J = 1) K(J = 0), where, otherwise, angular mo-
mentum conservation would be violated. The cHX axis z′, defined by the common
direction of the back-to-back V and X momenta, is a privileged axis to study the
composition of angular momenta, because IV−X is perpendicular to the linear mo-
menta and IV−X

z′ vanishes: only the individual spins of V and X have to be considered
in the projected sum. The component JX

z′ is well defined in all considered cases: it
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Fig. 6.2 How the vector particle V , produced in the O→ V + X decay, acquires or loses its observ-
able polarization, depending on the kind of measurement. Top: the process observed with respect to
the O rest frame, in a measurement where both V and X are detected and the cHX axis z′ is adopted
as V polarization axis. For illustration, the case of a transverse polarization is shown, correspond-
ing for example to X = γ (transversely polarized photon): V is transversely polarized. Middle:
the same kind of observation, for different directions of the outgoing V (different orientations of
z′). Bottom: X is not observed or not used in the determination of the angular distribution; the
measurement does not distinguish between directly and indirectly produced V and uses the same
laboratory-referred frame as in inclusive studies. The average over all event configurations smears
the shape of the V decay angular distribution towards the spherical symmetry.
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can only be ±1 when X is a (transversely polarized) photon and 0 when X is a kaon
or another J = 0 particle.

With these constraints, Eq. 6.1 implies, respectively, JV
z′ = ∓1 and 0 in the photon

and kaon cases. As expected for a vector particle (Theorem 1.1), V is intrinsically
polarized. The four-dimensional angular distribution is

WcHX(cosΘ,Φ, cosϑ, ϕ) ∝ 1 + λ0 cos2 ϑ , (6.2)

where λ0 is the “natural” polarization, λ0 = +1 (photon) or −1 (kaon), and, as
discussed above, there is no dependence on the Θ and Φ angles. To be measured,
this distribution requires that the experiment reconstructs not only V but also X,
using the momenta of both to determine the momentum and rest frame of O, needed
for the definition of the cHX polarization axis.

The smearing effect that we will be studying arises when the V polarization mea-
surement neglects (i.e. implicitly integrates out) the degrees of freedom of X, one
possible reason being that X is not even observed and the O → V + X events are
collected in the analysed data sample together with many other events where V rep-
resents the detected final state, independently of how it was produced.

To this category of measurement, which we will call “inclusive”, belong, for ex-
ample, most quarkonium (“prompt”) production measurements, such as those pub-
lished in Refs. [1–11], where J/ψ or Υ mesons are studied without distinguishing
between directly produced states and those coming from the “feed-down” decays
of χc or χb mesons: the analysed sample includes a fraction of such indirectly pro-
duced states, whose yields and (usually different) polarization properties must then
be addressed, through hypotheses or analysis of further data, in the theoretical inter-
pretation of the results.

The so-called “non-prompt” J/ψ (or ψ(2S)), produced in the decays of B mesons
at an experimentally significant distance from the partonic interaction point, can, in-
stead, be effectively distinguished from the prompt ones through suitable selection
and subtraction procedures, as described hereafter, and are generally considered in
separate measurements addressing their different production mechanisms (and dif-
ferent polarizations).

A second class of measurements, which we will refer to as “exclusive”, is per-
formed on the basis of event samples selected by fully reconstructing the final state.
In particular, measurements of χc and χb cross sections (or cross-section ratios or
polarizations), such as those reported in Refs. [12–19], reconstruct the photon emit-
ted in the radiative decays, χc → J/ψ γ and χb → Υ γ, and only select events where
the final state has an invariant mass compatible with the χc or χb masses. Also in this
case, the photon (X) momentum is, generally (and as assumed in our discussion),
ignored in the angular analysis, i.e. it is not translated into values of cosΘ and Φ.

Even when these variables are, in nature, uniformly distributed and the problem
“looks” like a two-dimensional one (Eq. 6.2), acceptance and efficiency limitations
in the detection of the involved particles can sculpt the four-dimensional distribution
introducing correlations between the four angles. Integrating out the variables cosΘ
and Φ can be a necessity when the analysis cannot afford a four-dimensional anal-
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ysis, typically because the data sample is too small. However, this analysis choice
has consequences on the observable cosϑ, ϕ distribution, which we will illustrate in
detail.

Considering the two kinds of measurements, inclusive and exclusive, allows us
to address the following questions, here, for clarity of exposition, only formulated
for the quarkonium case.

a) What are the polarizations of J/ψ orΥmesons produced in the decays of χc0 or χb0
states, as they contribute to the inclusively observed prompt J/ψ or Υ production
(that is, when radiative decay photons are not detected or are ignored)?

b) If, using the measured γ momentum, we exclusively select samples of J/ψ or
Υ mesons coming from the decays of χc0 or χb0 states, and submit them to the
same kind of analysis applied to the corresponding “inclusive” samples, what
polarizations are we expected to measure and why?

We can already anticipate here that, contrary to what common sense may at first
suggest, the two questions have different answers.

Of these two examples, the first one (a) can only be addressed theoretically or
through simulated events: it cannot be investigated experimentally in a direct way,
since restricting the analysis to the vector quarkonia coming from χ states requires
that some selection is applied to X = γ, but this procedure is the one defining the
second example (b).

When, instead, we consider the case of J/ψ mesons produced in decays of B
mesons, the measurement of the corresponding polarization can actually be made
also using “inclusive” samples. In fact, experiments often identify inclusive event
samples dominated by B → J/ψ decays by selecting the “non-prompt” J/ψ mesons,
i.e. the events in which the distance between the primary vertex (the proton-proton
interaction point, where the B is produced), and the dimuon vertex, where the J/ψ
is produced and immediately decays, is significantly larger than the uncertainty in
the measurement of that distance. This method is justified by the relatively large
decay length of B mesons (the B± lifetime is around 500 µm), with respect to the
measurement resolution of most modern experiments, of around 10 µm.

In this case we can, therefore, ask the questions: what do we expect as an outcome
of a real polarization measurement of J/ψ mesons produced in decays of B mesons,
when using either an inclusive sample of non-prompt J/ψ mesons, or the exclusive
events where the accompanying particle X (a kaon, for example) is identified? In
both cases, it is meant that the angular degrees of freedom of the B decay are inte-
grated out and the angular measurement is made in the two-dimensional (cosϑ, ϕ)
space of the dilepton decay in the J/ψ rest frame.

Finally, we will also discuss the polarizations of the J/ψ or Z bosons emitted
in radiative Higgs decays (H → J/ψ γ or H → Z γ), measured with respect to the
usual CS and HX frames, defined in terms of the momenta of the colliding protons
without using the momentum of the daughter photon, that is, without referring, at
each given event, to the rest frame of the specific Higgs boson that generated the
observed particle.
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We will discuss these questions gradually, until the end of this chapter, starting
here with a first, simple and intuitive answer, quantitatively valid under conditions
and limitations that will be studied in the next sections.

The idea is illustrated in Fig. 6.2. We know that V is emitted isotropically in
the rest frame of the J = 0 particle O, as illustrated in the middle drawing. With
a “Copernican” change of point of view, adopting as observation platform the rest
frame of V (where the polarization measurement is made), we will see, event af-
ter event, O departing in all possible directions, a situation illustrated in the bottom
drawing and described by uniformly distributed spherical coordinates cosΘ and Φ.
Along each of these individual directions (represented by the event-dependent z′

cHX axis) we see a lepton decay distribution of shape 1 + λ0 cos2 ϑ, according to
Eq. 6.2. With respect to a hypothetical “absolute” set of x, y, z axes fixed in space
(for example, the laboratory axes), this distribution appears, each time, as rotated
in a different direction. The convolution of all these rotated distributions leads to
a spherical overall distribution. In other words, by referring to the “absolute” axes
we lose the connection to the natural frame and the polarization orientation is fully
“randomized”, resulting in the apparent absence of any anisotropy of the decay dis-
tribution.

The intuitive concept that the decay distribution undergoes a full rotational
smearing, concealing any underlying polarization, if the direction of the polarization
axis is randomized with respect to the natural one, is formalized mathematically by
Eq. 5.5. Here, cos ζ and ω are the analogous of the spherical coordinates cosΘ and
Φ, describing how the observation frame (the “absolute” one in the present case)
is rotated with respect to the natural one. All terms in sin (nω) or cos (nω), with
n = 1 or 2, have zero average over the ω interval [−π,+π], implying that λϕ, λ⊥ϕ ,
λϑϕ, and λ⊥ϑϕ vanish. Concerning λϑ, we notice that the uniform integration over
the polar coordinate cos ζ = cosΘ is actually not the only operation leading to
a perfectly isotropic distribution. While there are in principle several ad hoc pos-
sibilities producing the same result, we consider here a case that will be seen as
physically relevant in the subsequent discussion, namely a linear distribution of the
kind 1/2 (1 + B cos ζ) with |B| ≤ 1 (normalized to unity over the [−1,+1] range). In
fact, the average of sin2 ζ over this distribution is

〈sin2 ζ〉 =
1
2

∫ 1

−1
(1 − cos2 ζ) (1 + B cos ζ) d cos ζ =

2
3
, (6.3)

independently of B, leading to λϑ = 0 in Eq. 5.5: a constant distribution (B = 0) or a
linear one (0 < |B| ≤ 1), the latter option corresponding to a non-spherical smearing,
both lead to the unpolarized scenario.

The actual reason why the linear cos ζ distribution is equivalent to a flat one is
that it corresponds to a flat distribution of | cos ζ |, and the sign of cos ζ is not relevant
for our present considerations (this argument would not be valid in studies of parity-
violating effects).

This simple reasoning, leading to the prediction of unpolarized vector particles,
does have counterparts in possible physical scenarios. However, depending on the
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case, a fully isotropic smearing will be observed only in very specific kinematic con-
ditions and/or with specific analysis choices. In fact, we have used two hypotheses
that require case-by-case validation:

a) the laboratory-referred frames HX, CS, etc., are good approximations of an “ab-
solute” frame;

b) the two-dimensional (cosΘ,Φ) distribution remains uniform, as it is in nature,
in the data sample used for the measurement or, at most, its cosΘ projection
becomes linear.

How are these hypotheses affected by the experimental selections? The next sec-
tions address this problem and illustrate what kinds of observable distributions are
expected in real experiments.

6.2 Kinematics of cascade decays

We have seen that the observation of an unpolarized vector particle becomes possi-
ble, at least conceptually, when the particle is produced from the decay of a J = 0
state O, in specific kinds of measurements where the observer is blind to the an-
gular degrees of freedom of the O decay. The full smearing leading to a complete
lack of measurable anisotropy, is, however, only an extreme case, occurring when,
in the collected event sample, the (unobserved) cosΘ distribution remains uniform
as it is in nature, or becomes linear, the latter condition practically including, as ap-
proximations, cases where it is only slightly and smoothly shaped by experimental
selections.

We are now going to study how the measurement itself, by sculpting the cosΘ
distribution, can perturb the spherical smearing naturally produced by the decay of
a J = 0 particle, and actually find a more or less anisotropic dilepton distribution.
The four-dimensional distribution W of Eq. 6.2 does not depend explicitly on cosΘ
and does not give any hint on how the dilepton distribution can be (more or less)
smeared as a consequence of a (more or less) uniform randomization of the cosΘ
variable; in fact, it remains true that, even when such a randomization occurs, the
V polarization along the cHX axis, built with the per-event knowledge of the O
momentum, is immune to it and remains maximal and unsmeared.

In order to study the geometry of the smearing mechanism, it is convenient,
therefore, to use an alternative configuration of the V polarization frame. Figure 6.3
shows the new definition, which, like the previous one, is adoptable, more generally,
for the description of any two-step cascade decay. The x, y, z axes, with respect to
which the emission angles Θ and Φ of the O → V + X decay are measured, are the
same as in the previous definition: z is, for example, the polarization axis in the HX
or CS frame of O. Instead, the x′′, y′′, z′′ axes, the double-prime sign indicating the
new references for the dilepton decay in the V rest frame, are now exact geometrical
clones of the x, y, z axes, obtained by a simple, undistorted translation, not involving
any Lorentz boosts of the physical references. In practice, the dimensionless unit
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Fig. 6.3 An alternative definition of the polarization frame used in the description of the cascade
decay O → V + X, V → `+`−: the x, y, z axes, and therefore the angles Θ and Φ, are the same
as in the usual definition of Fig. 6.1, while ϑ and ϕ, dilepton emission angles in the V rest frame,
are now defined with respect to a system of axes, x′′, y′′, z′′, geometrically identical to x, y, z (the
“cloned cascade frame”, CC).

vectors of the x, y, z axes, defined in the O rest frame (O must, in principle, be re-
constructed) are used with no modification as unit vectors of the x′′, y′′, z′′ axes in
the V rest frame.

This choice, hereafter referred to as the “cloned cascade frame” (CC) may sound
physically abstract and perhaps counter-intuitive, but there is a limit in which the
x′′, y′′, z′′ axes simply reduce to the axes of the “ordinary” HX or CS frame (or any
other frame adopted for x, y, z) of V , that is, the one “properly” defined in terms of
beam directions Lorentz-boosted to the V rest frame: when the momenta of O and
V in the laboratory are much larger than the mass difference between O and V , they
become almost indistinguishable and the directions of, say, the HX axis in the O rest
frame and the HX axis in the V rest frame tend to coincide (as is more quantitatively
described later in this section).

We note that the definition of the CC frame requires the specification of the frame
used for the decay of O, that is, of what frame is being “cloned”: we can refer, for
example, to the HX CC or CS CC frame. When this specification is absent, we will
imply that we are using the HX frame as “master” frame.

For the decays χc → J/ψ γ, χb → Υ γ or B → J/ψK, given the relatively small
differences between the masses of the mother and daughter particles, this condition
is satisfied in most of the kinematic domain of the LHC measurements. In this limit,
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Fig. 6.4 Representation of the cascade decay O → V + X, V → `+`−, indicating the reference
axes (CC frame), the decay angles, the angular momentum states of the involved particles, and the
Wigner matrix elements used for their rotation. The red axis represents the common direction of
the O and V polarization axes (z and z′′, respectively) in the CC frame.

the determination of the x′′, y′′, z′′ axes decouples from the knowledge of the O
momentum and the polarization measurement in the CC frame can effectively be
performed without observing the accompanying particle X and reconstructing the O
rest frame.

To determine the expression of the four-dimensional angular distribution, we start
by writing the amplitude of the process O→ V+X, following a procedure analogous
to the one used in Section 1.7 to derive the dilepton distribution of a J/ψ.

Figure 6.4 summarizes the notations used for the angular momentum states of
the involved particles, the axes and their rotations; for later use (Section 6.6), the
diagram represents the general case where the mother particle O has angular mo-
mentum quantum number J.

As mentioned in the previous section, in the considered examples X has a definite
angular momentum projection, which we indicate here with K′, along the z′ (cHX)
axis, while there is, in general, also an orbital momentum component that now, with
respect to the CC polarization axis z′′, we will not be able to ignore. In order to use
simple two-body angular momentum sum rules, we then attribute the orbital angular
momentum to X: in practice, we consider X as a state that has, whatever its identity
(a photon, a spin-0 kaon), total angular momentum J = 1, including the orbital part,
as required so that its sum with the, also unitary, spin of V yields the zero angular
momentum of O.

The Wigner matrix needed to rotate the angular momentum of X from the x′, y′, z′

axes to the x′′, y′′, z′′ axes is, therefore,D1
K′′ K′ (Θ,Φ), where K′′ is the Jz′′ projection

of X on the z′′ axis:

|X; 1,K′〉z′ =
∑

K′′=0,±1

D1
K′′ K′ (Θ,Φ) |X; 1,K′′〉z′′ . (6.4)

Since we will only be considering parity-conserving terms of the decay distribu-
tion, Θ and Φ indifferently denote the direction of V or of X, while to obtain correct
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signs for the parity-violating terms, following the notations of Fig. 6.3 where it is
the direction of V that defines Θ and Φ, the Wigner matrix for the rotation of X
should readD1

K′′ K′ (π − Θ, π +Φ).
Indicating with L′′ the generic Jz′′ projection of V on z′′, the decay amplitude is

given by

A(O→ VL′′ + XK′ )

=
∑

K′′=0,±1
z′′〈V X; 1, L′′, 1,K′′ | B |O; 0, 0〉z′′ D1∗

K′′ K′ (Θ,Φ)

= 〈1, L′′, 1,−L′′ | 0, 0〉 D1∗
−L′′ K′ (Θ,Φ) ,

(6.5)

where the operator B, containing the dynamics of the decay, can, in general, impose
relations between the angular momentum states of O, V , and X. In the cases here
considered, the relevant physical constraints are two: a) along z′′, the V and X par-
ticles have opposite angular momentum projections, being the two daughters of a
J = 0 state, as expressed in the relation used in the second equality above:

z′′〈V X; 1, L′′, 1,K′′ | B |O; 0, 0〉z′′ ∝ δK′′,−L′′ 〈1, L′′, 1,−L′′ | 0, 0〉 ; (6.6)

b) the nature of X, being either a transversely polarized photon or another J = 0
particle (a condition that we will impose below, while summing over the squared
amplitudes), effectively determines, by angular momentum conservation, a definite
natural polarization of V .

The Clebsch–Gordan coefficient 〈1, L′′, 1,−L′′ | 0, 0〉 is
√

3/3 or −
√

3/3, respec-
tively for L′′ = 0 or ±1. The amplitude of the two-step process can then be written by
including a factor expressing the rotation of the dilepton angular momentum state,
which has projection L′′′ = ±1 along its own flight direction in the V rest frame
(z′′′ axis), onto the z′′ axis (where it has projection identical to the V one, L′′), and
summing over the possible L′′ components of V:

A [ O→ V + XK′ , V → (`+`−)L′′′ ]

∝
∑

L′′=0,±1

〈1, L′′, 1,−L′′ | 0, 0〉 D1∗
−L′′ K′ (Θ,Φ) D1∗

L′′ L′′′ (ϑ, ϕ) .
(6.7)

This latter expression can also be read, by comparison with Eq. 1.10, as the am-
plitude of the dilepton decay of V , when V has (Θ,Φ)-dependent angular momentum
components (referred to z′′) aL′′ = 〈1, L′′, 1,−L′′ | 0, 0〉 D1∗

−L′′ K′ (Θ,Φ). The final ex-
pression of the angular distribution is obtained by squaring Eq. 6.7 and summing
over L′′′ = ±1 and over the relevant K′ values, which depend on what the final state
X is. In the cases we will consider, K′ = 0 if X is a kaon (or other J = 0 particle),
and K′ = ±1 if X is a photon. Therefore, V has a fully longitudinal natural polariza-
tion in the cHX frame, λ0 = −1, in the first case and a fully transverse one, λ0 = +1,
in the second.
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The resulting distribution for a generic natural polarization of V is:

WCC(cosΘ,Φ, cosϑ, ϕ)

∝
1

3 + λ0

(
2 + λ0 (1 − cos2 Θ − cos2 ϑ + 3 cos2 Θ cos2 ϑ )

+ λ0 sin2 Θ sin2 ϑ cos 2(ϕ −Φ)

+ λ0 sin 2Θ sin 2ϑ cos (ϕ −Φ)
)
.

(6.8)

Only the difference between azimuthal angles, ϕ − Φ, enters this expression,
which is, moreover, fully symmetric by exchange between the O and V decay angles:
(Θ,Φ) →← (ϑ, ϕ). It is, however, possible to rewrite the result giving emphasis to the
dilepton part, by defining (cosΘ,Φ)-dependent anisotropy parameters and obtaining
the same usual expression of Eq. 1.16, with

λϑ =
−λ0 (1 − 3 cos2 Θ)
2 + λ0 (1 − cos2 Θ)

,

λϕ =
λ0 sin2 Θ cos 2Φ

2 + λ0 (1 − cos2 Θ)
, λ⊥ϕ =

λ0 sin2 Θ sin 2Φ
2 + λ0 (1 − cos2 Θ)

,

λϑϕ =
λ0 sin 2Θ cosΦ

2 + λ0 (1 − cos2 Θ)
, λ⊥ϑϕ =

λ0 sin 2Θ sinΦ
2 + λ0 (1 − cos2 Θ)

.

(6.9)

The distribution becomes obviously isotropic if λ0 = 0. We can also recognize
from Eq. 6.8 that the average over a uniform (or linear) cosϑ distribution (giving
〈cos2 ϑ〉 = 1/3) and over the azimuthal dimension leads to an isotropic (cosΘ,Φ)
distribution, as expected from the decay of a J = 0 particle. Vice versa and more
interestingly, the (uniform or linear) average over cosΘ leads to an isotropic dilepton
decay distribution of the vector particle V , providing a further illustration of the
concepts discussed in the previous section. However, it is now apparent that, if the
cosΘ distribution is, for some reason, not uniform or linear, so that 〈cos2 Θ〉 , 1/3,
the resulting dilepton distribution measured in the CC frame will not be isotropic
and the presence of a nonzero natural polarization λ0 will somehow be revealed.

It is not difficult to realize that a measurement usually introduces sculpting ef-
fects on the cosΘ distribution. If all V particles produced by the decay of O were
included in the analysed data sample, the distribution would remain uniform, as it
is naturally. In general, however, this is not possible in a real experiment, and not
only because of the selection criteria applied to improve the quality of the signal
reconstruction. The simple fact that we are observing a sample of V particles (in-
stead of a sample of O particles) and we are, therefore, delimiting the range of their
(transverse and/or longitudinal) momenta in the laboratory, reshapes the cosΘ dis-
tribution. To understand how, we need to open a brief parenthesis on the relations
between the relevant kinematic variables: the momenta of O and V in the laboratory,
P and p, with moduli P and p; the momentum of V in the rest frame of O, p′, with
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Fig. 6.5 Kinematic variables used in the description of the decay O→ V + X.

modulus p′; the masses M, m, and mX of O, V , and X; and cosΘ. The notations are
illustrated in Fig. 6.5, where the angle Θ is seen to be defined in the HX frame of O.
In all relations until the end of this section, we imply Θ ≡ ΘHX.

The components of the V momentum perpendicular, p⊥, and parallel, p‖, to the
direction of P transform from the O rest frame to the laboratory frame according to
the Lorentz boost defined by β = P/

√
M2 + P2, so that:

p⊥ = p′⊥ = p′ sinΘ (6.10)

and

p‖ =
1√

1 − β2

(
p′‖ + β

√
p′2 + m2

)

=

√
1 +

P2

M2 p′ cosΘ +
P
M

√
p′2 + m2 .

(6.11)

The momentum p′ is

p′ =
1

2M

√(
M2 + m2 − m2

X
)2
− 4M2m2 '

M2 − m2

2M
, (6.12)

where the approximate equality corresponds to m2
X � M2 + m2, a relation satis-

fied in all the cases hereafter considered, either exactly (X = γ) or up to 1%-order
corrections (X = K in B decays).

For an easier illustration of the concept we will make the temporary assumption
that we are considering high-momentum measurements, that is, the momenta of O
and V in the laboratory are significantly bigger than their masses. This condition,
which will not be used in the computations of the next section, can be considered to
be satisfied, for example, in most charmonium measurements at the LHC. The re-
lations seen in the remaining of this section are, therefore, applicable quantitatively
to the decays χc0 → J/ψ γ and B→ J/ψK, but not, in general, to the Higgs decays.
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Equations 6.10 and 6.12 imply the general inequality p⊥ < (M − m) sinΘ and,
therefore,

p⊥ � p if M − m � p . (6.13)

This means that, in the assumed approximation, we have p ' p‖, so that the vec-
tors p and P can be considered to be parallel. In this approximation, as previously
mentioned, the CC frame becomes coincident with the corresponding laboratory-
referred frame, for example the HX frame.

We can now quantify the effect of this approximation on a polarization measure-
ment, considering that the angle δCC between the two polarization axes is, by defini-
tion of such axes, the angle between the vectors p and P, given by sin δCC = p⊥/p.
Assuming that the decay distribution is of the kind ∝ 1 + λCC

ϑ
cos2 ϑ in the HX-CC

frame (that is, λCC
ϑ
≡ λ0), the corresponding λϑ value in the HX frame is (Eq. 2.13,

setting λϕ and λϑϕ to zero)

λHX
ϑ = λCC

ϑ

1 − 3
2 sin2 δCC

1 + 1
2λ

CC
ϑ

sin2 δCC
'

1 − 3 + λCC
ϑ

2
sin2 δCC

 λCC
ϑ , (6.14)

where the approximate equality is valid in the limit of a small angle. Therefore,

∣∣∣λHX
ϑ − λ

CC
ϑ

∣∣∣ ' 3 + λCC
ϑ

2

∣∣∣λCC
ϑ

∣∣∣ sin2 δCC ≤
3 + λCC

ϑ

2

∣∣∣λCC
ϑ

∣∣∣ ( M − m
p

)2

. (6.15)

For example, the relative deviation,
∣∣∣(λHX

ϑ − λ
CC
ϑ

)/λCC
ϑ

∣∣∣, of a λϑ measurement in the
HX frame from its CC expectation is at most of order 2–4% (depending on λϑ) for
the polarization of J/ψ mesons from B decays at pT = 10 GeV and rapidity y = 1,
and decreases with increasing pT and |y|.

We will now assume that the condition p ‖ P is satisfied. Taking then p‖ in
Eq. 6.11 as expression for p, with√

p′2 + m2 =
M2 + m2

2M
and

√
1 +

P2

M2

p′

P
'

p′

M
,

the first relation deriving from Eq. 6.12 and the second from the assumption that
P � M, we find that

p ' P f (cosΘ) , (6.16)

with f (cosΘ) =

(
1 − cosΘ

2
m2

M2 +
1 + cosΘ

2

)
, (6.17)

where we note the linear dependence on cosΘ.
This vector relation can be rewritten, remaining formally identical, with p and P

replaced by their moduli, or their transverse or longitudinal components. The math-
ematical passages throughout this section will use the symbols p and P to denote
either of the three possibilities. The one relevant for the case under study is the vari-
able with respect to which the polarization parameters λϑ, λϕ and λϑϕ in the CC
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frame (that is, in its corresponding laboratory-referred frame) are observed. In our
illustrative studies we will consider hypothetical measurements made as a function
of pT. Correspondingly, all the following relations should be considered with the
substitutions p→ pT, P→ PT.

Equation 6.17 can be read as follows: if we consider a sample of events where
O is always produced with the same laboratory momentum, of modulus (or com-
ponent) P, the laboratory momentum (component) p of V is distributed uniformly
between the values m2/M2 P and P, corresponding to the extremes of the natural
uniform distribution of cosΘ between −1 and +1.

Having a sample of events distributed within a defined narrow interval around a
value of P is not a realistic situation for the considered examples, where the experi-
ment may not even reconstruct O and, in general, does not perform the measurement
as a function of P. Instead, the experiment observes V and at each event determines
its momentum (component) p, so that the sample is characterized by a distribution
of p values. However, while fixing P leads to a uniform cosΘ distribution, fixing p
does not. In fact, for a narrow interval in p, neither the cosΘ nor the P distributions
are uniform, their ratio being

dN
d cosΘ

/ dN
dP
≡

∣∣∣∣∣ dP
d cosΘ

∣∣∣∣∣ =


1
2 p

(
1 − (m/M)2

)
f (cosΘ)−2

1
2 p−1

(
1 − (m/M)2

)
P2

, (6.18)

where the dependence on either cosΘ or P has been made explicit.
From this relation we see that, given a value of p, the cosΘ distribution could

only be uniform (constant dN/d cosΘ) if the sample were chosen with a P distri-
bution of the kind dN/dP ∝ P−2 (and it would be possible to obtain a uniform P
distribution, constant dN/dP, only if cosΘ would be distributed as dN/d cosΘ ∝
f (cosΘ)−2). But the P distribution is obviously not chosen by us: on the contrary, it
is precisely what physically determines the p distribution of the event sample under
analysis.

In summary, given a collected sample of V particles, how the cosΘ distribution
of the studied event sample departs from a constant distribution depends on the un-
derlying shape of the unobserved P distribution, that is, on the shape of the observed
p distribution. To figure out how, we start by writing the “original” two-dimensional
(P, cosΘ) distribution as

dN
dP d cosΘ

∝

( M
P

)ρ
, (6.19)

where there is no cosΘ dependence (constant distribution) and the P dependence
is parametrized with a power-law function, an always reliable shape approximation
in a sufficiently narrow kinematic domain. Equation 6.19 means that, in measure-
ments made as a function of the B momentum, the cosΘ distribution would remain
flat (apart from other perturbing effects) and, thus, a fully smeared J/ψ polarization
should be seen (P-independent and negligible λ parameters).

We want to find the corresponding two-dimensional (p, cosΘ) distribution, which
is the one relevant for the description of an experimental data sample where p, and
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not P, is the focus of the measurement. In the variable replacement

P→ p = P f (cosΘ) , cosΘ→ cosΘ (6.20)

the measure changes as

dP d cosΘ = 1/ f (cosΘ) dp d cosΘ , (6.21)

so that Eq. 6.19 is transformed into

dN
dp d cosΘ

∝

(
m
p

)ρ
f (cosΘ) ρ−1 . (6.22)

Apart from finding an unchanged power-law dependence on momentum, we see
from this expression and from the f (cosΘ) definition (Eq. 6.17) that the effective
cosΘ distribution will, in general, depart from a flat or linear shape. Examples of
cosΘ distributions are shown in Fig. 6.6-left for the cases of the decays B → J/ψK
(top) and χc0 → J/ψ γ (bottom), for some chosen values of ρ. In their analytical
description, the two decays differ only for the value of m/M, which fully determines
the shape of f (cosΘ). The corresponding | cosΘ | distributions,

dN
d | cosΘ |

∝
dN

d cosΘ
(cosΘ) +

dN
d cosΘ

(− cosΘ) , (6.23)

are shown in the right panels. As mentioned above, the latter distributions are the
ones relevant for the effect under study: whether or not they are flat, and to what
degree, determines if we will see a fully smeared or only attenuated polarization in
the HX or CS frame approximating the CC frame. The cases ρ = 1 and ρ = 2 lead,
for both decays, to a flat | cosΘ | distribution and are not shown in the figure.

The deviation from a flat distribution is larger for larger values of | ρ − 1 |. It is
important to understand that ρ is the (locally defined) “slope” of the p distribution
of the collected sample of V particles, affected by experimental acceptance and effi-
ciency effects. Even if the measurement of the dilepton angular distribution implies
that the dilepton acceptance and efficiency are taken into account and/or corrected
for, and even if the correction of the dilepton events brings the p distribution close to
its natural shape, the cosΘ distribution, defined in the O rest frame and additionally
affected by the acceptance and reconstruction efficiency for X, is, by hypothesis, not
observed and cannot, obviously, be corrected. It is, therefore, the “raw” experimen-
tal distribution of p that determines the shaping of the cosΘ distribution.

For example, as a consequence of the lepton selection criteria (minimum pT re-
quirement) we can expect to see a turn-down shape towards the lowest detected
values of p, meaning that ρ can be negative at low p (number of events increasing
with p), passing through zero at the maximum of the distribution and changing to
positive values at higher p. Correspondingly, with varying p the shape of the cosΘ
distribution will change, according to Eq. 6.17, from decreasing to increasing, lead-
ing to varying degrees of smearing of the polarization observed in the CC (that is,
HX or CS) frame.
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Fig. 6.6 Examples of the underlying cosΘ and (corresponding) | cosΘ | distributions for the de-
cays B → J/ψK and χc0 → J/ψ γ, when the experiment selects samples of J/ψ mesons having p
distributions ∝ (p/m)−ρ, for different values of ρ.

Effectively, therefore, the smearing of the polarization is strongly influenced by
purely experimental features of the measurement, which may be difficult to be ac-
counted for. This fact can lead to disagreements between experiments performing
the same measurement with different detectors and selection criteria, as illustrated
in the next section.

Equation 6.17 shows another factor that influences the strength of the smearing:
the dependence of f on cosΘ tends to vanish in the limit m/M → 1. We expect,
for example, a significantly stronger polarization smearing for J/ψ mesons from
χc0 → J/ψ γ than from B→ J/ψK, given the proximity of the χc0 and J/ψ masses, as
shown by the comparison between the upper and lower panels of Fig. 6.6.

The above description is appropriate for measurements made at a high momentum-
to-mass ratio. In particular, in the decay from χc0 the condition of Eq. 6.13, leading
to p ‖ P, is practically always satisfied and the “ordinary” J/ψ HX or CS axis,
adopted in the measurement, becomes coincident with the corresponding CC axis
over the entire momentum range of the measurement; moreover, for pT & 10 GeV
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and even at mid rapidity, the analytical relation of Eq. 6.17 is almost exact and the
previous discussion should faithfully reproduce the reality. In the case of B decays,
a slightly higher threshold in pT and/or |y| is necessary.

Instead, this description does not apply to the typical events produced by decays
of the much heavier Higgs boson. The decay H→ J/ψ γ is the one departing the most
from the assumed approximations. It remains true that a smearing of the natural
polarization is expected, because the direction of the z axis of the J/ψ HX frame (the
observation frame) is certainly not fully correlated with the emission direction of
the J/ψ in the Higgs rest frame (natural polarization axis). However, the sizeable J/ψ
momentum p′ ' M/2 ' 62.5 GeV in the Higgs rest frame must play an important
role, determining different observations when the laboratory momentum p is much
smaller than, or much larger than, or comparable to p′: a complex smearing pattern
is expected.

In general, realistic descriptions of the considered decays, moving away from
the kinematic approximations mentioned in this section, are important to predict
more accurately not only the effects of differences in the masses of the mother and
daughter particles but also the transitions between scenarios where the smearing is
more or less effective, depending on the laboratory momentum of V and on how the
events are selected in the analyses (of measured or simulated event samples). This
is the subject of the next section.

6.3 A wide spectrum of possible observations

In this section we will illustrate, using simulated events, a range of possible smear-
ing effects occurring in the polarization measurement of a vector particle produced
from the decay of another particle. As described in the previous section, the effects
depend, among other things, on the distribution of the V momentum component with
respect to which the polarization is measured. In what follows, we have chosen the
transverse component, pT. Since the kinematics of V are a direct reflection of those
of the mother particle O, to produce a realistic event sample we must use realistic
pT distributions for the considered mother particles. The distributions are obtained
by interpolating existing quarkonium, B meson and Higgs-boson cross section mea-
surements from LHC experiments, shown in Fig. 6.7 as a function of pT/M. The
B meson cross section measured by CDF is also shown, as it will be used for the
corresponding prediction in Section 6.5.

As illustrated in the left panel, the quarkonium data, available for seven states
(including χc1 and χc2), do not show deviations from a “universal” pT/M spectrum.
This observation allows us to assume, at least for illustration, that this universal
shape also characterizes the χc0 and χb0 distributions, for which no data exist. Since
a finite-pT V can come from the decay of a “zero”-pT O, especially if the mass
difference (that is, p′) is large, as in the Higgs decays, it is important that the mother
particle is generated in the simulation down to low pT. Extrapolated shapes are used
for this purpose, but it must be kept in mind that these are only empirical guesses
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Fig. 6.7 Left: Prompt quarkonium double-differential cross sections, dσ/dpT dy, measured at
midrapidity, in pp collisions at

√
s = 7 TeV, by CMS (blue markers) [1, 2] and ATLAS (red

markers) [5, 12, 20]. All the green curves have identical shapes and represent the result of a fit
to all quarkonium cross sections of pT/M > 2 [21]. Right: Midrapidity double-differential cross
sections for the production of B+ mesons at
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√
s = 7 TeV (blue

markers), and Higgs bosons at
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s = 13 TeV (red markers), measured by CDF [22], ATLAS (open
symbols) [23, 24] and CMS (closed symbols) [25, 26]. The curves represent empirical parametriza-
tions.

made in an illustrative context. In the event generation, O decays isotropically into
V + X and V to µ+µ− according to the distribution of Eq. 6.2 in the cHX frame. No
approximations are made in the generation of the decay distributions.

We start by analysing the case of J/ψ production from B decays, for which both
the “inclusive” and “exclusive” kinds of measurement are realistic experimental op-
tions. The inclusive case corresponds to measurements which select samples of J/ψ
mesons from B → J/ψ X decays by applying a threshold on the distance between
the primary and dimuon vertices, thus presumably rejecting all the “prompt” events.
Ideally, this selection has no effect on the momentum of the accompanying parti-
cle X. Instead, the exclusive measurement selects events where X is identified as
(for example) a kaon and its momentum enters, therefore, the domain of acceptance
of the detector, here parametrized with the rapidity and pT selections |yK| < 2.5
and pK

T > 1.3 GeV, representative of those applied in typical analyses of the LHC
experiments.

For the modelling of the inclusive scenario we are making a series of simplifying
hypotheses that need to be clearly specified. First, we assume that X is a J = 0
particle (kaon, pion, eta meson, etc.), conferring a definite “natural” polarization
to the J/ψ, longitudinal along the cHX axis, as discussed in Section 6.1, just as
in the exclusive case. In reality, B → J/ψ X decays include cases where X is a
second vector particle or a multi-body system (possibly having an invariant mass
that can be significantly larger than the “small” mass of a kaon), and, in the lack
of the strong J(X) = 0 constraint, the resulting natural polarization can become
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less than fully longitudinal: the simulation provides, in this case, an upper limit
for the magnitude of the observed polarization. Additionally, inclusive non-prompt
production actually includes more complex decay chains, where the B meson first
decays into a χc1, χc2 or ψ(2S) meson, which then decays into a J/ψ. Also this kind
of further complexity, leading to a reduction in the observed polarization, will be
neglected in our illustration.

As a further, more technical note we clarify that we are assuming that the J/ψ is
produced in the B decay as a 3S1 cc state, already having the quantum numbers of
the final colour-neutral hadron (core hypothesis of the “colour singlet model”, see
Section 6.4). However, it can also happen that the J/ψ exits the decay through an
intermediate coloured cc state,

However, it can also happen that the J/ψ exits the decay through an intermedi-
ate coloured cc state, possibly having an angular momentum configuration different
from the final one (for example, 1S0); in this case, the subsequent gluon emission(s)
necessary to produce the observable meson will tend to attenuate its observed polar-
ization, so that λ0 will, also for this kind of contributing mechanism, deviate from
its extreme value, −1.

All these simplifications are functional to the purpose of this section, where we
want to illustrate the difference between two kinds of observation methods (inclusive
vs. exclusive) on the observed polarization, applied to the same underlying process;
it is, therefore, important that the physical cascade process is modelled in exactly
the same way in the two cases. In Section 6.5 we will revise these assumptions in
a more realistic description of the non-prompt case, also in the light of some basic
notions, presented in Section 6.4, about the existing hypotheses on the mechanisms
of J/ψ production.

The resulting polarization parameters of the J/ψ dilepton decay distribution,
λϑ, λϕ, and λϑϕ, in the HX and CS frames, as well as λ̃, are shown in Fig. 6.8
for the inclusive and exclusive measurements. Both cases reveal a strong smear-
ing of the natural longitudinal polarization (represented by the flat green line at
λϑ = −1). The residual polarizations are, however, quite significant and, further-
more, pT-dependent. The dashed and dotted lines illustrate the effect of performing
the measurement on a sample where the decay muons are required to have mini-
mum pT values of 5 and 10 GeV, respectively. The application of these thresholds,
inspired by selection criteria applied in some typical LHC analyses, leads to non-
negligible variations of the obtained patterns.

We note that all the curves considered in the present chapter become asymptot-
ically constant at very high pT, where, in comparison, the relevant physical scales
determining the natural polarization (the masses of mother and daughter particles)
become indefinitely small. This also happens because the pT distributions assumed
in our simulation have a definite asymptotical power-law behaviour. The high-pT
flatness of the parameters can be disrupted whenever the pT distribution changes
its power-law slope for whatever reason not considered here, for example because
a different production mechanism of the mother particle starts dominating, or in
the proximity of a kinematic end point, or as a consequence of experimental selec-
tions affecting the high-pT spectrum. It can be seen, in particular, that the lepton
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(blue) and CS (red) frames, as functions of the J/ψ pT, with no further selection (solid) and when
minimum pT values are required in the analysis for the decay muons (dashed and dotted). The
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selections and the momentum requirements on X in the exclusive case extend the
non-flat behaviour to higher pT values in comparison to the inclusive curves with no
experimental selections.

The observed effects can be interpreted in the light of the analytical description
made in the previous section. For this purpose we consider the J/ψ pT range 25–
30 GeV, where the high-momentum approximation, adopted in that discussion, is
well satisfied. Figure 6.9-top shows the pT distribution in the considered interval,
well reproduced by a power-law function with best-fit exponent ρ = 4.7 ± 0.4.

The fitted central value of the exponent can be univocally converted (Eqs. 6.17,
6.22 and Fig. 6.6) into the prediction of the cosΘ distribution, f (cosΘ) ρ−1, always
meant here, as in the previous section, to be measured in the HX frame. As shown in
the middle panel of Fig. 6.9, this prediction is in good agreement with the simulated
data for the inclusive case, where no selections are applied to the data. The | cosΘ |
distribution (shown in the bottom panel of the same figure) is not flat, implying that
the smearing effect is only partial and motivating the nonzero observed polarization.

Also the difference between the two experimental approaches can be explained
in terms of the cosΘ distribution. As seen in Fig. 6.10-top, where the exclusive and
inclusive cases are shown by the red and blue histograms, respectively, the additional
selection on the K momentum, in particular on pT, further sculpts the distribution in
the exclusive measurement, removing events close to cosΘ = +1. This is, in fact, the
configuration where the J/ψ and K are emitted, respectively, forward and backward
with respect to the B meson direction and, therefore, where the kaon is most likely
to have a laboratory momentum too small to pass the acceptance threshold, so that
the event is rejected. The | cosΘ | distribution, shown in the middle panel, becomes
less sharply unbalanced towards high values when the K momentum selection is
applied, that is, its average becomes closer to the average of a uniform distribution,
meaning that a fuller smearing should be expected. In fact, a smaller anisotropy is
seen in Fig. 6.8, between 25 and 30 GeV, with respect to the inclusive case.

Figure 6.10 also shows, in the bottom panel, how the corresponding cosϑ distri-
butions can be reproduced by integrating the angular distribution W (Eq. 6.8) over
cosΘ. The integration would lead to a flat cosϑ distribution if the cosΘ distribution
were flat (or linear), while the resulting cosϑmodulation (different in the two cases)
is a reflection of how non-uniform the cosΘ distribution is. The slightly longitudinal
polarization observed in the inclusive case is turned by the K selection criteria into
a practically unpolarized result, a coincidence (〈cos2 Θ〉 turns out to be close to 1/3
even if the cosΘ distribution is not flat nor linear) caused by the fact that inside the
considered pT interval the polarization is changing from transverse to longitudinal
(as can be seen in Fig. 6.8).

Figures 6.11–6.13 illustrate the effects of requiring minimum pT values on the
muons used in the J/ψ reconstruction, referring to the inclusive case. As discussed in
Section 2.13 and shown in Fig. 2.18, such requirements strongly sculpt the dilepton
distribution. Figure 6.11-left shows the cosϑ distribution, in the HX frame, before
(blue) and after (green and red) applying selection cuts on the pT of the muons; the
corresponding “acceptance ratios”, representing the fraction of events that survive
those selection cuts, are presented in Fig. 6.11-right.
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T < 30 GeV. The exponent
ρ, determined by fitting the pT distribution, provides a good analytical description of the angular
distributions.
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Naturally, an accurate correction procedure must be applied for the recovery of
the physical result. The dashed and dotted lines in Fig. 6.8 indicate the results that
an experiment would obtain after such corrections have been successfully applied in
the data-analysis procedure: they represent the physical polarization of the selected
sample of J/ψ mesons and their values will always remain, irrespectively of how
strong the applied selections are, within the boundaries of the physical domain of
the polarization parameters.

Interestingly, however, we see that the obtained polarization result still reflects
residual traces of how the sample was selected. This also implies that two experi-
ments applying different selection criteria will obtain different physical results. We
could even say, therefore, that there is no such thing as the polarization of J/ψmesons
from B decays, at a given collision energy and in given kinematic conditions: the
experiment-dependent event selection criteria must concur to an extended definition
of the “kinematic domain”. This is, actually, a general feature of analyses where the
polarization of an indirectly-produced particle is studied ignoring the event-by-event
correlations between the mother’s and the daughter’s decay angles.

Before continuing with the discussion of this interesting and delicate problem,
it is worth pausing to explain that these “corrected results” were determined using
Eq. 6.9, with the (cosΘ,Φ)-dependent quantities replaced by average values calcu-
lated using the events around each considered pT value. The dilepton decay parame-
ters in the HX (CS) frame are obtained from these relations when the B decay angles
in the HX (CS) frame are used for cosΘ and Φ. This procedure assumes that the CC
frame can be replaced by the ordinary HX (CS) frame, an approximation valid in
the high-momentum limit, with associated uncertainty quantified by Eq. 6.15 (and
not applicable, for example, in the study of Higgs decays).

To clarify and explain why experiments applying different selection criteria will
obtain different physical results we need to study how the sculpting of the (J/ψ de-
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muon pT smaller than some cut value. The distributions are arbitrarily normalized, to emphasize the
shape differences. Right: Corresponding “acceptance ratios”, representing the fractions of events
surviving the muon selections. See the text for details on the superimposed curves.

cay) cosϑ distribution affects the (B decay) cosΘ distribution. The concept is the
same as illustrated above for the “inverse” effect of how different cosΘ modulations
determine different resulting cosϑ distributions: the two distributions are intimately
correlated and any experiment-induced modification of one will have an effect on
the other.

We remind that, in the considered high-momentum limit, the variables cosϑ de-
fined in the CC and HX frames (being cosΘ here defined in the HX frame) are
effectively equivalent, so that the dilepton decay angles appearing in Eq. 6.8 can be
calculated in the HX frame.

Figure 6.12-left compares the cosΘ distributions obtained before (blue) and after
(green and red) muon selections. They are arbitrarily normalized so that the effect
on the shapes can be more easily seen: removing low pT muons induces a loss of
events that is more pronounced as cosΘ → 0, and the higher is the cut threshold,
the bigger is the event loss. The net result, symmetric in cosΘ, is best represented
by the acceptance ratios, shown in Fig 6.12-right.

To confirm that it is the sculpting of the observed dilepton cosϑ distribution that
causes this shaping of the unobserved cosΘ distribution, we use the acceptance
ratios A(cosϑ) shown in Fig. 6.11-right as weights in the integration of the four-
dimensional angular distribution W (Eq. 6.8) over cosϑ. While we know that a full
and uniform cosϑ coverage would lead to a uniform cosΘ distribution (in the ab-
sence of all other effects mentioned above), using the distribution of the actually
accepted dimuon events, A(cosϑ), to perform the average over cosϑ leads to the
green and red curves shown in the right panel of Fig. 6.12, which reproduce per-
fectly well the the shapes of the acceptances as functions of cosΘ. Indeed, we can
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conclude that the cosΘ modulations induced by the muon selections are a direct
reflection of the sculpting of the cosϑ distribution.

As clearly shown by the | cosΘ | distributions, and even more visibly by their
ratios, both shown in Fig. 6.13, the muon selections accentuate the unevenness of
the B decay angular distribution, therefore decreasing the smearing effect and in-
creasing the magnitude of the observed polarization, just as seen in Fig. 6.8. The
only way to remove the dependence of the measurement outcome on the event se-
lections specifically applied by the experiment is to adopt a fully four-dimensional
analysis approach, taking into account acceptance correlations between the angular
variables (cosΘ,Φ) and (cosϑ, ϕ). This is not possible, by definition, when X is not
observed (inclusive case) or when the angular analysis is anyhow restricted to its
dilepton “projection”, as in our definition of the exclusive scenario.

The conclusion of this discussion is that both kinds of measurement should report
a full and reproducible definition of the dilepton and single-lepton kinematic phase
space where the analysis is made. Two different experimental measurements (or a
measurement and a theory prediction) can only be reliably compared if those kine-
matical constraints are carefully taken into account. In fact, the exact comparison
between two results may require detailed simulations of the experimental condi-
tions, including any specific event selections that may affect the cosΘ distribution.

As a variation on the theme, Fig. 6.14 shows the result of a simulation of
non-prompt ψ(2S) mesons (right panels), made in the same conditions as the J/ψ
simulation (left panels). The comparison between the two cases, focusing on the
low-pT region, illustrates the important role of the mother-daughter mass differ-
ence. With the decrease of the momentum of the charmonium in the B rest frame,
p′ ≈ (M2

B−M2
ψ ) / (2 MB), from p′ ' 1.7 GeV for the J/ψ to ' 1.3 GeV for the ψ(2S),
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the smearing increases significantly and the magnitude of the observed ψ(2S) polar-
ization is only about half of that seen in the J/ψ case.

We turn now to the case of the cascade process χc0 → J/ψ γ, with J/ψ → `+`−,
where ` represents a muon or an electron. Inclusive and exclusive scenarios are
formally defined as previously, except for the selection of the photon in the exclusive
case, for which the lower pT threshold of 0.4 GeV is used, as a realistic emulation
of typical data analyses in the LHC experiments.

Conceptually, the “inclusive” case no longer represents a realistic measurement,
since it is not possible to measure the polarization of J/ψ mesons emitted in χc0
decays without applying selections on the photon momentum to obtain an event
sample dominated by χc0 decays. However, the scenario remains interesting, since
it depicts the polarization of the (small) fraction of J/ψ mesons coming from χc0
decays in all existing J/ψ polarization measurements, which always address the total
“prompt” production, including undistinguished contributions from the feed-down
decays of heavier charmonium states. The results for the two scenarios are shown in
Fig. 6.15. The differences with respect to the B→ J/ψ X case are the input pT distri-
bution, the natural polarization in the cHX frame (transverse, in this case) and, most
importantly, the significantly smaller mass difference between mother and daughter
particles. In fact, a practically full smearing happens in the inclusive scenario, as an-
ticipated from the almost flat cosΘ distributions seen in Fig. 6.6, as a consequence
of the sole reduction in mass difference: χc0 decays do give an unpolarized con-
tribution to the inclusive prompt J/ψ production. However, the selection of events
with minimum photon pT leads to a slight polarization, according to the mechanism
described above for the B decays.

The difference between the χc0 feed-down contribution to inclusive J/ψ polar-
ization and the measured polarization of J/ψ coming from χc0 decays may be at
first sight counter-intuitive, but becomes comprehensible as a consequence of the
two different selection criteria applied to the χc0 → J/ψ γ events. Even if small, the
difference is conceptually non-negligible.

While radiative χc0 decays actually play a minor role in J/ψ production, because
of their small branching ratio, the decays from χc1 and χc2 produce a fraction of or-
der 25% of the observed J/ψ mesons [27]. It should not be forgotten that a mismatch
between the contribution to inclusive polarization and the exclusive polarization of
J/ψ from χc1 and/or χc2 has to be expected and should, in principle, be taken into
account when “subtracting” the latter from the total inclusive result to deduce the
polarization of the directly produced J/ψ mesons. This problem will be addressed in
the next sections.

One may wonder what happens if we change the masses of both the mother
and the daughter particles. As shown in Fig. 6.16 for the exclusive measurement,
going from the charmonium to the bottomonium system, which implies an increase
in the masses by a factor of three, does not lead to significantly different smearing
patterns. The relevant parameter is not the absolute mass of each of the two particles
but rather the mass difference or, more precisely, the p′ value, which remains in this
case rather similar, only changing from 0.30 to 0.39 GeV. The inclusive case is
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omitted in the comparison given its simplicity: the contribution of χb0(1P) decays to
inclusive Υ(1S) production remains fully unpolarized.

Finally, Fig. 6.17 shows the results of an exclusive simulation of the decays
H → J/ψ γ and H → Z γ, with the requirement that the photon has a minimum
pT of 15 GeV, a realistic value for analyses of experimental data. While in the pre-
vious examples p′ was smaller than the minimum dilepton momentum accessible to
the experiment, now its value falls inside the measured pT spectrum (p′ ' 62 and
29 GeV, respectively), creating complex polarization patterns. The most significant
polarization magnitude is seen, with a resonance-like effect, for pT ' p′, as well
as in the limit pT → 0 for the H → J/ψ γ case. The decay with larger mass differ-
ence produces the less smeared polarization, even approaching the fully transverse
limit of the natural one, as shown by the variable λ̃, which combines the polar and
azimuthal anisotropies.

The decay with larger mass difference produces the less smeared polarization,
even approaching the fully transverse limit of the natural one, as shown by the vari-
able λ̃, which combines the polar and azimuthal anisotropies. The decay H → Υ γ
leads to a Υ polarization of a magnitude similar to that of the J/ψ, given the negligi-
ble decrease in p′ value.

6.4 The unique case of J/ψ production

We have discussed how the observation of an unpolarized (or almost unpolarized)
vector particle is indeed possible: the particle must be produced indirectly, in the
decay of a heavier J = 0 particle, which the experiment is unable to fully recon-
struct or decides to not take into account in a multi-dimensional angular study, to
minimize the complexity of the analysis. The cancellation between oppositely po-
larizing production processes remains an alternative possibility as explanation of an
unpolarized observation, even if it is not only improbable, but also reasonably lim-
ited to a restricted transition domain between kinematic regions where individual
processes dominate. Most often, different production mechanisms tend to be char-
actrized, for example, by different pT distributions. In fact, the existence of concur-
ring processes having exactly opposite polarizations and otherwise indistinguishable
kinematic properties should rather be interpreted as the existence of deeper under-
lying symmetries than those conjectured in the production model.

There is one case where a vector particle appears to be produced unpolarized,
even when produced directly: the J/ψ meson, as observed by LHC experiments [32].
While at first sight this phenomenon seems to pose a serious challenge to the con-
siderations exposed above, in reality, and as we will see in this section, it provides
the most paradigmatic example of what we have discussed in the previous sections.

In fact, the “promptly produced” J/ψ mesons (i.e. after subtracting the contribu-
tion from B meson decays) are mostly produced directly: the feed-down decays of
the ψ(2S) and χc states are responsible for, respectively, around 8 and 25% of the
J/ψ yield [27], and the corresponding polarizations are known or constrained exper-
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imentally. Moreover, its radial excitation, the ψ(2S) state, is always produced di-
rectly, presumably by the same partonic processes as the direct 1S state, and shows
a similar polarization pattern: above a certain pT both states are very close to the
unpolarized conditions, with no significant kinematic dependence.

Figure 6.18 shows the J/ψ and ψ(2S) polarizations measured by LHC experi-
ments [28–31], as well as the result of a global data fit analysis [32] that also uses
experimental constraints on the polarizations of J/ψ mesons emitted in χc1 and χc2
decays [19], providing a reasonably precise determination of the direct J/ψ polariza-
tion: above pT/m ' 3 the J/ψ is produced unpolarized over a wide range of labora-
tory momentum, making the hypothesis of a polarization cancellation implausible.

The mechanism behind the production of vector quarkonia has always been
a matter of debate. The conceptually simplest idea, that a cc pair is produced
by the parton scattering process as an already colour-neutral state in the “right”
spin-angular-momentum configuration 3S1 (“colour singlet’ model” [35]), underes-
timates by a large factor the J/ψ and ψ(2S) production yields seen in hadron collider
experiments. This data-to-theory discrepancy was originally seen in the mid-1990’s
by CDF [36, 37]. Figure 6.19 provides a more modern illustration of this observa-
tion by showing the data-theory comparison for the two states, as measured at the
LHC [1, 20] and as computed in perturbative QCD at next-to-leading order [33, 34].

While for the J/ψ case part of the large discrepancy can be attributed to the con-
tribution from (prompt) feed-down decays of heavier quarkonia, which corresponds
to around one third of the total prompt cross section and is not considered in the cal-
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culated curves, the ψ(2S) comparison is free from those contaminations, justifying
why the early results became known as “the CDF ψ(2S) anomaly”. Clearly, there
must exist additional sources of quarkonium production, besides colour-singlet pro-
duction, dominating at least in high-energy collisions and at high pT. Also in the
mid-1990’s, an improved and more general quarkonium production model was de-
veloped: the non-relativistic QCD (NRQCD) approach [38].

In NRQCD, the J/ψ (or the ψ(2S )) bound state is considered in its superposition
of Fock states, consisting not only of a simple cc pair, but also of combinations of
cc pairs with gluons (or light qq̄ pairs):∣∣∣∣ψ (

3S1

) 〉
= a 3S [1]
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(
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The first term, representing an already colour-neutral (singlet) state and having
the spin and angular momentum quantum numbers of a vector particle, is the domi-
nant one. In each term of the remaining expansion only the cc-gluon(s) combination
must be colour neutral; the cc pair itself is, in general, coloured (“octet” state) and
can have any spin and angular momentum quantum numbers, provided that it com-
bines with the gluon(s) into a 3S1 state.

The colour-octet terms are suppressed by powers of v, the velocity of the c quark
in the cc rest frame, which is assumed to be only moderately relativistic. In fact, the
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kinetic energy T ' mv2 of the bound state is estimated as T ≈ 0.4–0.6 GeV from
the energy splittings between radial and orbital angular momentum excitations of
the quarkonium system, which are very similar for charmonium and bottomonium.
For the J/ψ, the lightest of the vector quarkonia, v is the largest, at around 0.4.

The probability that the final-state hadron has been produced as the result of the
transition from an initial octet cc state is evaluated to be of order v4 smaller than the
probability that it came from a singlet cc. This means that, if in a given experiment
cc pairs were produced with the same probability in the 3S [1]

1 singlet as in any octet
state, the production via colour-octet cc would be responsible for only a few percent
of the observed J/ψ mesons, and an even smaller fraction should be expected for the
three-times heavier Υ mesons coming from coloured bb pairs (v4 ≈ 10−3).

These proportions are opposite to what is necessary to explain the LHC observa-
tion of cross sections one order of magnitude larger than the singlet-only ones. How-
ever, perturbative calculations confirm that the existence of colour-octet processes
represents a solution to the problem: the partonic cross sections for the produc-
tion of colour-octet cc pairs are orders of magnitude larger than the colour-singlet
one and their inclusion completely overturns the proportion, leading to predicted
quarkonium yields dominated by the octet processes.

Furthermore, octet mechanisms offer a potential and interesting solution to an-
other problem of the colour-singlet model: the singlet channel alone leads to a prac-
tically fully polarized J/ψ [39], as is the case of all mechanisms producing vector
particles directly, a prediction in clear contradiction with the quarkonium polariza-
tion measurements made at the LHC.

The production via colour-octet quark-antiquark states is a perfect example of
what happens in a cascade process where the mother state is unobserved and, at
the same time, the daughter’s mass is only slightly smaller than the mother’s. The
mass difference between the octet state and the physical quarkonium must be, in
fact, of the same order as the typical splittings of the mass spectrum (of the order
of 0.5 GeV). If the mother happens to be a J = 0 state, a complete smearing of
the polarization should be expected, in analogy with the χc0 → J/ψ γ and χb0 →

Υ γ decays seen in the previous section (inclusive case). For example, the 3P[8]
0 →

J/ψ g transition is completely equivalent to the χc0 → J/ψ γ decay and leads to an
unpolarized J/ψ, considering that the gluon is not observed. The most relevant J = 0
octet state is, however, the 1S [8]

0 one. Even if its transition to J/ψ has a more complex
topology because it involves the emission of (at least) two gluons and the natural J/ψ
polarization in the 1S [8]

0 rest frame is not easily characterized, the resulting dilepton
decay distribution is isotropic. In fact, it should be clear from the considerations
in the previous sections that the full rotational smearing occurring for small mass
differences with respect to a J = 0 mother state is a pure consequence of the flatness
of the | cosΘ | distribution and is independent of the value of λ0. Above all, however,
it is important to remember that the condition that the mother is a J = 0 state remains
the most crucial one for the explanation of the observed unpolarized production.
Other octet terms, for example the 3S [8]

1 one, lead, instead, to a full polarization,
transverse in this case. It is, therefore, important to determine which of the octet
terms are actually significant.
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Each individual octet contribution to the cross section includes a non-perturbative
constant factor (the long-distance matrix element, LDME), representing the proba-
bility of transition from the considered coloured cc state to the J/ψ and considered
to be “universal”, that is, independent of the nature of the short-distance partonic
process and equal, for example, in hadroproduction, photoproduction or in indirect
production via decays of heavier particles. The LDMEs have not yet been theoret-
ically calculated, and their values are currently determined in the very process of
theory-data comparison, through global fit analyses [33, 40–46].

All octet LDMEs corresponding to the terms shown in Eq. 6.24 are equally
“small”, of order v4 smaller than the singlet LDME (as discussed above with other
words), and it would not be surprising if one of these “corrective” terms were actu-
ally dominating over the others: this could not be reasonably considered as a failure
of the v hierarchy, which is only an order-of-magnitude expectation. However, a re-
liable answer to the question of how the octet terms actually compare to one another
in magnitude is only recently and gradually coming to light. After several years of
difficulties and contradictory or even puzzling results shown by theory studies of the
experimental data [47], the results of recent global-fit analyses comparing NRQCD
calculations with experimental measurements show that the 1S [8]

0 octet mechanism
is indeed the dominant contribution to direct J/ψ production in high-energy hadron
colliders [21, 48–50].

While the explanation of the unique and puzzling observation of the unpolarized
production of the J/ψ meson, as a directly produced vector particle, is the result
of a long path of understanding, we could, a posteriori, look at the problem from
a different perspective and realize that this polarization measurement has always
been implying, by itself, an almost unequivocal physical indication: in the consid-
ered conditions, the J/ψ must have a “two-step” production mechanism, where the
intermediate stage is a J = 0 state. This is a good example of how polarization
measurements can provide deep insights into the underlying physics.

It remains true that the J/ψ case is rather special and results from concurrent
causes. Despite being a “heavy quarkonium” state, the J/ψ is rather light and the
v hierarchy does not penalize the octet terms with respect to the singlet ones as it
could happen for heavier states. For example, it will be interesting to see if future
high-precision polarization measurements for the Υ states will show the same pT-
independent lack of polarization or will rather denote the presence of more compet-
ing processes by showing a non-negligible kinematic variation. Above all, the over-
whelming importance of partonic processes producing octet quark-antiquark pairs
is a peculiarity of direct quarkonium production in hadron collider experiments.

This dominance of octet processes does not seem to be present in low-pT mea-
surements made in fixed-target experiments, which actually show significant polar-
izations of vector quarkonia, as seen in Section 5.4.

It is also reasonably absent in several cases of indirect production, a clear ex-
ample being when the parent particle (with its constituents) and the accompanying
particles have zero colour charge, as in the previously considered H → J/ψ γ case,
so that the gluon emissions enabling the transformation of a coloured cc into the
final observable state cannot be reabsorbed within the isolated process. For similar
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reasons, the purely electromagnetic transitions from χc states do not involve inter-
mediate octet states. In fact, in these examples (as considered in Section 6.3 and
in the following Section 6.6), the J/ψ does have a strong natural polarization, poten-
tially observable by choosing the cHX frame. The non-prompt production of J/ψ is a
more complex case, as denoted by the several simplifying assumptions we adopted
for its description in Section 6.3, and will be further discussed in the next section.

Another counterexample is the production of vector quarkonia in the electromag-
netic process e+e− → QQ (with Q = c, b), where the quark-antiquark pair is formed
through a virtual photon as a colour singlet state and is fully transversely polarized,
as shown by the BES experiment [51]. In summary, the unpolarized production of
J/ψ mesons in high energy proton-proton collisions is an exceptional observation
resulting from exceptional circumstances.

6.5 Non-prompt charmonium production

In the comparison between the two measurement scenarios discussed in Section 6.3
for the polarization of J/ψ mesons emitted in B decays we assumed that the non-
prompt J/ψ events, addressed by the “inclusive” measurement without observing or
selecting a specific accompanying state X, are due to decays of the kind B→ J/ψK
(with K possibly replaced by another relatively light J = 0 state), just as in the
“exclusive” measurement, which explicitly selects these decays through additional
requirements on the X = K candidates. In reality, non-prompt events result from
a spectrum of different B decay channels. In this section we want to address this
problem and provide a more realistic description of the phenomenon.

J/ψ, ψ(2S)
cW

c̄b̄

s̄,
u, d, su, d, s K , K  , η '

B   B   B+        0        0
u       d       s

+       0        ( )

+

d̄ π  , π+       0

Fig. 6.20 Feynman diagram for the decay B→ J/ψ X, with X = K, π or η.

In an exclusive two-body decay as, for example, B → J/ψ X, with X = K, π or
η, it is reasonable to assume that the formation of the J/ψ bound state often happens
through the colour-singlet mechanism, where the decay, represented in Fig 6.20,
produces a cc state that is already a colour neutral 3S1 state [52, 53]. In fact, the
production of an intermediate coloured state (with possibly different quantum num-
bers) would imply its subsequent emission of soft gluons, necessary for the colour
neutralization into a physical hadron; these gluons should then recombine with the
spectator quark of the B meson, to form exactly the “right” accompanying particle
X, for example a kaon: the probability that this happens should be relatively small.
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However, intermediate octet cc states are also expected to contribute to the “cock-
tail” of decay configurations composing the sample of non-prompt events. These
cases generally lead to “multi-body” final states, where X is a system of two or more
particles (for example, two or more pions). Complex final states are also produced
by multiple decay chains, of the kind B → χc1/χc2/ψ(2S) X, with, for example,
χc1/χc2 → J/ψ γ and ψ(2S)→ J/ψ π+π−.

From the point of view of the expected J/ψ polarization, as it can be measured in
an inclusive analysis, the variety of the processes described above can be reduced
to two categories: the one of the two-body B decays where X is a single kaon (or
another relatively light particle) and J(X) = 0 (or, more generally, the J/ψ has a
natural longitudinal polarization), and the one represented by the ensemble of all
the remaining B → J/ψ decays, mostly including multi-body configurations and
complex cascade sequences. We will denote these two cases with the expressions
“two-body” and “multi-body”.

The relevant differences between the two kinds of processes can be summarised
as follows. 1) While the J/ψ has a maximally longitudinal natural polarization
(Jz′ = 0 in the cHX frame) when it comes from the two-body decays (given how we
defined them), the multi-body case represents a mixture of several decays, favour-
ing, in general, all kinds of J/ψ Jz′ projections: a significantly reduced polarization
magnitude is, hence, expected. 2) For the two-body case, the hypothesis that X is,
for instance, a kaon or a pion determines the value of the J/ψ momentum p′ in the
B rest frame, which is one of the parameters determining how the natural polariza-
tion is “smeared” when observed, for example, in the J/ψ HX frame. In Eq. 6.12,
the second, approximate relation shows that any relatively light X leads to the same
p′ ' 1.7 GeV. Instead, in multi-body decays the invariant mass mX of the accompa-
nying system assumes a distribution of values, possibly significantly larger than the
mass of a kaon, and p′ is smaller. Also this effect, increasing the uniformity of the
smearing (as seen in Section 6.3 when the mother-daughter mass difference, hence
p′, are smaller), should lead to a smaller observable polarization.

To quantify the importance of these different properties, we will examine results
reported by the CLEO [54] and BaBar [55] experiments, which measured the mo-
mentum distribution of J/ψ mesons, daughters of B+ and B0 mesons produced “al-
most at rest” in the decay of the Υ(4S) resonance. To interpret these measurements,
shown in Fig. 6.21, we will first have a look at some kinematic relations. The B
mesons have a momentum of only 0.33 GeV in the Υ(4S) rest frame, and, therefore,
the J/ψ momentum (p) distribution measured in the Υ(4S) “laboratory” is a slightly
smeared version of the one observed in the B rest frame (p′). The mathematical
relations between p′ and p, and between mX and p, are shown in the top and mid-
dle panels of Fig. 6.22, where the blue dashed lines represent the hypothetical limit
case where the B meson is produced exactly at rest, that is, p = p′ (and the rela-
tion between mX and p is simply the one described by Eq. 6.12), while the coloured
bands describe the effect of the momentum smearing produced by the small boost of
the B meson in the laboratory. The red lines indicate the case of the specific decay
B → J/ψK. It can be seen that, for masses comparable to or lighter than the one
of a kaon, the p range does not change significantly: we can assume, therefore, that
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Fig. 6.21 Laboratory momentum distribution of J/ψmesons emitted in decays of B mesons that are
themselves produced by Υ(4S) decays. Besides the inclusive spectrum, the individual contributions
(measured by BaBar) from the feed-down decays B→ [χc1|χc2|ψ(2S)] X are also shown.

the ensemble of two-body decays, with mX . 0.5 GeV, is responsible for the events
with p & 1.5 GeV. The measured p distribution (Fig. 6.21) shows that a large part
of the spectrum covers a domain complementary to this, clearly indicating the im-
portant role of multi-body decays. For example, the decay chains B → χc1 → J/ψ,
B→ χc2 → J/ψ, and B→ ψ(2S)→ J/ψ, individually determined by BaBar and also
shown in Fig. 6.21, contribute mostly to the region p < 1.5 GeV.

In these experimental conditions, very different from those of LHC measure-
ments, it also happens that the polarization measured in the HX frame, that is, taking
the direction of p as polarization axis, will tend to be very close to the one measured
in the cHX frame, with polarization axis along p′, given the similarity of the two
momenta. Figure 6.22-bottom shows how λϑ is smeared in the HX frame with re-
spect to the hypothetical natural polarization cases λcHX

ϑ ≡ λ0 = −1, −0.6, and −0.2.
The first case corresponds to our hypothesis for the two-body processes: the full
longitudinal polarization for p > 1.5 GeV remains practically unsmeared. BaBar
reported the values λHX

ϑ = −0.196 ± 0.044 for p < 1.1 GeV and −0.592 ± 0.032 for
p > 1.1 GeV. The former value, in the low-p region, refers to multi-body configura-
tions, with no contamination from two-body ones. In Fig. 6.22-bottom we see that
the polarization smearing for the case closest to this, λcHX

ϑ = −0.2, leads to a differ-
ence λHX

ϑ −λ
cHX
ϑ of order 0.01 on average, considering that the bulk of the events has

0.4 < p < 1.1 GeV. We will, therefore, assume the range from −0.25 to −0.15 for
the average natural polarization of the J/ψ mesons produced in multi-body decays.

As a cross check, we can try to interpret the result in the high-p region, which
reflects a mixture of two-body and multi-body events. Assuming, for simplicity, that
all the events in the range p > 1.5 GeV are due to two-body processes, we derive
that these processes contribute (40 ± 1)% of the events in the p > 1.1 GeV region.
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Assuming λcHX
ϑ = λHX

ϑ = −0.592 ± 0.032 for the average natural polarization of the
mixture in the broader range (where the smearing is completely negligible, as seen
in Fig. 6.22-bottom) and taking λcHX

ϑ between −0.25 and −0.15 for the subsample
of multi-body decays, the sum rule of Eq. 1.17, inverted, leads to a value between
−1.1 and −0.9 for the two-body polarization, which is in perfect agreement with our
assumption that this category of processes leads to fully longitudinal J/ψ mesons.

We will now convert this information, derived from measurements made at the
Υ(4S) resonance, into realistic expectations for the non-prompt J/ψ polarization
as measurable in a high-energy collider experiment. Here the B meson, gener-
ally produced with a large laboratory momentum, emits the J/ψ almost collinearly
(Eq. 6.13), so that the HX axis adopted for the observation of the dilepton decay
loses its correlation to the natural (cHX) one, and a significantly smeared polariza-
tion is observed, as we saw in Section 6.3.

From the spectra measured by BaBar and CLEO, shown in Fig. 6.21, and assum-
ing that the transition from multi-body to two-body events happens at p ' 1.5 GeV,
we see that the fraction of two-body events is f2−body = (22 ± 1)%. However, the
relative contribution of two- and multi-body processes in (high-energy) hadron col-
lisions is probably not the same as the one observed in the conditions of BaBar
and CLEO, given that a different admixture of parent hadron species containing b
quarks (additionally including Bs mesons and b baryons) contributes to the non-
prompt J/ψ sample. Moreover, it should be kept in mind that, at least hypothetically,
certain event selection criteria may alter the proportions between the two kinds of
processes in the collected and/or analysed sample, given that, in general, a multi-
body event should lead to a higher number of particles traversing the detector. It
would be very interesting, in fact, to probe experimentally if the polarization of
the non-prompt J/ψ mesons tends to become more significantly longitudinal when
stricter selection criteria are applied to retain an event sample that corresponds more
closely to the two-body decay limit. For these reasons, besides the realistic mixture
using f2−body we will also report the predictions for the two-body and multi-body in-
dividual cases. The measurement itself should be able to consider the two physical
options and determine their relative contributions.

The two-body expectation is obtained, as was done in Section 6.3, assuming
λcHX
ϑ = −1 and mX = mK = 0.5 GeV. For the multi-body case, from the p dis-

tribution of Fig. 6.21 and the mX-to-p correlation shown in Fig. 6.22-middle, we
deduce that the 1–2 GeV range of average mX values is a good representation of
the spectrum of physical possibilities. Taking into account that a higher mX value
leads to a more strongly smeared polarization in the experimental frames, we can
define reasonable upper and lower margins for the observable polarization magni-
tude: they correspond, respectively, to the pairs of parameter values λcHX

ϑ = −0.15,
〈mX〉 = 2 GeV and λcHX

ϑ = −0.25, 〈mX〉 = 1 GeV. The only existing measure-
ment in the case of hadron collisions was performed by CDF [56], which reported
λϑ in the HX frame as a function of pT. As shown in Fig. 6.23, where the predic-
tions reflect the specific conditions of the experiment (|y| < 0.6), the precision of
the data is not sufficient to indicate if one or the other mechanism is predominant.
The intermediate prediction assumes the same mixture of processes as in the Υ(4S)
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Fig. 6.23 The non-prompt J/ψ polarization (λϑ in the HX frame) measured by CDF in pp collisions
at
√

s = 1.8 TeV, as a function of pT, in the rapidity range |y| < 0.6, compared to predictions
assuming that the J/ψ is produced in “two-body” (red curve) or “multi-body” (blue band) B decays,
the width of the band reflecting the variation of the relevant parameters, λcHX

ϑ and 〈mX〉. The pink
band represents a mixture of the two kinds of processes, as motivated in the text. The B meson pT
distribution measured by CDF (Fig. 6.7) was used in the simulation. For improved visibility, curves
including the small effects of the selection criteria applied to the decay leptons are not shown.

measurements. The multi-body prediction is compatible with the (octet-dominated)
NRQCD calculations of non-prompt J/ψ polarization reported in Refs. [57, 58].

Figure 6.24 shows the predictions of all parameters, in the HX and CS frames,
calculated for conditions typical of a LHC experiment, already considered in Sec-
tion 6.3; in fact, the curves for the two-body case were already shown in Fig. 6.8 (we
do not report again the lepton selection effects, which are invisible in the multi-body
case). The J/ψ mesons produced in multi-body decays look practically unpolarized,
This also means that this prediction is, in substance, insensitive to the assumptions
made to obtain it: further adjustments in the input parameters λcHX

ϑ and 〈mX〉 are
unlikely to change the conclusion that multi-body decays lead to a barely detectable
degree of polarization. The almost pT-independent difference with respect to the
polarization of the two-body case, ∆λHX

ϑ ' 0.2, is not negligible, so that some LHC
experiments should be able to perform significant measurements of the relative im-
portance of the two kinds of processes.

6.6 Decays from J > 0 particles and the “cloning” effect

Among the physical examples considered in Section 6.3, the decay χc0 → J/ψ γ,
followed by J/ψ → `+`−, illustrates in a paradigmatic way, by virtue of the small
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mass difference between the χc0 and J/ψ mesons, the randomization effect leading
to a zero-polarization contribution in the inclusive dilepton observation. In this sec-
tion we address its J = 1 and 2 counterparts, the χc1 and χc2 → J/ψ γ decays, as
prototype cases to illustrate how the previous considerations can be extended to a
wider category of cascade processes, by releasing the crucial J = 0 condition. Just
as seen in the J = 0 case, the following discussion also applies to the bottomonium
counterparts, χb1,2 → Υ γ.

We should reasonably expect to see, in these cases, a generally polarized vector
quarkonium, reflecting the Jz state of the χ. In fact, the first step is to generalize
Eq. 6.7, by introducing the sum over the amplitudes aM defining the angular mo-
mentum state of the mother particle O with respect to the system of axes (x, y, z) of
Fig. 6.3, with M representing the eigenvalues:

|O 〉 =

+J∑
M=−J

aM | J, M 〉z . (6.25)

Figure 6.4 provides a visual aid also for the description of this case. The general
amplitude for the description of the two-step process is

A
[

O→ V + XK′ , V → (`+`−)L′′′
]
∝

+J∑
M=−J

aM

∑
L′′=0,±1

∑
K′′=0,±1

z′′〈V X; 1, L′′, 1,K′′ | B|O; J,M〉z′′ (6.26)

× D1∗
K′′ K′ (Θ,Φ) D1∗

L′′ L′′′ (ϑ, ϕ) ,

where B represents the underlying dynamics of the decay. In the radiative transition
we are studying, we just have to take into account that the Jz′′ projections of V (L′′)
and X (K′′) must sum to M, because the z′′ and z axes represent the same direction
in the definition of the CC frame:

A
[

O→ V + XK′ , V → (`+`−)L′′′
]
∝

+J∑
M=−J

aM

∑
L′′=0,±1

∑
K′′=0,±1

〈1, L′′, 1,K′′ | J,M 〉 δL′′+K′′,M (6.27)

× D1∗
K′′ K′ (Θ,Φ) D1∗

L′′ L′′′ (ϑ, ϕ) .

Moreover, the squared amplitude must be summed over K′ = ±1 (Jz′ projection of
X = photon over the cHX z′ axis of Fig. 6.1; corresponding to setting λ0 = +1 in the
formulas for the J = 0 case) and L′′′ = ±1 (dilepton decay of V).

In reality, we are making an approximation in the derivation of the anisotropies
of the χc and subsequent J/ψ decays. In these transitions the photon emission is
sensitive to the internal electromagnetic charge structure of the quarkonium state. As
a result, the photon can effectively have an orbital angular momentum component
and, therefore, a total angular momentum of up to Jγ = 2 (in χc1 → J/ψ γ) and
up to Jγ = 3 (in χc2 → J/ψ γ). To account for the contributions of these higher
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Jγ values, the total amplitude should be calculated summing also over Jγ, using
the corresponding photon D matrix and the Clebsch–Gordan coefficients for J →
(J = 1) + Jγ, and the partial amplitudes would now have a dependence on J and
Jγ, contained in the matrix elements of B. However, these effects can be neglected,
since they only cause a small change of the values of the anisotropy parameters [59]
and do not have a significant influence in the illustrative considerations that follow.

The resulting expression of the four-dimensional angular distribution for the most
generic χc1 angular momentum state of Eq. 6.25, depending on the complex ampli-
tudes aM , can be found in Appendix B. The corresponding χc2 distribution is not
included in that appendix because its much more complex expression extends over
almost two pages, without offering particularly original insights into the properties
of the observable polarization. Here we report the much simpler distributions pro-
duced by the χc1 and χc2 mesons when they are pure eigenstates of Jz, i.e., |J, M〉z:

WCC(cosΘ,Φ, cosϑ, ϕ) ∝ (6.28)

(1 + cos2 Θ)(1 + cos2 ϑ) − sin2 Θ sin2 ϑ cos2(ϕ −Φ) for χc1 , M = 0 ,

1 − cos2 Θ cos2 ϑ − 1
4 sin2Θ sin2ϑ cos(ϕ −Φ) for χc1 , M = ±1 ,

9 (1 + cos2 Θ cos2 ϑ) − 7 (cos2 Θ + cos2 ϑ) +

sin2 Θ sin2 ϑ cos2(ϕ −Φ) − 2 sin2Θ sin2ϑ cos(ϕ −Φ) for χc2 , M = 0 ,

1 − cos2 Θ cos2 ϑ + 1
4 sin2Θ sin2ϑ cos(ϕ −Φ) for χc2 , M = ±1 ,

(1 + cos2 Θ)(1 + cos2 ϑ) for χc2 , M = ±2 .

As already noticed for the J = 0 case, the distribution is in all cases invariant by
exchange between (cosΘ,Φ) and (cosϑ, ϕ). The origin of the symmetry is in fact
visible in the amplitude of Eq. 6.28, where L′′ and K′′ are completely equivalent
as running variables of two identical sums (with the Clebsch–Gordan coefficient re-
flecting the commutative property of the sum) and, therefore, exchanging the upper
and lower case angles is equivalent to exchanging L′′′ with K′. As long as the square
amplitude is summed over the same set of values for L′′′ and K′ (±1, in this case),
the exchange has no effect on the final result.

Figure 6.25 gives an intuitive illustration of the symmetry. The adopted frame
(Fig. 6.3) has one set of axes providing the reference directions for both angular
distributions, the one of the photon (and J/ψ) emission in the χc rest frame and the
one of the dilepton emission in the J/ψ rest frame. In this situation, it is evident
from the figure that exchanging the “names” of γ and `+`− (i.e., the blue and green
colours), two equivalent objects from the point of view of angular momentum, only
modifies the individual event configuration, but not the resulting event distribution.

Equation 6.28 can be translated into a form that uses the coefficients of the
dilepton distribution (similarly to what was done in Eq. 6.9), as measured in the
CC frame (coinciding, in the case considered, with the corresponding laboratory-
referred frame, HX or CS) and as functions ofΘ andΦ. The λϑ, λϕ, λ⊥ϕ , λϑϕ, and λ⊥ϑϕ
parameters are reported in Table 6.1, including the χc0 case (Eq. 6.9 with λ0 = +1).
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Fig. 6.25 Illustration of the origin of the (Θ,Φ) →← (ϑ, ϕ) exchange symmetry for the angular
distribution of the cascade decay χcJ → J/ψ γ, followed by J/ψ→ `+`−.

Table 6.1 The (Θ,Φ)-dependent J/ψ decay anisotropy parameters for the cascade process χcJ →

J/ψ γ, J/ψ→ `+`−, when the χcJ is an eigenstate of Jz with eigenvalue M.

χc0 χc1 χc2

(M = 0) M = 0 M = ±1 M = 0 M = ±1 M = ±2

λϑ
−1 + 3 cos2 Θ

3 − cos2 Θ
+1 − cos2 Θ

−7 + 9 cos2 Θ

9 − 7 cos2 Θ
− cos2 Θ +1

λϕ
sin2 Θ cos 2Φ

3 − cos2 Θ

− sin2 Θ cos 2Φ
1 + cos2 Θ

0
sin2 Θ cos 2Φ
9 − 7 cos2 Θ

0 0

λ⊥ϕ
sin2 Θ sinΦ
3 − cos2 Θ

− sin2 Θ sin 2Φ
1 + cos2 Θ

0
sin2 Θ sin 2Φ
9 − 7 cos2 Θ

0 0

λϑϕ
sin 2Θ cosΦ
3 − cos2 Θ

0 −
sin 2Θ cosΦ

4
−

2 sin 2Θ cosΦ
9 − 7 cos2 Θ

sin 2Θ cosΦ
4

0

λ⊥ϑϕ
sin 2Θ sinΦ
3 − cos2 Θ

0 −
sin 2Θ sinΦ

4
−

2 sin 2Θ sinΦ
9 − 7 cos2 Θ

sin 2Θ sinΦ
4

0

If the distribution is integrated over cosΘ andΦ uniformly, that is, in the absence
of modulations created by experimental selections as those discussed in Section 6.3,
it can be seen that all azimuthal terms vanish (not a surprising result, as we are in
the special case when the χcJ is in a pure Jz state) and λϑ in the CC frame assumes
(being 〈cosΘ〉 = 1/3) nonzero values, except for the χc0 case. In particular, we see
that the J/ψ mesons produced in decays of χc1 mesons with M = 0 or of χc2 mesons
with M = ±2 are fully transverse (λϑ = +1), those from decays of χc1 or χc2 mesons
with M = ±1 are half transverse and half longitudinal (λϑ = −1/3), and those from
decays of χc2 mesons with M = 0 are 2/3 longitudinal and 1/3 transverse (λϑ =

−3/5). As anticipated, the “smearing” effect leading to the unpolarized observation
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only happens when the mother particle has J = 0, while the decay from a polarized
J > 0 particle produces, in general, a polarized daughter reflecting the mother’s
polarization.

There is no obvious pattern of correspondence between the χcJ and J/ψ polariza-
tions. However, a common denominator can be recognized in how the shape of the
distribution is “propagated” from mother to daughter. In fact, the previously men-
tioned (Θ,Φ) →← (ϑ, ϕ) exchange symmetry implies that the integrated distributions
W(cosΘ,Φ) and W(cosϑ, ϕ) are functionally identical: the two-body decay distri-
bution χcJ → J/ψ γ can be written exactly as in Eq. 1.16, replacing the lower-case
angles with the upper-case ones and using the coefficients of Table 6.1 with the op-
posite replacement of symbols. Integrating uniformly over cosϑ and ϕ, we obtain
that both the χc1 with M = 0 and the χc2 with M = ±2 decay into J/ψ γ with a cosΘ
distribution of polar parameter λΘ = +1, the χc1 or χc2 with M = ±1 produce a
distribution with λΘ = −1/3 and the χc2 with M = 0 has λΘ = −3/5. Comparing
these numbers with those reported a few lines above, we see that the anisotropy pa-
rameters are the same for the decays of mother and daughter, even if the polarization
states are very different. Also the χc0 decay fits this interpretation: both the decay
χc0 → J/ψ γ and the following J/ψ → `+`− are isotropic. What unifies all these
cases is, therefore, that the shape of the two-body distribution is “cloned” from the
mother’s to the daughter’s decay, as illustrated in Fig. 6.26.

Just as seen for the “smearing” effect in Section 6.3, deviations from the “cloning”
condition are expected in real experiments. For χc1 and χc2, as for χc0, the J/ψ CC
frame is well approximated by, for example, the HX one (when the HX frame is
chosen for the χc), at least in LHC experiments, where the laboratory momenta
of the involved particles are always much larger than their masses. Therefore, the
four-dimensional angular distributions reported above can effectively be measured
defining cosϑ and ϕ as the angular variables in the experimental J/ψHX frame. Con-
sequently, no large “anti-smearing” (or, rather, “anti-cloning”) effects as those seen
in Higgs decays (especially close to the limits pT ' p′ and pT � M, not relevant in
here) should be observed.

What can still moderately perturb the cloning effect in the χc decays is the shap-
ing of the cosΘ distribution induced by experimental selections in the exclusive
observations where the photon is reconstructed. However, as seen in Table 6.1, sev-
eral of the anisotropy parameters for J/ψ from χc1 and χc2 are cosΘ-independent (λϑ
for M = ±1 as well as λϕ and/or λϑϕ in several cases), so that deviations from an ex-
act cloning should be moderate. In particular, no visible deviations exist in inclusive
observations, as already seen for the χc0 case.

Figures 6.27 and 6.28 show, respectively for the χc1 and χc2, the resulting J/ψ
anisotropy parameters for exclusive measurements in the HX frame (blue curves) or
in the CS frame (red curves), when the χc mesons are produced with Jz projections
M = 0,±1 and ±2 (panels from left to right) along the HX axis. The solid, dashed
and dotted curves represent the effect of applying threshold values of 0.4, 1 and
2 GeV, respectively, on the pT of the detected photon. The differences with respect to
the cloned parameter values, represented by the green (HX frame) and magenta (CS
frame) curves, corresponding to the inclusive measurements, are relatively small.
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Fig. 6.26 Illustration of the “cloning” effect: the χcJ → J/ψ γ decay and the subsequent J/ψ→ `+`−

decay have identical distributions of the products’ directions.

Nevertheless, they are not zero, meaning that the polarization parameters determined
in an exclusive measurement of J/ψ mesons produced in χc decays are not always
identical to those describing the contribution of χc feed-down to inclusive prompt
J/ψ production.

In particular, we even see values of λ̃ larger than +1 towards low pT in the χc1
case for M = 0. This is a spurious effect of the requirement that the photon pT must
be larger than 0.4 GeV, which, besides removing configurations with cosΘ close
to +1 (for any pT value), as mentioned in Section 6.3, also sculpts the azimuthal
distribution of the J/ψ emission direction when pT is small, rejecting events with
Φ around ±180◦, for which the photon is emitted at Φ → 0◦, that is, towards the
beam direction. This leads to negative values of the average 〈cos 2Φ〉 and, there-
fore, to a positive λϕ, according to the corresponding formula in Table 6.1. Since λϑ
remains unchanged, being independent of the J/ψ emission angles, this experimen-
tally induced azimuthal component results in an increase of λ̃ beyond +1. This is
not an unphysical effect (in fact, λ̃ has no upper limit, unlike λϑ); it is created by the
selection of a peculiar (but physical) subset of events.
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Fig. 6.27 The frame-dependent anisotropy parameters λϑ, λϕ and λϑϕ (top to bottom rows), in the
HX (blue) and CS (red) frames, as well as the frame-invariant parameter λ̃ (top row), of the dilepton
decay distribution of J/ψ mesons observed in fully reconstructed exclusive radiative decays of χc1
mesons produced with Jz projections M = 0 (left) and M = ±1 (right) along the HX axis. The
solid, dashed and dotted curves correspond to increasing cuts on the photon pT. The corresponding
curves for inclusive measurements, where the cloning effect occurs almost exactly, are also shown,
in green (HX) and magenta (CS).



6.6 Decays from J > 0 particles and the “cloning” effect 223

J/ψ γM =   1−+M = 0

-0.2

0.2

0

0 20 40 60 0 20 40 60

0

-0.2

0.2

-0.5

0

0.5

1

1.5

-0.4

0 20 40 60

HX CSλ
∼

M =   2−+c2
χ

γ| y  | < 2.5
p   cut (GeV)

T
γ

0.4
1
2

Exclusive

J/ψ γc2
χJ/ψ γc2

χ

| y     | < 2.5
Inclusive

HX
CS

J/ψ

ϑλ

λϕ

λ ϕ

 (GeV)
T

p

ϑ

 (GeV)
T

p (GeV)
T

p

Fig. 6.28 The frame-dependent anisotropy parameters λϑ, λϕ and λϑϕ (top to bottom rows), in the
HX (blue) and CS (red) frames, as well as the frame-invariant parameter λ̃ (top row), of the dilepton
decay distribution of J/ψ mesons observed in fully reconstructed exclusive radiative decays of χc2
mesons produced with Jz projections M = 0 (left), M = ±1 (centre), and M = ±2 (right) along the
HX axis. The solid, dashed and dotted curves correspond to increasing cuts on the photon pT. The
corresponding curves for inclusive measurements, where the cloning effect occurs almost exactly,
are also shown, in green (HX) and magenta (CS).
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The difference between the results of inclusive and exclusive observations has to
be taken into account when sufficiently precise measurements of the polarization of
J/ψ mesons produced in χc decays are used in a subtraction procedure to extract the
polarization of the directly produced J/ψ, as was done to obtain the band in Fig. 6.18.

Similarly, accurate comparisons of exclusive measurements with theoretical pre-
dictions must account for the impact of the experimental selections on the photon
(and leptons), either by applying the same selection criteria in the theoretical calcu-
lations or by performing a full-dimensional acceptance correction of the experimen-
tal data.

c̄
c’

c

J/ψ

γ

Z c’’

c

J/ψ

γ

Z
c̄

c̄’’

c’

γ*

Fig. 6.29 Diagrams describing the decay Z → J/ψ γ. The same processes, replacing the c quarks
with b quarks, also describe the analogous decay Z→ Υ γ.

As in the J = 0 case, a more variegated scenario is expected when the mother
particle has a much larger mass. As a prototype example of this case we consider
the decay Z → J/ψ γ, which is formally analogous to the radiative decay of the
χc1 meson. In fact, as can be seen in Fig. 6.29, in the diagrams describing the pro-
cesses [63–65] the Z boson transforms into an initial cc pair; one of the quarks then
radiates a photon and the pair turns into the final J/ψ. The diagram on the right side,
representing a higher-order process, adds a further step, where the quarks annihi-
late into a virtual photon, which transforms into a J/ψ, but the momentum (P) and
angular momentum (J) of the J/ψ are the same as those of the pair that has just
produced the photon. In both processes we hence have an initial cc state having the
same P and J as the Z and a post-radiation one having the same P and J as the J/ψ:
from the point of view of energy and angular-momentum conservation among the
involved particles, the process is identical to an electromagnetic transition between
“quarkonium” states, cc → c′cγ. The four-dimensional angular distribution in the
CC frame has, therefore, the same expression for the Z and χc1 decays, for all po-
larization cases. Figure 6.30 shows the pT distribution used for the generation of the
simulated Z events.

The Z polarization is well measured, as seen in Sections 4.3 and 5.2, and can
in principle be used to completely determine W(cosΘ,Φ, cosϑ, ϕ) and, therefore,
obtain one definite prediction for the polarization of the J/ψ mesons produced in
Z decays. The necessary formulas, depending on a completely generic polarization
state of the mother particle, are reported in Appendix B, for this and analogous
decays where the J/ψ is replaced by another vector particle (φ, ρ) decaying into
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Fig. 6.30 The Z boson fiducial normalized pT-differential cross section, 1/σfiddσfid/dpT (right
y-axis), measured by ATLAS [60] (red bullets) and CMS [61] (blue bullets), in the phase space
domain defined by the single muon cuts p µ

T > 20 GeV and |η µ| < 2.4 (ATLAS) or 2.1 (CMS). The
corresponding absolute fiducial cross sections, in pb/GeV (left y-axis), were obtained using the σfid

value reported (for |y Z| < 2) by CMS [62]. The curve represents the absolute acceptance-corrected
pT-differential cross section that we used in the generation of simulated events. It provides a faith-
ful interpolation of four sets of data points (slightly shifted horizontally for visibility reasons),
acceptance-corrected assuming four different Z polarization scenarios. While the procedure usu-
ally depends on the assumed polarization, the results obtained in the four scenarios are almost
identical, the residual differences being negligible for our purposes.

either `+`− (or π0 γ) or π+π−/K+K−, and/or where W is the decaying boson, for
example in W± → ρ± γ, with ρ± → π±π0 (or→ π± γ).

Here, for simplicity, and for immediateness of comparison with the χc1 case, we
still consider the two distinct hypotheses of pure polarization states, M = 0 and ±1,
both in the HX frame. The anisotropy parameters expected as a function of the J/ψ
pT for exclusive measurements in the HX and CS frames are shown in Fig. 6.31. In
this case, with the experimental frame deviating substantially from the CC frame,
given the large p′ value (p′ ' 46 GeV), we see more complex patterns: the cloning
phenomenon is visibly disrupted. However, the different λϑ, λϕ and λϑϕ values and
pT dependences still univocally characterize the M = 0 and ±1 cases. The analogous
decay Z→ Υ γ leads to very similar results, given the only slightly smaller p′ value.
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Fig. 6.31 The frame-dependent anisotropy parameters λϑ, λϕ and λϑϕ (top to bottom rows), in
the HX (blue) and CS (red) frames, as well as the frame-invariant parameter λ̃ (top row), of the
dilepton decay distribution of J/ψ mesons observed in the decays of Z bosons produced with Jz
projections M = 0 (left) and M = ±1 (right) along the HX axis. The results corresponding to an
exact cloning effect are also shown, in green (HX) and magenta (CS). The solid, dashed and dotted
curves correspond to increasing cuts on the pT of the accompanying decay photon, also detected
by the experiment.
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6.7 The importance of the reference frame

In our discussion of the cascade decays we have adopted, as a reference for the
dilepton decay of V , the CC frame, represented in Fig. 6.3, instead of the one more
usually found in the literature, and perhaps a priori more intuitive, which is the
cHX frame, defined in Fig. 6.1. This choice has allowed us to illustrate in an almost
“visual” way, through the concepts of smearing and cloning, how the polarization
properties are transferred from mother to daughter particle. The discussion would
remain somehow incomplete without a brief account of what happens when, instead,
we choose the cHX frame.

To address this point, we will determine the polarization of the J/ψ produced
in the decays χcJ → J/ψ γ for J = 0, 1, 2, using the cHX frame. For simplicity,
we limit the illustration to the polar anisotropy. This allows us to avoid dealing with
rotations andD-matrices and follow a simple shortcut, only considering the possible
combinations of angular momentum projections Jz′ of J/ψ (L′) and γ (K′) along their
common emission direction in the χc rest frame, represented by the z′ axis, that is,
the cHX axis, as illustrated in Fig. 6.32.

g

z'

J

J/ψ

| g ñ
= | 1 , K'

ñ
| J/ψ

ñ = | 1 , L' ñ

Fig. 6.32 The decay χcJ → J/ψ γ seen in the χcJ rest frame, where J/ψ and γ have angular momen-
tum projections L′ and K′ along their common direction (z′ axis).

The relative probabilities of these combinations are expressed by the correspond-
ing Clebsch–Gordan coefficients, squared. The numbers are listed in Table 6.2 for
the generic decay of a J = 0, 1 or 2 particle into two J = 1 particles.

The configurations where K′ = 0 correspond to the forbidden case of a longitu-
dinally polarized photon and must be excluded for the present examples. In the case
of the decay χc0 → J/ψ γ, we find, as expected, that in the only two remaining con-
figurations the J/ψ has L′ = +1 and −1: it is, like the photon, transversely polarized
along z′, so that λϑ = +1: this reproduces the result amply discussed in the previous
sections (Eq. 6.2).

We consider now the χc1 → J/ψ γ case. Taking J = 1 and excluding the forbidden
configurations where K′ = 0, besides L′ + K′ = ±2, we find that in the four allowed
ones the J/ψ has 50% probability of being transverse (L′ = +1 or −1) and 50% of
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Table 6.2 The squared Clebsch–Gordan coefficients weighing the angular momentum configura-
tions of the decay | J, L′ + K′〉 → | 1, L′〉 + | 1, K′〉, with J = 0, 1, and 2, along the z′ axis.

L′ K′ L′ + K′
weight = C2

J = 0 J = 1 J = 2

+1 +1 +2 – – 1

+1 0 +1 – 1/2 1/2

+1 −1 0 1/3 1/2 1/6

0 +1 +1 – 1/2 1/2

0 0 0 1/3 0 2/3

0 −1 −1 – 1/2 1/2

−1 +1 0 1/3 1/2 1/6

−1 0 −1 – 1/2 1/2

−1 −1 −2 – – 1

being longitudinal (L′ = 0): therefore, its dilepton distribution along z′ is

w(cosϑ) ∝
1
2

1 + cos2 ϑ

4
+

1
2

1 − cos2 ϑ

2
∝ 1 −

1
3

cos2 ϑ , (6.29)

that is, λϑ = −1/3. This result is independent of the polarization state of the χc1. For
the χc2 decay, by summing the relevant coefficients in the table we find that the J/ψ
is 70% transverse and 30% longitudinal with respect to the z′ axis,

w(cosϑ) ∝
7
10

1 + cos2 ϑ

4
+

3
10

1 − cos2 ϑ

2
∝ 1 +

1
13

cos2 ϑ , (6.30)

that is, λϑ = +1/13, irrespectively of the χc2 polarization state. In summary, by
adopting the cHX axis for the observation of the J/ψ decay distribution, the measure-
ment remains completely blind to the χc polarization. This is a result of the implicit
integration we made over the emission angles Θ,Φ of the J/ψ itself in the χc rest
frame. In fact, the full information on the χc polarization state remains available in
the four-dimensional distribution W(cosΘ,Φ, cosϑ, ϕ) of the cascade χcJ → J/ψ γ
with J/ψ → `+`−, which can of course be determined, with a method analogous to
the one used in Section 6.6, adopting the cHX axis for the J/ψ.

Anyhow, in the light of these examples, the results seen in Section 6.6 imply a
clear advantage in the use of the CC frame: with this choice the dilepton anisotropy
alone, even after integration over cosΘ and Φ, is fully sensitive to the χc polariza-
tion, because it “clones” the polarization-dependent anisotropy of the J/ψ γ emission
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in the χc rest frame. The difference between the results obtained with the two frame
choices is illustrated in Fig. 6.33.

This crucial advantage of the CC frame remains present also when the cloning
effect is disrupted by the deviation of the HX from the CC frame at typical pT
values and by the effects of exclusive selection cuts, as in the measurement of the
J/ψ polarization in the decay Z → J/ψ γ, discussed in the previous section. In fact,
the calculation of the J/ψ dilepton distribution in the cHX frame leads to the same
polarization-insensitive result as in the χc1 case, λϑ = −1/3. Instead, even if the
cloning is now visually unrecognizable (Fig. 6.31), the λϑ, λϕ and λϑϕ patterns in
the HX (or CS) frame remain very different in the M = 0 and M = ±1 cases,
allowing for a clear discrimination between Z polarization cases.

The title of this section alludes to the previous discussion of Chapter 2 about
the dependence of a polarization measurement on the reference frame and how it
is convenient to test more than one frame in the search for possibly simpler (and,
therefore, more physically revealing) “patterns”. However, it is important to remark
that, in that case, we were considering polarization frames (HX, CS, GJ, PX) that
are mutually related by simple spatial rotations around the y axis and, for this rea-
son, the measurement in one frame could always be translated into a corresponding
result in any other frame, provided that all anisotropy parameters are measured and
effects caused by integrations over kinematic intervals (e.g. pT and/or rapidity bins)
can be neglected. In the present case, the choice between cHX and CC frames for
the measurement of the J/ψ polarization is irreversible, at least if only the dilep-
ton distribution is measured (and, of course, if the analysis is not repeated with the
other choice): it is not possible to transform mathematically the measurement made
in the cHX frame to the CC frame, as can be understood by the simple fact that only
the destination frame gives an anisotropy that depends on the χc polarization, while
this information is irrecoverably occulted in the frame of origin. In fact, the relation
between the cHX and CC frames at fixed pT and rapidity is not a rotation, but the
convolution of a continuous series of event-dependent rotations, where the shape of
the distribution changes and some of the original information it contained gets lost.

6.8 A counterexample for the cloning effect

We have presented the χc radiative decays as prototypes for the illustration of the
cloning mechanism, which can be seen at work when the measurement adopts, for
example, the HX frame, as an almost perfect replica of the CC frame: the dilepton
decay in the J/ψ rest frame will be practically identical to the distribution of the J/ψ
emission in the χc rest frame and, therefore, fully and univocally reflect the χc po-
larization in its HX frame (this is exactly true when higher order multiple radiations
are neglected, as previously mentioned and as discussed in detail in Ref. [59]).

When the mother-daughter mass difference is large, as in the otherwise analo-
gous Z → J/ψ γ decay, the cloning effect is no longer clearly recognizable as such
in the “usual” HX frame. However, the J/ψ dilepton distribution continues to be a
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Fig. 6.33 Illustration of how the observation of the angular distribution of the decay J/ψ → `+`−,
subsequent to χcJ → J/ψ γ, is substantially different in the cHX and CC frames. In the CC frame
the shape of the dilepton distribution is univocally correlated to the χcJ polarization state, making
its measurement possible even when the decay distribution of the χcJ itself is not observed. Instead,
in the CC frame the J/ψ polarization is blind to the χcJ polarization.
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definite indicator of the Z polarization. Above all, it is important to remind that the
cloning mechanism remains present in this decay and is, in principle, observable: it
is sufficient to adopt for the J/ψ the exact CC frame, that is, to calculate the polar-
ization direction in the Z rest frame and translate it with no change into the J/ψ rest
frame.

It is now natural to wonder about what happens in the decays where this kind of
cloning is absent: does in such cases the CC axis still provide its advantage in terms
of sensitivity to the mother’s polarizations? Fortunately, our χcJ → J/ψ γ “proto-
type” admits a very close counterpart, providing a particularly instructive answer.
We simply have to release the constraint that the radiated photon is transversely
polarized: we replace it with a virtual photon γ∗, which eventually produces a sec-
ond, non-resonant, lepton-antilepton pair. The corresponding physical cases are the
rarer decays χcJ → J/ψ γ∗, where both J/ψ and γ∗ further decay into `+`− pairs.
The exchange symmetry (Θ,Φ) →← (ϑ, ϕ) illustrated in Fig. 6.25 is broken by the
replacement of γ with γ∗, since this latter admits a Jz′ = 0 component along z′ and
ceases to be perfectly analogous to the J/ψ’s `+`− system as observed with respect
to the z′′′ axis: no cloning is expected in this case.

The amplitude of the process is unchanged with respect to the one of Eq. 6.28.
The difference in the observable angular distribution results from extending the sum
of the squared amplitudes to include the K′ = 0 term. The four-dimensional angular
distribution for pure χcJ polarizations, corresponding to Eq. 6.28, becomes

WCC(cosΘ,Φ, cosϑ, ϕ) ∝



1 + cos2 ϑ for χc1 , M = 0 ,

1 − 1
3 cos2 ϑ for χc1 , M = ±1 ,

1 − 3
5 cos2 ϑ for χc2 , M = 0 ,

1 − 1
3 cos2 ϑ for χc2 , M = ±1 ,

1 + cos2 ϑ for χc2 , M = ±2 .

(6.31)

These expressions are independent of the angles Θ and Φ, implying that the integra-
tion over ϑ (and ϕ) leads to a constant distribution: the J/ψ is emitted isotropically in
the χc polarization frame. This means that the measurement of the two-body decay
angular distribution of the χc is blind to its polarization state.

Additionally, we can recognize, with the method used in Section 6.7 (Fig. 6.32),
that also the dilepton decay in the J/ψ cHX frame is isotropic for J = 0, 1 and
2 (the same is true, incidentally, for the one in the γ∗ cHX rest frame): with no
restriction on K′, the summed Clebsch–Gordan weights (Table 6.2) become iden-
tical for the three configurations L′ = −1, 0 and +1, in all three J cases. No
trace of the χcJ polarization would be seen, therefore, in either integrated two-
dimensional distribution by adopting the cHX frame. Only the four-dimensional
distribution WcHX(cosΘ,Φ, cosϑ, ϕ) will contain such information, in terms corre-
lating the upper- and lower-case angles.

The CC frame continues, instead, to provide for the J/ψ decay the same distribu-
tion as in the χcJ → J/ψ γ case: the polar anisotropy parameters implied by Eq. 6.31,
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Fig. 6.34 Illustration of the (ϑ′, ϕ′) →← (ϑ, ϕ) exchange symmetry for the angular distribution of
the cascade decay χcJ → J/ψ γ∗, followed by J/ψ→ `+`− and γ∗ → `+`−.

λϑ = −3/5 (χc2 for M = 0), −1/3 (χc1 or χc2 for M = ±1), and +1 (χc1 for M = 0
or χc2 for M = ±2) are the same as those found in Section 6.6 for the decays with a
real photon.

Moreover, for understandable reasons of symmetry, that same polarization in-
formation is also carried by the additional dilepton distribution produced by the γ∗

decay, when observed with respect to the CC axis. In fact, another clone symme-
try can be discerned, as illustrated in Fig. 6.34, between the two dilepton systems,
which are completely equivalent and exchangeable (they only differ for their invari-
ant masses, which do not affect the determination of the angular distribution): the
four dimensional angular distribution W(cosϑ, ϕ, cosϑ′, ϕ′) is symmetric with re-
spect to a change of the J/ψ decay angles (ϑ and ϕ) by those of the virtual photon
(ϑ′ and ϕ′).

It is now immediate to determine the correlated distribution of the four angular
coordinates cosϑ, ϕ, cosϑ′, and ϕ′. In fact, we can reuse the passages of Section 6.6
that lead to the derivation of the distribution of χcJ → J/ψ γ, J/ψ→ `+`− (Eq. 6.28),
replacing the rotation of the γ eigenstate from the z′ to the z′′ (CC) axis, by angles Θ
and Φ, with the rotation of the second dilepton system, coming from the γ∗ decay,
from the z′′′′ axis (where lepton and antilepton are back-to-back) to the z′′ axis,
by angles ϑ′ and ϕ′. Along z′′′′ the γ∗ dilepton has allowed angular momentum
projections ±1, just like γ had along z′. Moreover, the involved Wigner matrices are
exactly the same.

The replacement, therefore, does not change the functional dependence of the
result on the angles: it only leads to the substitution of Θ,Φ with ϑ′, ϕ′. This means
that, with only a change of names of the angles, Eq. 6.28 represents the correlated
angular distribution of the two dilepton systems of the J/ψ and γ∗ decays, being
the angles measured in the respective CC rest frames of the two particles. In par-
ticular, by integrating this four-dimensional distribution W(cosϑ, ϕ, cosϑ′, ϕ′) over
either cosϑ′ and ϕ′, or cosϑ and ϕ, to derive, respectively, the J/ψ decay distribu-
tion w(cosϑ, ϕ) or the γ∗ one, w(cosϑ′, ϕ′), we obviously obtain the same result
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Fig. 6.35 Illustration of how the angular distribution of the decay χcJ → J/ψ γ∗, with J/ψ →
`+`− and γ∗ → `+`−, is observed in the cHX and CC frames. The χcJ decay is isotropic in all
cases and both frames. Concerning the dilepton distributions, all χcJ polarization cases lead to an
undistinguished, fully isotropic result in the cHX frame, while both J/ψ and γ∗ decay distributions
in the CC frame univocally reflect the χcJ polarization state, being two identical replicas of the
J/ψ→ `+`− distribution in the χcJ → J/ψ γ case (Fig. 6.26).

as when we integrate the distribution W(cosΘ,Φ, cosϑ, ϕ) of the χcJ → J/ψ γ case
over cosΘ and Φ.

Figure 6.35 gives a pictorial summary of how the measurements in the cHX and
CC frames differ for integrated two-dimensional distributions: in the cHX frame



234 6 Polarization in cascade decays

every distribution is isotropic, independently of the χc polarization; in the CC frame
both the distribution of the J/ψ decay and that of the γ∗ are exactly the same as in
the dilepton distribution in the χcJ → J/ψ γ case (Fig. 6.33), and both fully reflect
the χc polarization.

We have exploited the close parallelism between the two alternative χcJ decays,
χcJ → J/ψ γ and χcJ → J/ψ γ∗, to further illustrate the concept of cloning and the
roles of different frame definitions, taking advantage of existing and experimentally
observed decay channels. The latter decay channel may, however, not be a good
alternative for the measurement of the χc polarization. First, because the event sam-
ple would certainly be much smaller than the χcJ → J/ψ γ sample, given the lower
branching fraction. Second, because it remains necessary to carefully evaluate the
effects of the integration over cosϑ′ and ϕ′ in the presence of experimental selec-
tions.

As previously described in detail, the selection criteria applied to the photon lead
to sculpting effects on the (cosΘ,Φ) distribution in the χcJ → J/ψ γ case, thereby
creating slight deviations from the full-cloning expectation. In exactly the same way,
the selections applied to the lepton pair produced by the γ∗ will affect the observed
J/ψ dilepton distribution (and vice-versa), since the functional correlation between
(cosϑ′, ϕ′) and (cosϑ, ϕ) is the same as the one between (cosΘ,Φ) and (cosϑ, ϕ).
This problem should not be more easily addressed in the γ∗ decay case, because the
invariant mass of the γ∗ is very small, of the order of only 1 MeV, so that the two
resulting leptons will be produced with very low laboratory momenta, making their
detection a big challenge.

6.9 Recapitulation

In this chapter we have studied the dilepton decay distribution of a vector particle
V produced indirectly, in the decay O → V + X of a heavier particle O, to answer
the following question: what polarization does V inherit in this two-step production
process?

We started by developing in detail the description of the vector particle produc-
tion from the decay of a J = 0 particle, including cases like χc0 → J/ψ γ, χb0 → Υ γ,
B → J/ψK, H → J/ψ γ, and H → Z γ. In certain experimental and kinematic con-
ditions, these processes represent extreme examples of polarization “smearing”, po-
tentially leading to the extraordinary observation of a fully unpolarized vector par-
ticle. In fact, V is intrinsically polarized along the direction of its emission in the
O rest frame (the cHX frame, Fig. 6.1) having, for example, a natural polarization
λ0 = +1 when X is a real photon and λ0 = −1 when X is a J = 0 particle.

However, in “inclusive” studies, where the production of V is observed by re-
constructing only its dilepton decay, and not the underlying O → V + X step, the
dilepton distribution is necessarily referred to the directions of the colliding beams,
taking for example the HX axis as polarization axis. Given that V is emitted isotrop-
ically in the O rest frame, in the V rest frame the directions of the HX and cHX axes
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are distributed in a spherically uniform way with respect to one another, leading,
in principle, to a fully smeared dilepton distribution as seen with respect to the HX
axis (Fig. 6.2).

The four-dimensional distribution of the V emission angles Θ,Φ in the O rest
frame and the dilepton emission angles ϑ, ϕ in the V rest frame is given by Eq. 6.2
in the cHX frame and by Eq. 6.8 in the “cloned cascade” (CC) frame of Fig. 6.3,
where the V polarization axis is a geometrical clone of the O polarization axis and
approximates the HX or CS axis (the same chosen for O) when the laboratory mo-
mentum of V is large with respect to the O − V mass difference (Eq. 6.15). In this
latter frame we see that the uniform integration over the angular variables of either
step of the cascade leads indeed to a constant. However, when the integration is not
uniform, the result is, in general, an anisotropic two-dimensional distribution.

It actually happens that the measurement process disrupts the spherical symme-
try of the smearing, by sculpting the cosΘ distribution. If, for example, V is re-
constructed in intervals of its pT, the cosΘ distribution ceases to be uniform and
assumes a shape depending on the slope of the pT distribution within the considered
interval (Eqs. 6.17 and 6.22, Fig. 6.9). The effect increases with the mass differ-
ence between O and V , as shown in Fig. 6.6, comparing the cases B → J/ψK and
χc0 → J/ψ γ. When the | cosΘ | distribution is no longer uniform (that is, the cosΘ
distribution is not uniform or linear) in the HX or CS frame of O, a non-uniform
dilepton decay distribution will be observed in the CC frame, HX or CS, of V .

The resulting anisotropy parameters as observable in inclusive measurements
(ignoring the O → V step) at the LHC are shown in Fig. 6.14 (B → J/ψK,
B → ψ(2S) K) and in the left panels of Fig. 6.15 (χc0 → J/ψ γ): a practically
isotropic dilepton distribution is observed only when the mass difference is as small
as for the J/ψ from χc0 decays.

It is important to notice that, as seen in those figures, the results depend on the
experimental selections. For example, also the minimum-pT requirements on the
decay leptons sculpt the cosΘ distributions (Figs. 6.12 and 6.13). Since the cosΘ
distribution is not observed and, therefore, not corrected for the lepton acceptance,
this effect leads to an increase of the observed anisotropies. The selection criteria
must become an integral part of the measurement definition.

In most measurements, additional criteria are applied to isolate events corre-
sponding to the specific decay channel O→ V + X. Even if only the dilepton decay
distribution of V is analysed, such selections, effectively requiring the presence of
X with a laboratory momentum in a given acceptance domain, strongly sculpt the
cosΘ distribution (Fig. 6.10). In such “exclusive” measurements, stronger kinematic
modulations are expected for the dilepton decay parameters of V , as shown by the
comparison between the right and left panels in Figs. 6.8 and 6.15. Processes like
H → J/ψ γ and H → Z γ, which must be isolated with suitable selections on the
photon, show particularly strong deviations from the isotropic limit (Fig. 6.17), be-
cause the mass difference is large with respect to the typical values of the observed
V momentum spectrum.

The same smearing mechanism occurring in the decay χc0 → J/ψ γ provides a
key for the interpretation of the surprising observation, made at the LHC, that di-
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rectly produced J/ψ mesons show polarization parameters compatible with being
zero and with no significant dependence on pT (Fig. 6.18). An exact cancellation of
oppositely polarized mechanisms, leading to a pT-independent result, is improbable,
and a more natural explanation is provided by the colour-octet mechanism (a basic
feature of NRQCD), where the observable vector meson results from the transfor-
mation of an unobserved (“pre-resonance”) coloured QQ pair, having a mass only
slightly different from the final one and possibly different quantum numbers. The
binding transition, happening via emission of soft gluons, leads to a seemingly un-
polarized J/ψ if the pre-resonance QQ has J = 0. Measurements in hadron collider
experiments do indeed support the hypothesis of a dominance of partonic processes
creating coloured QQ pairs with respect to those producing already colour neutral
states (Fig. 6.19). Moreover, recent global analyses of LHC data indicate that the
1S [8]

0 colour-octet channel (of J = 0) is the prevalent one. It is, therefore, the pecu-
liar nature of the J/ψ, a composite particle made of two heavy quarks, and the marked
process hierarchy characterizing the high-energy domain explored at the LHC, that
allow for the exceptional observation of unpolarized production.

Colour-octet dominance and unpolarized J/ψ production are not necessarily fore-
seen, nor observed, in low-pT fixed-target production, in electromagnetic processes
and, as exemplified by the several cases analysed in this chapter, in indirect produc-
tion. In particular, the indirect J/ψ production from decays of B mesons, which can
be studied inclusively by selecting “non-prompt” events, should show a significant
longitudinal polarization if the sample is dominated by two-body decays of the kind
B → J/ψK. Multi-body decays, including processes producing a colour-octet QQ
state and more complex chains starting with B → χc or B → ψ(2S) decays, may,
however, dilute the overall polarization (Figs. 6.23 and 6.24).

The generalization of the previous considerations to the cases of a J = 1 or J = 2
mother particle (χc1,2 → J/ψ γ, Z → J/ψ γ) shows the “smearing” effect turning
into another phenomenon, where the shape of the mother’s decay distribution is
“cloned” into the one of the daughter’s as observed in the CC frame (Fig. 6.26),
reflecting the invariance of the four-dimensional angular distribution by exchange of
the O and V decay angles (Eq. 6.28 and Fig. 6.25). Therefore, while the polarization
(Jz composition) changes from mother to daughter, the one of the mother is still
univocally reflected by the dilepton decay distribution of V , even when the O decay
angles are integrated out. Also the J = 0 case, where both mother and daughter have
isotopic decays distributions, is actually a case of cloning.

The cloning is verified in the CC frame, meaning that, at sufficiently high lab-
oratory momentum, it is possible to measure the χc1 and χc2 polarizations in the
“ordinary” HX or CS frames, by only determining the dilepton distribution of the
daughter J/ψ and without performing a four-dimensional analysis including the χc

decay angles. Just as the full spherical smearing in the J = 0 case, also the exact
cloning is partially disrupted by experimental selections affecting the momentum of
the accompanying particle X. The effect is small for J/ψ from χc decays (Figs. 6.27
and 6.28), but significant for large mother-daughter mass differences, as in the case
of the decay Z→ J/ψ γ, where strong kinematic modulations appear for the dilepton
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anisotropy parameters; the Z polarization is, however, still unequivocally reflected
in the observable patterns.

Both the cHX (x′y′z′) and CC (x′′y′′z′′) frames of Figs. 6.1 and 6.3, alternative
choices for the measurement of the V decay distribution, require, in principle, the
knowledge of the O (or X) momentum, besides the V one: for example, z′ (cHX) and
z′′ (CC HX) represent the direction of O, respectively, in the V rest frame and in the
laboratory. Correspondingly, the measurement of the correlated four-dimensional
distribution of the cascade process provides the same amount of physics information
with both frame choices.

However, for V momenta larger than the O − V mass difference, the CC HX
frame is simply determined as the V HX frame, using only the V momentum in
the laboratory. Measurements of the dilepton distribution using the CC (HX or CS)
frame and integrating over the O decay angles, as those considered in all examples
of this chapter, require, therefore, significantly less experimental information than
those choosing the cHX frame, which always rely on the knowledge of the O mo-
mentum. Apart from being more “economical” from the experimental point of view,
the choice of the CC frame is also the only one of the two allowing the experiment
to determine the polarization of O simply using the dilepton degrees of freedom,
as was illustrated by the χc1 and χc2 examples. In fact, after integration over cosΘ
and Φ, the dilepton distribution in the cHX frame is blind to the O polarization
(Eqs. 6.29 and 6.30, Fig. 6.33).

Interestingly, the dilepton measurement in the CC frame continues to provide the
same full sensitivity to the O polarization even in the seemingly evasive example of
the χc1,2 → J/ψ γ∗ decays (Fig. 6.35), where the cosΘ,Φ distribution itself is always
measured as isotropic independently of the χc polarization, an observation not to be
mistaken as an indication that the χc is produced unpolarized.
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