Chapter 10 ®)
Solutions of Exercises Check for

10.1 Chapter One

1.1 Let us inspect the contribution of the contact force ¢£. With the help of (1.67) one
has

/tdS:—/pndS+F, (10.1)
S N

where F is the shearing force exerted by the plate on the fluid. Indeed the shear
contributions vanish on the vertical lines AB, CD and on BC of Fig. 10.1. On the
closed surface S, the pressure is uniform and then, — |, ¢ pndS = 0. The integral
equation (1.125) becomes

F = p/(v -n)vdS . (10.2)
s

We need to compute F' = F - e;. Therefore from (10.2) one obtains

F= p/(v “n)v; dS . (10.3)
S

With the control volume of thickness Z in x3 direction exhibited in Fig. 10.1, it is
easy to proceed further

i=6
p/(v-n)m dS:pZ/(v-n)ivl das; . (10.4)
s i=1 7S

In section S, the velocity profile is

v1(xp) = UXQ/h,fOI‘ 0<x,<h,
vp=U,forh<x, <H. (10.5)
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Fig. 10.1 Control volume for the flat plate problem

We have successively

p| w-n)wdS =—-pU*HZ n=(—1,0,0) v=(U,0,0)
M

hZ
p | -n)v dS; = pU? <(H -hZ+ T) n=(1,0,0) v=(vi1(x2),0,0)
Sy

p| (W-n)3v,dS3=0 as(v-n); =0
$3

L
p (v-n)4v1dS4:p/ UvZdx; n=(0,1,0) v=(0,v,,0).
Sy 0

It is forbidden to impose v, to be zero on S4. The fluid flows in the vertical direction
through Sy as the flow rate in the exit S, is less than in the entry section S;. The two
last integrals yield pfss(v -n)sv,dSs = pfsﬁ(v -n)gv; dSs = 0 as the velocity has
no component in x3 direction.

One deduces that

L
2
F = p/o UvyZdx, — 5,oUzhz . (10.6)

To evaluate the integral in (10.6) the control volume method is applied to the mass
conservation law (1.120)
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i=6

p/ v-ndS=p) (v-n)ds;. (10.7)
N

i=1
We obtain

pl| W-n)sdSs=p | (v-n)edSs¢=p [ (v-n)3dS3=0
Ss

Se $3

14 (v~n)1d81=—pUHZ
S

p (v~n)2d52:pU<(H_h)Z+hTZ>

S

L
P (l) . n)4 dS4 = p/ Ude)C1 .
S4 0

Therefore one has
L hZ
p/ vLZdx, = pUT (10.8)
0

Combining (10.6) and (10.8), the force F acting by the plate on the fluid is

1
F = —ngth ) (10.9)

1.2 Incompressibility requires V - v = 0. Applying 0/0x; to the velocity field, one
has

3 2, O
A Ar’d;; — 3Ar xia_;,-
8)6,‘ r6
AI"3($,',‘ — 3Al"2)€i L
-

=0

since x;x; = rZ.

It is also possible to solve the problem by computing

81),‘ _ 0 -3
a—Xl—Aa—xl (x,(x]xj) )

3
=A <5ii(xjxj)_3/2 — Exi : Z(ijj)_S/zxj(sji)

dive =

_ 3 _
=A (551'()6])(]') 32 _ E)Cj '2()ijj') 5/2)Cj> :0,

as 5”‘ =3.
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1.3 The incompressibility equation in cylindrical coordinates (A.2) is written as

la(rv,) n l% + ov,
r or r 00 oz

It is easily deduced that the given velocity field is incompressible.

1.4 Natural Convection between two parallel planes

The 2D velocity field is such that v = (v;(xy, x2), v2(x], x2), 0). However the
flow is invariant with respect to translation in the x, direction. Therefore it depends
only on the x; coordinate. With the incompressibility condition (1.115),

61)1

— =0. 10.10

B ( )
As v; = 0 at the walls, v; = 0 and v = (0, v, 0). The temperature gradient is ori-
ented in the horizontal direction, so that the temperature field is such that 7 = T (xy).

The temperature Eq. (1.117) becomes
d*T
—=0. 10.11
i (10.11)

Integrating with the boundary conditions T = T, atx; = —hand T =T atx; = h
yields

_Tg—Tl T+ T, A T+ T,

T = = 10.12
T 5 X ( )
The momentum equation (1.116) gives
op d*v,
—a—tu———pgl—al —Tp)=0. (10.13)
O0xy dxi

The reference temperature is chosen as the mean temperature 7o = (77 + T3)/2.
The flow is not driven by an exterior pressure gradient; then the pressure is purely
hydrostatic and results from the integration of

0
~ P g =0, (10.14)
8x2

valid at equilibrium. Consequently the velocity field is driven by the buoyancy forces

and one solves 5

d“v
P + po gaAx; = 0. (10.15)
dx;

With the boundary conditions v, = 0 at x; £ A,
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gaA ga
v =" xi(xf —h?) = 7o (T = To)xi(xp — h?) . (10.16)

It is a simple check to verify that this velocity profile corresponds to a vanishing flow
rate across each horizontal cross section.

1.5

e The continuity equation applied to the control volume in dashed lines (Fig. 1.14)
yields

Ro
f v,(r) 2nrdr = VIR} . (10.17)
0

Using (1.126) in (10.17) one has

Ro }"2
2vmax/ (1 - —2) rdr =VR7. (10.18)
0 R

0

Carrying through the integration we obtain

=—-—. 10.19
Umax 2 R12 ( )

e The momentum equation in integral form is applied to the control volume

/p(v -n)vdS =0. (10.20)
s

Indeed the contact force ¢ = 0 as there is no diffusion and the pressure is constant
and equal to the atmospheric pressure. Consequently one writes successively

Ro
(v:(r)dS)v.(r) = TV?RY

2
v2 /RO (1 — ﬁ) 2rrdr = wV2R?
max R2 - 1>
0

0
R6
205, = V?RY,
vV \> 1R
= ——. 10.21
(vmax> 3 R12 ( )

With (10.19) and (10.21) the contraction coefficient is

_R]2_3

0= R—é =7 (10.22)
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10.2 Chapter Two

2.1 In thermal convection problems there is no reference velocity to be chosen like
in aerodynamics where the upstream uniform velocity is a given data of the flow.
As it is proposed in the problem statement there are three possible choices for the
reference velocity. Note that the dimensional matrix of Table 2.1 is almost identical to
the one corresponding to the Boussinesq variables. It is sufficient to add the column
corresponding to o with [a]O 00 —1].

If p, u, L, T are chosen as primary variables, then the minor is not zero. The first
and third dimensionless groups become I1; = vt/ L2 113 = vL /v. This shows that
the reference velocity is indeed v/L based on the viscous diffusivity. The alternate
choice p, k, L, ¢, with non zero minor generates I'1; = At/Lz, I3 = vlL/A.

We resort to the Boussinesq equations given by (1.118) and (1.119).

e Let us now consider the dimensionless Boussinesq equations with the viscous
diffusivity as reference velocity. The dimensionless variables are

L2 p~L2

t=—1t", v =—v, P/IW,T—T0=(T1—TO)T/-

1%
i T
v L

Dropping the primes for ease of notation we obtain

dive =0, (10.23)
Dv
E =—-VP + Av+GrTg, (10.24)
DT 1
— = —AT. (10.25)
Dt Pr

e Referring to the thermal diffusivity for the reference velocity, the dimensionless
variables become

!/ I g / !’ ﬁLz /
x,:in,l‘Z—l‘,U,'Z—Ul-,P:—Z,T—TOZ(TI—T())T.
K L PR
(10.26)
The dimensionless Boussinesq equations are now
dive =0, (10.27)
Dv
Dr =—-VP + PrAv+ RaPrTg, (10.28)
DT
— =AT. (10.29)
Dt

e With the reference velocity U = (ga(T — Ty)L)'/? the dimensionless Boussinesq
equations are
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dive = 0, (10.30)
Dy vp B v _Grr (10.31)
D pe 'S ‘
pT 1

L AT (10.32)
Dt Pe

2.2 Let us define the dimensionless coordinate variable and velocity as follows

h
p="1, =2 (10.33)

In dimensionless form, the velocity profile (10.16) reads

1
vy = EGrn (77 - 1) (10.34)

where Gr is the Grashof number

ga(T, — T)A?

Gr = 5

(10.35)

v

10.3 Chapter Three

3.1 The solutions obtained in (3.7) and (3.19) for the plane Couette and Poiseuille
flows, respectively, result from linear differential equations. As the non-linear terms
of the Navier—Stokes equations do not intervene in this problem, one invokes the
principle of linear superposition and the solution of the combined plane Couette—
Poiseuille flow is written as

The shear stress is

Finally, the flow rate is

0— / J h dP N Uh
v X —_— .
YR T T a2

3.2 We will refer to the spherical coordinates (r, €, ¢) as in Fig. B.1. The rotation
axis of the sphere with the angular velocity £ = Qe,, is axis x3. As a consequence
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of the problem’s symmetries, the velocity field has only one single component such
that
v =v,(, e, . (10.36)

We solve the Stokes equations with the boundary conditions

v=0 in r=o00 (10.37)
v, = QRsing in r=R. (10.38)

The form of the boundary conditions (10.38) suggests to search the solution under
the form
v, = QRf(r)sinf, p=po. (10.39)

One verifies that the mass conservation equation (B.20) is trivially verified by (10.39).
The pressure gradient does not intervene in (B.23) because of axial symmetry
(0/0¢ = 0). One has

Vo oo 2f 2F
Avw— r2si:129 —QRSIHQ(f +T—r—2 =0. (1040)
The f solution written as f(r) = :{j‘ioo C,r" gives
C,
fr)y==Cir + - (10.41)

The boundary conditions (10.37) and (10.38) impose C; = 0 and C, = R?, respec-
tively. The velocity field around the rotating sphere is

3
v, = Qr—2 sinfe, .

3.3 Spherical Couette flow
The boundary conditions are

Vy = QlRl sinf in r = R1 (1042)
v, = QRysinf) in r=R,. (10.43)

The considerations of the previous exercise remain valid for the velocity profile
search under the form (10.39)

v, = f(r)sinf, p=ps. (10.44)

We will note that we do not use anymore the factor QR, as now we have two radii
and two angular velocities to take care of. The equation to solve is thus
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Fig. 10.2 Flow between two r
concentric cylinders, one
fixed and the other moving
with velocity U in the z
direction

2 2f
Av, — L —sind|( 1" —— =0, 10.45
ve r2sin% @ St (f + r r? ( )
whose solution is c

fr)=Cir+ r—j . (10.46)

The imposition of the boundary conditions (10.42) and (10.43) yields

QzRg — QlRf Q—Q 5 4
Ci=—35—7— GC=—">27RRK. (10.47)
R RE_R

3.4 We work in cylindrical coordinates with the z axis in the direction of the axes of
both cylinders (cf. Fig. 10.2). The only non zero velocity component is clearly v,.
Moreover v, = v,(r).

The flow is kinematically forced by the displacement of the inner cylinder. No
pressure gradient is involved in the fluid motion.

Equation (A.23) gives
1d (d
e e A (10.48)
rdr dr
Integrating (10.48), one finds
v, =CiInr+C,. (10.49)
The boundary conditions are
v,(r=R)=U (10.50)
v, (r=Ry)=0. (10.51)

Imposing (10.50) and (10.51) to (10.49), one obtains the velocity field

U
=——In—. (10.52)
Ing R

U,
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With the help of (A.4), the only non zero component of the stress tensor is o,, equal

to
dv, Ov, U 1
rr = — 4+ — ) = - 10.53
Orz ”(ar+az> uln%r ( )

The friction force per unit length acting on the moving cylinder is given by the
integral

1
U
/ Orzlr=r12TR1dz = 2mpa R (10.54)
0 In R—;
3.5 Couette flow with a free surface
e Itis simple to obtain B = 0 and A = w; in the Couette solution (3.41).
e The Navier—Stokes equations involving the pressure contributions are
a 2
@ _ 5%, (10.55)
or r
0
9P _ ). (10.56)
0z

Therefore we conclude that p = p(r, z) and dp = g—fdr + g—gdz. As at the free

surface p = p, = cst, one has dp = 0. Then we obtain

2 _ o __ Py
dr op —pg

= —wyr. (10.57)
Integrating (10.57) one gets
7= iwgrz +C, (10.58)
2g
with C a constant. Imposing z(R;) = z; we find
7= iwg(rz —R) +z1. (10.59)
28

The free surface has a parabolic shape.

3.6 Plane Couette flow with two layers

The flow is two-dimensional and v3 = 0. Furthermore we have 9/0x; = 9/0x; =
0. The two components v; and v, are only dependent on x;. The incompressibility
constraint imposes that v, = 0 and v; = v;(x;). The hypothesis on the pressure
gradient implies Op/0x; = 0. The Navier—Stokes equations yield
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821)1
=0
K 3x%
ap .
Oxs P8 =
0
_9P _
8x3

In the two layers labeled 1 and 2 by upper indices we have

82
_”21 -0
Ox;
dp
—_— =0.
dxs +pg

Integrating we obtain

vl =Aixo+ By, p'=—pigxs+C
vf = Ayxy + B», p2 = —prgxy + Cc?.

The boundary conditions are vl1 (hy)) =U and vlz(—hz) = 0. We have

Athy + B =U
—Ayhy + B, =0.

As the two fluids do not slip at the interface, one gets

B =5B;.

267

(10.60)

(10.61)

(10.62)

(10.63)
(10.64)

(10.65)

The interface is in equilibrium and the contact forces satisfy Eq. (1.76). With n; = e>,

the unit vector in direction x,, we have

0'182 = 0'282 .

In terms of stress components, relation (10.66) yields

1 _ 2 1 _ 2 1 _ 2
O1p =012, 0O =03, 03 =03.

(10.66)

(10.67)

With the definition of the constitutive equation (1.67), the stress components in

(10.67) are
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1 1 d”ll
o1y = 2dy, = Mld_xz = p1 A (10.68)
dv?
0% = 2und} = md_x; = 12 As (10.69)
0dy = —p' +2md), = —p' (10.70)
0y =—p (10.71)
ol =03,=0. (10.72)

The first condition on the stress components (10.67) imposes
AL = A, . (10.73)

The second condition produces —p! = —p? at x, = 0 and then C; = C, = py the
pressure at the interface. Using (10.63)—(10.65) and (10.73) we obtain

U
A= (10.74)
pahy + pihy
A U
A, = BEL_ M (10.75)
2 pahy + pihy
hyU
By=B = 11" (10.76)
pahy + pihy
The velocity components and pressures are
v (uax2 + piho)U 1
V= = —p18X2 + 10.77
h P D pP18%2 + po ( )
hy))U
v2 — M p2 — _ngxz + po . (10'78)
ol + piho

Note that if h, = 0, we recover the velocity profile of the standard plane Couette
flow.
The vorticity is orthogonal to the plane of flow and w3 = —dv;/dx;. We have

1 U
W = ————— =cst (10.79)
} tahy + piha
U
Y L (10.80)
tahy + pihy

3.7 Bubble dynamics

The spherical symmetry of the physical situation makes it convenient to work
with a spherical coordinate system with origin at the center of the bubble as is shown
in Fig. 10.3. All derivatives with respect to 8 and  vanish. It is obvious that the only
velocity component relevant to the problem is v, and v, = v, (7, ). The continuity
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Fig. 10.3 Bubble geometry
and associated spherical
coordinates

equation and the Navier—Stokes equation for v, give with the help of relations (B.20)
and (B.21)

10 ,
ov, ov,\ _ Op 10 ,0v 2v,
P(at +”E>_ E*“(ﬁa” ?‘r—z)- (1052

The integration of (10.81) gives v, = A/r?. With the boundary condition v, = R at
the bubble wall, R denoting the wall velocity, we obtain A = R2R. The dot denotes
the time derivative. Then we have

RR?
U= (10.83)
r
Inserting (10.83) in (10.82) we have
op RR> R*R _R*R?
——=p(2 + -2 . (10.84)
or r2 r2 rd

Notice that the viscous term disappears by cancellation. We will integrate (10.84)
from the bubble boundary r = R to infinity r — oo. We obtain

1 [P ® /1 . . R*R?
- -f dp = / (-2 [2RR* + R*R] —2— )dr : (10.85)
P Jp(R) R r r
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Carrying the algebra further we get

R) — peo 1 . .. RR2T™
PR =pe T Lioppe o R2R] 4
p r 2rt g

. 3.
=RR+ 5R2 ) (10.86)

The stress components with the help of relations (B.19)—(B.23) are given by

4uR%R
O = —p— —— (10.87)
r
2[}JR2R
Opp = Opp = —P + 3 (1088)
Ogp =0pr =09 =0. (10.89)
Within the bubble
Orr = 009 = Opp = —Pg (1090)
0’099 = 0.\}77 = 0'}”0 = O . (1091)

The stress components o, and 0,9 must be continuous across the bubble surface.
The comparison of (10.89) with (10.91) reveals that this requirement is automatically
satisfied. The stress component o,, must experience a jump of magnitude 2v/R,
where  is the coefficient of interfacial tension (cf. Eq. (1.82)); the stress value
inside the bubble is lower. Comparing Eq. (10.87) with (10.90), we find that the
pressure just outside the bubble wall is given by

27+ 4uR
p(R+s,r)=pg(t)—(7—R“), k1. (10.92)

Setting » = (R + ¢) in Eq. (10.86), we obtain an ordinary differential equation for
the bubble radius as a function of time:

. 3., 4uR 2 1) —
RR+_R2+L+_VZM7 (10.93)
2 PR PR p

with p, the pressure inside the bubble. Since (10.93) is a second-order equation,
two initial conditions must be specified. Most simply, R(0) and R(0) will be given.
Equation (10.93) is the Rayleigh—Plesset equation.

The treatment given here has been restricted to spherical bubbles. In practice,
the presence of a unidirectional gravitational field tends to destroy the spherical
symmetry. It also causes the bubble to rise in the liquid, and our analysis does not
account for streaming past the bubble.
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However in certain physical problems the bubble is small enough so that interfacial
tension causes it to remain essentially spherical. When streaming past the bubble is
negligible, Eq. (10.93) can still be applied. Cavitation bubbles can be treated, but in
the literature on cavitation in liquids, viscosity is usually neglected, so that the term
411R/pR is dropped from Eq. (10.93).

10.4 Chapter Four

4.1 The solution of the circular Couette flow is given by Eq. (3.41). Then v =
(0, vg(r), 0). The vorticity has the components

10
w=1(0,0,—— (rvy)) . (10.94)
r or

Therefore w, = 2A. The vorticity in the circular Couette flow is constant. It is inter-
esting to note thatif B = 0, i.e. w; = wy, the fluid is in solid rotation and the vorticity
value is twice the angular velocity.

Using Stokes theorem (4.4), the surface integral is easily computed as w - n = w,
and the surface S = m(R3 — R}). Therefore [jw -ndS = 2w(R3w; — Rjw). For
the line integral, we define a contour made of a straight line orthogonal to the cylinders
reaching the two boundary circumferences C; (inner) and C, (outer) at points L and
L. The contour is swept from the L; to L;, goes counterclockwise around C, till
L,, crosses the annulus from L, to L; and then circumnavigates clockwise around
Cj until reaching L. It is obvious that both integrals on the line segment L L, do
not contribute to the integral as the velocity is orthogonal to the integration path. For
the integrals around C; and C, we have

2w
7§ vo(R)rdf = / V(R R 1d0 = =2 R vp(R1) = —2wR}w,
C 0
7§ vo(Ry)rdf = 2w R3w) (10.95)
Cy

We conclude that the Stokes theorem is satisfied.

4.2 We consider the streamline SA from the free surface S toward the orifice Or of
the enclosure (cf. Fig. 10.4) and we apply to it the Bernoulli theorem (4.41) to obtain

2 2

pU v
PS+TS+pXS:PA+pTA+PXA~

By (4.13), one obtains
Ox

_g:_a_x3’
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Fig. 10.4 Enclosure with X
free surface and orifice S

and thus y = gx3 + C. At the free surface the pressure is that of ambiant air; it is
the same situation at the orifice. Therefore ps = pa = puir. If we set the origin of
the x; axis at the level of the orifice, the contribution of py is equal to C. For the
sake of simplicity, we set C = 0, while at the free surface x3 = h, pxs = pgh. On
the free surface, the velocity vy is zero (this is especially true when the enclosure is
large) and setting v4 = v one has

pgh = gvz . (10.96)

This gives the sought relation, which is known as Torricelli formula.

4.3 Hill’s Vortex

We follow the solution described by Rieutord [79]. Another way of presenting
and solving Hill’s vortex leading to the same relationships is to be found in the book
by Shivamoggi [91].

e Referring to the equations for the curl and div in spherical coordinates (Appendix
B), the equations curl = 0 and div v = 0 yield

10 10v, wr .
_ i = 10.97
r 8r<rv9) r 06 R sin (10.97)
1 1 in
—g(rzv,) + M =0. (10.98)

r2 or rsinf 96
Using the suggested form of v, and vy given in the statement, one gets from (10.98)
14d ,
g(”)=—;d—r(" ). (10.99)
Equation (10.97) with the help of Eq. (10.99) leads to relation

d? ( zf) 2f = 2wr?
dr? ’ o R

(10.100)

The particular solution £, of (10.100) is sought as f,, = Cr? with C a constant.
Inserting f}, in (10.100), one obtains C = —w/5R. The homogeneous solution
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fn gives f = A/r*® + B. The boundary conditions allow the determination of the
integration constants. First the velocity must be finite when r — 0. This imposes
A = 0. Secondly the radial component v, vanishes for »r = R. Eventually

v, = SiR(R2 — ) cos® and vy = SiR(zr2 — R%)sinf . (10.101)
Note that on the sphere the velocity is such that vg = wR sin 8/5.
e Outside the sphere, the flow is irrotational and the velocity comes the velocity
potential (4.36), solution of the Laplace equation

AP =0. (10.102)
We obtain B
O(r,0) = (Ar + ﬁ) cosf . (10.103)
The boundary conditions are
v,(r =R)=0, and vy(r = R) = wRsinb/5. (10.104)

Imposing (10.104) to (10.103) yields

2wR R 2wR 1 R
v = _TS (—1 + (7)3) cosf, and vy = —;us (1 + 5(7)3> sinf .
(10.105)
e Introducing the streamfunction v such as
1 oy 1 oy
— ~* and =— —_—, 10.106
= 2smnaog MV rsinf Or ( )

from the velocity components (10.105), the streamfunctions for the full flow are

2
W= %(R2 —/)sin?f for r <R (10.107)
Rr? R
% = ”1; (-1 + (—)3) sin2@ for r> R (10.108)
r

Figure 10.5 shows the streamlines associated to Hill’s vortex in the meridian plane
(r, z) of the cylindrical coordinates.

4.4 Drain of a container

e With Egs. (4.100) and (A.20), it is obvious that divv = 0.

e With Egs. (4.100) and (A.6), we have curlw = 0.

e Using the unperturbed velocity component and the steady state vorticity Eq. (4.24)
for w,, we obtain
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Fig. 10.5 Hill’s vortex 15k
streamlines E

osh

~N ] o
0.5 -
E
1.5:
Dw, ow, ov, v d [ Ow,
=0 - Vw, =V, — = w,— + —— . 10.109
Dt (V- Viw: =v ar oz o Uor ( )
This relationship yields
ar dw, vd dw,
- TE ——r—. 10.110
2 dr awz—i_rdr(rdr) ( )
Consequently
d dw a
- [ur drz + szﬂ] =0. (10.111)

Integration of (10.111) produces (4.101).

e The integration constant must be zero. If this were not the case, the vorticity w,
would diverge logarithmically at small values of r as the viscous term would
dominate the other terms. On the contrary, for large values of r, the viscous term is
less influent and the vorticity decays as 1/r2. Therefore the total vorticity integrated
over the flow volume is blowing up; nonetheless the vorticity must remain finite
and constant as there exists no mechanism to create vorticity in this problem.

e With C = 0, the integration of (4.101) gives

= | — _V2 (10 1 12)
w w €X . .

z 2] =0 €XP "

e The result (1()1 12) shows the presence of a characteristic lengtll 0= V/Cl.

e Over the distance ¢ there is an equilibrium between the stretching effects of the
elongational velocity field v and the sprawl by viscous diffusion. If the flow occurs
through an orifice of diameter d with a reference velocity U, then we have
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— Re? (10.113)

~

a >~

U 1) v
d’ d ud
The higher the value of the Reynolds number, the more concentrated the vorticity
in a small diameter core.

4.5 Vortex sheet

e From the problem statement, we have v, = v3 = 0 and v; = v;(x2, #). The non
zero vorticity componentis ws (x,, ) = —0v; /0x,. As the flow is two-dimensional
and the vorticity is orthogonal to the plane flow, the term (w - V)v vanishes. The
vorticity governing equation (4.24) reduces to

aLU3 82W3

— =r—. 10.114
ot v 3x§ ( )

e This equation is of diffusion type as was (3.71). We introduce the dimensionless
variables

2
n= -2 and o=t (10.115)
vt v
The vorticity is decomposed by separation of variables
ws = f(ng) . (10.116)
We have
Ows On ov ,
5 = o/ s+ f(mo-g'w)
/ U2 !
= —3LF g ®) + — F )& @)
t v
Ows 1 aZWS 1
b ik - = . 10.117
5 ﬁf (mgw) = e e ( )

Equation (10.114) reads now

— 2F ) +vfg @) = ' mr). (10.118)
Dividing through by (10.116) we get

nflp S 8w
2 fm  f g()

(10.119)
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If g(0) # 0 and g’(0) is finite, then C = 0. This implies that g’(v) = 0 and thus
g(v) is constant.
e The f equation reads

[ = —gf’(n) : (10.120)
Integrating one obtains
f'=foe . (10.121)
Integrating again
noo_2
S = f(Q0) +f’(0)/ e dcC. (10.122)
0

With the change of variable o = %, (10.122) becomes

g 2
fm = f0)+ 2f’(0)f e do. (10.123)
0
Using the error function (3.79), we write
fap) = £(0)+ ﬁf/(O)erf(g) : (10.124)

e The thickness of the vortex sheet, i.e. the region where the vorticity does not vanish,
increases like +/vt.

10.5 Chapter Five

5.1 Hele-Shaw flow

e Inspection of (1.73) gives

87}1 81)2 81)3 V] + U3 + U3 = | | < | | | |

o — _— X — — — V3| R EV] X EV V| =X vy .

8x1 8)62 8)63 L L h } ! g ! 2
(10.125)

e Asthe length scales in the directions parallel and orthogonal to the plates are quite
different, we write

321)1

ox}

82 1%)

ox}

Nvl‘

g2L?’

1%}
e2L?”’
(10.126)

~

~ U1 ‘821)1

~ 1% 82 1%
L? Ox3

e Ox3

e The steady Stokes equations (1.73) and (2.54) reduce to the set
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Wi _ g (10.127)
ax,- o '

9

9P _ N, (10.128)
ax,-

with p = p(x1, x2) and v; = v;(x1, x3),i = 1, 2. Since v3 is of order ¢, the i = 3
component of (2.54) indicates that the pressure is essentially constant across the
gap and does not depend on x3 as dp/0x3 = 0, i.e., p = p(xy, x2).

e This set of equations is meaningful in the symmetry plane parallel to the plates
containing the origin of the coordinate axes. It is possible with the help of Eqs.
(5.116) and (10.125)—(10.126) to write

v (X1, X2, x3) = v;(x1, X2, 0) f(x3) , (10.129)
as the variation of v; with respect to x;, x; is slower than that of f with respect to

X3.
e The Poiseuille flow solution (3.27) provides the relationship

2
flxs) = (1 — x—3> . (10.130)

The momentum equations (10.128) become

vy Op
5 = 5> 10.131
a 3x32 Ox1 ( )

821)2 817
—_— = . 10.132
"oxz = om (10.132)

e Taking Eqgs. (10.129) and (10.130) into account, one obtains
h? 0

Vi, 1, 0) = ——— 2P 2 (10.133)

241 Ox;

From (10.133) it is obvious that the velocity field is a gradient, is irrotational and
hence, can be derived from a velocity potential. Introducing

dp
;= — | 10.134
v 8)6,' ( )
Equation (10.133) yields
h’p
p=——=. (10.135)
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The streamline configuration will be the same in planes x3 = cst. Furthermore they
will be similar to those of a two-dimensional potential flow of an inviscid fluid around
obstacles of the same shape. However near the obstacles the viscous fluid sticks to
the walls, but this influence will be limited to a zone of thickness /. This discussion
explains why the Hele-Shaw cell is used in many experiments to provide the observer
with the geometrical pattern resulting from the presence of bodies inside an internal
flow.

5.2 Flow between parallel discs
e With the velocity field given in Eq. (5.119), the continuity relation (A.20) gives
81)9
— =0, 10.136
50 ( )
showing that vy does not depend on 6.
The Navier—Stokes equations (A.21)—(A.23) reduce to

2
v Op (10.137)

r or

10p o (10 82y
-2 Z(-Z v 10.1

0 r 00 +'u|:8r (r 8;’(“)0)) + 072 :| (10.138)

0=_27 + b, . (10.139)
0z

Because of the symmetry, the pressure term in (10.138) vanishes. Taking the par-
ticular form of (5.119) into account, Eq. (10.138) gives

f'@)=0. (10.140)
Integrating, we have f(z) = C;z + C,. Imposing the boundary conditions
v9(z=0)=0 and vy(z=h) =wr, (10.141)

we obtain C; = w/h and C, = 0. Therefore the velocity field is

vy = %rz . (10.142)

e With (10.137), (10.139), (10.142) and b, = —g, the pressure is

p(r,z) = —pgz+4q(r) . (10.143)

Setting ¢ (r) = 0, Eq. (10.137) is satisfied provided w <« 1 and Op/0r = 0.
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e Throughout the fluid, the shear stress is

v
0oy = 2pudy, = ol = | (10.144)
0z h
Consequently the moment M required to rotate the top disc, or to hold the bottom
one still, is given by

2 R R4
”:‘”/ Pdr = TR (10.145)
0

R
M =/(; Q2nr)(rog;)dr = o

Since the quantities M, w, a, h can presumably be measured, (10.145) can be used to
determine the viscosity of the fluid, provided the underlying assumptions of creeping
flow and idealized geometry are sufficiently well approximated.

10.6 Chapter Six

6.1

e The complex potential of the flow is
f@)=m(nz+1)+In(z—1) —Inz) (10.146)

corresponding to two sources located in z = =1 and one sink in z = 0.
e The complex potential is expressed as

2 2 2
f(z)=mm<Z : 1>=m<1n\Z D i - 1))=¢+i¢.

z
(10.147)
e With z = re'?, we obtain
1
o=mln( =v/r*—2r2cos(26) + 1 (10.148)
r
and 5
1
1) = m arctan (r2 + I tan 9) . (10.149)
2 _
Therefore the streamlines are
2
1
¥ =cst, with — + Stanf =a (10.150)
2 _

with « constant. Let us notice that the Eq. (10.150) is invariant by the transforma-
tion r — 1/r. Replacing 2 by x> 4+ y? and tan § by y/x, Eq. (10.150) becomes
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@+ + Dy =a@+y* = Dx (10.151)

which is invariant by the following symmetry (x, y) — (—x, —y). Consequently
we can inspect the flow in the positive half-disk r < 1.

e The flow rate across the line joining the points z; = %(1 +i)andz, = 1/2is given
with (6.12)

0 = YP(22) —P(z1)

r22~|—1 rlz—i—l
= marctan | — ltanﬂz — marctan | — 1tan01

= =
= m arctan(3) (10.152)

asry = 1/2,92 :0,1’1 =ﬁ/2and91 =7T/4.
6.2

e The singularities are located in

z1,r = %1 (10.153)
2oy = £2i (10.154)
73=0. (10.155)

e They are all inside the circle C : x> 4+ y*> = 9. The complex circulation I' defined
by (6.22) allows for the computation of the flow rate across C and the circulation
around the circle

r:/df, 7 =3
C

27
= /0 df = f(3¢*™) — f(3)
= (1+i) (In8¢"™ —In8) + (2 — 3i) (In 13¢"" — In 13)

N e*i2ﬂ' 1
3 3
= 47i (1 4+i) + (2 — 3i)) = 87 + 127i . (10.156)

Then Q = 127 and " = 8.
6.3

e With the relation (6.156) we calculate

Faof 1
= COShf = % — 5 (eiﬂ+lw + e*(ap+”‘g))

2x +2iy = e¥(cosp +isiny) + e P(cosyy —isine) . (10.157)
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Separating the real and imaginary contributions, we have

2x = e¥cosp +e ¥ cosyy = cos(e’ + e %)
2y = e?sinyy + e Psiny =siny(e? —e %),

and
x =coshpcosy, y=sinhpsiny . (10.158)

2 2
X Yy

=1 10.159

(coshgo) + (sinh<p) ( )

X 2 y 2
(cosz/;) - (sinw) =1. (10.160)

Equations (10.159) and (10.160) show that the equipotentials are ellipses and
streamlines hyperbolas that are drawn in Fig. 10.6. Note that for y = 0, there is
no solution for |x| > 1.

e Let us evaluate the velocity for y = 0 and —1 < x < 1. Obviously by symmetry,
u = 0. From (6.14) we have

dz 1 1
C o= =sinh f = /cosh? f —1=+/z2—1.  (10.161)

ﬁ_w u—iv

Therefore one has

Therefore
1 1 —i

V-1 i —1 J1=x2

Consequently v = —i/+/1 — x2. Note the |v| = oo for x = %1 and |v| = 1 for
x =0.

(10.162)

u—iv=

6.4 Flow in front of a circular obstacle

e The complex potential g(¢) may be decomposed as a sum of noteworthy terms

8 = % (In(¢—a)+In((+a)—In((—1)—In((+1)) . (10.163)

The flow is thus created by two sources situated in ( = +a and by two sinks in
¢ = =£1. The two images are the images of the singularities with respect to the
wall, namely the 7 axis.
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Fig. 10.6 Streamlines and equipotentials for z = cosh f

e The complex velocity reads

w_dg(c)_g<1 PR 1)
T ac T 2ar\(—a  C+a (-1 (+1

L0 A@-1
T o ((<2 —a) (- 1)) ' (10164

e With the conformal mapping (6.158), the wall ¢ = 0 in the ( plane is transformed
in a circle of unit radius in the z plane as we have

14+in
1—in

X +iy= = xX24yP=1. (10.165)

e Introducing successively in g(¢) the positions of the two sources and the two sinks,
( = #£a and ¢ = *£1 respectively, with the definition of b, we obtain that the source

in ¢ = a becomes a source in x = b, the image source in ( = —a yields a source
in x = 1/b, the sink in ( = 1 gives a sink at infinity, and eventually, the image
sink in ( = —1 generates the sink in z = 0.

e Therefore the image of the half plane £ > 0 in the z plane is the exterior of the
unit circle centered at the origin as shown in Fig. 10.7.
e The complex velocity w(z) in the z plane is

w = w <Z — 1) (10.166)

z+1

e The complex potential in the z plane is made of two sources and one sink
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Fig. 10.7 Source in front of a circular obstacle with @ < 1. Red dots are sinks and black dots
sources

f@) = e (ln(z —b)+In(z — l) — lnz) (10.167)
2w b

which is exactly Eq. (6.159).
6.5 Flow over a forward facing step

e For the half line £ > 0 and n = 0 we have argdz — argd( = (arg& — arg(§ +
a))/2=0.

e For the AO segment, one has argdz — argd( = (argé — arg(§ +a))/2 = 7w/2
and for £ < —a, argdz — argd( = (arg€ — arg(é + a))/2 = 0. The geometry of
the transformed domain is a forward facing step as shown in Fig. 10.8.

e The velocity in the physical plane is

172
<+a> . (10.168)

d
w=g’(<)d—§=U< R

?gx

Fig. 10.8 Sketch of the flow over a forward facing step
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In the limit n — 0, we have

1/2
w=U<£+a> . (10.169)
£
We notice that for £ = —a, the velocity vanishes and this point is indeed a stag-

nation point; in £ = 0, the velocity goes to infinity.

More details for this problem may be found in Sect. 10.6 of Milne-Thompson [59].

10.7 Chapter Seven

7.1 The boundary conditions are given by

X2=0:v1=v,=0 (10.170)

0 H?
X =000 @ V1 = U(xy), au_ _v21 =0. (10.171)

aXQ 3)(2
From the Navier—Stokes equations, we get

9? 1dp, dU,
po = Py, e (10.172)

Ox; p dx dx;

With the help of Eqs. (10.171) and (10.172), we calculate the coefficients a, b, ¢ and
d. With the substitution

52, dU,
A== , (10.173)
v dx;
we find
a=2+2, (10.174)
A
b =-3, (10.175)
c=3-2 (10.176)
d=1-2. (10.177)
The velocity profile is then written
3, 4, A 3
v /U, =25 — 25" + s +gs(1 —5)°. (10.178)

In the present case, the outer velocity is constant (U, = cst). Therefore A = 0 and
the velocity profile is simplified
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u 3 4
T 2s —2s° + 5™, (10.179)

e

The displacement thickness 0* is

5* —fdd oy 23, (10.180)
=), u,) = 107 '
For the momentum thickness 6, we have the definition
0 /6(1 B 375 (10.181)
— X J— —_—— = — . .
, U U, 315
The wall shear stress 7, is given by
/%d O () _,,Ue (10.182)
Ty = — Xo—\|— )= —_— .
o am \on ) T e

Finally, through the von Karman equation (7.89), we have a relation between 7,, and

0
49 _ Tu (10.183)
dx; pUZ’ '

Substituting the above expressions for 6 and 7, one finds

37 do 2v 315 [vx; [Z3)
2040 oo =2, = [ =583 | —L. 10.184
315dx;  6U, = Occ 37V U, U, ( )

7.2 Referring to Fig. 7.5, the problem solution is performed through the next steps.

e The boundary conditions for the boundary layer developing over the flat plate are

1. No slip wall
v1(0)=0 for x,=0. (10.185)

2. Matching condition with the outer flow field at x, = dy
v1(8g) =U for x, =0dp. (10.186)

3. Stress condition at x, = dy

o
U0 for xp=4dp. (10.187)
8.X2

e Evaluation of A, B, C.
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1. Equation (10.185) implies C = 0.
2. Condition (10.187) imposes

ABcos(Bxy)|,_;, =0 = B= 2150 . (10.188)

3. Condition (10.186) gives A = U. The velocity profile is therefore

v1(xy) = U sin (%) . (10.189)

e Computation of ¢

1. Introducing the variable s = x;/dy, the momentum thickness becomes
6= /1 sin(~s) (1 sin(~ )) d
= —s - —s))ds
°f, T2 2
2 1
= do(— — =) =0.1366 6 . (10.190)
T 2

2. Continuity over the control volume

do o x
— / pUdx, + / pvidxy + / pvé dx' =0. (10.191)
0 0 0

Note that the third integral on the left-hand side of (10.191) takes care of the
mass flow rate Am across the upper boundary of the control volume.
Equation (10.191) leads to the relation

X 50
/ pvydx’ = / p(U —vy)dx, . (10.192)
o 0
3. Integral momentum equation over the control volume
do 0o x X
- f pU%dx; + f pvidx, + / pvyUdx’ = — f Tw(x)dx" . (10.193)
0 0 0 0
Combining (10.193) with (10.192), one gets
do 5o x
— f p(U* — vh)dx, +/ pU U — v))dx, = —/ Tw(@dx’ . (10.194)
0 0 0

Then s
0 X
/ pv1(v1 — U)dx; = —/ Tw(XNdx . (10.195)
0 0
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From (10.195) we obtain

d % dg
Tw = —— pui(vy = U)dx, = —pU~” . (10.196)
dx Jo dx
Consequently
9 _ 7w (10.197)
dx;  pU?’ '

4. Computation of 7,

ov; uUm X uwUm
= it N il e = 10.198
7 N(?Xz ixz:o 260 cos( 200 )|x2:0 200 ( )
5. Computation of dy.
Using (10.197), (10.198) and (10.190) we have
g pm
dxl - ZpU(S()
0.1366%%0 = KT (10.199)
’ dx1 - 2pU(50 ’ '

Integrating (10.199) one has

VX1
S0 = 4.795 /7 , (10.200)

result that should be compared with (7.58).
7.3

e At some distance from the leading edge, the boundary layer is constant in shape

and thickness. As a consequence, we have

9 _y. (10.201)
axl

From the continuity equation and (10.201), one gets

0
D2 _0 = w=cst=V. (10.202)
8x2

PrandlIt’s equation (7.40) with (10.202) becomes

8v1 321)1
— =V —. 10.203
Ox v Ox3 ( )
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This second-order differential equation has for solution

v =Ae" + B. (10.204)

The boundary condition at the plate imposes v; = 0 at x, = 0, giving B = —A.

At xy = 00, we have v; = Uy. Recalling that V < 0 one has A = Uy,. Therefore
the velocity profile reads

V1 v
—=1—ev". (10.205)
Us
e The wall shear stress is
0 \%
Ty = ﬂa—’”|x L= —p(—U) = —pVUs . (10.206)
Xy 2 v

Observe that 7, does not depend on the viscosity.
e The displacement thickness (7.59) with (10.204) gives

=" (10.207)
=—=. .

while the momentum thickness (7.63) becomes
0=——. (10.208)

Finally the shape factor H is
H=—=2. (10.209)

to be compared to H = 8/3 for the non-porous plate.

10.8 Chapter Eight

8.1 The spiral flow is the same as the helical flow solved in Sect. 3.2.3. The Couette
solution (3.41) will be denoted by V (r) while the axial solution (3.64) corresponding
to the Poiseuille flow in the annular section is referred to as W (r). The axisymmetric
Navier—Stokes equations are given by (8.27)—(8.30). The stability analysis rests upon
a base flow and three-dimensional axisymmetric perturbations. We have

v=w,V+v,W+w) and p=P+p,. (10.210)

We carry out a linearization of the governing equations discarding the second-order
terms of the perturbations. We get
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2
) )@_(V“) = _9PEP) -y 10211
r or r2
dv
p( U+ (W )—+—(V+v)> :,u(Av—’%) (10.212)
ow a(W tw) 0w _ 9P+ py)

< o + W B ) = o + pAw (10.213)

ou u aw
S+iet 0. (10.214)

As the base flow satisfies the Navier—Stokes equations, a further step in the lineariza-
tion brings the equations

Ou ou 2Vv 8pp u
— +W—— = Au 10.215
<8t + 0z r ) i r2) ( )

or
ov vV dv ov v
- — 4 — ) = u(Av — — 10.21
”(aﬁ”(r +dr>+waz) u(bo = ) (10.216)
ow dw ow _Opp
p<a— +u$ + 8_) =" + pAw (10.217)
ou u Ow
—+—-+—=0. 10.218
a}” + + 61 ( )

Using the normal modes (8.40) and the notation (8.41), the stability equations are

ol +ikWi — iﬂ = —%DpAp +v(DD, — k*)i (10.219)
o0 + 4D,V 4+ ikWi = v(DD, — k*)D (10.220)
aﬁ)+ﬁ‘2—‘:/+ikww = —ik%—}—y(D*D—kz)zi) (10.221)
D.ii + ik =0. (10.222)

Extracting w from Eq. (10.222) and inserting this expression in (10.221), we obtain

3 1 aw
Pr — Z [u(D.D = k) — o — ikW] D.ii + fdw- (10.223)
K2 k dr
Taking the derivative D of (10.223) and using it in (10.219) we are left with the
relations

V N W\’ R

v (DD, — k) it — 2P0 + iAW + % (—) = 0(DD, — k)i (10.224)
r r

(DD, — k) b — (D, V)i — ikiW = od (10.225)

< ]

f) Di=0 for r=R,R,. (10.226)
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The interested reader may find in Ng and Turner [62] the numerical results
obtained by the compound matrix method for the stability of the spiral flow under
axisymmetric disturbances for the small gap approximation. This analysis sheds light
on the interaction of centrifugal and shear instabilities.

8.2 Rayleigh—-Bénard instability
The solution follows the development proposed by Chandrasekhar [ 18] and Drazin
[26].

e The velocity of the base flow is zero v = 0. The temperature profile is linear as
it is solution of d*T¢/dx3 = 0, with the boundary conditions Tc = Tp for x; = 0
and T¢ = T for x, = d. The lower index C indicates the conductive nature of the

solution. Hence
o — T

d

TC = T() - X2 . (10227)
The hydrostatic pressure pj,4 is obtained from the Navier—Stokes equation (1.116)
that yields

0=-Vp +4+po((1 —a(T — Tp))g, (10.228)

and consequently using (10.227)

T() - T1 )C2

Phva = Po = pg(x2 + a———2). (10.229)

e For the sake of facility, the dimensionless quantities are denoted without primes
in the sequel. The velocity perturbations are v = (u, v, w). Using (8.67), the lin-
earized equations are

dive = 0, (10.230)
0
a_;’ =—Vp, + PrAv+ RaPrTg, (10.231)
or AT (10.232)
—_— =V = . .
ot

e The curl of the velocity generates the vorticity (1.40). The dimensionless gravity
vector of unit length acts in the vectorial k direction. Then we have taking (1.41)
into account

oT
curl(Th) = e —er = VT x k. (10.233)
Xj

The resulting equation reads

o
a_f — Ra PrvT x e, + Priw . (10.234)
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e The application of curl to Eq. (10.234) leads to the relationship

dAv oT
—— =RaPr|ATe;—V(e;—) |+ PrAAv. (10.235)
3t 8xj

To obtain (10.235) the following computation is needed

o*T
—em
axlaxj

82
0i10jm — Oim0
( j[) 18

curl(VT X ey); = €ijiCiim

T
=ej—— —eAT . (10.236)

e The x; component of (10.235) is

OAv ( O*T )
= Ra Pr | AT — — | + PrAAv
ot 8x2

= Ra PrAyxT + PrAAv, (10.237)

where Ay = 9%/0x} + 0% /0x3 is the horizontal Laplacian.
e Let us eliminate T between (10.232) and (10.237). From (10.232) we compute

8 _1
T=—-A . 10.238
<8t ) v ( )
Plugging (10.238) in (10.237) one gets
0 1 9
The boundary conditions are
v
v=—-=T=0 for x=0 and x, =d. (10.240)
a)CQ

e We choose the normal modes in horizontal Fourier space

T = O(xp)e” Tihuthm (10.241)
v =V (xp)el Hhimthn) (10.242)

Substitution of (10.241)—(10.242) in (10.232) and (10.237) produces
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(D* —k* —o)T = —W (10.243)

(D? — K2)(D? — K* — Pi)W — K*RaT , (10.244)
r

with D = d/dx, and k* = k% + k%.
Elimination of T between (10.243) and (10.244) yields a sixth-order differential
equation

(D* — k) (D*> —k* — o) (D*> — k* — Pi)w = —k*>RaW , (10.245)
r

with the boundary conditions W = DW =T =0atx,/d =0, 1.

The problem is solved numerically by a spectral method, see e.g. [23]. The critical
Rayleigh number in the case of rigid conducting plates is Ra,,;; = 1708 with k,;; =
3.117.

10.9 Chapter Nine
9.1 Taking the conjugate complex of (9.52) one has

FE(x) = Zf (Kye'** . (10.246)

Setting k' = —k, one obtains

frx) = Z fr(—kye (10.247)
As f is real, we conclude that f* = f and the relation (9.53).
9.2 With the definition (9.60), we write
Qij(—r) = V(X)) (x — 1) . (10.248)
If we have now x = x’ + r, the former relation yields
Qij(=r) = v;(x' +r)v;(x) = Qi (r) . (10.249)

Symmetry is then proved.

9.3 The use of Eq. (9.241) requires the following algebraic expansions



10.9 Chapter Nine

(I —G)Y =1, - 3G +3G* - G?
(Is — G)* = I; — 4G + 6G* —4G* + G*
(I; —G) = 1; —5G + 10G* — 10G* + 5G* - G° .

Then
3
Q3= (Is— G)" =4I, — 6G +4G* — G’
n=0
5
Qs =Y (Is— G)" =6l — 15(G + G*) + 20G* + 6G* — G°.
n=0

293

(10.250)

(10.251)

(10.252)

(10.253)

(10.254)

From (10.253) and (10.254), we recover easily the relations (9.243) and (9.244).

Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0
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adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative Commons license and

indicate if changes were made.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from

the copyright holder.
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