
Chapter 4

Operator Splitting and Finite Difference
Schemes for Solving the EMI Model

Karoline Horgmo Jæger1, Kristian Gregorius Hustad1,2, Xing Cai1,2 and Aslak
Tveito1,2

Abstract We want to be able to perform accurate simulations of a large number of
cardiac cells based on mathematical models where each individual cell is represented
in the model. This implies that the computational mesh has to have a typical resolution
of a few μm leading to huge computational challenges. In this paper we use a certain
operator splitting of the coupled equations and show that this leads to systems that can
be solved in parallel. This opens up for the possibility of simulating large numbers
of coupled cardiac cells.

4.1 Introduction

In recent publications (31; 30; 13) we have shown that a cell-based model is useful
for accurately representing the electrophysiology of excitable cells. Traditionally,
excitable tissue is simulated based on homogenized models where the cells are not
explicitly resolved, see e.g., (26; 7). In the cell-based model, we explicitly represent
both the extracellular space (E), the cell membrane (M) and the intracellular space
(I), and it is therefore referred to as the EMI model. Similar approaches to modeling
excitable tissue have been used by several authors; see e.g., (2; 18; 25; 22; 24; 23;
11; 16; 34).

The EMI model is solved, numerically, using an operator splitting scheme which
results in two steps; a non-linear system of ordinary differential equations (ODEs)
to be solved in each computational node (i.e, degree of freedom) placed on the cell
membrane, and a linear system of algebraic equations coupling the discrete Laplace
equations of E and I with continuity requirements of the current over M. The spatial
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resolution used in the discretization of the model is usually between 1 μm and 4 μm,
thus only 1 mm3 of tissue leads to more than 107 computational nodes. For an adult
human cardiac cell, with a resolution of 2 μm, the number of computational nodes
per cell (including the associated extracellular space) is about 6000 (see (30), Table
7). Thus, for a limited number of cells, the linear system coupling all the discrete
Laplace equations is manageable. In fact, the system was solved using Matlab for up
to 16,384 cells, with about 9.8×107 computational nodes, see (30).

However, not only the sheer size of the linear system is a challenge, also the properties
of the linear system are unusual. In scientific computing, one of the most well-studied
problems is solution of linear systems arising from the discretization of elliptic
boundary value problems; see e.g., (5; 21; 8). Unfortunately, the EMI system does
not naturally fall into the category of elliptic boundary value problems that can be
solved using well-developed numerical machinery. It is therefore of importance to
develop a splitting strategy for the EMI model that leads to sub-problems of the
elliptic type. In (14), we showed that such a splitting can indeed be achieved. Here,
we will review this convenient way of splitting the EMI model and show how to solve
the system numerically using a finite difference method. Moreover, we will use the
numerical scheme to assess the conduction properties in a small collection of cells
where a sub-group of the cells are ischemic. Furthermore, we will present a parallel
implementation of the splitting strategy, based on using open-source numerical
libraries. This code is considerably faster than the existing Matlab code, and well
suited for shared-memory parallel computers.

4.2 The EMI Model

We model the electrical properties of collections of cardiac cells using the EMI
model introduced in (24; 1; 2; 31; 30). In Figure 4.1 we show the computational
domains in the case of two coupled cells. Here, Ω1

i and Ω2
i denote the intracellular

domains, and Ωe denotes the extracellular space. The cell membranes are denoted
by Γ1 and Γ2, respectively. The intercalated disc at the intersection between Ω1

i and
Ω2

i , allowing for currents between the cells, is denoted by Γ1,2. With this notation at
hand, the EMI model takes the following form:

∇ · σi∇uk
i = 0 in Ωk

i , ne · σe∇ue = −nki · σi∇uk
i ≡ Ikm at Γk,

∇ · σe∇ue = 0 in Ωe, vkt =
1

Cm
(Ikm − Ikion) at Γk,

ue = 0 at ∂ΩD
e , uk

i − uk̃
i = wk at Γk ,k̃,

ne · σe∇ue = 0 at ∂ΩN
e , nk̃i · σi∇uk̃

i = −nki · σi∇uk
i ≡ Ik ,k̃ at Γk ,k̃,

uk
i − ue = vk at Γk, wk

t =
1
Cg

(Ik ,k̃ − Ikgap) at Γk ,k̃,

skt = Fk at Γk .
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Fig. 4.1: A: Two-dimensional version of the EMI model domain in the case of two
connected cells. Here, the cellsΩ1

i andΩ2
i , with cell membranes denoted by Γ1 and Γ2,

respectively, are connected to each other by the intercalated disc, Γ1,2, and surrounded
by an extracellular space, denoted by Ωe. B: Two-dimensional illustration of the
geometry used for a single cell. The intracellular domain of each cell is composed of
five subdomainsΩO,ΩW,ΩE,ΩS, andΩN. The sizes of the subdomains are specified
in Table 4.1.

The model is stated for cell number k, and k̃ denotes one of the six neighboring cells
(in 3D: north, west, south, east, above, below). In the model, ue, uk

i , and vk = uk
i −ue

denote the extracellular, intracellular, and transmembrane potentials, respectively.
Also, wk is the potential difference across the intercalated disc1, Γk ,k̃ , and σi and σe
denote intracellular and extracellular conductivities, whereas Cm and Cg represent
the specific capacitance of the membrane and the intercalated disc, respectively.
Furthermore, ne, nki , and nk̃i represent the outward pointing unit normal vectors of
Ωe,Ωk

i andΩk̃
i , respectively. A homogeneous Dirichlet boundary condition is applied

at the outer extracellular boundary in the x-direction (∂ΩD
e ), and a homogeneous

Neumann boundary condition is applied at the boundary in the y- and z-directions
(∂ΩN

e ). The parameters used in the computations below are summarized in Table
4.1. The properties of the cell membrane and the gap junctions are represented by F,
Iion and Igap. In the computations reported below, we use the Grandi et al. model(9),
to model the dynamics of the membrane (F and Iion), and for the gap junctions we
use the simple passive model Ikgap = wk/Rg.

4.2.1 Operator Splitting Applied to the EMI Model

As mentioned above, a key step in solving the EMI model is to split the equations into
parts that can be solved using standard tools. In (14), we derived a splitting scheme
that leads to two key numerical challenges: Non-linear systems of ODEs to be solved

1 Note that wk is defined specifically for each cell.
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Parameter Value Parameter Value
Size ΩO 100 μm × 18 μm × 18 μm Cm 1 μF/cm2

Size ΩW, ΩE 4 μm × 10 μm × 10 μm Cg 0.5 μF/cm2

Size ΩN, ΩS 10 μm × 4 μm × 10 μm σi 4 mS/cm
Δx, Δy, Δz 2 μm σe 20 mS/cm
Δt 0.02 ms Rg 0.0045 kΩcm2

ΔtODE 0.001 ms Mit, Nit 2

Table 4.1: Parameter values used in the simulations, based on (13). For parameters
of the Grandi model, see (9).

Algorithm 1: Summary of the splitting algorithm for the EMI model for
connected cells.
Initial conditions: vk ,0, sk ,0, wk ,0, u0

e for all k.
for n = 1, . . . , Nt :

Step 1: For all k, find sk ,n and v̄k at the nodes of the membrane Γk of cell k by solving a
time step Δt from (sk ,n−1, vk ,n−1) of

vkt = − 1
Cm

Iion(v
k , sk ),

skt = F(vk , sk ).

Define ūe = un−1
e , w̄k = wk ,n−1.

for j = 1, . . . , Nit :
Step 2:
for m = 1, . . . , Mit :

For every k, find ūk
i by solving

∇ · σi∇ū
k
i = 0 in Ωk

i ,

ūk
i +

Δt
Cm

nk
i · σi∇ū

k
i = v̄k + ūe at Γk ,

−nk
i · σi∇ū

k
i =

1
Rg

w̄k +Cg
w̄k−wk ,n−1

Δt at Γk , k̃ ,

where k̃ denotes each of the neighboring cells of cell k.

Update w̄k = ūk
i − ū k̃

i at Γk , k̃ for all k and k̃.
end
Step 3: Find ūe by solving

∇ · σe∇ūe = 0 in Ωe ,

ūe = 0 at ∂ΩD
e ,

ne · σe∇ūe = 0 at ∂ΩN
e ,

ne · σe∇ūe = −nk
i · σi∇ū

k
i at Γk for all k.

end

Define un
e = ūe , u

k ,n
i = ūk

i , wk = w̄k for all k.

Step 4: Define vk ,n = uk ,n
i − un

e at Γk for all k.
end
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at each computational node located at the cell membranes, and a series of elliptic
equations; see Algorithm 1. All the differential equations involved in Algorithm 1
are of classical type and can be solved using well-established numerical methods. In
our present implementation, we apply a straightforward finite difference scheme (see
e.g., (29) for an elementary introduction to finite differences) for the elliptic equations
and the Forward Euler method with a substepping time step ΔtODE for solving the
non-linear ODEs modeling the membrane dynamics (see (30)). However, it is worth
observing that elliptic equations can as well be solved using the finite element
method, or a finite volume method, thus allowing for more flexible and adaptive
meshes.

4.3 Simulating the Effect of a Region of Ischemic Cells

In order to demonstrate an application of Algorithm 1 above, we consider a collection
of cells where a fraction of the cells are ischemic. This is known to perturb the electri-
cal conduction and may lead to arrhythmias; see e.g., (33; 28; 19; 27). This problem
has been carefully studied using homogenized models (mostly the monodomain
model), but here we will show that the ischemic regions also have local effects when
only very few cells are considered. In Figure 4.2, we consider a collection of cells
organized in a two-dimensional mesh of 22×12 cells. The cells are modeled using
the Grandi model with parameters as stated in (9). Within the domain, 8×6 of the
center cells are ischemic in the sense that the extracellular potassium concentration
surrounding these cells is increased from 5.4 mM to 10 mM. For the ischemic cells,
we use the steady-state values of the state variables for the increased extracellular
potassium concentration as initial conditions, and for the remaining cells, we use the
steady-state values of the default Grandi model. In addition, we run the simulation
for 5 ms before stimulation.

In the simulation results we observe that the ischemic region slows down conductions
and thus perturbs the wave in the intracellular potential moving from left to right. This
is consistent with the result obtained in (6) (cf. Figure 5), where the monodomain
model was used. Such perturbations are known to be arrhythmogenic and have been
observed several times in numerical experiments; see e.g., (33; 19; 15; 3; 6). Here,
we observe that such perturbations can be initiated locally when only a few cells are
subject to surroundings with elevated potassium concentration.
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Fig. 4.2: Extracellular potential (left) and intracellular potential (right) at four differ-
ent points in time in an EMI model simulation with an ischemic region in the center
of the domain, marked by the purple rectangle. The parameter values used in the
simulation are given in Table 4.1.

4.4 A Scalable Implementation of the Splitting Scheme

In expectation of future simulations of excitable issues that may involve a huge
number of cells, we see the need of a scalable implementation of the new splitting
scheme, so that it can run efficiently on parallel computers. One specific criterion is
that the computation time should grow linearly with the number of cells involved.
Additionally, the design goals of this new code should also include independence of
proprietary software (such as Matlab) and plug-and-play of the different numerical
components. This section will present a preliminary version of such a scalable
implementation.
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4.4.1 The Linear System for the Intracellular Potential

The main benefit of the new the splitting scheme is that the intracellular Laplace
equations (one per cell) are decoupled from the extracellular Laplace equation, as
stated in Algorithm 1. If we assume a constant intracellular conductivity σi and
that each cell is of the same shape and size, as shown in Figure 4.1, the matrices
arising from a standard finite difference discretization of the intracellular Laplace
equations for the individual cells will be mostly identical. There are only a small
number of unique intracellular matrices, depending on whether there is a neighbor-
ing cell connected to each of the intercalated discs. It is thus unnecessary to compute
an intracellular matrix for each cell. Instead, the cells that have the same neighbor
connectivity situation can share the same intracellular matrix. This not only reduces
the memory usage of an implementation, but also improves data reuse in the caches
of a computer. Moreover, since the number of computational nodes per intracellular
domain is relatively small (each intracellular domain has about 5300 degrees of free-
dom for the simulations used in this chapter), it is very efficient to use a direct solver
each time an intracellular Laplace problem needs to be solved. Specifically, the LU
factorization of each unique intracellular matrix AI can be pre-calculated, which ren-
ders the solution of AI ūk

i = bki per cell to be merely invoking the forward-backward
substitution procedure. Parallelism of the computation mainly arises from the fact
that the intracellular Laplace equations can be solved independently of each other,
while limited parallelism also exists within each forward-backward substitution.

4.4.2 The Linear System for the Extracellular Potential

For the overall extracellular Laplace problem, which can be huge depending on the
spatial resolution and the total number of cells, an iterative solver is more appropriate.
Take for instance the case of 128×128 cells. The corresponding discrete extracellular
Laplace equation has 107,202,214 degrees of freedom. Independent of the spatial
resolution and the number of cells involved, the extracellular matrix AE arising from a
standard finite difference discretization is symmetric and positive-definite (some care
is needed to discretize the boundary conditions on the membranes). The resulting
linear system AE ūe = be is thus a perfect candidate for the conjugate gradients
(CG) method with an algebraic multigrid (AMG) preconditioner. Under optimal
conditions, an AMG preconditioner requires a constant number of iterations to reach
convergence independent of the linear system size, although the number of grid
levels inside the AMG preconditioner may increase with the system size. Parallelism
readily exists in iterative solvers, with several software libraries providing parallel
implementations of CG and AMG.
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4.4.3 The Non-Linear ODE System for the Membrane Potential

For solving the non-linear ODE system per computational node on the membranes,
a straightforward and often very efficient numerical strategy is the Forward Euler
method with a substepping time step ΔtODE. Since the non-linear ODE system on
each membrane node is independent of the others, the ODE computation possesses
the most ample parallelism.

4.4.4 The Implementation

The Python programming language has been chosen for the implementation, mostly
because of its flexibility for interfacing with numerical software libraries written
in performance-friendly languages such as C and C++. We have used the ctypes
module from the standard Python library for this purpose. The choice of Python also
simplified a partial translation from the existing MATLAB code developed in (14).

We have chosen the SuperLU library (17) for performing the LU factorization of
the intracellular matrices and the subsequent forward-backward substitution, via the
bindings that are provided by SciPy (32). For the extracellular Laplace equation, we
have used the ViennaCL library (20) for its implementation of CG and AMG. The CG
iterations are by default configured to terminate when a tolerance of 10−5 is reached.
The AMG preconditioner has been configured to use the maximum independent
set (MIS), see (4), as the coarsening algorithm and smoothed aggregation as the
interpolation algorithm. For the ODE part, the Gotran automated code generator (10)
has been used to translate the Grandi cell model into C code, callable from the Python
side.

4.4.5 Parallelization

The Python implementation currently relies on the adopted numerical libraries (Su-
perLU and ViennaCL) for an implicit parallelization of the PDE computation through
multi-threading. This form of parallelization suits for shared-memory parallel com-
puters, such as laptops or servers that use multicore CPUs. Multi-threading of the
ODE computation is also enabled by inserting OpenMP compiler directives into the
C code that is generated automatically by Gotran. The advantage of this implicit par-
allelization is that the user does not have to care about parallelization-specific coding.
The downside is that all the computations have to run on a shared-memory system. It
is possible to achieve the more general parallelization that targets distributed-memory
parallel computers, which will be a task for future work.
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4.4.6 Performance Results

The simulations in this section were run on a dual-socket server with two 32-core
AMD EPYC 7601 CPUs, each with 8-channel memory operating at 2666 MT/s.
The number of OpenMP threads was set by default to the number of logical cores,
equaling 128. Moreover, the environment variable OMP_PROC_BIND=TRUE was set
to prevent the threads from migrating between the cores (which typically leads to
unnecessary performance loss).

Table 4.2 shows the average solution time per time step for the 10 first time steps,
where all the parameters are as prescribed in Table 4.1. The number of cardiac cells
is doubled in the x and y directions for each row, and we observe that the time per
cell remains fairly constant, indicating that the time to solution is a linear function
of the number of cardiac cells simulated.

Cells time usage for all cells (s) time per cell (ms)

E M I total E M I total

4 × 4 0.38 0.03 0.09 0.50 24.0 2.2 5.3 31.5
8 × 8 1.54 0.11 0.34 1.99 24.1 1.8 5.2 31.2

16 × 16 2.27 0.45 1.20 3.92 8.8 1.7 4.7 15.3
32 × 32 8.91 1.72 4.98 15.61 8.7 1.7 4.9 15.2
64 × 64 30.46 6.73 19.15 56.33 7.4 1.6 4.7 13.8

128 × 128 123.73 30.60 72.83 227.16 7.6 1.9 4.4 13.9

Table 4.2: Average solution time per time step for the E, M and I domains.

4.5 Software

The Matlab code used to compute the solutions shown in Figure 4.2 and the Python
code discussed in Section 4.4 can be found at https://github.com/KGHustad/
emi-book-2020-splitting-code. An archived version (12) is also available.

4.6 Conclusion

In this chapter we have presented a numerical scheme for solving the EMI equations
using operator splitting. The scheme allows for parallel solution of individual cells
combined with a global solution of the equation modeling the extracellular potential.

https://github.com/KGHustad/emi-book-2020-splitting-code
https://github.com/KGHustad/emi-book-2020-splitting-code
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The latter is well suited for using optimal linear solvers such as AMG. The overall
code scales linearly with the number cells and thus allows for simulation of a large
number of cells. It remains to be seen how well this will work for very large numbers
of cells; this is subject for further work.
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