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Sketch of Solutions

7.1 Basic Elements
7.1.1 Fundamental Terms

1. (a) We have

E[ﬁl] FCF, 100 100

S = S ~ 18161 .
L+x01  (14r,)° L1107 105

Vo =

The resulting cost of capital is

E[FCF1+V1] 100 -+ 100
ko= b 0TS g s0080s
Vo 181.61

(b) We have

E [FCFI] FCF, 100 100

= + ~ 17749 .
I+ko  (1+k)(1+r;) 110 1.10-1.05

Vo =

The discount rate is then

E [FCFl] 100
(1+r) Lo

2. Assume we have

(1 + i)+ kpp1042) < (4 Kp042)2
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204 7 Sketch of Solutions

Then the investor should do the following. At time ¢ she invests ﬁ in the
11+

a
firm to get one dollar of cash flow at time ¢ + 2.
The amount needed is borrowed in the market: At time ¢ + 1 (tomorrow) she

borrows ———— and has to pay back one dollar at time ¢ + 2. At time ¢ she
I+ 142

again borrows T :+1)(11 oo opay back m at time # 4 1. Mind that
both borrowing strategies do not require any net cash flows at time + 1 and ¢ 4-2.

The first strategy requires an investment of m and the second one gives
1,1+

which is, by assumption, more. By investing

1
a payment of e
again and again the investor will get infinitely rich.
If
(I &ere )0+ Keg1,042) > (1 ke42),
areverse strategy yields the arbitrage opportunity.

7.1.2 Conditional Expectation

1. This is straightforward, see Fig.7.1.
2. The expectation is evaluated as

E [EQ [F’éfzm] |¢0] = % (0.1-1452 4+ 0.9 - 121)

1
+ 3 (0.1-12140.9-100.6) = 113.03

Fig. 7.1 Cash flows in future 193.6
periods
145.2
133.1 96.8
121
110.8 145.2
100.6

56
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and
Eo [E [Fa?zm] |7—‘0] =01 (% 1452 + % : 121)

1 1
+0.9 <§ 121 + 5 100.6) = 113.03.

If we now change the order of expectation, we get

E [EQ [Fa?zm] |5L'0] - % (0.1-145.2+ 0.9 - 120)

1
+ 3 (0.1-12240.9-100.6) = 112.63

and this does not equal
Eo [E [FCF2|7-'1] |¢0] —o01(L 1452+ L 120
2 2

1 1
+0.9 (5 <122 + 3 100.6) = 113.43.

In general, it can be shown that both expectations may be changed if down—
up and up—down yield the same cash flows. Otherwise not. The rule is: If the
outcome is independent of the actual path, i.e., if ud yields the same as du and
uud yields the same as udu and duu, then expectations may be changed.

3. For the conditional expectation of FCF3 given ¥, we have four possible
realizations: up—up, up—down, down—up, and down—down. We start with up—up
and get

E [FCF3|7’2] (uu) = (4 + ud)FCFy
=u’FCF,
= FCF>(uu).
The other equations for ud, du as well as dd follow analogously:
E [FCFg |5"2] — FCF».
4. We have

wtntd FCFy (u) if FCF| is up,
E [FCFz I”ﬁ] = | “Htd FCF ) (m) if FCF; is middle,
whntd FCFy(d) if FCF; is down.
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Fig. 7.2 Plot of (u, m, d)

The required relation holds if
u+m+d=3.

If, for example, d € [0,1], then this equation jointly with ud = m? gives the
solution

2

d:%(3—m+ 3(3—2m—m2)>, u:%.

Figure 7.2 shows (u, m, d) for m from [0, 1].

7.1.3 AFirst Glance at Business Values

1. Froms; — 1 > sp — 1 > ¢ it follows

E[7V17V2|7:f] = E[E [FY]F’;:Y2|¢S2] |7:t] by Rule 4

= E[r, E [y 175, 1F7] by Rule 5

=E [FszE[E[fv] Fs1-1] |ﬁ2]|fﬁ] by Rule 4.
N—

::k;1

Now using Definition 2.1 and because k;, is a real number (by assumption) it
follows from Rule 2 that

E [7?|7v2|7:t] = ks] E [7v2|7—-t] .
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Employing Rule 4 yields
kS] = E [E [Ffsl |7—-S]—1:| |7—-t]
E

which gives the desired result.
2. k is constant. We have using Theorem 2.1 as well as (2.5)!

o0 E[FEﬁﬂfj

s=t+1
_ i (1+¢)*'FCF,
= —
s=t+1 (I +ky
1 —
_ "8 FeE,
k—g
Now
~ uV, if up,
Vt+1 = ~l . P
dvV; if down

is an immediate consequence of the fact that FCF, follows this pattern. The
second part of the solution follows from 5 + % =0.
3. We have to show that the firm’s value amounts to

V—C
0=

To prove this statement, we use Theorem 2.1 and know that
00 E[FCFJ
PSR o
=1
o0

__22(1+gy—lc
B (1 + k)

t=1

_Cil—kgt
o l4g 1+k

If g > k, then the sum does not converge and the value of the firm is infinite.

'We have not used g = 0 in our proof.
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4. We know that

5 _ BolVix1 + FCFy 4 |77]
! 1 —{-I’f

holds. Now adding C(1 + r )" to both sides

Eg[Vig1 + C(1+ 7)™ + FCF 117
L+ry

Vi+C+rp) =

and replacing \7[* =V, +C(+r )" gives the desired result

T EolV7, + FCF;+1|7"¢]'
! I+ry

Both V as well as % satisfy the fundamental theorem.
Note that V* does not satisfy the transversality condition. We have

i EelVr+Ca+rpTim] . EolVrl7i]
T—o0 (L+rpT~ oo (L4 rp)T

+CA+rp)

and this cannot be zero for all C.
5. By plugging in the assumption into the expectation under Q we get

~ — FCFo+ e
EolVii1 + FCF 1|7 Bol=5" + FCFo + ert1|77]
L+ry I+ry

FCF, T
,—f+g+FCFo+g

1+rf

FCFy+g+ (FCFo + g)ry

SN——"

re(l+ry) (

_ FCFy+g
-

=V,

which is the fundamental theorem.
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Also, transversality is easily checked.

—~ FCFy+g
BolVrlF) _ . Fe s
—_— m ———

T—oo (L+rp)T=1 T (147l

. FCFy+ g

lim ——— =0,
T—oorp(l+rp)T—t

because ry > 0.

7.2 Corporate Income Tax
7.2.1 Unlevered Firms

1. (a) First, if a random variable &; can have two values we speak of a binomial
structure. In order to get a typical binomial tree from

FCF, =1+ei4+e+...+&

we have to verify that for any cash flow not the actual movement but only
the number of up’s and down’s is decisive. In other words, “uudd” as well
as “uddu,” etc. must lead to the same cash flow. But this is evident from the
fact that the increments are added.

(b) For the logarithmized cash flows

log(FCF;) = log(1 + &1) + log(1 4 &) - - - log(1 + &) .

Any log(1 + &) is binomial as in 1a. Hence, the proposition holds.

2. (a) This follows immediately from the fact that the sum of two standard
normally distributed variables is normally distributed again, the variance
being the sum of the individual variances.

(b) Following the above solution we have

1og(FCF, ) = log(1 + &) + log(1 + &) - - - log(1 + &;) .
Any summand on the right-hand side is normally distributed with
expectation 0 and variance 1. The sum is therefore normally distributed with

variance ¢ and the claim is proven.
3. We have

E[FCF\, 17| = B[ (1 + g)FCF, + &7

= (1 + g,)FCF,
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by Rule 5. Furthermore, for s > ¢

Cov [85,81] = E[Ss 81‘]

= E[E [&5 &|F:]1] by Rule 4
= E[e&; E[es|F1] by Rule 5
_ E[s, E[E g5 1] |¢,]] by Rule 4
——————
=0
—0.

4. (a) From Fig. 3.2 we get for the noise term

e(uu) if development is uu ,

e(ud) if development is ud ,
&) =

e(du) if development is du ,

e(dd) if development is dd .
The first equation of the problem requires
0 =El[e2] =E[e2]|F1]
or

0 80 +ed) + e(du) +e(dd) _ cltetud) —if

Hence, we have

e(uu) +e(ud)  e(du) +e(dd)

0.
2 2

This is the only requirement that has to be satisfied for the noise terms. A
parametrized solution is

X if uu ,

—X if ud ,
E =

y if du ,

-y if dd ,

for arbitrary x,y.
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(b) The second equation of the problem

E[f(e2)] =E[f(e2)|F1]

is equivalent to

fe@w) + f(ed) + f(e(du) + f(e(dd)) | LEWDTLEWD) g
4 | Lewise@dy g g

Since f is an arbitrary function, it is straightforward to see that a sufficient
and necessary condition is given by the following cases’:
Case 1: The following equations have to be satisfied:

e(uu) = e(du), and e(ud)=c¢e(dd).

Case 2: The following equations have to be satisfied:
e(uu) = e(dd), and e(ud) =e(du).

We will from now on only consider case 1.

Since the increments must have expectation zero, we furthermore have
to add the requirement

e(uu) +e(md) =0, and e(du)+e(dd) =0.

Hence, there is only one possible solution

X if uu ,
—X if ud ,
E =
X if du,
—Xx if dd ,

2The formal argument is: if

fw)+ fx)+ f(y)+ f(2) _ fw) + f(x) _ SO+ f@)
4 2 2

has to hold regardless of what f is, we must have w = yand x = zorw = zand x = y.
Otherwise, we could change the value f(w) without changing the function f outside w and get a
violation of the above assumption.
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for arbitrary x. The second case gives us

X if uu ,
—X if ud ,
E =
—X if du ,
X if dd ,

This is far more restrictive than the linear relation from 4a.

Remark The two conditions “independent increments” and “FCF ; (ud) =
FCF ; (du)” require FCF Lf to be chosen properly: The two conditions imply

FCF) (u) + £(ud) = FCF) (d) + &(du)

and with independent increments and FCFL; (u) = 133.1 as well as
FCF(d) = 110.8 this cannot hold.

5. The solution of this problem runs absolutely parallel to the solution of prob-
lem 4. Noise terms are zero if and only if

e(uu) +e(ud)  e(du)+e(dd) 0
2 B 2 N

A parametrized solution is

X if uu ,

—X if ud ,
E =

y if du ,

-y if dd ,

for arbitrary x,y.
Noise terms are furthermore independent if

X if uu ,

—X if ud
E =

X if du,

—X ifdd ,
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or
X if uu ,
—X if ud
E =
—X if du,
X ifdd ,

for arbitrary x.
This solution for ¢ is different from problem 4. In problem 4 the (noise)

increments were additive. However, here they are multiplicative.
6. We have

E [FCF?H |9ct]
divi = ———
Vv

———u
1+ g)FCF
= B8P _ (14 goyay

and

7. (a) In this case

> E[FCFZW—‘,]

u __

t E,uys—t
s=t+1 (1+k u)s

o0

—Uu
_y (1+ g)*'FCF,

E, —t
s—1t1 (1 +k M)s
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o0 s—t
1
— FCF? <i>

E,
s=t+1 L
—u 1+g
=FCh iy

if g < kBu.
. . . . . kEu
The dividend-price ratio is —-
Using this relation the dividend ratio is

—8

E [FCF? +1|?,]
diV[ = T
t
_ (1+g)FCF, k5" — ¢
FCF, 1+

zkE,u_g

and the capital gains ratio is

e[, - P

gain, = ‘7;“
(14+g)FCF" (14+g)FCF"
E [ kE,u_gt+1 kEgu ! |¢i|
o (14+¢)FCF,
kE,u_g
u
_ g FCF,
FCF,

(b) In this case the firm value is infinite.
(c) From the fundamental theorem we have

-
Eq [FCFyy, + V177

7 =
1+rf
. 1+g  Eo|FCFy +FCF)\, o 7]
FCF, = —
M-8 Ty

A+g)(1+ry)
1+ kEu

o [FCF/,17:] = FCF, |
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8. (a) First we have by Rule 4

E[FCF |7 = B [E[FCF.o1Fi ] 177
F

u
CFy 4+ Xon 7

|
E [m?ﬂﬁ"z]

= FCF, + X,
and hence for s > ¢
—u —u
E[FCF,|7:] = FCF, + X..
The value of the company is given by
. E[FCF|7]
(] + kE,u)sft

i =
s=t+1

B i FCF, + X,
- E,u\s—t
s=t+1 (14 k58

_ FCF, X,

kE,u kE,u :

Since FCF ? and X, are uncorrelated the variance of the firm is greater
than the variance of the cash flows (if k% < 100 %),

Var [\7;”] = Var

[FCF! X,
kE,u kE,u

[———u
Var _FCFI] Var [Xt]
(kE,")2 (kE’")2

Var FCFI;]

—Uu
(b) Now

—Uu
- FCF Xia1
E[Vi 7] =E [ e+ |9f,}
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E [FCF? " |7—;]
kE,u

U
_FCF, +X; 7
=T jEw

and the expected capital gains rate is zero.
(c) This is harder to show and we closely follow the proof of Theorem 3.3.

—_—U —_— i — —_—
E [FCFt+1 + Vi I% Eg [FCF?H + Vzﬁﬂﬁ] =
- = == V
1+ kEu L+ry !

| FOFL + Eheyr, | b |FOR, + Pl |

1+ kEu 1+ry

(1+ #)E [FCF?+1|7-',_ (1+ =) Eg [FCFﬁ’Hm]

1+ kB 1+ryf

E[FCF':+1|7-‘, EQ[FCFme]

1+kEuw 1+ry

which is the first part of the claim.
The second part follows from

u

E [FCF?H + Vi |?t] Eg [FCF?H + Vi |7Ct]

1+ kEu 1+ry !
E [‘7;11”:1] Eg [‘Zﬁﬂﬁ]
R
E[ﬁﬁﬁvﬁzmﬂ] ] _EQ [ﬁiﬁzﬁ,‘izlﬁﬂ]
E |: 1+kE.u |7:I EQ 1+rf |7:l‘
1+ kEu - 147,

B[FCFI + VioIT: ]| Eo [FCFy + Vo7

(1 + kE,u)2 (1 + rf)Z

B[FeF + ety | o [RR, + gty

(1 + kE0)2 - (1+7r)°
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and since E[X;12[Fr 1] = Eg [X/12|F1+1] = 0,

(1+ ) B[FeFLai7] _ (1+ ) Bo [ FCFral7

(1 + kE,u)Z (1 + rf)2

which is almost the claim.
9. (a) First we have

E [FCFZm] = (s —1)C + FCF,
by induction. But then

. E[FCF|7]

W= L drrEe
_y FOR 46 one
s=t+1 (1 + kEwys=t
= i R, i _b=nC
s=t+1 (1 4 kE)s=t o) (1 + kEuys—t

FCF;, 1+ kEw
kE,u + (kE,u)Z

using an algebraic formula.? In particular, the price-dividend ratio is not
deterministic any more. Compare this to problem 3.

3Note that

ad 1 1

Z(Hx)s:}'

s=1
Differentiating this relation yields

[e¢]

1

s
= (1 +x)s+1 — )

or after multiplying by —(1 + x)
d s _l+x
(+x)y  x2

s=1
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(b) We have

—u
~ FCF,,., 1+kEu
E I:thfH |7:t] =E |: KE.u + (kE-u)2 ClF

FCF, +C 1+ kEu
= kE,u + (kE,u)Z

_ Ysu
=V/'+ iEa

and hence the expected capital gains rate is not zero.
(c) We use

E [FCF?H + \Zﬁﬁﬁ] Eo [FCF?+1 + f/’tmgf,] _
1+ kEu 1+rp !

Employing the above result this implies

FCF, E.u FCF: E.u
|:FCFz+1 + kFt:l + E]:—El(ju)Z C|7:t:| |:FCFz+1 + kth;H + 1;—5[3)2 C|7:t:|
1+ kEu - 147,

and after rearranging and multiplying by %

[FCFt+1|ﬁ:| kEu C EQ [FCFt+1|Tl] kEu c

= . 7.1
1+kE,u 1+”f ( )

Rearranging once again gives

——u 14+r f 1+rf 1 1
o [FOFL 171 = 1w B[FOFLaimi ] + 1 <1+kw - 1+rf) ¢

which is, after using the assumption,

. l+rf —u C (l4ry
Eg [FCF,HI?[] = Tt FCF + O+ 7 (—1 i 1) .

Summarizing the terms with C gives the required result.

Now consider Theorem 3.3. Since C does not cancel in (7.1) this
intermediate result shows that our weak auto-regressive assumption will
violate Theorem 3.3. We have

; ) B[R] B[R]
kE'”(l—f—kE’“) # kKE.u (l—l—rf) = 1+kE‘” 7& 1+rf
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10. (a)

(b)

Hence, using this assumption about cash flows we can still use cost of
capital as discount rates but we have to add a correction term due to the
fact that C # 0.

From the definition of discount rates (Definition 3.2) we have

Eg [ﬁ?+2|7'7] E[ﬁzu+2|ﬁ]
(1+rp)?  GFe)+kepn)

From Rule 4 it follows that

| Eo[Eo[FCFuiFin] 7] B[EB[FCFL17n] 7]

I+rg I+rg A+ k) + kr41)

Independence and (2.5) implies that the outer expectation can be neglected,

1 Eo [FCF?+2|7'7+1] 1 E[FCF?+2|7'7+1]
147y 1+7ry T 14k 1+ k41 '

The term on the right-hand side is by definition of a discount rate equal to

| Eo[FCF,lFin| | Eo[FCF/ %]
L+ry L+ry T4k l1+ry

implying r s = ;. This argument will apply to all ;.
If all discount rates «; are equal to the riskless rate, then the firm value is
given by

B XT: E[FCF,] XT: E[FCF[]
A S N (R e A ()

and this obviously violates the fact that E[FCF;] # Eg [F CF ,] and the
fundamental theorem

T Eg [FCFt]

=L 0o

=1 +rf

There is no other conclusion to be drawn from this problem than that
in this case the definition of discount rate «/ ~* cannot be simplified by
omitting r and s from «;. It is necessary to specify the time s when the cash
flow is paid and the time r when the cash flow is valued as well.
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7.2.1.1 Basics About Levered Firms
1. We start with (3.19) and get for s > ¢

Ep [75+1 + D1 + §s+1|7"z]
1 +rf '

Eo [DilFi] =
At time s 4+ 1 we similarly have

Egp [7s+2 + Dy + §s+2|7:t:|

Eo [Dyi1l7i] =

1+ ry
Plugging this into the first equation gives
Eo [7s+1  follepekan] k’ml?‘z}
Eo [5”7:’]: 1+r}
Eg [7s+1 + §s+1|5”t] Eg [7s+2 + §s+zlﬁ] Eo [5s+2|7’z]
= (47 L A s

Continuing this approach we get for s = ¢

N T Eol|ls+ R|F Eo | Dr|F:
Eop I:Dt|ﬁ] = Z Q(I:I +;)xz t] (1Q_i|; ,,fT)Tt;|'

s=t+1

Financing is always such that BT = 0and D; = Eg [5,|7’,] (Rule 5). This

proves the claim.
2. The tax shield satisfies

oo 2 wryEg [51]

’ ’ =0 (l+r.f)t .

Hence, we have to evaluate the expectations Eg [5,] We get
Eg [Do] = 100,

since Dy is certain. It follows that

Eo [D1] =120-025+110-0.75 = 1125,

At time t = 2 we get similarly

Eo [52] = 150-0.252 + 145 -2-0.25 - 0.75 + 100 - 0.75% = 120.
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Using both equations gives us

01-05400+01.054125+01-05-u0
140.1 (14+0.1)2 (14+0.1)3

~ 13.702.

V-V =

3. Equation (3.11) implies

= Su Eop [ﬂ’fﬁrﬂlfzﬂ] Eg [TrfﬁT—lszH]
= + +...
+1 +1 —1—
t t 1+rf (1—|—rf)Tt 1
Rule 4 gives
o Eg [trs DI ] Eo [tr/ Dr1177]
Eo [Vl — Vil = TR -
t+ t+ 1+I"f (1+rf)Tt 1
or
Eo |Vl = ViI%:|  Eo|orsDiilFi] Eg [rDr-1I7i)
1 = 2 Tt T—t
try (1+75) (1+r)
Adding Tlr_{er’ and taking into account that D, is known at time ¢ (Rule 5) gives
EQ[%+I_'%1”T4_+Trf5, EQ{”YBH?d N +_EQ[”75T7”?J
I+ry 1+rf_ I+ry (1+rf)T_t
— ‘7tl _ ‘7[14

and this is the claim.

We have shown that the value of the tax shield in 7 + 1 and the value of the tax
shield in ¢ are related by the above equation. Such a relation is sometimes called
recursive. If Q is unknown still an evaluation of the tax shield is possible if all
D; are known using this recursive equation.

4. From (3.11) we have

T—lnfEQ[ﬁg?j
.
W—W+27ﬁzﬁﬁ‘

s=t

_ T-ltEg DI |
=V 1—
t + Z (1 + rf)s—t ( 1 + r]‘)

s=t
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and from this

_ -1t [DiIFi| -1 tEq D]
Vfl =V'+ Z r +1—t
Atrpp=t g Q)™

s=t

TR [D17i| 11 7Eo D17

= Vu + TD[ + 1 . o7 o ~otl—1
t et (l—l—rf)s t po (1 _|_rf)s+l t

_ _ TI'ZltEp [ v+l|7:t] T-11Ep [ﬁslﬁ]
=V¥+1tD, + _— = — _
t TD; Z (1+ rf)Hl*’ — (1+ rf)s+17t

s=t

which was to be shown (note that 5T =0).
7.2.2 Autonomous Financing
1. We have
E [ﬁiﬂm] =E [ﬁ?+l + ”fﬁtm]
=E [ITCTT,MHITz] +trsDy
= (1 + g)FCF, + tr; D,

£ (1+2) (FCF? + rrfﬁ,,]) .

—_—]
=FCF,

For weak auto-regressive levered cash flows debt D;_; must increase with the
growth rate

Di=(+g)Di1=...=(14g)...(1 +g1)Dy

and is therefore deterministic.
2. In the infinite example the value of the firm can be rearranged as follows:

tr¢ Dy
s=t+1 (1 + rf)
FCF, - 1
= +1r¢D _
NG

FCF, 1
= +tryDi—
ry

kE,u

FCF,
= kE,u +'L'Dt.
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3. The dividend-price ratio of the levered firm is

—

i _ FCF,

t v!
Vi

_ FCF, +tryDy_
V! + 1D,

kE:
Vtu + 'L'Dt_l

To verify that this dividend ratio is stochastic we first realize that krE—fM # 1 since
the cash flows are uncertain. Then, the function

X+ k’;g—/:ul'Dt_l
fx) = 1D
is strictly monotone and hence f (\7[‘) will again be a random variable, i.e., if for
two different states 17,” (w) is different from ‘7,” (o), it will be true that dtl (w) #
dtl (@) and hence the dividend-price ratio is stochastic.
4. The conditional Q-probabilities are as in Fig. 3.1. From this, the unconditional
probabilities can easily be evaluated: see Table 7.1.
This yields the following Q-expected cash flows:

Eq[FCF\| = 966667,  Eq[FCF,|=97.4306, g [FCF; | =95.7008.
From this, immediately
— — —
Eo [FCF\| Eq[FCF,| Eq |FCF;]

’ L+rs (14 (1+ry)

as was to be shown.

Table 7.1 Unconditional Q-probabilities

Time | Q()

=10, =0.0833, 0;(d) =0.9167

t =2 | Q2(uu) =0.00347, Qs(ud) = 0.07986, Q2(du) = 0.11458, Q»(dd) = 0.80208

t =3 | Q3(uuu) = 0.00130, Q3(uud) = 0.00217, Q2(udu) = 0.05657, Q1 (duu) = 0.08116,
03(udd) = 0.02329, Q3(dud) = 0.08116, Q3(ddu) = 0.33420, Q3(ddd) = 0.46788
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5. Due to (3.19),

—u

_ FCF3(ddd) — tD
(14r7) Dy = (1 + kD mom (dd)) D> (1 — Q3(d|dd)) + %2 05(d|dd)

_ 484-05-D

~ D,nom . . _ 2
1.1-Dy ~ (1 i (dd)) Dy - (1~ 0.5833) + ——— = 0.5833
_ 135.531
k2" (dd) ~ 3.04024 — :
Dy

From this equation it is clear that there will be default if D, > 46.09, otherwise
k2" (dd) = 10 %.

The cost of debt is given by its definition as an expected return under the
subjective probability,

B (1 +%§)v"”"’) Dy (1 — P3(ddd)) + (FCF;‘ (ddd) — rD2> P3(d|dd)
kP(dd) = -1
2 Dy

(1 +3.04024 — %331) "Dy (1—-0.5) + s (48.4 = 0.5D,) - 0.5

P (dd) ~
5> (dd) D,

-1

19.3654
2

~ 0.52012 —

for Dy > 46.09, otherwise k2 (dd) = 10 %.
Remark For very large D; there will be a default at state @ = duu (and probably

uud, udu as well) which requires a more complicated evaluation that we will not
present here.

7.2.3 Financing Based on Market Values

1. (a) We start with the value of the levered firm at t = 0,

E[FCF] E [FCF, | E [FCF;)
Vo= + 5+ 3
I+ WACC ' (1+WACC)2 " (I+ WACC)
100 110 121
— + + ~ 23739,

14+0.18  (140.18)2 * (1+40.18)3
The value at + = 1 depends on the state of nature. We get
_E [FCFgm] E [FCFQ’VI]
L= 11X WACC © (1+ WACC)?

121 133.0 _
_ | oms t worge 19813 if up,
99 4 1089~ 16211 if down.

T70.18 T {140.187
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(b)

(©

This debt schedule implies the following leverage ratios:

Dy _ 50

=—= ~ 21.06 %
vy  237.39

lo

and

n 60 .
P % _ {W ~30.28% if up,
Vl 162,11 ~ 24.67 % if down.

The Miles—Ezzell formula must not be applied.
The WACC textbook formula will give us the cost of equity of the levered
firm since
WACC (u) = K5 (u) (1 —'z](u)) (=0 @)
0.18 ~ k' (u) - (1 —0.3028) + 0.1 - (1 — 0.5) - 0.3028
implying
kE () ~ 23.65%.
Analogously one gets

kEl(d) ~ 22.26 %.

The weighted average cost of capital type 1 can be evaluated using the
TCF textbook formula

K w =k w (1-Tw) +ryTiw)

kY (u) ~ 0.2365 - (1 — 0.3028) + 0.1 - 0.3028 ~ 19.52 %
and again

K@=k (1-1@) +r/hi@

k7 (d) ~ 0.2226 - (1 — 0.2467) + 0.1 - 0.2467 ~ 19.24 %.

Note that we did all calculations using EXCEL and rounded the numbers
only after all calculations were done.
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2. We have

WACC — kB (1 — lp) = (1 + WACC) — (1 T+ kB = rl))

T
= (1 + kEmy (1 - J:’;f 1) — (1 + kB = tl))

kE —rp)tl
= >
1+ rf

0

which was to be shown.
3. In this case we have

~ E [FCFZ |¢,]
V=

—t
T 1+ WACC)s

e¢]

_y FCF,
- s—t
S L+ WACC)

_ FCF,
T WACC’

Since

u
[ KE.u

u _ FCF,

using the Miles—Ezzell formula gives

—, FCF, KEou
r E, .
KE ki (1= f41) 1

which gives the result after some rearranging.
4. We have

. E.,u _ Trf
1+WACC,_<1+kt )(1 1+rfl,>

according to Miles—Ezzell. Now plug in

Vbrp+ €[] =B ACC = (14 + E[Fu] - B (1 = 1T+rfrf 1,)
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and this can be rearranged to

WACC E,u oy oy
=8"11- L) —1.
! Bi ( l—i—rf t> E[FM] —rf !

7.2.4 Financing Based on Book Values

1. (a)

(b)

(©

First, since
FCF,,, = FCF! +e14...+&

and using the hint we know that the cash flows are normally distributed. They
have expectation F'C Fy and variance ¢.
This is easy, since

—u
_ FCF,
Vt“ = k E,u

u

. o . FCF,
the value of the firm is normally distributed and has expectation kE—uO and

variance W
For the book value we have using (6.8) and the assumptions on the past of
the firm

<!

t
I i u
V,=Vo+ Y, —— ——«FCE,.
t

s=t—n+1

Every summand %aFCF? is normally distributed with expectation

2
wa FCF} and variance (#a) t. Hence, the whole sum is again
normally distributed. It has expectation

t
n—({—s
Vo+ > %aFCFé‘ =Vh+
s=t—n+1

n—+1

aFCFy.

. . . U
When evaluating the variance we have to take into account that the FCF; are
correlated. We assume ¢t > n for simplicity and get

' t
Var|: Z n_(:l_s)af'c‘ﬁ;’i|zazvar|: Z n—(t—S)Z i|

s=t—n+1 s=t—n+1

lrﬂz+l 2t7n+2 n t
:azvm[n 3 £t = > 8S+...+n2185:|
5=

s=1 s=1
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t—n+1
5 1 2 n 2 n n
=a’Var| Y d-4+ S+ ote 4. s,_n+2+...+{—}e,
n n n n n n

s=1

t—n+1
nn+1) n+2)(n+1-2)
— &2 Var |: Z o & + El—n+2

2n
s=1
3 1-3
+(n+ )(n + )e

n t—n+3 T ...

+ (n+n)(n+1—n) 8t]~
2n

Since the ¢ are pairwise independent it follows that the variance is equal to

t—n+1 2 2 2 2
2 n“(n+1) nm+2)n+1-2)
\Y Var[e, _
o [ ;:1 arfes] PR a2 ar(e;—ny2]+
n+3)2%n+1-3)2 n4+n)2mn+1-n)?
+ a2 Var[e;_p43] 4+ ...+ a2 Var[e ]| .

Since the variance of all noise terms is 1, this can be simplified to

4pn2 4pn2 4n2

+3)2(n+1-3)? +m)2n+1—n)?
+(n )(n2 ) +m+(n n) (n2 n)].
4n 4n

2 204 _ 2 _1)2 2 _7)2
a2[”("+1)(’ m et D etl-17 42+ 1-2)

Although this is a complicated sum it can nevertheless be evaluated (for
example, using Mathematica) and we get

5 | n2 4+ D2t —n) N (n+ 1)1 +2n) (1+2n +2n?)
“ 4n? 30n

and after simplification,

, (L+n) Q2+ 15tn(n + 1) + 8n — 3n? — Tn?)
o .
60n

This is the variance of the book value of the firm.
These evaluations show two interesting things:

— The expectation of the future book value does not depend on time. It stays
constant at a level above the book value today.
— The variance does depend on time. With higher ¢ the variance increases,

2
the increase is linear with slope « w.
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2. The value of the firm that is financed by book value is given by

n

nry—1+ (1 +rf)7

Vé (finan. book value) = V' + 7 Do + TalVy
nry
100
= — +0.34-500
0.15 +
4-0.05—1+(1+0.05"* 1
0.05 +(1+005 ~0.34'0.5~0.7~ﬂ
4.0.05 0.15
~ 845.672.

The Miles—Ezzell formula for infinite lifetime (see problem 3 in Sect. 3.4.7)
can be applied, but [y is not known (if ) were equal to [, then book and market
value would coincide). Hence,

—_—Uu
E [FCF, |

Vé (finan. market value) = -
(1 + kEuy (1 - #zo) —1

B FCF,
E.u _ Iy Dy _ '
(1 +k ) (1 I+ryf Vé(ﬁnan. market value)) 1

This can be rearranged to

E[ﬁ?] try 14 kB
kE.u + 1+rp kEwu
_ 100 034005 1+0.15
0.15" 1+005 0.15
~728.73.

Vé (finan. market value) =

500

Obviously, the difference is very big.

7.2.5 Other Financing Policies
1. First,ifn - ocoand T — o0

lim 8" = lim 87 =0
n—o0 T—o0
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since § < 1. The same holds for y and ﬁ Now Theorem 3.25 reduces to

M7 o0 Vg = (1 =0 (1 — 7 (1 = 0))) Do

Div
+1-00-7(1-0)—-7(1-0) ———
re(l —1) .
LkE‘“fg VO
+(0_0+ 5-1 1+s ) 1-0

which was to be shown.

2. In a binomial model, the individual probabilities Q can be determined (see
Fig.3.1).
(a) Using (3.11) this gives

w=w+®mmmwﬁmwmmﬁ%?
= 159.72 + (D (x) - 0.083 4+ Dy (d) - 0.917) - 0.0281.
(b) Since
100 = E [51] - % (51(d) + ﬁl(u))
and since debt cannot be negative, the highest value of Vé is achieved for
Dy (d) = 200, Di(u)=0.

This yields a firm value of 164.87.

7.3 Personal Income Tax
7.3.1 Unlevered and Levered Firms
1. Due to Theorem 4.4, we get
—u —u
Eo[FCF{|  E[FCH]
L+rp(l—1) 1+kEu

01(FCF. W) + 01 FCF. ) E|FCF]
o = ke

01 - 110+ 01(d)-90 _ 100

1.05 12
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and from this
01(u) =~ —0.125, 01(d)~ 1.125.

Any claim that pays one dollar after tax if up and nothing after tax if down must
have a price of

S UL
O T 1+ —1)

<0
and this is an arbitrage opportunity. If k£* = 15% we get
Q1(u) ~ 0.0652, Q1(d) ~0.9348. (7.2)

To evaluate Q»(dd), ... we concentrate on t = 1. Analogously, we must have

Oa(ulu) - 132+ Ox(dlu) - 110 121
1.05 T 115

which gives
Q2 (ulu) =~ 0.0217, Qa(d|u) ~ 0.9783.
Now
Qo (uu) = Q1(u) Q2(ulu) ~ 0.0014
Q2(ud) = Q1(u) Q2(u|d) ~ 0.0638
and analogously
0>(du) ~ 0.1016, 0>(dd) ~ 0.8332.

2. Equation (4.4) implies

Eo [t/r(1 = t2) A4 |Fis
L+7rp(1— tl)
Eo [t/r(1 = t2)Ar-1|Fin ]
(I 4rp(l —lh)y)T—-1

Vi =V +A-t)A 0+

+...

Rule 4 gives

B [Vl = Vil | =Bo [ =t A7 |+

Eo [r/r/(1 = tP) A 417 . L Fe [2/rp(1 = =) A7 1177

+ L+rp(1—1h) et A+rpl —lyT-1=1
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or

Eo [Vl — Vi = A =P AmlF]  Eo [/l =t A 17
L+rp(1—1l) T (=12

+...

Eo [‘L’Irf(l — rD)XT,lw—;]

T A a

Eo[t!r/(1—tP)A,|7;

T, =) results in

Now adding

Eo [Vl — ViIT]  Bo[e/rs(l = t)& — (1 = tP)A, 117

T rrad—<) T +rp(1—1)) B
Eo [r/rs( = t))A 7|  Eg[e!rp(l = tP) A7 ]
L+re(1—1h) + A 4rpl —1l))? te

Eo [r’rfa - TD)A‘T,”?,]
A +rp(l— gyl

=V —vi—1-1P)aA,.

Reshuffling gives
vl _ yu
gl gu e [Vm Vt+1|"f7] At+rpd—c?) o
! ! L+rp(1—1h) L+rp(1—1h)
Eo [(1 = t2)A,417]
L+ =1
3. We have

T ! (1-tP)rrEo [ Al
- o\~
Vt _Vt”-l-(l—‘l.' )A’+Z (1+rf(l—‘[1))s_’+1

s=t

7! (1 - ‘L’D) rfA~, rod (] - TD) rrEg [Zs|7:t]

L+rp(1=1h) +S§_1 A+rp(L=gl)ys—H

:‘7t”+(1—tD)Xt+

(rpa=c?) - J T x) s Fo [Ai7]

t

V! +

1+rf(1—11) = (I+rf (l—‘[l))s_H'l
_guy dFrpd - )~ (1-1P) Eo [Aslﬁ] (1=l
t 1+rf(1—‘[1) t 1—1! st (1+rf(l—r’))s"1+rf(1—r1)
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(1+rpd _TD)K ol (1-+<P) Z Eo [Zsﬁ_t]

t

:\7I“+

L+rp(l—1l) 1—z! et A try (1= )y
N
L+rp(1—1h)
o Udrpa—tt - d(-c?) I Eo[Aur]
=V Ay At T L T2y
+rp(l—1') -1 Rt +rp(1-1l))
(-7 5 Eo [A,l7]
1= Sy Qg (T=l)ysmett
gy Um0 g (1) g Eo [A.17]
- L+rp(l—th) I—tf sy A F7r (1—tl))y—~
d(1-P) & Eo[A-iF]
IR ot (Lt (1—tl)
using Ar =0. Rearranging gives
, ~
IR i 2o b Sl U i) Eo [A,l7]
[ 4 v —
l+r(1—11)  — v (1+I”f(1—‘cl))5 !
o' (1-1P) T Eg [XY,IW—‘,] . o/ (1-1P) A
L=zl e (g (1 =d)y T—tl T4r(1—1)

and this is equivalent to

— D _ tl(l—tD) r EQ[KS—Xs—HTz]

A+ =
-7l A T O 1 )

~ ~ 1
th — V[u + 1

7.3.2 Excursus: Cost of Equity and Tax Rate

1. This follows from

E[GCFii1 + V4, — ©(GCFyy1 + VY, = VI ]
V-[u

Jpost-tax _

E[GCFis1 + V177

=(1-1)
%

— (1 _ _L,)kpre—tax_
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2. We have

& Eg|GCR(1 -7

Vi =
— s—t
s=t+1 (1 + rf(l T))

00 EQ [ﬁsw:t] 1-1) (1 + rf)s_t
L (L) Arpd =)yt

o E [ECTVSITr] (1-0)(1+ rf)s"
= et (1 + kpre—tax)sft (1 + rf(l _ -L-))Sft

]

_y GCF, A—0)(14rs)"
- -tax)s—1t _ —t
o U ket (1 p(1 =)

(1 — 7)GCF;
AHRPE @) (L (1)
I+ry -

and this is obviously different from
(1 —7)GCF,
kpre—tax(l —1) :
3. (a) Asin Sect.3.6.1 we get

Eo[GCF\| E[GCF|

I+ry 14k

01()GTF () + 01(d)GCFy (@) E|GCF]

1+rf 14k
O1(w) - 110+ 01(d) -90 100
1.05 T 115

and hence

01(u) ~ 0.0652,  Q1(d) ~ 0.93478.
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(b) If we look at the second company, the gross cash flows are different and we

get
Eo [GCF\| E[GCF]
1+r;,  1+K
—
—_— —_—
01(W)GCF, () + 01(d)GCFy(d) E [GCF 1]
1+ry 14K
0.0652 - 120 +0.93478 - 80 _ 100
1.05 1+k°
and hence

k'~ 27.105%.

(c) This is the same calculation except that we have to add taxes:

Eo [(1 _ 1)56771] E [(1 _ r)(’;é?l]

I+rp(l—7)  1+k(1—1)

011 - GTF1w) + ()1 — )GCF @) E[(1— DGCR]

l+rp(l—1) 1+k(1—-1)
Q1) (1 —1)1104 Qi (d)(1 —7)90  100(1 — 7)
1 +0.05(1 —1) 140151 —1)]

and hence

(0.176471 + 1)

~ 2.
Q1) ~ 28333 — T

Qid)=1-01(u).
(d) The calculation is as above,

EQ[(l—r)FCTFI] E[(l—r)é‘ch]
T+r(l—1)  1+4K(1—1)

01601 — OGTF W) + 01(d)(1 — )GCF @) E|( = DGCF1]
1+rp(l—1) 1+ K1 -1)
011 — 1120+ Q1(d)(1 — )80 100(1 — 1)
140.05(1 — 1) S LH155%(1 — 1)’
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and hence

~ 1.1667 (1.85714 + 1) D=1
O1(w) ~ 1. 6667 =1 O1d)=1-01(u).

This is different from the result in 3c.

7.3.3 Retention Policies

1. From (4.4) it follows that the market value is maximized if the retentions are as
large as possible. Since necessarily

A3 =0,

we only look at A} and A,. We will determine the highest possible retention and
evaluate the corresponding market value of the firm.

If the company maintains its highest possible retention, the cash flows to the
shareholders are zero. From this

Y
'"=1-¢p

FCF, Ay = (1+rp) A1+ FCF, .

1—<P

We put this into (4.4) and get, using Theorem 4.4,

T[rf(l —rD)EQ [Zl] tlrf(l—rD)EQ I:A'Z:I
A4r,a=ch? (xrd—thy

tlrp(1—tP)Eg [FCFI } tlrp(1—1P)Eq [—“*’”FCF‘*FCFZ]

Vi=V¢+

" 1—P 1—7D
=V,
) I (Frp(l =)
o'y B [FCFY|  t'r;(l+rp)Bg[FCF||  t'ryEq |[FCF]
0 U T r -0 (I +rr(1—1h)) (I +r7(1—1)3
) o!rs E[FCF| ] o!ry(+ ) E[FCF| |

=Vt T kEna+ A —20)  AF kEN A 1 r (I —71)?

o!rs E[FCF,

T A RER (- )
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0.5-0.1-100
(14+0.15) - (1+0.1-(1—0.5))
0.5-0.1-(1+0.1)-100
(140.15) - (1+0.1- (1 —0.5))2
0.5-0.1-110
(140.15)2-(140.1- (1 —0.5))

A 249.692 +

+

~ 260.061 .

2. With retention in riskless assets (4.3) reads
—_—] — — —
Eo [FCF, - FCF,ulﬁ_l] =(1=7") (L +rp) A = (1= ") Eg [A,m_l] .
Following Eq. (4.4) we get

(1-7")Eg [(1 +rp) A — AVz+1|7’~r]

vl _ tu
V=Vt iy - +...
(1—1")Ep [(1 +ry)Ar_p — ZT—IW:I]
+ T—i—1
L+rp(1=1l)

(1 =) Eq |(1+r/) Ar-ai7i]
(rp(i=et) ™

After some minimal reshuffling the following results:

I G ) (L+rs) A
! ! I+ry (1 —1'1)
re)(1—t!) ~ —
Eo [%f‘w —(1=7") A |ﬁ]
+ ey ¥
re)(1—=71) —~ -
n .

(147 (1= )™
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This brings us to the conclusion,
' (1-1")rfEp [ZHTt]
1+ rf (1 — ‘L’I)
' (1—1")rfEp [ZT—llﬁ]
(1+rr (12"

th=17ll‘+<1—t’>A,+ + ...

In case of autonomous retention, with an eternally living firm this simply
yields

V)=V + A

7.4  Corporate and Personal Income Tax

1. We get
— ~ (1—7P)(1-1%)
tl_ [u 1—‘[1 A+TCD
(1-0.5)-(1-=0.5)
= 500 104+ 0.5-100
+ 1-0.5 +
= 555.
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