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Abstract. Let D be a straight-line drawing of a graph. The rectilinear
2-colored crossing number of D is the minimum number of crossings
between edges of the same color, taken over all possible 2-colorings of
the edges of D. First, we show lower and upper bounds on the rectilinear
2-colored crossing number for the complete graph K,. To obtain this
result, we prove that asymptotic bounds can be derived from optimal
and near-optimal instances with few vertices. We obtain such instances
using a combination of heuristics and integer programming. Second, for
any fixed drawing of K, we improve the bound on the ratio between its
rectilinear 2-colored crossing number and its rectilinear crossing number.

Keywords: Complete graph - Rectilinear crossing number - k-colored
crossing number

1 Introduction

For a drawing of a non-planar graph G in the plane it is of interest from both
a theoretical and practical point of view, to minimize the number of crossings.
The minimum such number is known as the crossing number cr(G) of G. There
are many variants on crossing numbers, see the comprehensive dynamic survey
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of Schaefer [25]. In this paper we focus on a version combining two of them: the
k-planar crossing number and the rectilinear crossing number.

The k-planar crossing number cri(G) of a graph G is the minimum of
cr(G1) + - -+ + cr(Gyg) over all sets of k graphs {Gi,...,Gk} whose union is
G. For k = 2, it was introduced by Owens [22] who called it the biplanar cross-
ing number; see [13,14] for a survey on biplanar crossing numbers. Shahrokhi et
al. [26] introduced the generalization to k > 2.

A straight-line drawing of G is a drawing D of G in the plane in which
the vertices are drawn as points in general position, that is, no three points
on a line, and the edges are drawn as straight line segments. We identify the
vertices and edges of the underlying abstract graph with the corresponding ones
in the straight-line drawing. The rectilinear crossing number of G, Tr(G), is the
minimum number of pairs of edges that cross in any straight-line drawing of G. Of
special relevance is €r( K, ), the rectilinear crossing number of the complete graph
on n vertices. The current best published bounds on €r(X,,) are 0.379972 (Z) <
cr(K,) < 0.380473(%}) + ©(n®) [3,16]. The upper bound was achieved using a
duplication process and has been improved in an upcoming paper [6] to T (K,) <
0.38044921(2) +O(n?).

A k-edge-coloring of a drawing D of a graph is an assignment of one of k
possible colors to every edge of D. The rectilinear k-colored crossing number of
a graph G, ¢y (G), is the minimum number of monochromatic crossings (pairs
of edges of the same color that cross) in any k-edge-colored straight-line drawing
of G. This parameter was introduced before and called the geometric k-planar
crossing number [23]. In the same paper, as well as in [26], also the rectilin-
ear k-planar crossing number was considered, which asks for the minimum of
cr(G1) + ...+ T(Gy) over all sets of k graphs {G4q,..., Gk} whose union is G.
We prefer our terminology because the terms geometric and rectilinear are very
often used interchangeably and because the term k-planar is extensively used in
graph drawing with a different meaning; see for example [15,20]. We remark that
in graph drawing, rectilinear sometimes also refers to orthogonal grid drawings
(which is not the case here).

In this paper we focus on the case where G is the complete graph K, and
we prove the following lower and upper bounds on ¢rs(K,):

0.03 (Z) +O(n?) < s (K,) < 0.11798016 (Z) +Ond).

Our approach is based on theoretical results that guarantee asymptotic bounds
from the information of small point sets. Thus, it implies computationally deal-
ing with small sets, both to guarantee a minimum amount of monochromatic
crossings (for the lower bound) and to find examples with few monochromatic
crossings and some other desired properties (for the upper bound).

From an algorithmic point of view, the decision variant of the crossing num-
ber problem was shown to be NP-complete for general graphs already in the
1980s by Garey and Johnson [18]. The version for straight-line drawings is also
known to be NP-hard, and actually, computing the rectilinear crossing number is
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JdR-complete [19]. So whenever considering crossing numbers, it is rather likely
that one faces computationally difficult problems.

In our case the challenge is twofold. On the one hand, we need to optimize the
point configuration (order type) to obtain a small number of crossings, which is
the original question about the rectilinear crossing number of K,,. On the other
hand, we need to determine a coloring of the edges of K, that minimizes the
colored crossing number for a fixed point set.

For the first problem there is not even a conjecture of point configurations
that minimize the rectilinear crossing number of K,, for any n. The latter prob-
lem corresponds to finding a maximum cut in a segment intersection graph,
which in general is NP-complete [9]. Moreover, these two problems are not inde-
pendent. There exist examples where a point set with a non-minimal number of
uncolored crossings allows for a coloring of the edges so that the resulting colored
crossing number is smaller than the best colored crossing number obtained from
a set minimizing the uncolored crossing number. Thus, the two optimization pro-
cesses need to interleave if we want to guarantee optimality. But, as we will see
in Sect. 2, even this combined optimization does not guarantee to yield the best
asymptotic result. There are sets of fixed cardinality and with larger 2-colored
crossing number which—due to an involved duplication process—give a better
asymptotic constant than the best minimizing sets. This is in contrast to the
uncolored setting [2,3], where for any fixed cardinality, sets with a smaller cross-
ing number always give better asymptotic constants. Also, it clearly indicates
that our extended duplication process for 2-colored crossings differs essentially
from the original version.

As mentioned, drawings with few crossings do not necessarily admit a color-
ing with few monochromatic crossings. This observation motivates the following
question: given a fixed straight-line drawing D of K,,, what is the ratio between
the number of monochromatic crossings for the best 2-edge-coloring of D and the
number of (uncolored) crossings in D? A simple probabilistic argument shows
that this ratio is less than 1/2. In Sect. 4, we improve that bound, showing that
for sufficiently large n, it is less than 1/2 — ¢ for some positive constant c.

In a slight abuse of notation, we denote with €r(D) the number of pairs
of edges in D that cross and call it the rectilinear crossing number of D. The
(rectilinear) 2-colored crossing number of a straight-line drawing D, ¢r2(D), is
then the minimum of ¢r(D;) + ¢r(D2), over all pairs of straight-line drawings
{D1, D3} whose union is D. For a given 2-edge-coloring x of D, we denote with
cr2(D, x) the number of monochromatic crossings in D. Thus, €r2(D) is the
minimum of ¢y (D, x) over all 2-edge-colorings x of D.

Outline. In Sect. 2 we prove that, given a 2-colored straight-line drawing D of
K, there is a duplication process that allows us to obtain a 2-colored straight-
line drawing Dy, of Ky, for any k > 1 whose 2-colored crossing number €ra(Dy)
can be easily calculated. Moreover, we can obtain the asymptotic value when
k — oo. By finding good sets of constant size as a seed for the duplication
process, we obtain an asymptotic upper bound for ¢ (K, ). In Sect. 3 we obtain
a lower bound for ¢r2(K,,) using the crossing lemma, and we improve it with an
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approach again using small drawings. For sufficiently large n, we show in Sect. 4
that for any straight-line drawing D of K, cr2(D)/cr(D) < 1/2—c for a positive
constant ¢, that is, using two colors saves more than half of the crossings. Finally,
in Sect.5 we present some open problems.

2 Upper Bounds on cra(K,)

For the rectilinear crossing number ¢r(K,), the best upper bound [6] comes from
finding examples of straight-line drawings of K,, (for a small value of n) with
few crossings which are then used as a seed for the duplication process in [2,3].
To be able to apply this duplication process, the starting set P with m points
has to contain a halving matching. If m is even (odd), a halving line of P is
a line that passes exactly through two (one) points of P and leaves the same
number of points of P to each side. If it is possible to match each point p of P
with a halving line of P through this point in such a way that no two points
are matched with the same line, P is said to have a halving matching. It is then
shown in [2] that every point of P can be substituted by a pair of points in its
close neighborhood such that the resulting set () with 2m points contains again
a halving matching. Iterating this process leads to the mentioned upper bound
for er(K,), where this bound depends only on m and the number of crossings of
the starting set P.

In this section, we prove that a significantly more involved but similar app-
roach can be adopted for the 2-colored case. Unlike the original approach, we
cannot always get a matching which simultaneously halves both color classes.
Moreover, even for sets where such a halving matching exists, it cannot be guar-
anteed that this property is maintained after the duplication step. We will see
below that we need a more involved approach, where the matchings are related
to the distribution of the colored edges around a vertex. Consequently, the num-
ber of crossings which are obtained in the duplication, and thus, the asymptotic
bound we get, not only depends on the 2-colored crossing number of the start-
ing set, but also on the specific distribution of the colors of the edges. In that
sense, both the heuristics for small drawings and the duplication process for the
2-colored crossing number differ significantly from the uncolored case.

Throughout this section, P is a set of m points in general position in the
plane, where m is even. Let p be a point in P. By slight abuse of notation, in the
following we do not distinguish between a point set and the straight-line drawing
of K, it induces. Given a 2-coloring x of the edges induced by P, we denote by
L(p) and S(p) the edges incident to p € P of the larger and smaller color class
at p, respectively. An edge e = (p,q) incident to p is called a x-halving edge of
p if the number of edges of L(p) to the right of the line ¢, spanned by e (and
directed from ¢ to p) and the number of edges of L(p) to the left of ¢, differ by
at most one. A matching between the points of P and their y-halving edges is
called a x-halving matching for P.
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Theorem 1. Let P be a set of m points in general position and let x be a 2-
coloring of the edges induced by P. If P has a x-halving matching, then the
2-colored rectilinear crossing number of K, can be bounded by

24A (n

1
where A is a rational number that depends on P, x, and the x-halving matching
for P.

Proof. First we describe a process to obtain from P a set @ of 2m points, a
2-edge-coloring ' of the edges that @ induces, and a x’-halving matching for
Q. The set @ is constructed as follows. Let p be a point in P and e = (p, q) its
x-halving edge in the matching. We add to @) two points p1, po placed along the
line spanned by e and in a small neighborhood of p such that:

(i) if f is an edge different from e that is incident to p, then p; and ps lie on
different sides of the line spanned by f;
(ii) if f is an edge different from e that is not incident to p, then p; and po lie
on the same side of the line spanned by f as p; and
(iii) the point p; is further away from ¢ than ps.

The set @ has 2m points and the above conditions ensure that they are in general
position.

Next, we define a coloring ¥’ and a x’-halving matching for Q. For every
edge (p, q) of P, we color the four edges (pi, ¢;),%,7 € {1,2} with the same color
as (p,q). Hence, the only edges remaining to be colored are the edges (p1,p2)
between the duplicates of a point p € P. Let ¢, be the line spanned by e and
directed from ¢ to p. Further, let ¢; and g2 be the points that originated from
duplicating ¢, such that ¢; lies to the left of ¢, and ¢ lies to the right of /..
Denote by L;(p) and L, (p) the number of edges in L(p) to the left and right of e,
respectively. Analogously, denote by S;(p) and S, (p) the number edges in S(p)
to the left and right of e. For the following case distinction, we assume that the
colors are red and blue and that the larger color class at p is blue.

There are six cases in which p can fall, depending on the color of the edge e
and on the relation between the numbers L;(p) and L, (p) of blue edges incident
to p on the left and the right side of /.; see Fig. 1. The edge e of P has color red
in the first three cases and color blue in the last three cases. The edge (p1,p2)
receives color blue in Cases 1 and 3, and color red in the remaining cases. The
thick edges in Fig. 1 represent the matching edges for p; and ps in @), where the
arrow points to the point it is matched with. For each of p; and ps, the resulting
numbers of incident red and blue edges that are to the left and to the right of
the line spanned by the matching edge are written next to those lines in the
figure. They also show that the matching edges are indeed x’-halving edges in
each case. A detailed case distinction can be found in the full version [7].

Having completed the coloring ¥’ for the edges induced by @, we next con-
sider the number of monochromatic crossings in the resulting drawing on ). We
claim the following for cra(Q, x'):
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Case 1: Case 2: Case 3:
L, > L, L =L, L <L,

25, ) 25,
or, [2S-+1 25, 25, +1 25, +1
oL, +1 L | 2L, oLy +1

Fig. 1. The cases in the duplication process of Theorem 1 when the larger color class
at p is blue.The dotted lines represent the lines spanned by the y-halving matching
edges for P. The numbers of blue (red) edges at p to the left and right of [, is denoted
with L; and L, (S; and S;), respectively. (Color figure online)

Claim 1. The pair (Q,x’) satisfies

m

ﬁQ(val) =16 ﬁQ(PaX)—’— (2> -m

() ) () (1)
42 zp:(Hl(p) + H.(p)).

The proof of this claim follows the same counting technique used in [2]. The
proof can be found in the full version [7].

We now apply the duplication process multiple times. To this end, consider
again the six different cases for a point p € P when obtaining a coloring and a
matching for (). Note that if one of the Cases 1, 2, 3, 4 and 6 applies for p, then
the same case applies for its duplicates p1,p2 € @ (and will apply in all further
duplication iterations). If p falls in Case 5, then for p; and py we have Case 2
and 4, respectively. As no point in @ falls in Case 5, from now on, we assume
that P is such that no point of P falls in Case 5 either.

Let k£ > 1 be an integer and let (Qg, xx) be the pair obtained by iterating
the duplication process k times, with (Qo, x0) = (P, x). We claim the following
on ¢Ty(Qk, X&), the number of monochromatic crossings in the 2-edge-colored
drawing of K, induced by Qx and xx:

Claim 2. After k iterations of the duplication process, the following holds

T (Qr, xk) =A- 2%+ B. 23 L ¢. 22k L D . oF
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where A, B,C and D are rational numbers that depend on P and its x-halving
matching.

The proof of this claim uses a careful analysis of the structure of (Qg, xx) in
dependence of (P, ) and the y-halving matching for P. This analysis, followed
by involved calculations to obtain the statement of Claim 2, can be found in the
full version [7]. Applying Claim 2 to an initial drawing on m vertices and letting
n = 2Fm, we get:

cra(Ky) < era(Qr, Xk) = 2;7? <Z) +6(n?)

which completes the proof of Theorem 1 when n is of the form 2*m. The proof
for 2"m < n < 2¥+1m then follows from the fact that era(K,,) is an increasing
function. O

We remark that the duplication process described in the proof of Theorem 1
can also be applied if the initial set P has odd cardinality. However, then it might
happen that the resulting matching is not y’-halving for the resulting set Q.
Moreover, a similar process can even be applied with any matching between the
points of P and the edges induced by P, where in that situation one needs to
specify how the colors for the edges between duplicates of points (and possibly
a matching for the resulting set) is chosen.

In the uncolored duplication process for obtaining bounds on ¢r(K,,), halving
matchings always yield the best asymptotic behavior, which only depends on |P)|
and ¢r(P). This is not the case for the 2-colored setting, where we ideally would
like to achieve simultaneously for every point p € P that (i) both color classes
are of similar size, (ii) both color classes are evenly split by the matching edge,
and (iii) cre(P) is small. Yet, this is in general not possible. Starting with a x-
halving matching for P we obtain (ii) at least for the larger color class at every
point of P. Moreover, this is hereditary by the design of our duplication process.

The results of this section imply that for large cardinality we can obtain
straight-line drawings of the complete graph with a reasonably small 2-colored
crossing number by starting from good sets of constant size. Similar as in [6] we
apply a heuristic combining different methods to obtain straight-line drawings
of the complete graph with low 2-colored crossing number. Our heuristic iterates
three steps of (1) locally improving a set, (2) generating larger good sets, and (3)
extracting good subsets, where also after steps (2) and (3) a local optimization
is done. The currently best (with respect to the crossing constant, see below)
straight-line drawing D with 2-edge coloring x we found in this way! has n = 135
vertices, a 2-colored crossing number of €ra(D, x) = 1470756, and contains a x-
halving matching.

Let ¢rs be the rectilinear 2-colored crossing constant, that is, the constant
such that the best straight-line drawing of K, for large values of n has at most

! The interested reader can get a file with the coordinates of the points, the colors of the
edges, and a x-halving matching from http://www.crossingnumbers.org/projects/
monochromatic/sets/n135.php.
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CTy (Z) monochromatic crossings. Its existence follows from the fact that the limit

limy, o0 @2(K,)/(Y}) exits and is a positive number (the proof goes along the
same lines as for the uncolored case [24]). Using the above-mentioned currently
best straight-line 2-edge colored drawing and plugging it into the machinery
developed in the proof of Theorem 1 we get

Theorem 2. The rectilinear 2-colored crossing constant satisfies

182873519

Ty < 20100 11798016,
T2 = 1550036250

In [3] a lower bound of e > 2T > 0.37997267 has been shown for the
rectilinear crossing constant. We can thus give an upper bound on the asymptotic
ratio between the best rectilinear 2-colored drawing of K, and the best rectilinear

drawing of K, of €Ty /cr < 0.31049652.

3 Lower Bounds on crs(K,,)

In this section we consider lower bounds for the 2-colored crossing number and
the biplanar crossing number of K,.

In related work [23], the authors present lower and upper bounds on the
sup ¢, (G) /Tr(G) where the supremum is taken over all non-planar graphs. We
remark that this lower bound does not yield a lower bound for cry(K,,) as
their bound is obtained for “midrange” graphs (graphs with a subquadratic
but superlinear number of edges). Czabarka et al. mention a lower bound on
the biplanar crossing number of general graphs depending on the number of
edges [14, Equation 3]. For the complete graph, this yields a lower bound of
era(Ky) > 1/1944n* — O(n®). A better bound of Ty > 524 = 3/116 > 1/39
can be obtained from (an improved version of) the crossing lemma [4,21], which
states that for an undirected simple graph with n vertices and e edges with
e > Tn, the crossing number of the graph is at least 55.

Alternatively, the following result shows that from the 2-colored rectilinear
crossing number of small sets we can obtain lower bounds for larger sets.

Lemma 1. Letcry(m) = ¢ for some m > 4. Then for n > m we have cra(K,) >

o vy (1) which implies Ty > oy Sy -

Proof. Every subset of m points of K, induces a drawing with at least ¢ crossings,

and thus we have é(::l) crossings in total. In this way every crossing is counted
(%) times. This results in a total of =) (fjé_ ) (") crossings. 0

As Kg can be drawn such that ¢ra(K3g) = 0 (see Fig. 2 left) we next determine
cr2(Kg). We use the optimization heuristic mentioned from Sect. 2 to obtain good
colorings for all 158 817 order types of Ky (which are provided by the order type
data base [5]). In this way, it is guaranteed that all (crossing-wise) different
straight-line drawings of Ky (uncolored) are considered.
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Fig. 2. Left: a 2-colored rectilinear drawing of Kg without monochromatic cross-
ings.Right: a 2-colored drawing of Ky with only one monochromatic (red) crossing.
(Color figure online)

To prove that the heuristics indeed found the best colorings we consider the
intersection graph for each drawing D. In the intersection graph every edge in
D is a vertex, and two vertices are connected if their edges in D cross. Note
that each odd cycle in the intersection graph of D gives rise to a monochromatic
crossing in D. On the other hand, several odd cycles might share a crossing and
only one monochromatic crossing is forced by them. We thus set up an integer
linear program, where for every crossing of D we have a non-negative variable
and for each odd cycle the sum of the variables corresponding to the crossings
of the cycle has to be at least 1. The objective function aims to minimize the
sum of all variables, which by construction is a lower bound for the number of
monochromatic crossings in D.

With that program and some additional methods for speedup (see [17] for
details), we have been able to obtain matching lower bounds and hence determine
the 2-colored crossing numbers for all order types of Ky within a few hours. The
best drawings we found have 2 monochromatic crossings, and thus ¢ra(Kg) = 2.
Using Lemmal for m = 9 and é = 2 we get a bound of ¢ty > 1/63, which is
worse than what we obtained from the crossing lemma. Repeating the process of
computing lower bounds for sets of small cardinality, we checked all order types
of size up to 11 [8] and obtained cr2(K10) = 5 and cry(K1p) = 10. By Lemmall,
the latter gives the improved lower bound of ¢ry > 1/33.

3.1 Straight-Line Versus General Drawings

The best straight-line drawings of K,, with n < 8 have no monochromatic cross-
ing, see again Fig.2 left. In [23, Section 3], the authors state that no graph is
known were the k-planar crossing number is strictly smaller than the rectilin-
ear k-planar crossing number for any k > 2. Moreover, according to personal
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communication [27], the similar question whether a graph exists where the
k-planar crossing number is strictly smaller than the rectilinear k-colored cross-
ing number was open. We next argue that Ky is such an example. From the
previous section we know that €ra(K9) = 2. Inspecting rotation systems for
n =9 [1] which have the minimum number of 36 crossings, we have been able to
construct a drawing of K¢ which has only one monochromatic crossing, see Fig. 2
right. As the graph thickness of Ky is 3 [12,28], we cannot draw Ko with just
two colors without monochromatic crossings. Thus, we get the following result.

Observation 1. The biplanar crossing number for Kqg is 1 and is thus strictly
smaller than the rectilinear 2-colored crossing number tra(Ky) = 2.

4 Upper Bounds on the Ratio ¢ry(D)/cr(D)

In this section we study the extreme values that ¢ry(D)/cr(D) can attain for
straight-line drawings D of K,,. Using a simple probabilistic argument as in [23],
2-coloring the edges uniformly at random, it can be shown that cry(D)/cr(D) <
1/2 for every straight-line drawing D, even if the underlying graph is not K,,.

In the following, we show that for K, this upper bound on ¢rs(D)/cT(D)
can be improved. To obtain our improved bound, we find subdrawings of D and
colorings such that many of the crossings in these drawings are between edges of
different colors. To this end, we need to find large subsets of vertices of D with
identical geometric properties. We use the following definition and theorem. Let
(Y1,...,Yx) be a tuple of finite subsets of points in the plane. A transversal of
(Y1,...,Yy) is a tuple of points (y1,...,yx) such that y; € Y; for all 4.

Theorem 3 (Positive fraction Erdds-Szekeres theorem). For every inte-
ger k > 4 there is a constant ¢, > 0 such that every sufficiently large finite point
set X C R? in general position contains k disjoint subsets Yi,...,Y}, of size at
least cx| X| each, such that each transversal of (Y1,...,Yx) is in convex position.

The Positive Fraction Erdés-Szekeres theorem was proved by Barany and
Valtr [11], see also Matousek’s book [21]. Although it is not stated in the theorem,
every transversal of the Y; has the same (labelled) order type. Making use of that
result we obtained the following theorem.

Theorem 4. There exists an integer ng > 0 and a constant ¢ > 0 such that for
any straight-line drawing D of K,, onn > ng vertices, ct2(D)/cE(D) < & —c.

Proof. Let ¢4 be as in Theorem 3 and let ng be such that Theorem 3 holds for
k = 4 and for point sets with at least ng points. Let D be a straight-line drawing
of K, where n > ng.

Our general strategy is as follows. We first find subsets of edges of D that can
be 2-colored such that many of the crossings between these edges are between
pairs of edges of different colors. We remove these edges and search for a subset
of edges with the same property. We repeat this process as long as possible. We
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2-color the remaining edges so that at most half of the crossings are monochro-
matic. Afterwards, we put back the edges we removed while 2-coloring them in
a convenient way.

We define a sequence of subsets V = Xg D X1 D --- D X,,, of vertices of D,
where V' = X is the set of vertices of D, and tuples (Fy, FY),...,(Fn, F)) of
sets of edges of D as follows. Suppose that X; has been defined. If |X;| < no,
we stop the process. Otherwise we apply Theorem 3 to X;, to obtain a tuple
(Y1,Y5,Y35,Y,) of disjoint subsets of points X;, each with exactly |c4|X;|| ver-
tices, such that every transversal (yi,y2,ys,ys) of (Y1,Ys,Ys,Y,) is a convex
quadrilateral. Without loss of generality we assume that (y1,y2,ys,ys4) appear
in clockwise order around this quadrilateral. This implies that the edge (y1,¥s3)
crosses the edge (y2,y4). Let F; be the set of edges with an endpoint in ¥; and
an endpoint in Y3; let F! be the set of edges with an endpoint in Y3 and an
endpoint in Yy; and finally, let X;11 = X; \ (Y7 U Y2). Note that every edge in
F; crosses every edge in FJ.

We now consider the remaining edges. Let I be the set of edges of D that
are not contained in any F; nor in any F] for 1 < i < m. Let H be the straight-
line drawing with the same vertices as D and with edge set equal to F. By
a probabilistic argument 2-coloring the edges uniformly at random, there is a
coloring x’ of the edges of H so that ¢r(H)/cra(H, x') > 2.

We now 2-color the edges in F; and F;. We define a sequence of straight-line
drawings H = Dy, 41,C Dy, C --- C Dy = D and a corresponding sequence of
2-edge-colorings X' = Xmi1, Xm,- -+, Xo = X that satisfies the following. Each y;
is a 2-edge-coloring of D;. Also x;_1 when restricted to D; equals x;. Suppose
that D; and x; have been defined and that 0 < i« < m + 1. Let D;_; be the
straight-line drawing with the same vertices as D and with edge set F;_1 equal
to E; UF;_1UF;_1 (where E; is the edge set of D;). Since y;—1 coincides with
X: in the edges of E;, we only need to specify the colors of F;_; and F/_;. We
color the edges of F; with the same color and the edges of F/_; with the other
color. There are two options for doing this, and one of them guarantees that at
most half of the crossings between an edge of F;_; UF/_; and an edge of D; are
monochromatic. We choose this option to define x;_1.

In what follows we assume that D has been colored by x. Let C be the set of
pairs of edges of D that cross. Of these, let C; be the subset of pairs of edges such
that both of them are contained in F; UF/ for some 1 <4 < m. Let Cy := C\ C}.
Note that, by construction of y, at most half of the pairs of edges in Cy are of
edges of the same color. For a given i, let E/ be the subset of pairs of edges in C4
such that both edges are in F; U F/. Let (Y1,Y2,Y3,Y,) be the tuple of disjoint
subsets of points X; used to define F; and F!. Recall that each Y; consists of
|c4|X;|] points. Every pair of crossing edges defines a convex quadrilateral and,
conversely, every convex quadrilateral defines a unique pair of crossing edges.
Therefore, by construction there at most c,*||X;|]*/2 pairs of edges in E/ such
that both edges are of the same color; and there are exactly [c4|X;||* pairs of
edges in E! such that the edges are of different color. Thus, at most % of the
pairs of edges in E! are edges of the same color.
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cra(D,x) $1C1|+31Cs| - - S :
Therefore, =(D) < [CAESARE This is maximized when C is as large as

possible. Since there are in total at most (Z) pairs of edges that cross, we have
|Cl| S (Z) — |Cg| Thus,

(D, x) _ 3(1) =510
@) = ()
We now obtain a lower bound for the size of C5. Note that |Xy| = n and

|X;| > (1 — 4c4)|X;—1|. This implies that |X;| > (1 — 4cq)’n and that |E;| >
ca*(1 — 4cq)**n*. Therefore,

_ 1> 401 4i 4 _ 4 - 0 _1_
(Col = D_1Eil 2 ) _ea(1—dea)¥in = 24ey <1_<1_4C4>4 ! 0(1)> (4>

i=1 i=1

which completes the proof. O

In the full version [7] we explore the ratio cr2(D)/cr(D) for certain classes of
straight-line drawings of K.

5 Conclusion and Open Problems

In this paper we have shown lower and upper bounds on the rectilinear 2-colored
crossing number for K,, as well as its relation to the rectilinear crossing num-
ber for fixed drawings of K. Besides improving the given bounds, some open
problems arise from our work.

(1) How fast can the best edge-coloring of a given straight-line drawing of K,
be computed? This problem is related to the max-cut problem of segment
intersection graphs, which has been shown to be NP-complete for general
graphs [9]. But for the intersection graph of K, the algorithmic complexity
is still unknown.

(2) What can we say about the structure of 2-colored crossing minimal sets?
For the rectilinear crossing number it is known that optimal sets have a
triangular convex hull [10]. For n = 8,9 we have optimal sets with 3 and
4 extreme points, but so far all minimal sets for n > 10 have a triangular
convex hull.

(3) We have seen that for convex sets asymptotically, the ratio ¢ra(D)/cr(D)
approaches 3/8 from below when n — co. It can be observed that among all
point sets (order types) of size 10, the convex drawing D of K is the only
one that provides the largest ratio of ¢ra(D)/cr(D) = 2/7, while the best
factor 5/76 is reached by sets minimizing ¢t (D). Is it true that the convex
set has the worst (i.e., largest) factor? And is the best (smallest) factor
always achieved by optimizing sets, that is, sets with ¢ry(D) = cT2(K,,)?
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