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                                     Abstract
This chapter investigates the behavior of cascaded dynamical systems through the lens of the Koopman operator and, in particular, its so-called principal eigenfunctions. It is shown that there exist perturbation functions for the initial conditions of each component system that make the orbits for the cascaded system and the decoupled component systems have zero asymptotic relative error. This in turn implies that the evolutions are asymptotically equivalent. By analyzing the exact form of the initial condition perturbation functions, the maximum error between the trajectories of the decoupled systems and the cascaded system can be bounded. More colloquially, these results say that cascaded compositions of stable systems are stable. It is also shown that the process of wiring the component systems together in a cascade structure preserves the principal eigenvalues and these principal eigenvalues are preserved between topologically conjugate systems. Thus, the analysis of cascaded systems is reduced to the determination of the principal eigenvalues and eigenfunctions of each component’s Koopman operator and the form of the perturbation functions.
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                             Notes
	1.We use \(\circ t\) instead of t to remind ourselves that these are compositions of nonlinear operators.


	2.In (5.5) and later, we are using the notation that if we have a collection of maps \(f_i : X \rightarrow X_i\), \((i=1,\ldots ,n)\), the vector-valued map \(\mathbf {f} : X \rightarrow X_1\times \cdots \times X_n\) defined by \(\mathbf {f}(\mathbf {x}) := (f_1(\mathbf {x}),\ldots ,f_n(\mathbf {x}))\) can be written as \(\mathbf {f}(\mathbf {x}) \equiv (f_1,\ldots , f_n)(\mathbf {x})\).


	3.Note that \(\mathbf {w}_{i,s} := (\mathbf {e}_{i,s}^*\mathbf {V}_i^{-1})^{*} = (\mathbf {V}_{i}^{*})^{-1} \mathbf {e}_{i,s}\) is the sth dual basis vector in system i; that is \(\langle {\mathbf {v}_{i,t}},{\mathbf {w}_{i,s}}\rangle _{\mathbb {C}^{d_i}} = \mathbf {w}_{i,s}^* \mathbf {v}_{i,t} = \delta _{s,t}\), where \(\mathbf {v}_{i,t}\) is the tth eigenvector of \(\mathbf {L}_i\).


	4.We take the empty sum \(\sum _{j=1}^{0}\) to be 0.


	5.We choose seven layers here merely for display purposes—graphs for the behavior of the six downstream component systems are easily displayed in a 2-by-3 table.
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5.6 Appendix
5.6 Appendix
Here, we collect all the technical proofs of the above results. It can be skipped on a first reading.
1.1 5.6.1 Proof of Theorem 5.2: 0 Asymptotic Relative Error—Linear, Chained Cascades
The first lemma gives the general solution for the ith level of the chained linear cascade system.

                    Lemma 5.1

                    For all \(i=1,\ldots , n\) and \(t \ge 0\), denote by \(\mathbf {x}_i(t)\) the solution \(\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots ,\mathbf {x}_n)\) of the ith level of (5.31). For \(i\ge 2\), the general solution satisfies
$$\begin{aligned} \mathbf {x}_{i}(t) \equiv \varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n) = \mathbf {L}_{i}^{t} \mathbf {x}_i + \mathbf {L}_{i}^{t-1} \mathbf {V}_{i} \sum _{k=0}^{t-1} \varLambda _{i}^{-k} \mathbf {V}_{i}^{-1} \mathbf {C}_{i,i-1} \mathbf {x}_{i-1}(k). \end{aligned}$$

                    (5.55)
                



                  
                    Proof

                    Repeatedly using (5.31), we have
$$\begin{aligned} \mathbf {x}_{i}(t)&= \mathbf {L}_{i} \mathbf {x}_{i}(t-1) + \mathbf {C}_{i,i-1}\mathbf {x}_{i-1}(t-1) \\&= \mathbf {L}_{i} \left[ \mathbf {L}_{i} \mathbf {x}_{i}(t-2) + \mathbf {C}_{i,i-1}\mathbf {x}_{i-1}(t-2) \right] + \mathbf {C}_{i,i-1}\mathbf {x}_{i-1}(t-1) \\&= \mathbf {L}_{i}^{2} \mathbf {x}_{i}(t-2) + \left[ \mathbf {L}_{i} \mathbf {C}_{i,i-1}\mathbf {x}_{i-1}(t-2) + \mathbf {C}_{i,i-1}\mathbf {x}_{i-1}(t-1) \right] \\&~~\vdots \\&= \mathbf {L}_{i}^{t} \mathbf {x}_{i}(0) + \left[ \mathbf {L}_{i}^{t-1} \mathbf {C}_{i,i-1} \mathbf {x}_{i-1}(0) + \mathbf {L}_{i}^{t-2} \mathbf {C}_{i,i-1} \mathbf {x}_{i-1}(1) + \cdots \right. \\&\qquad \qquad \qquad +\left. \mathbf {L}_{i}^{1} \mathbf {C}_{i,i-1} \mathbf {x}_{t-2}(1) + \mathbf {C}_{i,i+1} \mathbf {x}_{i-1}(t-1)\right] \\&= \mathbf {L}_{i}^{t} \mathbf {x}_{i}(0) + \sum _{k=0}^{t-1} \mathbf {L}_{i}^{t-1-k} \mathbf {C}_{i,i-1} \mathbf {x}_{i-1}(k) \\&= \mathbf {L}_{i}^{t} \mathbf {x}_{i}(0) + \mathbf {L}_{i}^{t-1}\sum _{k=0}^{t-1} \mathbf {L}_{i}^{-k} \mathbf {C}_{i,i-1} \mathbf {x}_{i-1}(k) . \end{aligned}$$

Replacing \(\mathbf {L}_{i}^{-k}\) with \(\mathbf {V}_{i} \varLambda _{i}^{-k} \mathbf {V}_{i}^{-1}\) in this final expression gives (5.55). \(\square \)

                  
                    Lemma 5.2

                    Assume Condition 5.1 holds for (5.31) and each \(\mathbf {L}_i\) is diagonalized by \(\mathbf {L}_{i} = \mathbf {V}_{i} \varLambda _{i} \mathbf {V}_{i}^{-1}\). For any matrix \(\mathbf {B} \in \mathbb {C}^{d_i \times d_j}\), the following equality holds for any \(i,j \in \lbrace 1,\ldots , n \rbrace \) with \(i\ne j\):
$$\begin{aligned} \sum _{k=0}^{t-1} \varLambda _{i}^{-k} \mathbf {B} \varLambda _{j}^{k} = \tilde{\mathbf {B}} - \varLambda _{i}^{-t} \tilde{\mathbf {B}} \varLambda _{j}^{t}, \end{aligned}$$

                    (5.56)
                

where \(\tilde{\mathbf {B}} \in \mathbb {C}^{d_i \times d_j}\) is the matrix whose \((\ell ,m)\)th entry is given by
$$\begin{aligned}{}[\tilde{\mathbf {B}}]_{\ell ,m} = [ \mathbf {B} ]_{\ell ,m} \left( 1 - \frac{\lambda _{j,m} }{\lambda _{i,\ell }}\right) ^{-1}. \end{aligned}$$

                    (5.57)
                



                  
                    Proof

                    For any matrix \(\mathbf {M}\), we denote the \((\ell ,m)\)th entry as \([\mathbf {M}]_{\ell ,m}\). The \((\ell ,m)\)th entry of (5.56) is given by
$$\begin{aligned}{}[\varLambda _{i}^{-k} \mathbf {B} \varLambda _{j}^{k}]_{\ell ,m}&= \sum _{s=1}^{d_i} [\varLambda _{i}^{-k}]_{\ell ,s} [\mathbf {B} \varLambda _{j}^{k}]_{s,m} \\&= \sum _{s=1}^{d_i} [\varLambda _{i}^{-k}]_{\ell ,s} \sum _{u=1}^{d_j} [\mathbf {B}]_{s,u}[\varLambda _{j}^{k}]_{u,m}. \end{aligned}$$

Since \(\varLambda _i\) is diagonal, \([\varLambda _{j}^{k}]_{u,m} = 0\) for \(u\ne m\) and \([\varLambda _{j}^{k}]_{m,m} = \lambda _{j,m}^{k}\). This gives
$$\begin{aligned}{}[\varLambda _{i}^{-k} \mathbf {B} \varLambda _{j}^{k}]_{\ell ,m}&= \sum _{s=1}^{d_i} [\varLambda _{i}^{-k}]_{\ell ,s} [\mathbf {B}]_{s,m} \lambda _{j,m}^{k}. \end{aligned}$$

Since \(\varLambda _{i}^{-k}\) is diagonal, we have
$$\begin{aligned}{}[\varLambda _{i}^{-k} \mathbf {B} \varLambda _{j}^{k}]_{\ell ,m} = \lambda _{i,\ell }^{-k} [\mathbf {B}]_{\ell ,m} \lambda _{j,m}^k = [\mathbf {B}]_{\ell ,m} \left( \frac{\lambda _{j,m}}{\lambda _{i,\ell }}\right) ^k. \end{aligned}$$

                    (5.58)
                

Summing from \(k=0,\ldots , t-1\), gives
$$\begin{aligned} \sum _{k=0}^{t-1} [\varLambda _{i}^{-k} \mathbf {B} \varLambda _{j}^{k}]_{\ell ,m}&= \sum _{k=0}^{t-1} [\mathbf {B}]_{\ell ,m} \left( \frac{\lambda _{j,m}}{\lambda _{i,\ell }}\right) ^k \\&= [\mathbf {B}]_{\ell ,m} \frac{1 - \left( \frac{\lambda _{j,m}}{\lambda _{i,\ell }}\right) ^t}{1-\left( \frac{\lambda _{j,m}}{\lambda _{i,\ell }}\right) } \\&= [\tilde{\mathbf {B}}]_{\ell ,m} - [\tilde{\mathbf {B}}]_{\ell ,m} \left( \frac{\lambda _{j,m}}{\lambda _{i,\ell }}\right) ^t. \end{aligned}$$

Using (5.58), but with \(\mathbf {B}\) and k replaced by \(\tilde{\mathbf {B}}\) and t, respectively, we get
$$\begin{aligned}{}[\tilde{\mathbf {B}}]_{\ell ,m} \left( \frac{\lambda _{j,m}}{\lambda _{i,\ell }}\right) ^t = [\varLambda _{i}^{-t} \tilde{B} \varLambda _{j}^{t}]_{\ell ,m}. \end{aligned}$$

Therefore,
$$\begin{aligned} \left[ \Big ( \sum _{k=0}^{t-1} \varLambda _{i}^{-k} \mathbf {B} \varLambda _{j}^{k} \Big )\right] _{\ell ,m}&= \sum _{k=0}^{t-1} [\varLambda _{i}^{-k} \mathbf {B} \varLambda _{j}^{k}]_{\ell ,m} \\&= [\tilde{\mathbf {B}}]_{\ell ,m} - [\tilde{\mathbf {B}}]_{\ell ,m} \left( \frac{\lambda _{j,m}}{\lambda _{i,\ell }}\right) ^t \\&= [\tilde{\mathbf {B}}]_{\ell ,m} - [\varLambda _{i}^{-t} \tilde{\mathbf {B}} \varLambda _{j}^{t}]_{\ell ,m} \\&= [\tilde{\mathbf {B}} -\varLambda _{i}^{-t} \tilde{\mathbf {B}} \varLambda _{j}^{t}]_{\ell ,m}. \end{aligned}$$

This is equivalent to (5.56). \(\square \)

                  
                    Lemma 5.3

                    For each \(i=2,\ldots ,n\), the solution of (5.31) is
$$\begin{aligned} \varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots ,\mathbf {x}_n) = \sum _{j=1}^{i} (-1)^{i-j} \mathbf {D}_{i,j} \mathbf {L}_{j}^{t} \mathsf {pert}_{j}(\mathbf {x}_1,\ldots , \mathbf {x}_{j}), \end{aligned}$$

                    (5.59)
                

where
$$\begin{aligned} \mathbf {D}_{i,i}&= \mathbf {I}_{d_i}&i\in \lbrace 1,\ldots ,n \rbrace ,\end{aligned}$$

                    (5.60)
                


$$\begin{aligned} \mathbf {D}_{i,j}&= \mathbf {L}_{i}^{-1} \mathbf {V}_{i} \tilde{\mathbf {C}}_{i,j} \mathbf {V}_{j}^{-1}&i\in \lbrace 2,\ldots ,n \rbrace , j\in \lbrace 1,\ldots , i-1 \rbrace , \end{aligned}$$

                    (5.61)
                

and the matrix \(\tilde{\mathbf {C}}_{i,j} \in \mathbb {C}^{d_{i} \times d_{j}}\) has elements
$$\begin{aligned}{}[\tilde{\mathbf {C}}_{i,j}]_{\ell ,m} = \left[ \mathbf {V}_{i}^{-1} \mathbf {C}_{i,i-1} \mathbf {D}_{i-1,j} \mathbf {V}_{j}\right] _{\ell ,m} \left( 1 - \frac{\lambda _{j,m}}{\lambda _{i,\ell }} \right) ^{-1}, \qquad&i\in \lbrace 2,\ldots ,n \rbrace , \\&j\in \lbrace 1,\ldots , i-1 \rbrace . \nonumber \end{aligned}$$

                    (5.62)
                

The perturbation functions \(\mathsf {pert}_{i} : \mathbb {C}^{d_1} \times \cdots \times \mathbb {C}^{d_i} \rightarrow \mathbb {C}^{d_i}\) are multilinear maps defined inductively by
$$\begin{aligned} \mathsf {pert}_{1}(\mathbf {x}_1)&= \mathbf {x}_1 \end{aligned}$$

                    (5.63)
                


$$\begin{aligned} \mathsf {pert}_{i}(\mathbf {x}_1,\ldots , \mathbf {x}_i)&= \mathbf {x}_i + \sum _{j=1}^{i-1} (-1)^{i-1-j} \mathbf {D}_{i,j} \mathsf {pert}_{j}(\mathbf {x}_1, \ldots , \mathbf {x}_{j})&i\in \lbrace 2,\ldots ,n \rbrace . \end{aligned}$$

                    (5.64)
                



                  
                    Proof

                    We prove the result using induction. First note that the solution for \(\varPi _1\circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots ,\mathbf {x}_n)\) can be written as
$$\begin{aligned} \mathbf {x}_1(t) = \varPi _1\circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots ,\mathbf {x}_n) = \mathbf {L}_{1}^{t} \mathbf {x}_1 \equiv \mathbf {D}_{1,1} \mathbf {L}_{1}^{t} \mathsf {pert}_1(\mathbf {x}_1). \end{aligned}$$

                    (5.65)
                

Seed step: Consider \(\mathbf {x}_2(t) = \varPi _2 \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots ,\mathbf {x}_n)\). By Lemma 5.1, Eq. (5.55), this is
$$\begin{aligned} \mathbf {x}_2(t)&= \mathbf {L}_{2}^{t} \mathbf {x}_2 + \mathbf {L}_{2}^{t-1} \mathbf {V}_{2} \sum _{k=0}^{t-1} \varLambda _{2}^{-k} \mathbf {V}_{2}^{-1} \mathbf {C}_{2,1} \mathbf {x}_{1}(k) \nonumber \\&= \mathbf {L}_{2}^{t} \mathbf {x}_2 + \mathbf {L}_{2}^{t-1} \mathbf {V}_{2} \sum _{k=0}^{t-1} \varLambda _{2}^{-k} \mathbf {V}_{2}^{-1} \mathbf {C}_{2,1} \mathbf {D}_{1,1} \mathbf {L}_{1}^{k} \mathsf {pert}_1(\mathbf {x}_1), \end{aligned}$$

                    (5.66)
                

where in the second line we have replaced \(\mathbf {x}_1(k)\) with (5.65) for \(t = k\). Using \(\mathbf {L}_{1}^{k} = \mathbf {V}_{1} \varLambda _{1}^{k}\mathbf {V}_{1}^{-1}\) in the second line gives
$$\begin{aligned} \mathbf {x}_2(t) = \mathbf {L}_{2}^{t} \mathbf {x}_2 + \mathbf {L}_{2}^{t-1} \mathbf {V}_{2} \left( \sum _{k=0}^{t-1} \varLambda _{2}^{-k} \mathbf {V}_{2}^{-1} \mathbf {C}_{2,1} \mathbf {D}_{1,1} \mathbf {V}_{1} \varLambda _{1}^{k}\right) \mathbf {V}_{1}^{-1} \mathsf {pert}_1(\mathbf {x}_1). \end{aligned}$$

                    (5.67)
                

Lemma 5.2, (5.56), with \(\mathbf {B} \equiv \mathbf {V}_{2}^{-1} \mathbf {C}_{2,1} \mathbf {D}_{1,1} \mathbf {V}_{1}\) gives that
$$\begin{aligned} \left( \sum _{k=0}^{t-1} \varLambda _{2}^{-k} \mathbf {V}_{2}^{-1} \mathbf {C}_{2,1} \mathbf {D}_{1,1} \mathbf {V}_{1} \varLambda _{1}^{k}\right) = \tilde{\mathbf {C}}_{2,1} - \varLambda _{2}^{-t} \tilde{\mathbf {C}}_{2,1} \varLambda _{1}^{t}, \end{aligned}$$

                    (5.68)
                

where the elements of \(\tilde{\mathbf {C}}_{2,1}\) are given as
$$\begin{aligned}&[\tilde{\mathbf {C}}_{2,1}]_{\ell ,m} = [ \mathbf {V}_{2}^{-1} \mathbf {C}_{2,1} \mathbf {D}_{1,1} \mathbf {V}_{1} ]_{\ell ,m} \Big (1 - \frac{\lambda _{1,m}}{\lambda _{2,\ell }} \Big )^{-1},&\ell \in \lbrace 1,\ldots ,d_2 \rbrace , m\in \lbrace 1,\ldots ,d_1 \rbrace . \end{aligned}$$

                    (5.69)
                

Equation (5.69) is the same as (5.62) for \(i=2\). Using (5.68) in (5.67) gives
$$\begin{aligned} \mathbf {x}_2(t)&= \mathbf {L}_{2}^{t} \mathbf {x}_2 + \mathbf {L}_{2}^{t-1} \mathbf {V}_{2} \left( \tilde{\mathbf {C}}_{2,1} - \varLambda _{2}^{-t} \tilde{\mathbf {C}}_{2,1} \varLambda _{1}^{t}\right) V_{1}^{-1} \mathsf {pert}_1(\mathbf {x}_1) \\&= \mathbf {L}_{2}^{t}\Big ( \mathbf {x}_2 + \mathbf {L}_{2}^{-1} \mathbf {V}_{2} \tilde{\mathbf {C}}_{2,1}\mathbf {V}_{1}^{-1} \mathsf {pert}_1(\mathbf {x}_1)\Big ) - \mathbf {L}_{2}^{t-1} \mathbf {V}_{2}\varLambda _{2}^{-t} \tilde{\mathbf {C}}_{2,1} \varLambda _{1}^{t}\mathbf {V}_{1}^{-1} \mathsf {pert}_1(\mathbf {x}_1). \end{aligned}$$

Since \(\mathbf {L}_{2}^{t-1} \mathbf {V}_{2}\varLambda _{2}^{-t} = \mathbf {L}_{2}^{-1}\mathbf {V}_{2}\) and \(\varLambda _{1}^{t}\mathbf {V}_{1}^{-1} = \mathbf {V}_{1}^{-1} \mathbf {L}_{1}^{t}\), we get
$$\begin{aligned} \mathbf {x}_2(t) = \mathbf {L}_{2}^{t}\Big ( \mathbf {x}_2 + \mathbf {L}_{2}^{-1} \mathbf {V}_{2} \tilde{\mathbf {C}}_{2,1}\mathbf {V}_{1}^{-1} \mathsf {pert}_1(\mathbf {x}_1)\Big ) - \mathbf {L}_{2}^{-1}\mathbf {V}_{2} \tilde{\mathbf {C}}_{2,1} \mathbf {V}_{1}^{-1} \mathbf {L}_{1}^{t} \mathsf {pert}_1(\mathbf {x}_1). \end{aligned}$$

                    (5.70)
                

Defining \(\mathbf {D}_{2,1}\) as
$$\begin{aligned} \mathbf {D}_{2,1} = \mathbf {L}_{2}^{-1} \mathbf {V}_{2} \tilde{\mathbf {C}}_{2,1}\mathbf {V}_{1}^{-1} \end{aligned}$$

                    (5.71)
                

and \(\mathsf {pert}_{2} : \mathbb {C}^{d_{1}}\times \mathbb {C}^{d_{2}} \rightarrow \mathbb {C}^{d_{2}}\) as
$$\begin{aligned} \mathsf {pert}_{2}(\mathbf {x}_1,\mathbf {x}_2) = \mathbf {x}_2 + \mathbf {D}_{2,1} \mathsf {pert}_1(\mathbf {x}_1) \end{aligned}$$

                    (5.72)
                

gives
$$\begin{aligned} \mathbf {x}_{2}(t)&= \mathbf {L}_{2}^{t} \mathsf {pert}_{2}(\mathbf {x}_1,\mathbf {x}_2) - \mathbf {D}_{2,1} \mathbf {L}_1^{t} \mathsf {pert}_{1}(\mathbf {x}_1) \\&= (-1)^{0} \mathbf {D}_{2,2} \mathbf {L}_{2}^{t} \mathsf {pert}_{2}(\mathbf {x}_1,\mathbf {x}_2) - \mathbf {D}_{2,1} \mathbf {L}_1^{t} \mathsf {pert}_{1}(\mathbf {x}_1), \end{aligned}$$

since \(\mathbf {D}_{2,2} = \mathbf {I}_{d_2}\) by definition. Finally,
$$\begin{aligned} \mathbf {x}_{2}(t) = \sum _{s=0}^{1} (-1)^{s} \mathbf {D}_{2,2-s} \mathbf {L}_{2-s}^{t}\mathsf {pert}_{2-s}(\mathbf {x}_1,\ldots , \mathbf {x}_{2-s}). \end{aligned}$$

                    (5.73)
                

Using the change of variables \(j = 2 - s\), we have that
$$\begin{aligned} \mathbf {x}_{2}(t) = \sum _{j=1}^{2} (-1)^{2-j} \mathbf {D}_{2,j} \mathbf {L}_{j}^{t}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots , \mathbf {x}_{j}). \end{aligned}$$

                    (5.74)
                

Equations (5.71)–(5.74) are equivalent to Eqs. (5.59), (5.61), and (5.64), for \(j=2\).

                    Induction step: Assume (5.59)–(5.64) hold for for all \(j \le i\) where \(i\in \lbrace 2,\ldots , n-1 \rbrace \). We show they hold for \(i+1\) as well.

                    Write \(\mathbf {x}_{i+1}(t) = \varPi _{i+1}\mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots ,\mathbf {x}_n)\). By Lemma 5.1, Eq. (5.55), the solution is
$$\begin{aligned} \mathbf {x}_{i+1}(t)&= \mathbf {L}_{i+1}^{t} \mathbf {x}_{i+1} + \mathbf {L}_{i+1}^{t-1} \mathbf {V}_{i+1} \sum _{k=0}^{t-1} \varLambda _{i+1}^{-k} \mathbf {V}_{i+1}^{-1} \mathbf {C}_{i+1,i} \mathbf {x}_{i}(k) . \end{aligned}$$

By the induction hypothesis,
$$\begin{aligned} \mathbf {x}_{i}(k) = \sum _{j=1}^{i} (-1)^{i-j} \mathbf {D}_{i,j} \mathbf {L}_{j}^{k} \mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}). \end{aligned}$$

                    (5.75)
                

which gives that \(\mathbf {x}_{i+1}(t)\) is (after interchanging the finite sums)
$$\begin{aligned} \mathbf {x}_{i+1}(t)&= \mathbf {L}_{i+1}^{t} \mathbf {x}_{i+1} + \sum _{j=1}^{i} (-1)^{i-j} \mathbf {L}_{i+1}^{t-1} \mathbf {V}_{i+1} \sum _{k=0}^{t-1} \varLambda _{i+1}^{-k} \mathbf {V}_{i+1}^{-1} \mathbf {C}_{i+1,i} \mathbf {D}_{i,j} \mathbf {L}_{j}^{k} \mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}). \end{aligned}$$

Since \(\mathbf {L}_{j}\) is diagonalizable, we substitute \(\mathbf {V}_{j} \varLambda _{j}^{k} \mathbf {V}_{j}^{-1}\) for \(\mathbf {L}_{j}^{k}\) in the above equation to get
$$\begin{aligned} \begin{aligned}&\mathbf {x}_{i+1}(t) \\&\quad = \mathbf {L}_{i+1}^{t} \mathbf {x}_{i+1} \\&\qquad + \sum _{j=1}^{i} (-1)^{i-j} \mathbf {L}_{i+1}^{t-1} \mathbf {V}_{i+1} \left( \sum _{k=0}^{t-1} \varLambda _{i+1}^{-k} \mathbf {V}_{i+1}^{-1} \mathbf {C}_{i+1,i} \mathbf {D}_{i,j} \mathbf {V}_{j} \varLambda _{j}^{k} \right) \mathbf {V}_{j}^{-1}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}) . \end{aligned} \end{aligned}$$

                    (5.76)
                

By Lemma 5.2, Eq. (5.56), with \(\mathbf {B} \equiv \mathbf {V}_{i+1}^{-1} \mathbf {C}_{i+1,i} \mathbf {D}_{i,j} \mathbf {V}_{j}\), we have
$$\begin{aligned} \sum _{k=0}^{t-1} \varLambda _{i+1}^{-k} \mathbf {V}_{i+1}^{-1} \mathbf {C}_{i+1,i} \mathbf {D}_{i,j} \mathbf {V}_{j} \varLambda _{j}^{k} = \tilde{\mathbf {C}}_{i+1,j} - \varLambda _{i+1}^{-t}\tilde{\mathbf {C}}_{i+1,j} \varLambda _{j}^{t}, \end{aligned}$$

                    (5.77)
                

where for \(j \in \lbrace 1,\ldots , i \rbrace \) the matrix \(\tilde{\mathbf {C}}_{i+1,j} \in \mathbb {C}^{d_{i+1}\times d_{j}} \) has elements
$$\begin{aligned} \left[ \tilde{\mathbf {C}}_{i+1,j}\right] _{\ell ,m} = \left[ \mathbf {V}_{i+1}^{-1} \mathbf {C}_{i+1,i} \mathbf {D}_{i,j} \mathbf {V}_{j}\right] _{\ell ,m} \left( 1 - \frac{\lambda _{j,m}}{\lambda _{i+1,\ell }}\right) ^{-1}. \end{aligned}$$

                    (5.78)
                

Equation (5.78) is (5.62) for \(i+1\). Plugging (5.77) into (5.76) gives
$$\begin{aligned} \mathbf {x}_{i+1}&(t)\\&= \mathbf {L}_{i+1}^{t} \mathbf {x}_{i+1} \\&\quad + \sum _{j=1}^{i} (-1)^{i-j} \mathbf {L}_{i+1}^{t-1} \mathbf {V}_{i+1} \left( \tilde{\mathbf {C}}_{i+1,j} - \varLambda _{i+1}^{-t}\tilde{\mathbf {C}}_{i+1,j} \varLambda _{j}^{t} \right) \mathbf {V}_{j}^{-1}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}) \\&= \mathbf {L}_{i+1}^{t} \mathbf {x}_{i+1} + \sum _{j=1}^{i} (-1)^{i-j} \mathbf {L}_{i+1}^{t-1} \mathbf {V}_{i+1} \tilde{\mathbf {C}}_{i+1,j} \mathbf {V}_{j}^{-1}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j})\\&\quad + \sum _{j=1}^{i} (-1)^{i+1-j} \mathbf {L}_{i+1}^{t-1} \mathbf {V}_{i+1} \varLambda _{i+1}^{-t}\tilde{\mathbf {C}}_{i+1,j} \varLambda _{j}^{t} \mathbf {V}_{j}^{-1}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}) \\&= \mathbf {L}_{i+1}^{t} \left[ \mathbf {x}_{i+1} + \sum _{j=1}^{i} (-1)^{i-j} \mathbf {L}_{i+1}^{-1} \mathbf {V}_{i+1} \tilde{\mathbf {C}}_{i+1,j} \mathbf {V}_{j}^{-1}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j})\right] \\&\quad + \sum _{j=1}^{i} (-1)^{i+1-j} \mathbf {L}_{i+1}^{t-1} \mathbf {V}_{i+1} \varLambda _{i+1}^{-t}\tilde{\mathbf {C}}_{i+1,j} \varLambda _{j}^{t} \mathbf {V}_{j}^{-1}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}). \end{aligned}$$

Since \(\mathbf {L}_{i+1}^{t-1} \mathbf {V}_{i+1} \varLambda _{i+1}^{-t} = \mathbf {L}_{i+1}^{-1} \mathbf {V}_{i+1}\) and \(\varLambda _{j}^{t} \mathbf {V}_{j}^{-1} = \mathbf {V}_{j}^{-1} \mathbf {L}_{j}^{t}\), then
$$\begin{aligned} \mathbf {x}_{i+1}(t)&= \mathbf {L}_{i+1}^{t} \left[ \mathbf {x}_{i+1} + \sum _{j=1}^{i} (-1)^{i-j} \left( \mathbf {L}_{i+1}^{-1} \mathbf {V}_{i+1} \tilde{\mathbf {C}}_{i+1,j} \mathbf {V}_{j}^{-1}\right) \mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j})\right] \\&\quad + \sum _{j=1}^{i} (-1)^{i+1-j} \left( \mathbf {L}_{i+1}^{-1} \mathbf {V}_{i+1} \tilde{\mathbf {C}}_{i+1,j} \mathbf {V}_{j}^{-1}\right) \mathbf {L}_{j}^{t}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}). \end{aligned}$$

For \(j=1,\ldots , i\), define
$$\begin{aligned} \mathbf {D}_{i+1,j} = \mathbf {L}_{i+1}^{-1} \mathbf {V}_{i+1} \tilde{\mathbf {C}}_{i+1,j} \mathbf {V}_{j}^{-1} \end{aligned}$$

                    (5.79)
                

as in Eq. (5.61) and \(\mathsf {pert}_{i+1} : \mathbb {C}^{d_1}\times \cdots \times \mathbb {C}^{d_{i+1}} \rightarrow \mathbb {C}^{d_{i+1}}\) as
$$\begin{aligned} \mathsf {pert}_{i+1}(\mathbf {x}_1,\ldots , \mathbf {x}_n)&= \mathbf {x}_{i+1} + \sum _{j=1}^{i} (-1)^{i-j} \mathbf {L}_{i+1}^{-1} \mathbf {V}_{i+1} \tilde{\mathbf {C}}_{i+1,j} \mathbf {V}_{j}^{-1}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}) \\&= \mathbf {x}_{i+1} + \sum _{j=1}^{i} (-1)^{i-j} \mathbf {D}_{i+1,j}\mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}) \end{aligned}$$

as in Eq. (5.64) with the substitution \(i \mapsto i+1\). Substituting these definitions into the expression for the solution \(\mathbf {x}_{i+1}(t)\) and defining \(\mathbf {D}_{i+1,i+1} = \mathbf {I}_{d_{i+1}}\), we have
$$\begin{aligned} \mathbf {x}_{i+1}(t)&= \mathbf {L}_{i+1}^{t}\mathsf {pert}_{i+1}(\mathbf {x}_1,\ldots ,\mathbf {x}_{i+1}) + \sum _{j=1}^{i} (-1)^{i+1-j} \mathbf {D}_{i+1,j} \mathbf {L}_{j}^{t} \mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}) \\&= (-1)^0 \mathbf {D}_{i+1,i+1} \mathbf {L}_{i+1}^{t}\mathsf {pert}_{i+1}(\mathbf {x}_1,\ldots ,\mathbf {x}_{i+1}) \\&\qquad + \sum _{j=1}^{i} (-1)^{i+1-j} \mathbf {D}_{i+1,j} \mathbf {L}_{j}^{t} \mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}) \\&= \sum _{j=1}^{i+1} (-1)^{i+1-j} \mathbf {D}_{i+1,j} \mathbf {L}_{j}^{t} \mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j}) . \end{aligned}$$

Comparing with (5.59) with the substitution \(i\mapsto i+1\), we see that the induction is complete. This completes the proof. \(\square \)

                  
                    Corollary 5.3

                    Assume that Condition 5.1 holds for (5.31). Then for all \(i\in \lbrace 2,\ldots ,n \rbrace \) and \(t \in \mathbb {N}\),
$$\begin{aligned} {\left\| {\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1, \ldots , x_n) - \mathbf {L}_i^{t}( \mathsf {pert}_{i}(\mathbf {x}_1, \ldots , \mathbf {x}_i) ) }\right\| } {\le } {\sum _{j=1}^{i-1}} {\Vert {\mathbf {D}_{i,j}}\Vert } {\Vert {\mathbf {L}_{j}^t \mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j})}\Vert }, \end{aligned}$$

                    (5.80)
                

where \(\mathbf {D}_{i,j}\) and \(\mathsf {pert}_{j}\) are given by (5.61) and (5.64). Furthermore,
$$\begin{aligned} \lim _{t\rightarrow \infty } \frac{\left\| {\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n) - \mathbf {L}_i^{t} (\mathsf {pert}_{i}(\mathbf {x}_1, \ldots , \mathbf {x}_i) ) }\right\| }{\left\| {\mathbf {L}_i}\right\| ^t} = 0. \end{aligned}$$

                    (5.81)
                



                  
                    Proof

                    Inequality (5.80) follows directly from Lemma 5.3, Eq. (5.59) and the fact that \(\mathbf {D}_{i,i} = \mathbf {I}_{d_{i}}\). Equation (5.81) follows from the condition 5.1, equation (5.34).

                  1.2 5.6.2 Proof of Theorem 5.3: Perturbation of Principal Eigenfunctions—Nominal, Linear System
We now prove Theorem 5.3. It is a straightforward application of Theorem 5.2.

                    Proof

                    (Proof of Theorem 5.3) We first show that for \(i \ge 1\) and \(t \ge 0\) that (5.45) holds.

                    By definition,
$$\begin{aligned}&U_{\mathsf {Lin}}^{t} \phi _{(0,\ldots ,0,s_i,0,\ldots ,0)}(\mathbf {x}_1,\ldots , \mathbf {x}_n) \\&\qquad = \phi _{(0,\ldots ,0,s_i,0,\ldots ,0)}(\mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n)) \nonumber \\&\qquad = \phi _{i,s_i}(\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n)) \\&\qquad = \phi _{i,s_i}(\varPi _i\circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n))) \\&\qquad \quad + \phi _{i,s_i}(\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n) - \varPi _i \circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n))) \\&\qquad = (U_{\mathsf {Nom}}^{t}(\phi _{i,s_i}\circ \varPi _i))\circ \mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n) \\&\qquad \quad + \phi _{i,s_i}(\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n) - \varPi _i \circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n))) \\&\qquad = (U_{\mathsf {Nom}}^{t}\phi _{(0,\ldots ,0,s_i,0,\ldots ,0)})\circ \mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n) \\&\qquad \quad + \phi _{i,s_i}(\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n) - \varPi _i \circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n))). \end{aligned}$$

Therefore,
$$\begin{aligned}&{\left| U_{\mathsf {Lin}}^{t} \phi _{(0,\ldots ,0,s_i,0,\ldots ,0)}(\mathbf {x}_1,\ldots , \mathbf {x}_n) - U_{\mathsf {Nom}}^{t}\phi _{(0,\ldots ,0,s_i,0,\ldots ,0)}(\mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n))\right| } \nonumber \\&\qquad \le \Vert \phi _{i,s_i}\Vert \left\| {\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n) - \varPi _i\circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n)) }\right\| . \end{aligned}$$

                    (5.82)
                

By Theorem 5.2, Eq. (5.36), for all \(t \ge 0\) and \(i\ge 1\),
$$\begin{aligned}&\left\| {\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n) - \varPi _i \circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n)) }\right\| \nonumber \\&\qquad \le \sum _{j=1}^{i-1} \Vert \mathbf {D}_{i,j}\Vert \Vert \mathbf {L}_{j}^t \mathsf {pert}_{j}(\mathbf {x}_1,\ldots ,\mathbf {x}_{j})\Vert . \end{aligned}$$

                    (5.83)
                

This estimate along with (5.82) gives (5.45).

                    By Theorem 5.2, Eq. (5.43), for all \(i\in \lbrace 1,\ldots , n \rbrace \) and any \(\varepsilon > 0\),
$$\begin{aligned} \frac{\left\| {\varPi _i \circ \mathsf {Lin}^{\circ t}(\mathbf {x}_1,\ldots , \mathbf {x}_n) - \varPi _i \circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {x}_1,\ldots , \mathbf {x}_n)) }\right\| }{\Vert \mathbf {L}_i\Vert ^{t}} \le \varepsilon , \end{aligned}$$

                    (5.84)
                

for all t large enough. This is equivalent to (5.46). \(\square \)

                  The Generalized Laplace Analysis theorem uses Laplace averages of the Koopman operator to project a function onto an eigenspace. This is is the proof of Corollary 5.2. The following definition and theorem are taken from [14].

                    Definition 5.5

                    (Dominating point spectrum) For \(r > 0\), let \(\mathbb D_r\) be the open disc of radius r centered at 0 in the complex plane and let \(\sigma (U; \mathbb D_r) = \sigma (U) \cap \mathbb D_r\). If there exists an \(R > 0\) such that \(\sigma (U)\setminus \mathbb D_R\) is not empty and for every \(r > R\), we have 
	
1.

if \(\sigma (U; \mathbb D_r) \cap \sigma _p(U) \ne \emptyset \), then the peripheral spectrum of \(\sigma (U; \mathbb D_r)\) is not empty, and



	
2.

the set \(\sigma (U) \setminus \mathbb D_r\) consists only of eigenvalues (i.e., \(\sigma (U) \setminus \mathbb D_r \subset \sigma _p(U)\)).






                  
                    Theorem 5.6

                    Let \(\sigma (U)\) have a dominating point spectrum and assume that the point spectrum is concentrated on isolated circles in the complex plane. Let \(\lambda \) be an eigenvalue of U. The projection \(P_\lambda \) onto the \(N(\lambda I - U)\), the \(\lambda \)-eigenspace of U, can be computed as
$$\begin{aligned} P_\lambda = \lim _{n\rightarrow \infty } \frac{1}{n} \sum _{k=0}^{n-1} \lambda ^{-k} U^k \left( I - \sum _{\mu \in \Omega } P_\mu \right) , \end{aligned}$$

                    (5.85)
                

where the limit exists in the strong operator topology and where \(\Omega = \lbrace \mu \in \sigma _p(U) : |\mu | > |\lambda | \rbrace \).

                  1.3 5.6.3 Proof of Theorem 5.4: Asymptotic Equivalence for Nonlinear, Chained Cascades
We now prove Theorem 5.4. It is a straightforward application of Theorem 5.2 and the fact that the topological conjugacy is a homeomorphism.

                    Proof

                    (Proof of Theorem 5.4) Fix \(\varepsilon > 0\) and \(\mathbf {Y} = (\mathbf {y}_1,\ldots , \mathbf {y}_n) \in \mathbb {C}^{d_1}\times \cdots \times \mathbb {C}^{d_n}\). Define \(\mathbf {X} = \tau ^{-1}(\mathbf {Y})\). Denote by \(\overline{B_{i}}\) the closed unit ball of radius centered at the origin in \(\mathbb {C}^{d_i}\). Condition 5.1 and Theorem 5.2, Eq. (5.43) guarantee that \(\mathsf {Lin}^{\circ t}(\mathbf {X})\) and \(\mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {X}))\) are in the compact set \(\overline{B_{1}} \times \cdots \times \overline{B_{n}}\) for all t large enough.

                    Since \(\tau \) is continuous, it is uniformly continuous on \(\overline{B_{1}} \times \cdots \times \overline{B_{r}}\). Let \(\delta > 0\) be such that if \(\mathbf {X}, \mathbf {X}' \in \overline{B_1} \times \cdots \times \overline{B_n}\) and \(\Vert \mathbf {X} - \mathbf {X}'\Vert _{\times } < \delta \), then \(\Vert \tau (\mathbf {X}) - \tau (\mathbf {X}')\Vert _{\times } < \varepsilon \).

                    By Corollary 5.1, there is a \(T \in \mathbb {N}\) such that \(t \ge T\) implies
$$\begin{aligned} \Vert \mathsf {Lin}^{\circ t}(\mathbf {X}) - \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {X})) \Vert _{\times } < \delta . \end{aligned}$$

                    (5.86)
                

The uniform continuity of \(\tau \) implies that
$$\begin{aligned} \Vert \tau \circ \mathsf {Lin}^{\circ t}(\mathbf {X}) - \tau \circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {X})) \Vert _{\times }&< \varepsilon ,&(t \ge T). \end{aligned}$$

                    (5.87)
                

Now, since \(\tau \) is a topological conjugacy, \(\mathsf {Lin}^{\circ t} = \tau ^{-1}\circ \mathsf {NonLin}^{\circ t} \circ \tau \). Plugging this into (5.87) gives, for all \(t \ge T\),
$$\begin{aligned} \varepsilon&> \Vert \tau \circ (\tau ^{-1}\circ \mathsf {NonLin}^{\circ t} \circ \tau )(\mathbf {X}) - \tau \circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {X})) \Vert _{\times } \\&= \Vert (\mathsf {NonLin}^{\circ t}(\tau (\mathbf {X})) - \tau \circ \mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {X})) \Vert _{\times } \\&= \Vert (\mathsf {NonLin}^{\circ t}(\tau (\mathbf {X})) - (\tau \circ \mathsf {Nom}^{\circ t}\circ \tau ^{-1})\circ \tau \circ (\mathsf {pert}(\mathbf {X})) \Vert _{\times } \\&= \Vert (\mathsf {NonLin}^{\circ t})(\tau (\tau ^{-1}(\mathbf {Y}))) - (\tau \circ \mathsf {Nom}^{\circ t}\circ \tau ^{-1})\circ \tau \circ (\mathsf {pert}(\tau ^{-1}(\mathbf {Y}))) \Vert _{\times } \\&= \Vert \mathsf {NonLin}^{\circ t}(\mathbf {Y}) - (\tau \circ \mathsf {Nom}^{\circ t}\circ \tau ^{-1})\circ (\tau \circ \mathsf {pert} \circ \tau ^{-1})(\mathbf {Y}) \Vert _{\times } . \end{aligned}$$

Therefore,
$$\begin{aligned} \lim _{t\rightarrow \infty } \Vert \mathsf {NonLin}^{\circ t}(\mathbf {Y}) - (\tau \circ \mathsf {Nom}^{\circ t}\circ \tau ^{-1})\circ (\tau \circ \mathsf {pert} \circ \tau ^{-1})(\mathbf {Y}) \Vert _{\times } = 0. \end{aligned}$$

This completes the proof. \(\square \)

                  1.4 5.6.4 Proof of Theorem 5.5: Perturbation of Principal Eigenfunctions—Nominal, Nonlinear Cascades
To save space in the following proof, we will write \(\phi _{(0,\ldots ,0,s_i,0,\ldots ,0)}\) as \(\phi _{s_i \mathbf {e}_{n,i}}\), where \(\mathbf {e}_{n,i}\) is the ith canonical basis vector of length n.

                    Proof

                    (Proof of Theorem 5.5) Fix \(\mathbf {Y} = (\mathbf {y}_1,\ldots , \mathbf {y}_n) \in \mathbb {C}^{d_1}\times \cdots \times \mathbb {C}^{d_n}\) and let \(\mathbf {X} = \tau ^{-1}(\mathbf {Y})\). The topological conjugacy satisfies
$$\begin{aligned} \mathsf {Lin}^{\circ t}(\mathbf {X}) = (\tau ^{-1} \circ \mathsf {NonLin}^{\circ t} \circ \tau )(\mathbf {X}). \end{aligned}$$

                    (5.88)
                

Using this relation, we get
$$\begin{aligned} U_{\mathsf {Lin}}^{t} \phi _{s_i \mathbf {e}_{n,i}}(\mathbf {X})&= \phi _{s_i \mathbf {e}_{n,i}}(\mathsf {Lin}^{\circ t}(\mathbf {X})) \\&= \phi _{s_i \mathbf {e}_{n,i}}((\tau ^{-1} \circ \mathsf {NonLin}^{\circ t} \circ \tau )(\mathbf {X})) \\&= (\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})(\mathsf {NonLin}^{\circ t}(\tau (\mathbf {X}))) \\&= U_{\mathsf {NonLin}}^{t}(\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})(\mathbf {Y}). \end{aligned}$$

On the other hand,
$$\begin{aligned} U_{\mathsf {Nom}}^{t} \phi _{s_i \mathbf {e}_{n,i}}(\mathsf {pert}(\mathbf {X}))&= \phi _{s_i \mathbf {e}_{n,i}}(\mathsf {Nom}^{\circ t}(\mathsf {pert}(\mathbf {X}))) \\&= \phi _{s_i \mathbf {e}_{n,i}}(\tau ^{-1}\circ \tau \circ \mathsf {Nom}^{\circ t}\circ \tau ^{-1} \circ \tau (\mathsf {pert}(\mathbf {X}))) \\&= (\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})((\tau \circ \mathsf {Nom}^{\circ t}\circ \tau ^{-1}) \circ \tau (\mathsf {pert}(\mathbf {X}))) \\&= (\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})((\tau \circ \mathsf {Nom}^{\circ t}\circ \tau ^{-1}) (\tau \circ \mathsf {pert} \circ \tau ^{-1})(\mathbf {X})) \\&= U_{\tau \circ \mathsf {Nom}^{t}\circ \tau ^{-1}}^{\circ t}(\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})((\tau \circ \mathsf {pert} \circ \tau ^{-1})(\mathbf {Y})) . \end{aligned}$$

Combining these two expression, we have
$$\begin{aligned}&{\left| U_{\mathsf {NonLin}}^{t}(\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})(\mathbf {Y}) - U_{\tau \circ \mathsf {Nom}^{\circ t}\circ \tau ^{-1}}^{\circ t}(\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})((\tau \circ \mathsf {pert} \circ \tau ^{-1})(\mathbf {Y}))\right| } \\&\qquad \qquad = {\left| U_{\mathsf {Lin}}^{t} \phi _{s_i \mathbf {e}_{n,i}}(\mathbf {X}) - U_{\mathsf {Nom}}^{t} \phi _{s_i \mathbf {e}_{n,i}}(\mathsf {pert}(\mathbf {X}))\right| }. \end{aligned}$$

Theorem 5.3, Eq. (5.46), implies
$$\begin{aligned} 0&= \lim _{t\rightarrow \infty } \frac{{\left| U_{\mathsf {Lin}}^{t} \phi _{s_i \mathbf {e}_{n,i}}(\mathbf {X}) - U_{\mathsf {Nom}}^{t} \phi _{s_i \mathbf {e}_{n,i}}(\mathsf {pert}(\mathbf {X}))\right| } }{\Vert \mathbf {L}_i\Vert ^t} \\&=\lim _{t\rightarrow \infty } \frac{{\left| U_{\mathsf {NonLin}}^{t}(\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})(\mathbf {y}) - U_{\tau \circ \mathsf {Nom}^{t}\circ \tau ^{-1}}^{\circ t}(\phi _{s_i \mathbf {e}_{n,i}}\circ \tau ^{-1})((\tau \circ \mathsf {pert} \circ \tau ^{-1})(\mathbf {Y}))\right| } }{\Vert \mathbf {L}_i\Vert ^t} . \end{aligned}$$

\(\square \)
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