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Rotation of Rigid Bodies

7.1 Rotational Motion

Rotational motion exists everywhere in the universe. The
motion of electrons about an atom and the motion of the
moon about the earth are examples of rotational motion.
Objects cannot be treated as particles when exhibiting rota-
tional motion since different parts of the object move with
different velocities and accelerations. Therefore, it is neces-
sary to treat the object as a system of particles.

7.2  The Plane Motion of a Rigid Body

When all parts of a rigid body move parallel to a fixed plane,
then the motion of the object is referred to as plane motion.
There aretwotypesof plane motion, whichare givenasfollows:

1. The pure rotational motion: The rigid body in such a
motion rotates about a fixed axis that is perpendicular to a
fixed plane. In other words, the axis is fixed and does not
move or change its direction relative to an inertial frame
of reference.

2. The general plane motion: The motion here can be consid-
ered as a combination of pure translational motion parallel
to a fixed plane in addition to a pure rotational motion about
an axis that is perpendicular to that plane. This chapter
discusses the kinematics and dynamics of pure rotational
motion.

7.2.1 The Rotational Variables

Suppose arigid body of an arbitrary shape is in pure rotational
motion about the z-axis (see Fig. 7.1). Let us analyze the
motion of a particle that lies in a slice of the body in the x-y
plane as in Fig. 7.2. This particle (at point P) will rotate in
a circle of fixed radius r which represents the perpendicular
distance from P to the axis of rotation. If you look at any other
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particle in the object you will see that every particle will rotate
in its own circle that has the axis of rotation at its center. In
other words, different particles move in different circles but
the center of all of these circles lies on the rotational axis.
Suppose the particle moves through an arc length s starting at
the positive x-axis. Its angular position is then given by

g ®

-

r and 6 are the polar coordinates of a point in a plane (which
was mentioned in Sect. 2.6) where 6 is always measured from
the positive x-axis. Because 6 is the ratio of the arc length
to the radius, it is a pure (dimensionless) number. The unit
usually used to measure 6 is the radians (rad). One radian
is defined as the angle subtended by an arc of length that is
equal to the radius of the circle. Since one rotation (360°)
corresponds to 6 = 2mr/r = 27 rad, it follows that:

1 rev = 360° = 27 rad
1 rad = 57.3° = 0.159 rev

Note that if the particle completes one revolution, 6 will
not become zero again, it is then equal to 2zrad. Thus for
example for three revolutions the angular position is given by

0 = (2n + 27 4+ 27) rad = 67 rad

Suppose that the particle in Fig. 7.2 is at point Py at #; and
at point P, at t, where it changes its angular position from 6,
to 6> (see Fig. 7.3). Its angular displacement is then given by

NG =60, — 60

A# is positive for counterclockwise rotations (increasing 6)
and negative for clockwise rotations (decreasing 6). If the
particle undergoes this angular displacement during a time
interval At, the average angular velocity w is then defined as
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X

Fig.7.1 A rigid body of an arbitrary shape is in pure rotational motion
about the z-axis

Fig.7.2 The motion of a particle that lies in a slice of the body in the
X-y plane

Fig.7.3 The particle is at point Py at #; and at P; at f, where it changes
its angular position from 6; to 6

6y — 61 _ AO
Hh—1N N

w =

The instantaneous angular velocity is

VAN do
w= lim — = —
At—0 At dt

 has units of rad/s or s~!. The average angular acceleration
is defined as

_ Wy — Aw
== —

h—1 At
The instantaneous angular acceleration is

Aw dw
a= lim —=—

At—0 At dt
where « is inrad /s or s 2. Note that e is positive for increas-
ing 6 and negative for decreasing 6, while « is positive for
increasing @ and negative for decreasing w. When a rigid
body is in pure rotational motion, all particles in the body
rotate through the same angle during the same time interval.
Thus, all particles have the same angular velocity and the same
angular acceleration. Therefore, w and « describes the motion
of the whole body In the case of pure rotational motion, the
direction of w is along the axis of rotation (also see Sect.7.4),
it can be determined by the right-hand rule or of advance of
a right-handed screw as in Fig. 7.4. The direction of « is in
the same direction of w if w is increasing or in the opposite
direction if w is decreasing.

The quantities 6, @ and « in pure rotational motion are
the rotational analog of x,v and a in translational one-
dimensional motion. The vectors @ and « are not used in the
case of pure rotational motion, they are used in the general
rotational motion when the axis of rotation changes its
direction with time. Note that only the infinitesimal angular
displacement d6 can be represented by a vector but not the
finite angular displacement Af. This is because the finite
angular displacement A6 does not obey the commutative
law of vector addition (see Fig. 7.5) and therefore cannot be
represented by a vector. Hence, the instantaneous angular
velocity and acceleration (w and «) can be represented by
vectors but not their average values (o and o).

Example 7.1 Convert each of the following into the other
angular units: 15°, 0.25 rev/sz, 3rad/s.

Solution 7.1
1
15° = (15 deg) [ ————— ) = 0.042 rev
360 deg
150 = (15 deg [ 224 2 0.26 rad
- E\360deg) =

27 rad
0.25rev/s? = (0.25 = | ( 225 ) = 1.57 rad/s?
s2 Irev

360 d
0.25 rev/s? = (0.25 oo ) ( 8 ) = 90 deg/s
s2 1rev
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Fig. 7.4 The direction of w is along the axis of rotation and can be
determined by the right-hand rule or of advance of a right-handed screw
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Fig.7.5 Changing the order of addition will change the final result

1 rev

rad
3rad/s= (3 — = 0.48 rev/s
S 27 rad

rad\ /360° deg
3rad/s=(3 — || —————
27 rad

) = 172 deg/s
S

Example 7.2 A rotating rigid object has an angular position
given by 0(t) = ((0.3)£2 + (0.4)7%) rad. Determine: (a) the
angular displacement of the object and the average angular
velocity during the time interval from #; = Istot, = 2 s.
(b) the instantaneous angular velocity and the instantaneous
angular acceleration atf = 5 s.

Solution 7.2 (a)
AO =6y — 6

01 = ((0.3)(1 5)% + (0.4)(1 5)°) = 0.7 rad

and
6, = ((0.3)(2 9)> + (0.4)(2 5)%) = 4.4 rad
AO = (4.4 rad) — (0.7rad) = 3.7 rad
D= A_@ = —(3'7 rad) =3.7rad/s
At (1s)
(b)
do 5
w= e (0.6)t + (1.2)¢°) rad/s
atr=3>5s
0= (0.6)(55) + (1.2)(5 s)*> = 33 rad/s
dow 2
o= I = ((0.6) + (2.4)t) rad/s
att = 5s

o = (0.6) + (2.4)(5 s) = 12.6 rad/s>

Example 7.3 A wheel is rotating with an angular acceleration
that is given by o = (9 — 2¢) rad/s>. (a) Find the angular
velocity and displacement at any time if at + = O the wheel
has an angular velocity of 2 rad/s and an (initial) angular
displacement of 3 rad; (b) at what angular displacement will
the wheel reach its maximum angular velocity

Solution 7.3 (a)

a):/adt:/(9—2t)dt:9t—t2+c1

Since at t = 0 @ = 2 rad/s, we have ¢c; = 2 rad/s and
hence
w= (9 — 1> +2) rad/s

9 1
9:/a)dt:/(9t—t2+2)dt:§t2—§t3+2t+C2

Since att = 0,6 = 3 rad, then ¢, = 3 rad and
9 1
0= (Etz — §t3 + 2t + 3) rad

(b) The maximum velocity is when ¢ = dw/dt = 0, or
9 -2t =0,1i.e. att = 4.5 s The angular displacement at that
time is

9 1
0= 5(4.5 5)? — 3(4.5 s)> +2(4.55) 4+ 3 =72.8 rad
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Rotational Motion with Constant
Acceleration

7.3

A pure rotational motion with constant angular acceleration is
the rotational analogue of the pure translational motion with
constant acceleration. The corresponding kinematic equations
of pure rotational motion can be obtained by using the same
method that is used for obtaining the kinematic equations
of pure translational motion. To show this, consider a rigid
object rotating with a constant angular acceleration during a
time interval from #; to t, through an angle from 6; to 6.
Lett; =0, =1, w1 = wy, w2 = w,0; = 6y, and 6, = 6.
Because the angular acceleration is constant it follows that the
angular velocity changes linearly with time and the average
angular velocity is given by

_ woy + w
w =
2
Since
_ w) — W] w — W)
O =0u= =
h—1 t
we have
w = wy + at (7.1)
Furthermore
_ 6, — 0y 6 — 6o wo +
w = = =
h—n t 2
Hence 1
0 =6+ E(a)o + w)t (7.2)
Substituting Eq. 7.1 into Eq. 7.2 gives
1 1
0 =6y + E(a)o + w)t = 6y + E(a)o + wp + at)t
or 1
9:%+wm+§m2 (7.3)

Finally solving for 7 from Eq. 7.1 and substituting into Eq. 7.2
gives

1 1 w — wo
0 =00+ = (wo + w)t =6 + = (wo + )
2 2 o

or
w® = wj + 20(0 — 6p) (7.4)

Note that as mentioned earlier, if a rigid object is in pure
rotational motion, all particles in the object have the same
angular velocity and angular acceleration. Different particles
move in different circles but the center of these circles lies

at the axis of rotation. As the rigid body rotates, a particle
in the body will move through a distance s along its circular
path (see Fig. 7.6). The angular displacement of the particle
is related to s by

s=ro

where r is the radius of the circle in which the particle is
moving along. Differentiating the above equation with respect
to t gives

ds  db

ar = dr

Since ds/dt is the magnitude of the linear velocity of the
particle and d6/dt is the angular velocity of the body we may
write

V=rw (7.5)
Therefore, the farther the particle is from the rotational axis
the greater its linear speed. The direction of the linear speed
of the particles is always tangent to the path (as mentioned
in Sect.2.2.3). In Sect.2.4.6 we have seen that a particle in
nonuniform circular motion has both tangential and radial
components of acceleration. The radial component is due to
the change in the direction of the velocity and is given by

V2

a, = —
,

(7.6)

Substituting Eq. 7.5 into Eq. 7.6 gives

V2

a4 = — =ro’
r
The tangential component of the acceleration is due to the
change in the magnitude of the velocity and it is given by

dv dw
a[ = — =7V —-
dt dt
or
ar =ra

The total linear acceleration of the particle (see Fig. 7.7)
is given by
a=a, +a,

It’s magnitude is given by

a= \/atz +a2= \/,,2“2 + r2et = r\/ot2 + w*
Table. 7.1 shows the linear/rotational analogous equations.

Example 7.4 A disc of radius of 10 cm rotates from rest with
a constant angular acceleration. If it requires 2 s for it to rotate
through an angular displacement of 60°: (a) find the angular
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Fig. 7.6 As the rigid body rotates, a particle in the body will move
through a distance s along its circular path

Y

Fig.7.7 The total acceleration of the particle

Table 7.1 Kinematic equations

Rotational motion about a fixed Linear motion with constant a

axis with constant o

w = wy + at v =y +at

1 1
9:00+5(w+w0)t x:xo—i—i(v—l-v)t

L, L,
0:00+w0t+§at x:xo—i—vot—l—iat

w? = w} + 2a(6 — 6p) v2 =3 + 2a(x — x)

acceleration of the disc; (b) its angular velocity at ¢ = 2s and
att = 6s, (c) the linear speed at = 2s of a point that is at a
distance of 7 cm from the center of the disc; (d) the distance
that this point has moved during that time interval.

Solution 7.4 (a) We have wgp = 0 and 6 = (60 deg)
(2nrad/360 deg) = 1.05 rad. By choosing the reference
position 6y = 0 we have

1
0 =6y + wot + Eat2

20 2(1.05 rad)
2 (25)?

o =

= 0.525 rad/s?

VAR

Fig.7.8 Two sprockets connected at the rim

(b)
w = wy + ot = (0.525 rad/sz)(2 s) = 1.05 rad/s
atr=6s

o = (0.525 rad/s?)(6s) = 3.15 rad/s

()
v =rw = (0.07 m)(1.05 rad/s) = 0.074 m/s

(d)
s = rf = (0.07 m)(1.05 rad) = 0.074 m

Example 7.5 Two sprockets are attached to each other as in
Fig. 7.8. There radii are rj = 2 cm and r, = 5 cm. If the
angular velocity of the smaller sprocket is 2 rad/s, find the
angular velocity of the other.

Solution 7.5 A point at the rim of one sprocket has the same
linear speed as a point at the rim of the other sprocket since
they are attached to each other, i.e.,

riwy =rnwy =V

hence

r (2 cm)

= r2w = Goem) (2rad/s) = 0.8 rad/s

Example 7.6 Find the angular speed of the moon in its orbit
about the earth in rev/day.

Solution 7.6 Assuming that the moon’s orbit is circular, the
linear speed of the moon is given by v = 27 r/T, where r
is the mean distance from the earth to the moon and 7T is its
period. Thus, the angular velocity of the moon is

2t 2(3.14)
w=rv=— =

= ——— = 0.23 rad/day
T (27.3 day)

or



108 7 Rotation of Rigid Bodies
w= (023 ﬂ 1 rev — 0,037 reviday @ QA(increasing @) a(decreasing @)
day / \ 27 rad 1 T
Z
7.4  Vector Relationship Between Angular ‘ v = Rsinf

and Linear Variables

Consider a rigid body in pure rotational motion about a fixed
axis (for example the z-axis). For any particle in the object,
its linear velocity is given by

Vv=rw=Rsinbw

where R is the position vector of the particle from the origin
(see Fig. 7.9) and 0 is the angle between the position vector
and the z-axis. As shown in Fig. 7.9, the direction of y is
perpendicular to the plane formed by w and R where it can
be verified using the right-hand rule. Therefore, by using the
definition of vector product we may write

v=w xR 7.7

The total linear acceleration is

dv d
a=—=—(wxR)
dt dt
From Sect. 1.9.1 (d/dt(A x B) = A x dB/dt + dA/dt x B)
we have
=—" xR ==
a i X R+ @ X 7

=axR+4+wxv
lo X R| = aRsinf = ra = a;

Furthermore, the direction of & x R is tangent to the circular
path of the particle at any instant (see Fig. 7.9). Thus the
quantity & x R is just the tangential component of the total
acceleration
as=a xR (7.8)
In addition
lw X V| = wvsin90° = wv = ro’ = a,

The direction of @ x v is along the direction of r (radial direc-
tion). Hence, the quantity @ X v is the radial component of
the total acceleration

a, =wXxV (7.9)
Equations 7.7-7.9 are the vector relationship between angular
and linear quantities.

X

Fig.7.9 A rigid body in pure rotational motion about a fixed axis (here
the z-axis)

7.5 Rotational Energy

In Chap. 6 we have seen that the kinetic energy of a discrete

. . 1
system of particles is K = 2 Z m,-vi2 where m; and v; are the

i
mass and linear velocity of the ith particle respectively (see
Fig. 7.10). From Eq. 7.5, we have

Vi = riw

where r; is the perpendicular distance from the particle to
the axis of rotation. Therefore the total kinetic energy of the

system is |
2y, 2
Kr = 7 Z(miri Jw
i
The quantity between brackets is known as the moment of
inertia of the system

I = Zm,-rl-2
i

This quantity shows how the mass of the system is distributed
about the axis of rotation. Thus, to find the rotational inertia,
the axis of rotation must be specified. If the rotational axis
changes its position or direction, I changes as well. The SI
unit of the moment of inertia is kgm?. The rotational kinetic
energy can thus be written as

Ki = ~1?

=-lw

k=32

This quantity is the rotational analogue of the kinetic energy

in translational motion. Note that this energy is not a new kind
of energys; itis just the sum of the translational kinetic energies
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Fig.7.10 A system of particles rotating about the z-axis

of the particles. For arigid body which is a continuous system
of particles, the sum is replaced by an integral

Zmiriz = /rzdm

i

I = lim
Amj—0

In solving problems p, o, and A (see Sect. 6.3.4) are often
used to express dm in terms of its position coordinates.

7.6 The Parallel-Axis Theorem

The parallel-axis theorem states that the moment of inertia /
of a system about any axis that is parallel to an axis passing
through the center of mass is

I =1, +MD?

where I, is the moment of inertia about an axis passing
through the center of mass, M is the total mass of the sys-
tem, and D is the perpendicular distance between the two
parallel axes.

Proof Consider an axis that is perpendicular to the page and
passing through the center of mass of the object. Figure 7.11
shows a thin slice of the object that lies in the x-y plane.
Because the origin is taken at the center of mass we have

Zem = Xem = Yem =0

The moment of inertia of the object about the center of mass

axis is
Iy, = /rzdm = /(x2 +y2)dm

Fig.7.11 The Parallel-axis Theorem

where x and y are the coordinates of the mass element dm
from the center of mass (the origin). Now consider another
axis that is parallel to the first axis and that passes through
a point P as shown in Fig. 7.11. Suppose that the x and y
coordinates of P from the center of mass are x, and y,. The
moment of inertia about an axis passing through P is

Ip = / [ — xp)? + (v — yp)2ldm

where (x — xp) and (y — yp) are coordinates of dm from point
P Expanding this equation gives

Ip = /(x2 +y2)dm — 2xp /xdm —2yp /ydm + /(xlz) +y12,)dm

Since Xem = Yem = 0 and since

1
Xem = m / xdm

1
Yem = 7 /ydm

it follows that the second and third terms are zero. Thus

and

1p=1cm+1)2/dm

D=./(x3+y3)

is the perpendicular distance between the two parallel axes.
Hence

where
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z
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Rectangular Plate
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Y
or Hoop
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L lom=FML , iy . . o
Fig.7.13 A rigid body rotating about a fixed axis (the z-axis) with an
Solid Cylinder angular speed w
or Disk Thin rod about
an axis through
one end
Iom = ﬁML" / L,’Z = Li sinf = Ripi sinf = Ri (miv,-) sin 0
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where r; is the radius of the circle in which the particle is
S, o moving along and R; = r; sin 6. Therefore, the total angular
fom = 5 MR fom = 3 MR momentum of the rigid body along the z-direction is
Solid Sphere Thin Spherical

hell

Fig.7.12 The rotational inertia of various rigid bodies of uniform den-
sity

Ip =1, + MD? (Parallel-Axis Theorem)

Special Moment of Inertia Fig. 7.12 gives the rotational
inertia of various rigid bodies of uniform density.

7.7  Angular Momentum of a Rigid Body

Rotating about a Fixed Axis

Consider a rigid body rotating about a fixed axis (the z-axis)
with an angular speed w as shown in Fig. 7.13. The angular
momentum of the ith particle with respect to the origin is
given by

Li=R; xp;

Since the angle between R; and p; is 90, then L; = R;p;. As
seen from Fig. 7.13, L; is not parallel to . L; can be analyzed
to two components, a component parallel to @ written (L;;)
and a component perpendicular to w, (L; ). The magnitude
of L, is given by

L, = Zmirizw = <Zm,rlz>a)
i i
L,=1w

where [ is the moment of inertia of the rigid body about the
rotational axis (z-axis). This equation can also be written in
component form since L, is parallel to w, that is,

L,=le (7.10)
Therefore, if a rigid body is rotating about a fixed axis (say
the z-axis), the component of the angular momentum along
that axis is given by Eq. 7.10. Now suppose that the rigid body
is symmetric and homogeneous and that it is rotating about
its symmetrical axis (see Fig. 7.14). For any two particles (1
and 2) opposing each other with an equal angular momenta
L; and L;, the perpendicular components, L;; and L, of
the angular momenta cancel each other out since they are in
opposite directions. That leaves the parallel components L,
and Lj, which add up since they have the same direction.
For all particles in the object the total angular momentum is,
therefore, given by

L=) L.=L =lo

1
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Fig.7.14 Ahomogenous symmetrical rigid body rotating about its sym-
metrical axis

Hence, the total angular momentum of a symmetrical homo-
geneous body in pure rotation about its symmetrical axis is
given by

L=Iw (7.11)
Note that Eq. 7.10 is valid for any rigid object in pure rotation
where it only gives the component of the angular momen-
tum that is parallel to the rotational axis. On the other hand,
Eq. 7.11 is valid only for a symmetrical homogeneous rigid
object rotating about its symmetrical axis, where the angular
momentum in the equation is the total angular momentum
and it is directed along the axis of rotation. The net external
torque acing on the rigid object is equal to the rate of change
of the total angular momentum of the object, i.e.,

5 dL
Text = E
In the case of any rigid object symmetrical or not, the net
external torque acting on the object about the axis of rotation
(say the z-axis) is equal to the rate of change of the component
of angular momentum that is along that axis

dL, d(w)
—_— = =]
dt dt

XTox; =

However, if the object is symmetric and homogeneous in pure
rotation about its symmetrical axis we may write

dL  d(w)
— = =la
dt dt

YT =

Example 7.7 A 5 kg wheel of radius of 0.1 m decelerates
from an angular speed of 5 rad/s to rest after going through
an angular displacement of 10 rev If a frictional force causes
the wheel to decelerate, find the torque due to this force.

Solution 7.7 The angular displacement is

27 rad
1 rev

NG = (10 rev)( ) = 62.8 rad

The angular acceleration of the wheel is

2 2
W™ — Wy

200

_ 0—( rad/s)2
T 2(62.8 rad)

o =

= —0.2rad/s

The external torque is

t =Ilo = MR>a = (5 kg)(0.1 m)?(—0.2 rad/s?) = —0.01 Nm

Example 7.8 Three masses are connected by massless rods
as in Fig. 7.15. If m = 0.1 kg, find the moment of inertia of
the system and the corresponding kinetic energy if it rotates
with an angular speed of 5 rad/s about: (a) the z-axis; (b) the
y-axis and; (c) the x-axis (@ = 0.2 m).

Solution 7.8 (a)

7
I, = Zmiriz = 2ma’ + gaz + ma* = Emcz2

1

7
= 5(0‘1 kg)(0.2 m)? = 0.014 kg m?

1 1
K = Elzwz = 5(0‘014 kgm?)(5 rad/s)?> = 0.175 J

(b)

5 5
Iy = %az +2ma? = 5maz =501 kg)(02 m)? = 0.01 kgm?

-
=

2m
a a <l

Il

V2a 2a

m

Fig.7.15 Three masses connected by massless rods
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Yy Y
s dm
— [1 F———X
L 0 —e e
6 dx
L
[

Fig.7.16 A uniform thin rod of mass M and length L

_ 1 2 _ l 2 2
Kr = 21ya) = 2(O.Ol kgm?)(Srad/s) =0.125]

(©)

I, = ma® = (0.1 kg)(0.2 m)?> =4 x 107> kgm?

1 1
Kg = §1xw2 = (4 x 1073 kgm?)(5 rad/s)> = 0.05 J

Example 7.9 Fig. 7.16 shows a uniform thin rod of mass M
and length L. Find the moment of inertia of the rod about an
axis that is perpendicular to it and passing through: (a) the
center of mass; (b) at one end; (c) at a distance of L/6 from
one end.

Solution 7.9 (a) The mass dm of an element in the rod is

M
dm = Adx = (—)dx
L

Ly = Iy +MD* = —
©

Iy = Iy + MD?* =
Y em 2 6 36

1 5 L L 7 5
—ML"+M = —ML

12

Example 7.10 Fig. 7.17 shows a uniform thin plate of mass

M and surface density o. Find the moment of inertia of the

plate about an axis passing through its center of mass if its

length is b and its width is a (the z-axis).

—dA = dxdy

Fig.7.17 A uniform thin plate of mass M and surface density o

Solution 7.10 A mass element dm has an area dxdy and is at

a distance r = \/x? + y? from the axis of rotation. Therefore,
we have

a2 b/2
Icm:/rzdm:/rzadA:/ / (x +y )( )dxdy
y=—a/2 Jy=—b/2

M [y / M 2 (b
_ X by? )dy
ab y__a/z<3 o )'*—*b/z ~ab __a/2<12+ y)

_M ﬂﬂi’
ab 3

Example 7.11 Find the moment of inertia of a uniform solid
cylinder of radius R, length L and mass M about its axis of
symmetry.

a2 M[ab® ab’ 1
_ 7= M 2
[+ |- e )

x=—a/2 B ab

Solution 7.11 Method 1: Using a single integration by divid-
ing the cylinder into thin cylindrical shells each of radius r,
length L and thickness dr as in Fig. 7.18, then each volume
element is given by

dV = 2mrdrL

and
dm = pdV = p(2mrdrL)

. R
I = /ﬂdm:/ r2(p2andr) = 2an/ Pdr = er,oLR4
0 0
Since
_ M
r= TR2L
then
1 2
2

Method 2: Using double integration: dividing the cylinder into
thin rods each of mass
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z dr
(»_D dV = 2mrdrL
L
e l="C Y
X
V4
| — dV = rLdrd®
L
Y
X
Z
i
dV = rdrdfdz - - L
i
i Y
X

Fig.7.18 Calculating the moment of inertia of a uniform solid cylinder
with the volume element defined in different ways

dm = pdV = pLrdrd6

2 R 2 4

L LR
1= /rzdm =/ f P pLdrd = pr“[ a6 ="°
0o Jr=0 4 Jo=o 2

Since

_ M
P=ZRL
We have
1. »
I = —-MR

2

Method 3: Using triple integration Dividing the cylinder into
small cubes each of mass given by

dm = prdrd@dz

) 2r  pR L 5 R4 2 JT,OLR4
I= | ridm= pr drdfdz = pL— do = ——
0=0 Jr=0 Jz=0 4 Jo=o 2

3

Fig.7.19 Three rods of length L and mass M are connected together

Since
. M
= ZRL
Therefore,
1 2
I = -MR
2

Example 7.12 Three rods of length L and mass M are con-
nected together as in Fig. 7.19. Determine the moment of
inertia of the system about an axis passing through O and
perpendicular to the page (the rods lie in the same plane).

Solution 7.12 The moment of inertia of a thin rod about an
axis that is perpendicular to it and passing through one end is
1/3ML?. The total moment of inertia at O is the sum of the
moment of inertias of the rods, i.e.,

1
I=hL+hL+15L= 3(§ML2> = ML?

Example 7.13 Find the moment of inertia of a spherical shell
of radius R and mass M about an axis passing through its
center of mass.

Solution 7.13 Let us divide the spherical shell into thin rings
each of area (see Fig. 7.20) given by

dA = 27 Rsin ORdO = 27 R? sin 6d0

I = / rdm = / R?sin? 0027 R? sin 0d6
since 0 = M /4w R?, we have
M m M ”
I =—R? / sin® 0d0 = —R? (1 — cos® 0) sin6do
2 6=0 2 0=0

M,
=7R —cos6 +

cos’ 07" 2. 5
= MR
3 |y 3
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Fig.7.20 A spherical shell divided into thin rings

7.8  Conservation of Angular Momentum of

a Rigid Body Rotating About a Fixed Axis

In Chap.5 we have seen that if the net external torque acting
on a system of particles relative to an origin is zero then the
total angular momentum of the system about that origin is
conserved

L; = Ly = constant (isolated system)

In the case of a rigid object in pure rotational motion, if
the component of the net external torque about the rotational
axis (say the z-axis) is zero then the component of angular
momentum along that axis is conserved, i.e., if

dL,

v

then
liw; = Irwr

That is, the angular momentum is not necessarily conserved
in all directions. It is conserved in the direction where the net
external torque is equal to zero.

7.9  Work and Rotational Energy

Consider a rigid body rotating about a fixed axis as in
Fig. 7.21. If a force that lies in the x-y plane is applied to
the body at P, then the work done on the body if it rotates
through an angle d#6 is

Y
F
ds
Lt
¢ /’
ST T %

i e el

ra -

,’ 7 P

-1 ? A
- L4do X

,"‘ 7 N

..,_
&
~
~
A
\
%)
~
LS
4
=)
e

Fig.7.21 A rigid body rotating about a fixed axis

d
dW=F~ds=F-d—jdt:F-vdt:F-(wxr)dt
=@ xF) odt =1 wdt

Since t and w are parallel, (the force lies in the x-y plane
therefore the total torque is parallel to the z-axis) we have

dW = twdt = rd—edt =1d0
dt

Therefore, the total work done in displacing the body from 6;
to 6, is

0,
W= td6

01

(7.12)

If this torque is constant we have
W=1(6,—6)) =140

The Work—-Energy Theorem The work—energy theorem
states that the work done by an external force while a rigid
object rotate from 6; to 6, is equal to the change in the rota-
tional energy of the object. This follows from Eq. 7.12 and
by using the fact that along the axis of rotation the torque is
given by t, = I« (see Sect.7.7), thus

[}

o2 @ d @ 1 1
W= [ tdo= / Tedd =/ To=2dr =/ lodw = 10} — ~Ia?
0, | o 2

o L dt
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Table7.2 Analogous Equations in linear Motion and Rotational Motion
about a Fixed Axis

Rotational motion Linear motion
T =Ia F =ma

W = [, ©d6 W = [ Fdx
Kg = %Ia)2 K = %mv2
P=1t0 P=Fv
7.10 Power

The instantaneous power delivered to rotate an object about
a fixed axis is found from
_dW  Trdo
Codt At

Table. 7.2 shows analogous equations in linear motion and
rotational motion about a fixed axis

Example 7.14 A disc of radius R = 0.08 m and mass of 5 kg
is rotating about its central axis with an angular speed of 170
rev/min. Find: (a) the rotational kinetic energy of the disc; (b)
Suppose that the same disc rotate using a motor that delivers
an instantaneous of power 0. 2hp, find in that case the torque
applied to the disc.

Solution 7.14 (a) Since the rotational axis is the axis of sym-
metry of the disc, then the moment of inertia is

1o 1 2 2
I = EMR = 2(5 kg)(0.08 m)~ = 0.016 kgm
The angular velocity of the disc is
170 rev (27 rad | /1 min
w = - = 17.8 rad/s
min 1 rev 60 s

o, 1 2 2 _
K =210 = 2(0.016 kgm?)(17.8 rad/s)* = 2.5 ]

® 746 W
P=2hp)(22Y) = 1492w
1hp
and P (1492 W)
re = U2 W) g Nm

o (17.8 rad/s)

Example 7.15 Consider a light rope wrapped around a uni-
form cylindrical shell of mass 30 kg and radius of 0.2 m as
in Fig. 7.22. Suppose that the cylinder is free to rotate about
its central axis and that the rope is pulled from rest with a
constant force of magnitude of 35 N. Assuming that the rope
does not slip, find: (a) the torque applied to the cylinder about

Fig.7.22 A light rope wrapped around a uniform cylindrical shell

its central axis; (b) the angular acceleration of the cylinder;
(c) the acceleration of a point in the unwinding rope; (d) the
number of revolutions made by the cylinder when it reaches
an angular velocity of 12 rad/s, (e) the work done by the
applied force when the rope is pulled a distance of 1m, (f)
the work done using the work—energy theorem.

Solution 7.15 (a) Because the line of action of both the
weight and the normal forces passes through the central axis
of the cylinder, they produce no torque. Hence, the total torque
acting on the cylinder is

T =FR=35N)(0.2m) =7 N/m
(b) The moment of inertia of the cylinder is
I = MR? = (30 kg)(0.2 m)*> = 1.2 kgm?

and
T (7 Nm)

=T U 58 rad)s?
I~ (12kgm?) rad/s

(c) The acceleration of a point in the unwinding rope is the
same as the acceleration of a point at the rim of the cylinder,
ie.,

a = Ra = (0.2 m)(5.8 rad/s?) = 1.2 m/s?

(d)
* = w§ + 206

Since wg = 0,

(12rad/s)?

6= 12 15 4rad
2(5.8rad/s?) ra

or
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1 rev
0 = (12.4 rad) = 2rev
27 rad

(e) If the rope has moved a distance of Im, the angular
displacement of the cylinder is

s (1 m)

=== = 5Srad
R (0.2m)
the work done is
0
W= td0 =10 —6y) = (7Nm) ((5rad) —0) =357
0o

(f) The final angular speed when 6 = 5 rad is

w® = @} + 206 = 0+ 2(5.8 rad/s*)(5 rad)

That gives @ = 7.6 rad/s. From the work—energy theorem
we have

1 1 1
Elwz - 51503 =502 kg m?)(7.6 rad/s)*> —

W =AK = 0=35]
Example 7.16 A uniform rod of mass M = 0.75kg and
length L = Im is hinged at one end and is free to rotate
in a vertical plane as in Fig. 7.23. If the rod is released from
rest at an angle 6 = 30° to the horizontal, find; (a) the initial
angular acceleration of the rod when it is released; (b) the
initial acceleration of a point at the end of the rod; (c) from
conservation of energy find the angular speed of the rod at its
lowest position (Neglect friction at the pivot).

Solution 7.16 (a) Since the normal force exerted by the pin on
the rod passes through O, then the only force that contributes
to the torque is the force of gravity This force acts at the
center of gravity which is at the center of mass (see Sect. 8.4).
Therefore the net external torque is

Fig.7.23 A uniform rod free to rotate at one end

MgL 0.75 kg) (9.8 m/s2)(1
T = Tgcose=( &) 2m/s )1 m) c0s30° =32Nm

The moment of inertia about the rotational axis is

1 0.75 kg)(1 m)?
f= iypp 2 O ROUAMT s o m?
3 3
and hence
32N
g Lo BN g adys?

I (0.25kgm?)
(b) The acceleration of a point at the end of the rod is
a; = ra = Lo = (1 m)(12.8 rad/s?) = 12.8 m/s”
(c) When the rod reaches its lowest position, the potential
energy of its center of mass is transformed into rotational
kinetic energy of the rod. From conservation of energy we

have K; + U; = Ky + Uy. Taking the potential energy to be
zero at the lowest position, gives

O+Mg5(sm9+ 1) = zla) +0

That gives

2
w= ‘/Mg (sinf + 1) = \/(0 75 1;?2(2 igmnf;))(lm) (sin30° + 1) = 6.64 rad/s

Example 7.17 Find the net torque on the system shown in
Fig. 7.24 where r; = 5cm, rp = 15cm, F1 = 10 N, Fp, =

VF;

Fig.7.24 A cylinder with a core section is free to rotate about its center.
Ropes wrapped around the inner and outer sections exert different forces
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Fig.7.25 A block of mass m is
attached to a light string that is
wrapped around the rim of a
uniform solid disk of radius R and
mass M

20 N and F3 = 15 N. Neglect the mass and friction of the
ropes and pulleys.

Solution 7.17 Since all forces lie in the same plane the net
torque is

Tnet = 71 + T2 4+ 73 = (10 N)(0.05 m) + (20 N)(0.05 m)
— (I5N)(0.15m) = —0.75 N'm

Example 7.18 A block of mass m is attached to a light string
that is wrapped around the rim of a uniform solid disc of
radius R and mass M as in Fig. 7.25. Assuming that the string
does not slip and that the disc rotates without friction, find:
(a) the acceleration of the block; (b) the angular acceleration
of the disc, and; (c) the tension in the string when the system
is released from rest.

Solution 7.18 The free-body diagrams of the disc and the
block are shown in Fig. 7.25. Applying Newton’s second law
to the block gives

T —mg =—ma

or

(7.13)

where positive y is chosen to be directed upwards. Applying
Newton’s second law in angular form to the disc gives

T=RT =lu

or

Since the acceleration of the block is equal to the (tangential)
acceleration of a point at the rim of the disc we have

(7.14)

Equating Eqgs. 7.13 and 7.14 gives

¥
AN
T
block
R
/ - X
T
mg
Mg
TRZ mg—T
I m
8 8

T Um+RJI 1/m+ 2R2/MR?
that gives
mg

T=—"° _
1+ 2m/M

Substituting this into Eq. 7.14

TR> 2TR?
a—=— — —m —————
I MR?
gives
8
a=——
14+M/2m
Finally
a 8

“TRTRU+M/2m)

Example 7.19 A homogeneous solid sphere of mass 4.7 kg
and radius of 0.05 m rotate from rest about its central axis
with a constant angular acceleration of 3 rad/s*. Find: (a) the
torque that produces this angular acceleration; (b) the work
done on the sphere after 7 revolutions; (c) the work done after
7 revolutions using the work—energy theorem.

Solution 7.19 (a)

2 2
t=la= gMR%z = S (4.7 k(005 m)%(3rad/s?) = 0.014 N

(b)

2mrad

0= rev)( > =44 rad

Iev

and

W = A0 = (0.014 N/m)(44 rad) = 0.6 J
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n—-T —T,—Mg=0
R The torque is negative because the pulley rotates in the clock-
wise direction. Therefore we have
Ty — T2 + g(my —my) = a(my +my)
T2 T"’ and
T _ T — lao la
mj 2THUTRTR
m m
2 i M2 That gives
g(my —my)
a =
(my +my +1/R?
mag mig : , o
If the pulley is a uniform solid disc then
1
I = ~MR?
2
and
T, T, g(my —my)

Fig.7.26 AtwoodOs machine

assuming 6y = 0.
(c) After seven revolutions the angular velocity is

o® = @} 4 2a(0 — 6p)
Since wy = 0, we have

? = 2a6 = 2(3 rad/s%)(44 rad)
that gives w = 16.24 rad/s. Hence

W= %Ia)z - %lw% = %(4.7 x 1073 kgm?)(16.24 rad/s?)> — 0= 0.6 ]
Example 7.20 Fig. 7.26 shows Atwood’s machine when the
mass of the pulley is considered. If the system is released
from rest (and assuming that the string does not stretch or
slip) and that the friction of the pulley is negligible, find linear
acceleration of the blocks and the angular acceleration of the
pulley.

Solution 7.20 Fig.7.26 shows the free-body diagram for each
block and for the pulley Applying Newton’s second law gives

T, —mig =ma
Ty —mpyg = —mpa
t={T1 —T2)R=—I«

and

a =
(mi+my+M)2)

o — g(my —my)
R(my +my +M/2)

Example 7.21 A uniformsolid cylinder of radius of 0.2 m and
mass of 10 kg is rotating about its central axis. If the angu-
lar speed of the cylinder is 5 rad/s:(a) calculate the angular
momentum of the cylinder about its central axis; (b) Suppose
the cylinder accelerates at a constant rate of 0.5 rad/ s2, find
the angular momentum of the cylinder at t = 3s(c) find the
applied torque; (d) find the work done after 3s.

Solution 7.21 (a) The moment of inertia of the cylinder is

1 1
I= zMR2 = 5(10 kg)(0.2 m)?> = 0.2 kg m?

for homogeneous symmetrical objects the total angular
momentum is

L=Iw=(02kgm?)(5rad/s) = 1 kgm?/s
(b)Att=3s
w = wy+ at = (Srad/s) + (0.5 rad/sz)(3 s) = 6.5rad/s
at that instant
L=1Iw=(02kgm?)(6.5rad/s) = 1.3 kgm?/s

(©
t =Ia = (0.2 kgm?)(0.5 rad/s*) = 0.1 Nm
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Fig.7.27 A uniform solid sphere
rotating about an axis tangent to
the sphere

(@)

W*llwz—llwzfl(OZk 2)((6.5 rad/s)? — (5 rad/s)?) = 1.72 T
=3 2O_Z.gm .Srad/s rad/s)”) = 1.

Example 7.22 A uniform solid sphere of radius of 5 cm and
mass of 4.7 kg is rotating about an axis that is tangent to the
sphere (see Fig. 7.27). If its angular acceleration is given by
o = (41) rad/s2 and if at t = 0, w9 = 0, find the angular
momentum of the sphere and the applied torque as a function
of time.

Solution 7.22

w:/adt=/4tdt=2t2+c

since at t = 0, wy = 0 then ¢ = 0 and
o = (21%) rad/s
The moment of inertia of the sphere is
1= %MRz +MR? = ngz = 2(4.7 kg)(0.05 m)% = 0.016 kgm?
and

L=1Iw = (0.016 kgm?)((2r*) rad/s) = (0.03r%) kgm?/s

dL
T = — = (0.061)Nm
dt

Example 7.23 In Example 7.8 find the angular momentum in
each case.

Solution 7.23 (a)

L =L = (0.014 kgm?)(5 rad/s) = 0.07 kgm?/s
(b)

L = Lo = (0.01 kgm?)(5 rad/s) = 0.05 kgm?/s

(©)
L=1Lw=(4x 1073 kgm?)(5 rad/s) = 0.02 kgm?/s

Example 7.24 A uniform solid sphere of radius of 0.2 m is
rotating about its central axis with an angular speed of 5 rad/s.
If an impulsive force that has an average value of 100 N acts
at the rim of the sphere at the center level for a short time of
2 ms:(a) find the angular impulse of the force; (b) the final
angular speed of the sphere.

Solution 7.24 (a)
n _
AL = / tdt = T4 At = FRt = (100 N)(0.2 m)(2 x
1

1073 s) = 0.04 kgm?/s
(b)
AL = I(wp — ;)

(0.04 kgm?/s) = (0.2 kgm?)(wy — (5 rad/s))

That gives wy = 5.2 rad/s.

Example 7.25 A man stands on a platform that is free to rotate
without friction about a vertical axis as in Fig. 7.28. If the sys-
tem is initially rotating with an angular speed of 0.3 rev/s: (a)
find the final angular speed of the system if the man draws the
weights in; (b) find the increase in the kinetic energy of the
system and its source. (I; = 15 kgm? And I; = 3 kgm?).

Solution 7.25 Because the resultant external torque on the
system is zero, it follows that the total angular momentum of
the system is conserved. That is

Li=Lys
Liw; = Iywy
hence
wf = gwi = %(0.3 rev/s) = 1.5rev/s
(b)

2 d
W = (o.s re_V)( I ) — 1.9 rad/s
S 1 rev
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Fig.7.28 A man stands on a
platform that is free to rotate
without friction about a vertical
axis

27 rad
w = (1.5 E)( T ) = 9.4 rad/s

1 rev

1 1
K; = El,w,? = 5(15 kgm?)(1.9 rad/s)> =27 J

1
Kr = Ifw} = 5(3 kgm?)(9.4 rad/s)* = 132.5 ]

1
2
This increase in the kinetic energy is because the man does
work when he moves the dumbbells inwards.

Example 7.26 A uniform disc of moment of inertia of 0.1
kg m? is rotating without friction with an angular speed of 3
rad/s about an axle passing through its center of mass as in
Fig. 7.29. When another disc of moment of inertia of 0.05 kg
m? that is initially at rest is dropped on the first, the two will
eventually rotate with the same angular speed due to friction
between them. Determine (a) the final angular speed; (b) the
change in the kinetic energy of the system.

Solution 7.26 (a) Since the net external torque acting on the
system is zero, it follows that the total angular momentum of
the system is conserved, i.e.,

or
Loy =) + h)w

hence

Fig.7.29 A uniform disc rotating without friction. Another disc that is
initially at rest is dropped on the first, the two will eventually rotate with
the same angular speed due to friction between them

Ila)l
w = =
(h+1)
(b)
1

1
K = 51150% = (0.1 ke m?)(3 rad/s)> = 0.45J

(0.1 kgm?)(3 rad/s)
(0.15 kg m?)

=2rad/s

1 1
Ky = + b’ = 5(0.15 kgm?)(2 rad/s)*> = 0.3 J

This decrease in kinetic energy is due to the internal noncon-
servative (frictional) force that acts within the system.

Problems

1. A wheel is initially rotating at 60 rad/s in the clockwise
direction. If a counterclockwise torque acts on the wheel
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producing a counterclockwise angular acceleration o = &
2t rad/s?, find the time required for the wheel to reverse
its direction of motion.
2. If the angular position of a point on a rotating wheel is
given by @ = 2r + 5¢2 rad, find the angular speed and b
angular acceleration of the pointatr =2 s. 7
3. A wheel of radius of 0.5 m rotates from rest at a constant
angular acceleration of 2.5 rad/ s2. At r = 2 s Find (a) X
the angular speed of the wheel (b) the angle in radians =
through which the wheel rotates (c) the tangential and
radial acceleration of a point at the rim of the wheel.
4. Find the angular speed in radians per second of the earth
about (a) its axis (b) the sun. Fig.7.33 A uniform rod of 0
5. An L-shaped bar rotates counterclockwise with an angu-  length L and mass M is pivoted at
lar acceleration of w (see Fig. 7.30). Find (in vector form) O. A projectile of mass m moving
. . . . at velocity v collides with the rod
the linear velocity and acceleration of the point P on the ;4 sticks to it
bar.
6. Four masses are connected by light rigid rods as in
Fig. 7.31. Calculate the moment of inertia of the system
about (a) the x-axis (b) the y-axis (c) the z-axis.
7. Find the moment of inertia of a uniform solid sphere of o
radius R and mass M about an axis passing through its
center of mass.

Fig.7.32 An elliptical quadrant

m

—

Y 8. Find the moment of inertia of an elliptical quadrant about

Il the y-axis (see Fig. 7.32).

I 9. A 5 kg uniform solid cylinder of radius 0.2 m rotate

| about its center of mass axis with an angular speed of

: 10 rev/min. Find (a) its rotational kinetic energy (b) its

: \w angular momentum.

i 0.5m 10. A wheel of mass of 20 kg and radius of 0.75 m is initially

rotating at 120 rev/min. If its angular speed is increased to

300 rev/min in 20 s, find (a) the work done on the wheel

(b) the average power delivered to the wheel.

i 11. A wheel of mass 10 kg and radius 0.4 m accelerates uni-

formly from rest to an angular speed of 800 rev/min in 20

s. Find (a) the torque applied to the wheel (b) the work

Y done on the wheel (c) the work done using the work—
energy theorem.

12. A uniform rod of length L and mass M is pivoted at O
(see Fig. 7.33). If a projectile of mass m moving at veloc-
ity v collide with the rod and stick to it, find the angular
momentum of the system immediately before and imme-

T ‘ diately after the collision.
4m X 13. A disc of radius 2.2 m and mass of 120 kg rotate about

Fig.7.30 An L-shaped bar rotating counterclockwise

a frictionless vertical axle that passes through its center.
A man of mass 65 kg walks slowly from the rim of the
3kg | om |4k g disc towards the center. Find the angular speed of the disc

when the man is at a distance of 0.7 m from the center
if its angular speed when the man starts walking is 1.6
Fig.7.31 Four masses connected by light rigid rods rad/s.
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