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Kinematics

2.1  Introduction
Mechanics is the science that studies the motion of objects
and can be divided into the following:

1. Kinematics: Describes how objects move in terms of space
and time.

2. Dynamics: Describes the cause of the object’s motion.

3. Statics: Deals with the conditions under which an object
subjected to various forces is in equilibrium.

This chapter is considered with kinematics which answers
many questions such as: How long it takes for an apple to reach
the ground when it falls from a tree? What is the maximum
height reached by a baseball when thrown into air? What is
the distance it takes an airplane to take off?

In physics, there are three types of motion: translational,
rotational, and vibrational. A block sliding on a surface is in
translational motion, a (Merry-go-Round) is an example of
rotational motion, and a mass—spring system when stretched
and released is in vibrational motion. From here until Chap. 7,
the object studied will be treated as a particle (i.e., a point
mass with no size). This assumption is possible only if the
object moves in translational motion without rotating and
by neglecting any internal motions that might exist in the
object.

That is, an object can be treated as a particle only if all of
its parts move in exactly the same way.

For example, if a man jumps into a pool without rotating by
doing a somersault (freezing his body), he can be treated as a
particle since all particles in his body will move in exactly the
same way. Another example of an object that can be treated
as a particle is the Earth in its motion about the Sun. Since the
dimensions of the Earth are small compared to the dimensions
of its path, it can be considered as a particle. The motion of
an object is described either by equations or by graphs. Both
ways provide information about the motion; however, equa-
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tions provide precise information while graphs give greater
insight about the motion.

2.2 Displacement, Velocity, and Acceleration
This section will discuss the concepts of displacement, veloc-
ity, and acceleration in one dimension. These concepts are
essential in analyzing the motion of an object.

2.2.1 Displacement

Consider a car that is treated as a particle moving along the
straight-line path shown in Fig. 2.1. The x-axis of a coordinate
system is used to describe the position of the car with respect
to the origin O, where the points P and Q correspond to the
positions x; at #; and x s at f ¢, respectively. The position—time
graph of this motion is shown in Fig.2.2. The displacement
of the truck is a vector quantity defined as the change in its
position during the time interval from #; to ¢y and is given by

Ax =X —Xx;

Hence displacement is a quantity that depends only on the
initial and final positions of the object. The direction of the
displacement in one dimension is specified by a plus or minus
sign. It is positive if the particle is moving in the positive x
direction and negative if the particle is moving in the negative
x direction. In two or three dimensions, the displacement is
represented by a vector. The SI unit of the displacement is the
meter (m).

2.2.2 Average Speed

The average speed of an object is a scalar quantity defined as
the total distance traveled divided by the total time:
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Fig.2.1 A car that is treated as a
particle moving along the
straight-line path

40+ Ax

20
X

Fig.2.2 The position time graph of the cards motion

Total distance traveled
Average speed =

Total time

The SIunit of the average speed is meter per second (m/s)

2.2.3 Velocity

The average velocity v of an object is a vector quantity defined
in terms of displacement rather than the total distance traveled:

. Ax
i
At

vis positive if the motion is in the positive x-direction and neg-
ative if it is in the negative x-direction. On the position—time
graph in Fig.2.2, v is the slope of the straight line connecting
the points P and Q. The average velocity helps in describing
the overall motion of the particle in a certain time interval. To
describe the motion in more detail, the instantaneous velocity
is defined. This velocity corresponds to the velocity of a parti-
cle at a particular time. That involves allowing At to approach
Zero:

Ax  dx

v = lim = —

At—oo At dt

Geometrically, the instantaneous velocity of a particle at
a particular time on the position—time curve is the slope (the
tangent) to the position—time curve at that point or instance
(see Fig.2.3). The SI unit of the velocity is m/s.
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Fig. 2.3 Geometrically, the instantaneous velocity of a particle at a
particular time on the position-time curve is the slope (the tangent) to
the position-time curve at that point or instance

2.24 Speed

The speed of the particle is defined as the magnitude of its
velocity. Note that speed and average speed are different since
speed is defined in terms of displacement, whereas average
speed is defined in terms of the total distance traveled.

2.2.5 Acceleration

If the particle’s velocity changes with time, it is said to be
accelerating. The average acceleration a of the particle is
defined as the ratio of the change of its velocity Av to the

time interval At:
Av

a=—
At

The SI unit of acceleration is m/s>. The instantaneous
acceleration is defined as

Av  dv
a= lim — = —
At—0 At dt

The average acceleration is the slope of the line joining the
points P and Q on the velocity—time graph, whereas the instan-
taneous acceleration is the slope of the curve at a particular
point (see Fig.2.4). Figure2.5 shows the position, velocity,
and acceleration for a particle simultaneously.

Example 2.1 A car travels along the path shown in Fig. 2.6,
where it is located at x; = 3km at #; = 0, and at xy = 19km
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Fig. 2.4 The average acceleration is the slope of the line joining the
points P and Q on the velocity-time graph, whereas the instantaneous
acceleration is the slope of the curve at a particular point
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Fig. 2.5 This figure shows the position, velocity and acceleration as a
function of time of a particle moving in one direction. The particle starts
from rest, accelerates to a certain speed, is maintained at that speed for
some time, then it decelerates back to rest

| /\

| |
0 | xp= 19km

x; = 3km

Fig.2.6 A carmovingalong the curved path whereitislocated atx; = 3
kmat#; =0,andatxy = 19 kmatty = 0.25 hr

at ty = 0.25h. Find the displacement, average velocity, and
average speed of the car during this time interval if the total
distance traveled is 20 km.

Solution 2.1 The displacement of the car is
Ax =xy —x; = (19 km) — (3 km) = 16 km
Its average velocity is

Ax  xp—x; (16 km)
At typ—t (0.25h)

=64 m/s

V=

Total distance traveled

Average speed =
verage sp Total time

_ (2.0km)

= B o0 km/h
(025 h) m/

Example 2.2 A particle moves along the x-axis according to
the expression x = 2¢%.The plot of this equation is shown
in Fig.2.7. Find : (a) the displacement and average velocity
of the particle during the time interval between t = 1 s and
t = 3 s, -(b) the instantaneous velocity of the particle as a
function of time and att = I sand r = 3 s.

Solution 2.2 (a)
xi =2’ =2(1)>=2m
xp=2t;=23)"=18m
The displacement of the particle is
Ax =x5—x;=(18m)— (2m)=16m

The average velocity is
x(m)

50
40
30
20

104

} ifs)
f

Fig.2.7 A particle moves along the x-axis according to the expression
x = 2¢2
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Ax  (16m)

V= = =8m/s
At 25s)

(b) The instantaneous velocity is given by

d
V= d—: = (4t) m/s

atr =1s,v=2m/s,andatt =3s,v=12m/s.

Example 2.3 A particle is moving along the x-axis. The
position—time graph of its motion is shown in Fig. 2.8. Find:
(a) the average velocity between a and b, -(b) the instanta-

neous velocity at the points a, c and d.

Solution 2.3 (a)

Ax _ (2m)—(~1.8m)

Vap = — = =19
Vab = ny Gs) —(s) m/s
(b)
Ax 00— (=2.5m)
va:—:—:0.83m/s
At 3s)—0
ve =0
Ax 0— (3m)
=" =" —_067
YOS AL T 858 — (4s) m/s
x(m)
4+
3+
FE
: t(s)
1
0
2 a
I
41

Fig.2.8 The position-time graph of a particle moving along the x-axis

Example 2.4 The acceleration of an object is given by a =
(1—4t) m/s2. If the object has an initial velocity of 3 m/s and
an initial displacement of 2 m, determine (a) its velocity and
displacement at any time; (b) the displacement of the object
when it reaches its maximum speed.

0

Ar Vave

ry
r; !

o) Y

X

Fig.2.9 A particle moving from point P to point Q along a path or curve
C during a time interval At =ty —t;

Solution 2.4 (a)
v=/adt=/(1 —4)dt =1 — 21> + ¢;
Att = 0,v = 3 m/s and therefore ¢y = 3 m/s. Thus
v=(t—2t>+3)m/s
x = /vdt = /(z — 212 4 3)dt = 0.5t — 0.661> + 3t + c»

Att =0, x =2 m and ¢, = 2 m. Therefore

x = (0.5t — 0.66> + 3t +2) m .1

d
(b) When the object reaches its maximum speed @ 0 and

hence 1 — 4t = 0, that gives + = 0.25s. Substituting into
Eq.2.1 gives

x = 1/2(0.25 )2 — 2/3(0.25 5)°> +3(0.25s) +2 = 2.8 m

2.3  Motion in Three Dimensions
Consider the particle moving from point P to point Q along a
path or curve C during a time interval At = ¢y —¢; as shown in
Fig.2.9. To locate the particle at any point the position vector
r = xi+ yj+zk is used. rj and ry corresponds to the position
vectors of the particle at #; and ¢y respectively. A position
vector should be drawn from a reference point (usually the
origin of the coordinate system).

The displacement vector is then given by

Ar=ryf—T;

The average velocity is
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_ Ar ry—r;
V="-—=—= —
At tr—t

The instantaneous velocity at a particular time is defined as

. Ar dr
v= lim — = —
At—>0 At dt

As At approaches zero, Ar becomes tangent to the path and
itis replaced by dr. The direction of y is in the direction of dr,
hence, y is always tangent to the path at any point. In terms
of components y is given by

V—dxi—i-
Tdr o dt

dy,  dz . .
yJ—l—Ek:vxl—i—vyJ—i—vzk

The magnitude of the instantaneous velocity is

dr dx\*> [dy\*> [(dz\?® ds

|V|=|E|=V= (E) +<E> +<E) =
where ds is the infinitesimal arc length along the path and
comes from the fact that as At approaches zero, the dis-
tance traveled by the particle along the path becomes equal to
the vector displacement |Ar|. Figure2.10 shows the instan-

taneous velocities along the path. The average acceleration
is

Av vy —;
N T

a=
The direction of a is of the same direction as Av. The instan-
taneous acceleration is then
. AV dv
a= lim — = —
At—0 At dt
In terms of components

dv,. dvy., dv . .
azd_:l+d_iJ+d_tZk:aXl+ayJ+aZk

Q

X

Fig.2.10 The instantaneous velocity vectors along the path

Another way to describe motion in three dimensions is by
using spherical or cylindrical coordinates. In this book, we
will only use rectangular coordinates for three-dimensional
motion.

2.3.1 Normal and Tangential Components of

Acceleration

The acceleration describes the change in both the magni-
tude and direction of the velocity. That is, the acceleration
is not necessarily produced due to the change in the magni-
tude of the velocity only. Sometimes, it is produced due to the
change in the direction of the velocity even if its magnitude
is unchanged, and sometimes due to the change in both the
magnitude and direction. Furthermore, the direction of a is
not necessarily in the direction of v. If v is changed in mag-
nitude only (motion along a straight line) then a is parallel to
v if v is increasing, and antiparallel if v is decreasing. If v is
changed in direction only (motion along a curved path with
constant speed), then a is always perpendicular to v at any
point (see Fig.2.11). Finally, if v is changed in both magni-
tude and direction then a will be directed at some angle to v
as in Fig.2.12.

In this case, the acceleration can be resolved into paral-
lel and perpendicular components. The parallel component
corresponds to the change in the magnitude of v, while the
perpendicular component corresponds to the change in the
direction of v. These components can be viewed to be directed
along arectangular coordinate system that moves with the par-
ticle (as it moves in space), where the particle is located at the
origin of this coordinate system. The parallel (or tangential)
component of the acceleration is always tangent to the path
while the perpendicular (or normal) component is normal to
the path at each point as shown in Fig.2.13.

Figure 2.14 shows the direction of the acceleration of a car
moving down a ramp under the influence of gravity.

In terms of unit vectors, let T be the unit vector along the
tangent axis, N is the unit vector along the normal axis (also
called the principal unit normal vector) and B a third unit
vector called the binormal vector defined by B = T x N.
These unit vectors form a frame called the TNB frame, where
it moves with the particle (see Fig.2.15). Since v is always
tangent to the path we may write

v dr/dt dr/di

vl ldr/al — ds/dt

Because T isaunit vector we have T-T = 1, differentiating
this with respect to s gives

T T T

T.Z—
ds ds ds

or
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Fig.2.11 If v is changed in
magnitude only (motion along a
straight line) then a is parallel to

em— =, Vi
\"-—__..___._

v if v is increasing, and ~ v
antiparallel if v is decreasing. If v i : | AV i a
is changed in direction only —_—
(motion along a curved path with Vi Vr vy
constant speed) then a is always ==
perpendicular to v at any point Av

—

a
Z
o
a P
—
Y Fig. 2.14 At A the acceleration of a car is in the same direction of

X

Fig.2.12 If v is changed in both magnitude and direction then a will
be directed at some angle to v

X

Fig.2.13 The parallel (or tangential) component of the acceleration is
always tangent to the path while the perpendicular (or normal) compo-
nent is normal to the path at each point

T

— =0
ds

Hence, T is perpendicular to dT/ds. Since N is also perpen-
dicular to T, then we have

dT/ds 1dT
N=—r—=-—
19T /ds|  k ds

k is called the curvature of C at a certain point and it has

the value k = |dT/ds|. The quantity R = 1/k is the radius
of curvature at that point. Thus, N = R(dT/ds) . The total

the velocity since the latter changes only in magnitude. As it moves its
velocity is changed in both magnitude and direction. Therefore at B the
direction of the acceleration is at some angle to the velocity. At C the
speed reaches a maximum and therefore the instantaneous change of
speed is zero at this point and the acceleration has only a perpendicular
component. As the car moves up its velocity decreases and changes in
direction also, thus the acceleration has both parallel and perpendicular
components. Finally at E, the acceleration is in the opposite direction of
the velocity since the velocity is decreasing but its direction is the same

Z n

X

Fig.2.15 The TNB frame moves with the particle

acceleration of the particle in terms of the unit tangent T vector
and the principal unit normal vector N can be written as

dv d dv dT
=—=—0wI)=—T — 2.2
a dt dt(v ) dt +th 22
Furthermore,
dT dTd Nd N
48 _ a1 2.3)

dt ~ dsdit  Rdr R

Substituting Eq. 2.2 into Eq. 2.3 gives
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ac Py VN
T odt R

Therefore, a, = V2 /R and a; = dv/dt. Note that unlike
d|v|/dt, |dv/dt| corresponds to the change in the magnitude
of the velocity or in its direction or in both (as it represents the
magnitude of the total acceleration vector), whereas d|v|/dt
corresponds to the change in the magnitude only.

Example 2.5 A particle is moving in space according to the
expression

r = (5costi+ Ssintj+ 7tk) m

Find the radius of curvature at any point on the space curve.

Solution 2.5
dr . .
7 = (—5sinti+ Scostj+ 7k) m/s
d dr
d—“; = || = V(=5sin1? + Scos )2 + (77 = 10 m/s
Hence
_dr/dt _ (—5sinti+Scostj+7k) _ A .
= dodi = 10 = —0.5sinti+0.5costj+ 0.7k
The radius of curvature is
b 1
ko 19T /44
dT  dTdt  dT/dt  —05costi—0.5sinsj
ds dt ds ds/dt 10 N

—0.05costi — 0.05sinzj

dT
‘d_‘ = /(=005 cos 1)2 4 (—005 sin )2 = 0.07
s

R= 1 =143 m
0.07
Example 2.6 A car moves with constant tangential accelera-
tion down a ramp as shown in Fig.2.16. If it starts from rest
at A and reaches B after 4s with a speed of 10 m/s, find the
radius of curvature at B if the total acceleration of the car at
that point is 3.2 m/s?.

Solution 2.6 Since the tangential acceleration of the car is
constant, it can be found from

VB — VA (10m/s) — 0
a; = =
! t 43

=25 m/s2

Fig.2.16 A car moving with a constant tangential acceleration down a
ramp

Since the total acceleration of the car at B is 2 m/s? then the
normal acceleration is

> =d® —a? = (32m/s?)? — (2.5 m/s%)? = 4 (m/s?)?
ap, =2 m/s’

The radius of curvature is

v2 (10 m/s)?

R=—=——"F=50m
ap (2 m/s?)
24  Some Applications
2.4.1 One-Dimensional Motion with Constant

Acceleration

An acceleration that does not change with time is said to be a
constant or uniform acceleration. In that case, the average and
instantaneous accelerations are equal. This type of motion is
more easily analyzed than when the acceleration is varied.
Since the motion is in one dimension, it follows that the y and
z components are zero. That is,

r =xi
Ar = (xp — x;)i

Hence, as we’ve mentioned earlier, the direction of the
displacement can be specified with a plus or minus sign, as
well as the directions of the velocity and acceleration. Let us
assume that t; = 0,7y =1, vy = v, vx; = Vo, X; = x¢ and
xy = x. Since the acceleration is constant, the velocity will
vary linearly with time, and thus the average velocity can be

expressed as
vo +Vv

2

V=

Vf—V
a:—:—f l:
ty—t t

v —1g

v =vy+at 2.4)
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v = Ax — (v +wo) Example 2.7 A train accelerates uniformly from rest and
At 2 travels a distance of 200 m in the first 8 s. Determine: (a) the
acceleration of the train; (b) the time it takes the train to reach
X —xp= l(v + o)t (2.5) avelocity of 70m/s,(c) the distance traveled during that time;
2 (d) the velocity of the train 5s later from the time calculated
Furthermore, in (b).
1 1 Solution 2.7 (a)
X —x9 = E(V + vo)t = E(VO + vo + at)t
1 )C—)C()ZV()I—Eal‘2
X —x9 = vot + Eaz‘2 (2.6)
Since vg = 0, we have
Finally, ) 5200
- m
a = (x2x0)= ( 2)=6.25m/52
1 1 v — Vo t (8 5)
x—xozz(v+vo)t=§(v+vo) P
(b)
V2 = v + 2a(x — xo) @2.7) v=vo+at
Equations 2.4, 2.5, 2.6, and 2.7 are called the kinematic equa- vo = 0 and therefore
tions for motion in a straight line under constant acceleration. v (70 m/s)
The motion graphs for an object moving with constant accel- = T 6 m) 11.2s
eration in the positive x-direction are shown in Fig.2.17. ’
(c)
1 5, 1 2
X —x9=—-at” = =(6.25)(11.2) =392 m
v 2 2
(d)

Position

Slope = v = vy+at
Xo LS!’ope =V, y
(o]
v
é e = !
.§ Slope ' lar

Slope = 0

Acceleration

QS

Fig.2.17 The motion graphs for an object moving with constant accel-
eration in the positive x-direction

v =vo+at = (70 m/s) + (6.25 m/s?)(5 s) = 101.25 m/s

Example 2.8 An airplane accelerates uniformly from rest at
arate of 3 m/s? before taking off. If it is to take off at a speed
of 100m/s : (a) how much time is required for it to take off;
(b) what distance will it have traveled before taking off?

Solution 2.8 (a)
v =y + at

We have vp = 0, this gives

_ v 400m/s) s
a (3 m/s?)

(b)
1 1
x = Eaﬁ =5 m/s>)(33.3s)> = 1.7 x 10> m

Example 2.9 A car moving ata constant velocity of 140km/h
passed a police car moving at a constant velocity of §0km/h.5 s
after the car had passed the police car, the police vehicle
begins to accelerate toward the car at a constant rate of
1.4 x 10* km/h? (a) How much time will it take the police
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car to catch the other car? (b) What is the distance traveled by
both during that time? (¢) How much time has passed from
where the car passed the police car to where it was caught?

Solution 2.9 Let’s assume that x = 0 at where the car passed
the police car and that t = 0 at the instant the police car begins
to accelerate. The velocity of the car is equal to 38.9m/s,
and the initial velocity and acceleration of the police car are
22.2m/s and 1.1m/s?, respectively The police will catch the
car when both their displacements from x = 0 are equal. (a)

. 1 .
From the expression x = x¢ + vot + Eatz, the displacement

of the car at any time is
Xe = X0c + voct = (194.5 m) + (38.9 m/s)¢t
The displacement of the police car at any time is
Xp = Xop +vopt + %apzz = (111 m)+(22.2 m/s)t + %(1.1 m/s%)1?

The police will catch the car when x. = x,, and therefore if
(194.5 m) + (38.9 m/s)r = (111 m) + (22.2 m/s)t +

5(1.1 m/sz)t2 or

2 —30.4t —151.8 =0

Thus

L _ B304 & V(304 + (4)(1518)
B 2

That gives t = 34.8 s.
(b) |
Xp =xc = (111 m)+ (22.2 m/s)(34.8 5) + 5(1.1 m/s?)

(348> =1.55%x 10°m
(@)
t=(5s)+ (34.85s) =398 s

2.4.2 Free-Falling Objects

Galileo Galilei (1564-1642) was an Italian scientist, who
studied and experimented the acceleration of falling objects.
By dropping various objects from the Leaning Tower of Pisa
(or by releasing objects from inclined planes according to
another story), Galileo discovered that when air resistance is
neglected then all objects would fall with the same constant
acceleration regardless of their mass or size. This acceleration,
denoted by g, is known as the free-fall acceleration since air
resistance is neglected and the object is assumed to be mov-
ing freely under gravity alone. The direction of the vector g is
downwards toward the earth’s center. However, g varies with

altitude as well as other factors which will be discussed in
Chap. 9.

In solving problems involving objects falling near the sur-
face of the earth, g can be assumed to be constant with a value
of 9.8 m/s? and air resistance can be neglected. A free-falling
motion is a motion along a straight line (for example along
the y-axis) where objects may move upwards or downwards.
The kinematics equations of the free-falling motion with con-
stant acceleration can be found from Egs. (2.4), (2.5), (2.6),
and (2.7) by simply replacing x with y and a with g. If the
positive direction of y is chosen to be upwards, then the accel-
eration is negative (downwards) and is given by (@ = —g) .
These substitutions give

v=vy— gt

1
y—Yyo= E(V‘FVO)I

= vot ! t2
o = vaf — —
Y —=Y0 0 2g

v =i —2g(y — yo0)

The displacement and velocity graphs are shown in Fig. 2.18.
Note that it does not matter whether the object is falling or
moving upward, it will experience the same acceleration g
which is directed downwards. Figure2.19 shows the impor-
tant features of a free-falling object that is dropped from rest.

vV

! \
1
) !

1 5]

Fig.2.18 The displacement and velocity graph for a free-falling object
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Fig.2.19 The important features
of a free falling object that is
dropped from rest
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Example 2.10 A ball is thrown directly upwards with an ini-
tial velocity of 15m/s. On its way down, it was caught at
a distance of Im below the point from where it was thrown.
Determine (a) the maximum height reached by the ball; (b)
the time it takes the ball to reach that height; (c) the velocity
of the ball when it is caught; (d) the total time elapsed from
where the ball was thrown to where it was caught.

Solution 2.10 (a) First we take y = 0 at the position where

the ball is thrown and positive y to be upwards. At the maxi-
mum height the velocity of the ball is zero,

v =g —28(y = )
0= (15m/s)> — 2(9.8 m/s>)hmax
hmax = 11.5m
(b) Using the expression v = vy — gt we have
0= (15m/s) — (9.8 m/s>)¢
t=15s

(c) When the ball is caught its positionis y = —1 m,

v: = v —2g(y = y0)
taking the initial position of the ball at y = 0, we get

v? = (15m/s)? — 2(9.8 m/s*)((—1 m) — 0)

and
v=—156m/s

or if we take the initial position at y = 11.5 m we have
V2 =0-2(9.8m/s*)((—=1 m) — (11.5 m))

and
v=—15.6 m/s.

1(s)| v(m) | v(im/s) | a(m/s?) Thc:. ;Lcl}ir;;-if_\‘ The (:ﬁ.:j‘(cf;‘g;_‘mi()u
0 0 0| -98 v
| -49| -98| -98 v v
2 |-196| -196| -98 v v
3 |—44.1| =294 | -9.8 ’ v

(d) v = vy — gt, substituting for v and vy we have

(=15.6 m/s) = (15 m/s) — (9.8 m/s>)z

t=3.1s
Example 2.11 A tennis ball is dropped from a building that is
30 m high. Find (a) its position and velocity 2 s later; (b) the
total time it takes the ball to fall to the ground; (c) its velocity
just before it hits the ground.

Solution 2.11 (a) Taking yo = O and vg = O at¢r = 0 we
have

t 1t2
— = —_ =

y—=Yo 0 28
att=2s

1
y=0=0--08 m/s?)(2s)> = —19.6 m

v=vy—gt =0— (9.8 m/s?)(2s) = —19.6 m/s

(b)
Yy —=Yo="vo 28
1 2,2
(=30m)—0=0-— 5(9.8 m/s")t
t=25s
(©

y=vo—gr=0—(9.8m/s>)(2.55s)
v=—-245m/s

Example 2.12 A ball is thrown vertically downwards from a
100 m high building with an initial speed of 1 m/s.3s later a
second ball is thrown. What initial speed must the second ball
have so that the two balls hit the ground at the same time?
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Solution 2.12 The time it takes the first ball to hit the ground
is found from

= vot ! t2
v = vf — —
Y= yo=vot =58

1 25,2
0~ (100 m) = (~1 m/s)n — 598 m/s)j

11 =64s
The second ball must fall the same distance during a time of
t1 —(3s)=(64s)—(3s)=34s

and therefore

t : t?
— vo = vaf — =
Yy =0 0 28

0 — (100m) = vy(3.4's) — %(9.8 m/s?)(3.4 s)?
vo = —12.6 m/s
2.4.3 Motion in Two Dimensions with Constant
Acceleration
The position vector can be written as
r = xi—+ yj
V =Vl + vy
a=a,i+ayj

Because a is a constant both a, and ay, are constants. There-
fore, the kinematic in Sect.2.4.1 applies in each direction:

Vy = Vox + axt (2.8)
1 2
X = x0 + voxt + Eaxt 2.9)
Vy = Voy + ayt (2.10)
L5
Yy = Yo+ voyt + ant (2.11)

1 1
r=xi +yj= (xo+voxt + zaxlz)i + (yo + voyt + antz)j

1
r =rg+ vot + —ar?

2.12
> (2.12)
vV =i+ Vyj = (vox +axt)i+ (voy + ayt)j
= (voxi+ VOyj) + (axi+ ayj)t
vV =vy+at (2.13)

Example 2.13 1f the motion of a particle in a plane is described
by vy = (=8f) m/s and x = (5 — 212) m : (a) plot
the y component of the particle as a function of time if at
t =0,y =0, -(b) find the total speed and magnitude of the
acceleration of the particle at r = 2 s.

Solution 2.13 (a)The y-component of position is

y= / vydt = /(—St)dt =4’ +¢
since att = 0, y = 0, then
y=(—4)m

The plot of y against ¢ is shown in Fig. 2.20.
(b) The x-components of velocity and acceleration is

_dx _d(5-27)
S T dt

vy = (—4t) m/s

vim)
704
60 +
50+
401
30+
20+

104

1s)

5 6 7 8

Fig.2.20 The y component of the particle as a function of time
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dvy d(—41)
ax = —_— =
dt dt

ay = —4 m/s?

The y-component of acceleration is

dvy d(=8t)
ay = — =
dt dt
or
ay = (—8) m/s’
att =2s,vy, = —8m/s,vy = —16 m/s and the velocity is

v=/vx +vy, = \/(—8 m/s)2 4+ (=16 m/s)2 = 17.9 m/s
ay =—4 m/s2

and
ay = (—8) m/s?

Therefore, the acceleration of the particle is constant at any
time and is given by

a=./lax +a, = \/(—4 m/s2)2 + (—8 m/s2)2 = 8.9 m/s?

2.4.4 Projectile Motion

Projectile motion is the motion of an object thrown (projected)
into the air at some angle with respect to the surface of the
earth, such as the motion of a baseball thrown into the air or
an object dropped from a moving airplane. In the simplified
model where air resistance as well as other factors such as
the Earth’s curvature and rotation are neglected, and if the
free-fall acceleration g is assumed constant in magnitude and
direction throughout the motion of the object, then the path
of the projectile is always a parabola that depends on the
magnitude and direction of its initial velocity. Therefore, the
projectile can be considered as a combination of a vertical
motion with a constant acceleration directed downwards and
ahorizontal motion with zero acceleration (constant velocity).
We can see from Fig.2.21 that

cos by = vox /Vo

sin 6y = voy /vo

Att = 0, we have xo = yp = 0 and v; = vy. Because
ay = —g and a, = 0 and by substituting in Egs.2.8, 2.9,
2.10, and 2.11 gives

v )
0| Var 0=-0,

Fig.2.21 The projectile motion

Vy = Vox = Vo cos by = constant (2.14)

Vy = Vyo — 8t = vpsinfy — gt (2.15)

X = vyot = (vgcosbp)t (2.16)

Y = vyot — %gt2 = (vo sinfp)t — %gtz (2.17)

Combining and eliminating ¢ from Eqs.2.16 and 2.17 we
find that

8 2
= (tanfp)x — [ ———>——— )x
y = (tanbo) (2\%005290)

T
0 < 6 —
(<0<2)

This equation which is of the form y = ax—bx2 (a and b
are constants), is the equation of a parabola. Therefore, when
air resistance is neglected (when using the simplified model
of the system), the trajectory of the projectile is always a
parabola. At any instant, the velocity of the object is tangent
to its trajectory Its magnitude and direction with respect to
the positive x-direction are given by

and

6 = tan"! (vy/vx)
respectively The maximum height % of the projectile, as in
Fig.2.22 ,is found att = #; by noting that at the peak &, v, =

0. Substituting this in Eq.2.15 gives

Vo sin 6y = gh
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v

0 1 21

Fig.2.22 The maximum height of a projectile

Vg sin 6y
8

=
Substituting #; into Eq.2.17 we get

. 1
Ymax = h = (vo sinfp)t; — Eghz

in g 1 in 6\
h:(vosineo)(vosm 0) __g(vosm 0)
8 2 g

2 02
_ vysin 6o

= 2

The maximum range R is at ¢t = 2¢1. Substituting ¢ into
Eq.2.16 gives

2V() sin 90

2v(2) sin 6y cos By
x = R = (vg cosbp)2t; = (v cosBy) =
g

8

R v% sin 26y
g

Example 2.14 A baseball is thrown at angle of 35° to the hor-
izontal with an initial speed of 20m/s. Neglecting air resis-
tance, find: (a) the maximum height reached by the ball; (b)
the time it takes the ball to hit the ground; (c) the range; and
(d) the speed of the ball just before it strikes the ground.

Solution 2.14 (a) The maximum height reached by the ball

1S
_ vgsin®6y (20 m/s)?sin?(35°)

= = 6.7 m
2g 2(9.8 m/s?)
(b) The time it takes the ball to hit the ground is
=20 — 2v( sin Gy _ 2(20 m/s) sin(35°) 234

g (9.8 m/s2)

(c) The range is

Vi sin26p (20 m/s)? sin(70°)

=384m
g (9.8 m/s?)

(d) The x-component of the velocity of the ball just before it
hits the ground is

Ve = vox = Vg cos 8y = (20 m/s) cos(35°) = 16.4 m/s

The y-component is

vy = voy — gt = vg sinflp — gt = (20 m/s) sin(35°) — (9.8 m/sz)(2.34 s)=—11.5m/s

Hence, the speed is

v=/vi+vi= \/(164 m/s)? + (—11.5m/s)2 =20 m/s

Example 2.15 A boy throws a ball with a constant horizontal
velocity of 1 m/s at an altitude of 0.6 m. Find the horizontal
distance between the releasing point to the point where the
ball hits the ground.

Solution 2.15 Let the origin of the reference frame be the
releasing point. Since vg, = 0 we have

1

2
=——gt
y 28

and
X = Vox!t

Hence, when the ball reaches the ground, the elapsed time is

—2(0.6 m)

g (—9.8 m/s?)

x = (1 m/s)(0.34s) =0.34 m

and

2.4.5 Uniform Circular Motion

A particle moving in a circular path with constant speed is
said to be in uniform circular motion. The motion of the moon
about earth, and the motion of clothes in a washing machine
are examples of uniform circular motion. In this motion, the
direction of the velocity of the particle is continuously chang-
ing but its magnitude is constant. As we have mentioned in
Sect.2.3.1, when only the direction of the velocity changes,
the acceleration is then always perpendicular to the velocity
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Fig.2.23 The directions of y and a change continuously with time but
their magnitudes are constant

at any time. Therefore, we have only the normal component
of the acceleration a, = v?/R, and the tangential component
of the acceleration a; = dv/dt is zero. In the case of the cir-
cular path the radius of curvature R is constant, denoted by
r, and the normal acceleration is directed along the radius of

the circle

V2

Arad = —
r

The subscript rad is for radial. Thus, this radial or centripetal
acceleration a,,4 is always directed toward the center of
the circle. Therefore, the directions of v and a change con-
tinuously with time but their magnitudes are constant (see
Fig.2.23). The time required for the particle to complete one
revolution around the circle is called the period of revolution
and is given by
2rr

Thus

Example 2.16 In afun fair ride, the passengers rotate in a cir-
cle with a constant speed of 3m/s. If the period of revolution
is 1.5s, find the total acceleration of the passenger.

Solution 2.16 Since the speed of the passenger is constant,
it follows that the passenger’s total acceleration is just the
centripetal acceleration given by

V2

Arad = —
r

The radius of the circular path is

vT (B m/s)(1.55s)
=—=———————"=07m
2 2(3.14)

Fig.2.24 The velocity and total acceleration vectors of a particle mov-
ing in a circular path with increasing speed (clockwise) until it reaches
the maximum speed at the bottom, and then slows down as it goes back
up. An example of this motion is in a roller coaster ride in a vertical
circle

V2 @3 m/s)?

=—=-"—1" —1286m/s?
rad =" =707 m) m/s

2.4.6 Nonuniform Circular Motion

In nonuniform circular motion, the velocity of the particle
varies in both magnitude and direction. As mentioned in
Sect.2.3.1, when both the magnitude and direction of the
particle’s velocity change then its acceleration is directed at
some angle to v. Thus, in addition to the normal acceleration
in uniform circular motion that corresponds to the change in
the direction of v, there is a tangential component that cor-
responds to the change in the magnitude of v. Furthermore
arqq 18 not constant since v changes with time. Therefore, the
resultant acceleration is

2
a=a,+a = V—N—i—MT

r dt
In Chap. 8, the concepts of angular velocity and acceleration
and their vector relationship with the normal and tangential
accelerations are introduced. Figure2.24 shows the velocity
and total acceleration vectors of a particle moving in a circular
path with increasing speed (clockwise) until it reaches the
maximum speed at the bottom, and then slows down as it
goes back up. An example of this motion is in a roller coaster
ride in a vertical circle.

Example 2.17 A car moving on a circular track of a 20m
radius accelerates uniformly from a speed of 30km/h to a
speed of 50km/h in 3s. Find the total acceleration of the car
at the instant its speed is 40km/s.
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Solution 2.17 Since both the direction and the magnitude of
the car’s velocity change, its total acceleration is the vector
sum of its tangential and radial accelerations. The tangential
acceleration is

v—vo (13.8 m/s) — (8.3 m/s)

= 1.83 m/s’
! (3's)

ay =

When v = 40 km/h = 11.1 m/s the radial acceleration is

v2 (111 m/s)?

Argd = — = (20 m) =6.2 m/82

And the total acceleration is

a = /(183 m/$)? + (62 m/s2)? = 6.5 /s>

2,5 Relative Velocity
In this section, we will see how observers moving relative to
each other obtain different results when measuring the veloc-
ity of a moving body. Suppose two cars are moving besides
each other at the same speed of 120km/h with respect to
earth. In this case, any of the two cars is at rest relative to
the other. According to an observer who is stationary with
respect to earth, each car is moving with a speed of 120km/s.
A second observer, in any of the cars, will see the station-
ary observer moving backwards at a speed of 120km/h. In
addition, if a third car is moving ahead of the two cars at a
speed of 140 km /h relative to earth, then its speed relative to an
observer in any of the two cars is 20 km/s. Thus, the displace-
ment and velocities may have different values when measured
relative to different observers. Therefore, the description of
motion depends on the observer. By attaching a coordinate
system to an observer together with an appropriate time scale,
he or she are then said to be in a reference frame. In measur-
ing quantities, it is essential to specify the reference frame. In
most situations, the earth (the lab) is used as our frame of ref-
erence. To understand this, consider a particle moving in one
dimension in the positive x-direction. Suppose two observers
want to describe its motion, one is observer S who is station-
ary relative to the ground, and the other is observer S’, who
is moving in the positive x-direction with a constant velocity
relative to the ground (see Fig.2.25). At any instant, the posi-
tion of the particle relative to S is x p g, and its position relative
to S’ is x pgr. The relation between these two observations is
Xps =Xpy + x5 (2.18)
Therefore, the position of P relative to Og is equal to the
position of P relative to Og’ plus the distance between Og and
Og . Differentiating Eq.2.18 with respect to time we get

p ' o= Xg, Xg
Og o O Py 51 %8

*PS§

Fig.2.25 Observer S is stationary relative to the ground, and observer
S’ is moving in the positive x-direction with a constant velocity relative
to the ground

Fig.2.26 The velocity of S’ with respect to S(vg/s) is constant in both
magnitude and direction

dxps _ dxps n dxgs

dt dt dt

or
VPS =Vps +Vs's

We will extend this to three dimensions in the case where
the velocity of S’ with respect to S(vgg) is constant in both
magnitude and direction (see Fig.2.26). The position vector
of the particle P relative to S is given by

rPS:rPS/+rs/S (219)
Differentiating this with respect to time gives
Vps =Vps + Vs (2.20)

Equations 2.19 and 2.20 are called the Galilean transfor-
mation equations. In addition, for any two frames of reference
S and S we have

Vssr = —Vg's

Example 2.18 Two motor cyclists A and B are driving along
the sameroad (See Fig.2.27) with speeds 90 km /h and 50km/s,
respectively. Determine: (a) the velocity of motorcyclist A rel-
ative to B and of B relative to A?, - and (b) if the two motor
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cyclists approach each other along two parallel roads, (See
Fig.2.28), A moving at 80km/s, and B moving at 60 km/s,
what is the velocity of motorcyclist A relative to B and of B
relative to A.

Fig.2.27 Two motor cyclists A and B driving with speeds 90 km/h and
50 km/s respectively

Fig.2.28 A is moving at 80 km/s, and B moving at 60 km/s

Solution 2.18 Using the above discussion, consider S as the
Earth’s frame of reference denoted E, S’ as the frame of refer-

ence of motorcyclist B and the point P as the motor cyclist A

(a) The velocity of A relative to B is found from

vap = vag —vpe = (90 km/h) — (50 km/h) = 40 km/h
The velocity of B relative to A is
vpa = —40 km/h
(b)

vap = vag — vBe = (80 km) — (—60 km/h) = 140 km/h

vgA = —140 km/h

y(km)

Fig.2.29 A boatis traveling at 8 km /h north relative to the sea’s waves,
and the waves are traveling northeast relative to the earth at a constant
speed of 4 km/h

Example 2.19 A boat is traveling at sea at 8 km /h north rel-
ative to the sea’s waves, and the waves are traveling northeast
relative to the earth at a constant speed of 4km/h. What is the
velocity of the boat relative to the earth?

Solution 2.19 UsingFig.2.26, consider the Earth as S (denoted
E), the waves as S’, and the boat as the point P. As we can see
from Fig.2.29, the velocity of the boat relative to the earth
is given by v,g = Vpy + Vg, Where vy, and v, g are the
velocities of the boat relative to the waves and the velocity of
the waves relative to the earth respectively With the east as
the direction of the positive x-axis we get

V(bE)y = V(bw)y T V(WE)y = (8 km/h) + (4 km/h) sin45° = 10.83 km/h

V(bE)x = V(wE)x = (4 km/h) cos45° = 2.83 km/h

Hence

VbE = \/(v(bE)x)Z + (pE)y)? = \/(10.83 km/h)2 + (2.83 km/h)2 = 11.2 km/h

The direction of v, is

6 = tan™! eE)y = tan~! (10.83 km/h) = 75.35°
(VbE)x (2.83 km/h)
2.6 Motion in a Plane Using Polar

Coordinates

Consider a particle moving in the x—y plane. A useful way to
describe the position, velocity, and acceleration of the parti-
cle is by using its polar coordinates (r, ) . The relationship
between the polar and rectangular coordinates is
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Fig.2.30 1) is a unit vector ¥ 2
along the increasing r direction S
and 6 is a unit vector in the P /’
direction of increasing 0 6. o o 2T
(anticlockwise direction) s ‘\ > e Ar;
\\‘ \\\\ i ,/, r;+Ar;
6; r; r;
’f
/ AB,
}'+.&£‘/ 9;
// ’ 0,+A8,
(”
f‘ 9
0 X
x =rcosf 0 dby de. . do .
1= — = —cosf—i—sinfd—
dt dt dt )
y =rsinf
. .. . =-TI1—F = —él‘1
where 6 is measured from the positive x- axis. Suppose a par- dt
ticle is located at (r, 6) . If the particle moves in a straight line ) R
along the r direction, then 6 is constant through the motion The velocity of the particle is given by
of the particle. If the particle moves in a circle, then r is con- v d dr dr
stant. Let r; be a unit vector along the increasing r direction V= i d—(rrl) = d—rl + rd—1
and 6 to be a unit vector in the direction of increasing 6 ! ! ! !
(anticlockwise direction). From Fig.2.30, we have — i1 4 ri = i) + 106,
ry = cos 0+ sin 0] Hence, the velocity is (Fig.2.31)
and v =ir + r6; 2.21)

01 = —sin6i + cosfj

Unlike the rectangular unit vectors, the polar unit vectors are
not fixed in direction. Their direction changes as the particle
moves along some path. Therefore, when finding the velocity
and acceleration of a particle the derivatives of the polar unit
vectors must be considered. The position vector of the particle
is given by

r=rr

To find the velocity in terms of the polar unit vectors let us
differentiate r| and #; with respect to time. That gives

r dry si 9d9i+co Gdg'
= — = —SInv— SU—
! dt dt dt']
do .
=0— =60
ldt 1

We may write
vV =v,r] +vob1

where v, = 7 and vy = rf and v = ,/v,2 —i—vg. The total
acceleration is

d d . . .. ..
a=S% = Z (it 4760)) = Fri+if) +100, +r50, +r06)

dt dt

= Fri + 1(001) + 1601 + r60; + ré(—06r1)
a=(—ré>r + (rd +2i6)6; (2.22)
or
a=a,r| +apth

where

ar = (F — r6?)
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Fig.2.31 Unlike the rectangular
unit vectors, the polar unit vectors
are not fixed in direction. Their
direction changes as the particle
moves along some path

I 0, J
I I

0,

and
ag = (rf + 210)

S ) 2
a=,/a; +ag

Example 2.20 If a particle moves in a plane according to the
expressions 6 = 0.37 4 0.2¢> and r = 0.5¢ + 0.4¢2. Find its
velocity and acceleration at t = 2 s

and

Solution2.20 Att = 2 5,60 = 0.3t + 0.2t> = 1.4 rad,
6 = 03+04r = 1.1 rad/s and § = 0.4 rad/s2. Also
r=054+04> =26 mi=05+0.8 = 2.1 m/s and
# = 0.8 m/s2. Therefore

v =r=2.1m/s

vg =rf = (2.6 m)(1.1rad/s) = 2.9 m/s

V= \/vf +v3 = \/(2.1 m/s)2 + (2.9 m/s)2 =3.6 m/s
and

ar =¥ —r6% = (0.8 m/s%) — (2.6 m)(1.1rad/s)? = —2.35 m/s>

ap = ré+276 = (2.6 m)(0.4 rad/s2) +2(2.1 m/s)(1.1 rad/s) = 5.7 m/s?

a=,/a? +a} = \/(—2.35 m/s2)2 + (5.7 m/s2)2 = 6.2 m/s®

x(m)

1 2 3 4

Hs)

(P
=
~1
So
L =]

Fig.2.32 An object moving in one dimension along the x-axis

x(m)

g L st Dy )
>

t(s)

Fig.2.33 The position-time graph of a particle moving along the x-axis

Problems

1. A sports car moves around a circular track of radius of
100m. If the car makes one round in 75s, find the car’s
(a) average speed (b) average velocity.

2. An object is moving in one dimension along the x-
axis according to Fig.2.32. Describe the motion of the
object.
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v(m/s)

LV =

21+ /2345678 910
-44
]

ts)

3

Fig.2.34 The speed of a motorcyclist varying with time

Fig.
path

Fig.2.36 An aircraft tracked by
a radar coordinates

3.

B
C
A

2.35 A car moves at a constant speed of 40 km/h along curved

The position—time graph of a particle moving along the
x-axis is shown in Fig.2.33. Find (a) the average veloc-
ity between a and b(b) the instantaneous velocity at a, b,
and c.

A motorist drives along a straight-line road. His speed
varies with time according to Fig.2.34. Sketch the posi-
tion versus time and acceleration versus time graphs of
the motorist.

10.

11.

. A particle moves along the curve defined by x = 5S¢~ and

y = sin 5¢. Find the position, velocity and acceleration
of the particle at any time.

. A car moves at constant speed of 40km /h along the road

shown in Fig. 2.35. If the radius of curvature at A is 350 m
and the total acceleration of the car at B is Im/s?, find (a)
the total acceleration of the car at A and C(b) the radius
of curvature at B.(Hint: the radius of curvature at C is
infinite).

. A body with initial speed of 15m/s undergoes a uniform

acceleration of —2m/s?. Find the elapsed time and the
distance it traveled when it reaches a speed of 3m/s.

. A stone is thrown downwards from a height of 10 m. Find

its initial speed if it reaches the ground after Is.

. A block is thrown horizontally from the top of a cliff

that is 30m high with a speed of 10m/s. Find (a) the
block’s magnitude of displacement from the origin and
its velocity after 1.5 s, (b) the horizontal distance from the
releasing point to where the block hits the ground.(Hint:
the magnitude of displacement from the origin is d =
VxZ 4 y2).

A river has a uniform speed of 0.5 m/s due east. If a boat
travels east at a speed of 3 m/s relative to the water, find
the time it takes the boat to travel a distance of 1100km
and return to its starting point.

An aircraft is tracked by a radar (see Fig.2.36). If at a
certain instant the radar measurements give r = 7 X
10*m, r=1000m/s, ¥=7m/s?, 0=45° 6=
0.6 deg /s, and § = 0.02 deg /s%. Find the velocity and
acceleration of the airplane at that instant.
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