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Abstract This chapter presents the emergence of research in didactics of mathemat-
ics in the former Czechoslovakia and gives a glimpse at its present state. It is done
against the background of the history of schooling in the area and with respect to
international influences such as the NewMath movement. Due to a limited access to
international research prior to the Velvet Revolution in 1989, Czechoslovak research
developed relatively independently, yet its character was similar to that of the West.
An overview of research after the Revolution is divided into four streams: devel-
opment of theories, knowledge and education of teachers, classroom research, and
pupils’ reasoning in mathematics. Each stream is described by relevant work by
Czech and Slovak researchers (with a focus on empirical research) and illustrated by
publications.
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7.1 Introduction

7.1.1 Aim of the Chapter1

The aimof the chapter is to present roots andmilestones in the origin and development
of didactics of mathematics (mathematics education) as a science in the countries
of the former Czechoslovakia. We base our ideas on a brief history of schooling
and teacher education in the region. Next, we present how situations and events
accompanying the emerging field of didactics of mathematics in other countries
influenced the situation in our region.

The description of gradually developing research inmathematics education is nat-
urally divided into two periods. The first period starts around the 1960s and ends with
the Velvet Revolution2 in 1989. The communist government at that time influenced
all aspects of life, including research. Access of Czech and Slovak researchers to
international research was very limited, so the field evolved in its own way. Unlike
in many other fields, the work in mathematics education was little influenced by
ideology. The second period spans the time after 1989 when mathematics education
could develop freely and connect to international research.

The overview of research in the past 25 years or so strives to highlight the main
research streams in both countries. We scrutinised publications of Czech and Slovak
researchers to find their focuses and results. Some of them will only be mentioned,
while others that we consider to be substantial are described in more detail. Finally,
we briefly describe the main perspectives and challenges of mathematics education
research as we experience them in the Czech Republic (CZ) and partially in Slovakia
(SK).3

1The basis of the text is a chapter in a Czech book about the field didactics written by the same
authors in 2015 (Vondrová, Novotná & Tichá 2015). However, it has been substantially modified
and augmented to include Slovak research and new research streams and to and to provide
information to an international an international rather than a national audience.
2The Velvet Revolution was a non-violent transition of power in what was then Czechoslovakia.
Demonstrations against the one-party government of the Communist Party of Czechoslovakia com-
bined students and dissidents. The Revolution ended 41 years of one-party rule and began the dis-
mantling of the planned economy and conversion to a parliamentary republic (https://en.wikipedia.
org/wiki/Velvet_Revolution).
3For the sake of brevity, wewill use acronymsCZ and SKwhenwe refer to the respective parts of the
former Czechoslovakia (which formally ended in 1992) or to the two newly established countries,
Czech Republic and Slovak Republic after 1992.

https://en.wikipedia.org/wiki/Velvet_Revolution
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7.1.2 Brief History of Schooling and Teacher Education
in the Region

Before looking at research in didactics of mathematics, we briefly present milestones
of schooling and teacher education in the countries of the former Czechoslovakia
as they highlight roots from which research not only in mathematics education has
grown.

First, we must mention the personality of Jan Amos Comenius (1592–1670), who
became the main representative of a socially committed pedagogy, particularly in
Northern Europe. In his major workDidactica magna (The Great Didactic, 1657), he
developed pedagogical principles that deeply influenced education inmanyEuropean
countries. According to Comenius, education should be: (a) universal, regardless of
sex or financial means, and it is the state’s task to ensure this; (b) realistic and ideas
should at every step be grounded in reality; c) physical as well as mental and moral;
and (d) practical, accompanied by action and practice. Moreover, (e) more science
should be taught with the advancing age of the students, and (f) all education and
knowledge should be directed to improving character and piety in the individual and
order and happiness in the state (Jackson, 2011). Comenius attributed themain role to
teachers. It was their task to ‘provide interest and an atmosphere in the classroom in
which the child will wish to learn’ and ‘to permit the child to observe for himself and
arrange for the child to have direct experience in learning by doing’ (Jackson, 2011,
p. 99). Comenius’s other influential texts such as Orbis Pictus (or Orbis Sensualium
Pictus; The Visible World in Pictures, 1658) and Schola Ludus (Playful School,
1654) develop his pedagogical principles further. His ability to elaborate a genuinely
pedagogical interpretation of didactics led to the establishment of pedagogy ‘as a
truly independent science based on criteria and principles epistemologically and
gnosiologically’ (Maviglia, 2016, p. 59).

Comenius’s ideas continue to inspire teachers and researchers world-wide even
today and they can indeed be seen in reform efforts throughout the history of CZ
and SK, even though their implementation was not entirely successful. As early as
1774, six-year school attendance had already become compulsory in our region,
which was accompanied by the onset of organised teacher preparation in the form
of several-month courses. In 1868, an act was passed according to which primary
school teachers were educated in four-year teacher education institutes (Mikulčák,
2010). It was a form of secondary education, accepting students after three years of
secondary schooling, that contributed to considerable enhancing of teacher education
standards. Graduation from these institutes and passing of ‘maturita’ (school leaving
examination) did not constitute the full qualification. Prospective teachers had to
complete practical education and pass an examination in pedagogical competence
to acquire a professional qualification. Already at that time, teachers tried to elevate
their education to a university level. Their efforts were supported by G. A. Lindner,
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a professor of pedagogy at the Faculty of Arts at Charles University,4 and others
(Vališová & Kasíková, 2011). However, after the establishment of Czechoslovakia
in 1918,5 the Ministry of Education as well as general public took a negative stance
towards it. Consequently, primary teachers, supported by some university teachers
of pedagogy, established a private School of High Pedagogical Studies using their
own resources. Its two-year study program followed the study at a teacher education
institute.

The preparation of secondary teachers was different. In the second half of the
19th century, teachers already had to take courses at faculties of arts or faculties of
sciences. Their study mostly consisted of subject preparation and in some years also
included a year of teaching finished by a practical examination (Mikulčák, 2010).
Unlike primary teachers, secondary teachers complained about a lack of preparation
in psychology and pedagogy.

The free development of schools and teacher preparation was disrupted by the
SecondWorldWar, the period of German pressure on schools, and by the communist
coup in 1948. After that, pedagogy was subordinated to ideologisation and to the
Marxist-Leninist conception of scientific communism (part of which was also the
communist conception of undifferentiated education). For more than 40 years (with
some breaks such as the Prague Spring in 1968), there was a strong influence of the
Soviet conception.

In 1946, provisions were set down for the establishment of faculties of education,
mostly under universities, which educated primary teachers, so teachers of all levels
of schooling were educated at the university level. However, already in 1953, the fac-
ulties were closed and, in 1959, institutes of education were set up bearing the title
of regional universities. Faculties of education were brought into existence again in
1964 and have continued until today.Until 1989, teacher education inCzechoslovakia
was unified at all faculties educating teachers. Not only the curricula, the textbooks
and learning texts, but also the number of lessons, time allotment and students’
duties were identical. The number of contact hours and study controls was rigor-
ously defined and for future primary teachers divided into three approximately equal
parts: one third was allocated for common background studies including pedagogy,
psychology and teaching practicum, and the other two thirds were equally divided
between two disciplines for which students were to be qualified. Future elementary
teachers have since been educated as generalist teachers with an option to specialize
in areas such as art, physical education and music.

4Charles University, one of the oldest European Universities, was founded in 1348. It was modelled
on the universities in Bologna and Paris. The first university in the Slovak territory, Academia
Istropolitana, was established in Bratislava in 1467; unfortunately, it lasted only about 20 years.
5After 1918, the educational systems of both main parts of Czechoslovakia also became very close
because there was a lack of qualified Slovak teachers. That is why many Czech teachers came to
Slovakia to teach between 1918 and 1939.
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7.2 Emergence of Didactics of Mathematics as a Science

In this section, some important milestones in the development of mathematics edu-
cation (or the didactics of mathematics as it is called in CZ and SK) are described,
both at an international and a national level. For the international level, only those
aspects that substantially influenced the Czechoslovak (and later Czech and Slovak)
research will be mentioned. By ‘national perspective’ we mean the Czechoslovak
perspective.

7.2.1 International Perspective

The main characteristic of research in mathematics education in Czechoslovakia
before 1989was a very limited access to international research. Few researchers could
travel abroad toWestern countries to conferences, stay at foreignuniversities andhave
access to international proceedings and journals. Yet, some links were established.
For example, there were mutual visits at universities: Researchers, mostly from the
Faculty ofMathematics and Physics, CharlesUniversity, went toGermany (J. Šedivý,
O. Odvárko, L. Boček, J. Mikulčák and others) and vice versa (H. G. Steiner, R.
Stowasser, E.Wittmann and others). A fewCzech or Slovak people were members of
the scientific board or the editorial board ofZentralblatt für Didaktik der Mathematik.

The establishment of international organisations and conferences was indeed
important for the development of mathematics education internationally and to some
extent influenced the onset of research in Czechoslovakia. For example, a small num-
ber of researchers attended events such as ICMEs (the International Congresses on
Mathematical Education), and reports were published in the Czechoslovak jour-
nals (e.g., Ripková & Šedivý, 1986), or meetings of the International Mathematical
Olympiad (e.g., J. Vyšín and academician J. Novák). An important event for the
Czechoslovak research in mathematics education was the organisation of the Inter-
national Symposium on Research and Development in Mathematics Education in
Bratislava in 1988 and the publication of the proceedings6 (see Steiner & Hejný,
1988). This was a rare event allowed by the communist authorities at that time.

By far the strongest influence on mathematics education, not only in Czechoslo-
vakia, came from the New Math movement. Its spread in the country was heavily
supported by Czechoslovak mathematicians and mathematics educators. This is doc-
umented, for example, by articles published inCzech journals byM. Jelínek, J. Šedivý
and J. Vyšín, which influenced the movement in Czechoslovakia (see Sect. 7.2.2).

Regardless of the limited access to international results in Czechoslovakia,
some researchers and their work profoundly influenced mathematics education
research in Czechoslovakia (and continue to do so).7 First, we must mention

6The conference had two follow-up meetings.
7Many of the seminal books on mathematics education were available to CZ and SK researchers in
Russian translations only (e.g., G. Polya: Kak resat zadacu).
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the work by H. Freudenthal (the concept of guided reinvention, 1972, 1986,
1991). Much input came from Polish and Hungarian mathematicians and math-
ematics educators such as Z. Krygowská (1977), Z. Semadeni (1985), S. Tur-
nau (1980), G. Polya (1945) and T. Varga (1976). Among others, we will
mention E. Castelnuovo from Italy (New Math movement), G. Brousseau from
France (1997)8 and E. Wittmann from Germany (Project Mathe 2000; mathe-
matics education as a design science and the idea of substantial learning envi-
ronments, 1981). Obviously, we only mention researchers whose influence in
the former Czechoslovakia can clearly be seen in publications and presentations
of CZ and SK researchers. There were certainly others whose work influenced
research in mathematics education for individuals and who cannot all be listed
here.

In the next section, we will elaborate on the roots of mathematics education
research from the national perspective, which comprises both countries in question.

7.2.2 National Perspective

In the first half of the 20th century, we cannot yet speak about scientific work inmath-
ematics education. In Czechoslovakia, there was no specific institution or workplace
whose task would have been to work in mathematics education, especially since it
was not part of teacher education. The only books dealing with mathematics educa-
tion issues were textbooks for pedagogical institutes such as K. Hruša’sMethodology
of Counting (1962). Many distinguished mathematicians were interested in educa-
tion, which can be seen in their authorship of mathematics textbooks. For example,
B. Bydžovský and J. Vojtěch published textbooks in the first half of the 20th century
and E. Čech during the SecondWorldWar. From today’s perspective, it is interesting
that E. Čech valued the mathematical knowledge of mathematics teachers and also
emphasised that how we teach is important, not only what we teach (Vyšín, 1980).

The interest of CZ and SK mathematicians in education and the responsibility
they felt for it showed itself during the New Math movement, which appeared in
the Czechoslovak context as modernisation of teaching mathematics. The Union
of Czechoslovak Mathematicians and Physicists (or in some times of its history,
Czech)9 took the initiative and organised seminars and conferences (some of which

8Some parts of G. Brousseau’s work (e.g., 1997) were translated into Slovak by I. Trenčanský et al.
in 2011 and into Czech by J. Novotná and colleagues in 2012.
9This was founded in 1862 as the Verein fur freie Vorträge aus der Mathematik und Physik (Club
for Free Lectures in Mathematics and Physics), and in 1869 it was renamed Jednota českých
mathematiků (Union of Czech Mathematicians). It has always united both mathematicians and
mathematics teachers. Itwas also a foundingmember of theEuropeanMathematical Society.Among
other activities, the Union publishes scientific journals. It started to publish Časopis pro pěstování
matematiky a fyziky (Journal for Fostering Mathematics and Physics) in 1872 (it exists to this day
under the name Mathematica Bohemica). In 1922, it established a journal for secondary pupils
called Rozhledy matematicko-fyzikální (Mathematics-Physics Horizons) and in 1948 a journal for
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still exist today), both in CZ and SK, where these issues were discussed. Renowned
mathematicians such as E. Čech, V. Kořínek, J. Kurzweil, T. Šalát, M. Kolibiar
and M. Švec supported the movement. More importantly, the Union established
the Department for Modernisation of Teaching Mathematics and Physics, whose
mathematical part became part of the Mathematical Institute of the Czechoslovak
Academyof Sciences in 1969. The goal of theDepartmentwas to support cooperation
among researchers. Its research paradigm gradually developed, which was reflected
in the change of its name to the Department for the Didactics of Mathematics in the
early 1980s.

In the 1960s and 1970s, many articles and bookswere published about modernisa-
tion that concerned not only themethods of teaching but alsomathematics education.
Moreover, research work in mathematics education was included in the State Plan of
Fundamental Research, and, in 1965, scientific education in the theory of teaching
mathematics10 was established, which can be understood as the official beginning of
scientific research in mathematics education in Czechoslovakia. Dissertation theses
in this new field were to include the following sections, which, in fact, correspond
to current requirements: the current state of the problem, goals, methods, results
and conclusions, including recommendations for future research. Some examples of
research in mathematics education before 1989 are given in Sect. 7.2.3.

After the Velvet Revolution in 1989, researchers in mathematics education from
Czechoslovakia became more active internationally. The foundation of the Euro-
pean Society for Research in Mathematics Education (ERME) in 1997 already
had Czech and Slovak participation. Some researchers became members of edi-
torial boards of journals (such as Educational Studies in Mathematics, Journal of
Mathematics Teacher Education and The Mediterranean Journal for Research in
Mathematics Education) and started to work on common projects with researchers
from abroad; important international conferences were organised in CZ (SEMT,
1991–2017; ERCME, 1997; PME, 2006; ESU5, 2007; CIEAEM, 2006; CERME,
2001 and 2015, and YERME Summer School, 2004 and 2016). Researchers became
members of international teams working on a common topic such as the Learner’s
Perspective Study (see Sect. 7.3.4) or the Lexicon Project (Clarke et al., 2016).

To sum up, in this section, we saw one of the four features identified as relevant
for European didactic traditions, namely the importance of the strong connection
of mathematics education research with mathematics and mathematicians (see Sect.
1.2). Czech and Slovak mathematicians indeed felt responsibility for the teaching
of mathematics, were authors of textbooks, participated in the education of mathe-
matics teachers and actively helped to introduce New Math principles in the former
Czechoslovakia. Moreover, one of the roots of mathematics education research is
based in the Institute of Mathematics of the Czech (Czechoslovak) Academy of
Sciences, with which the first researchers in mathematics education were affiliated.

mathematics teachers, Matematika a fysika ve škole (Mathematics and Physics in School), which
still exists under a slightly different name. Articles from these journals are currently freely available
online in a digital mathematical library (www.dml.cz).
10Until then, researchers had to get academic degrees in mathematics or pedagogy.

http://www.dml.cz
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7.2.3 Czechoslovak Research in Mathematics Education
Before 1989

An important feature of emerging research in mathematics education was, probably
thanks to its growth from practical issues (to verify new ways of teaching within the
modernisation movement), the idea that research on teaching and curricular research
had to be carried out in parallel. Changes in teaching practice needed to be combined
with proper and long-term research (e.g., Kraemer, 1986). It was felt that research
must be done both on the theoretical and practical levels:

‘fundamental research in teaching mathematics’ and ‘the didactics of mathematics’ can be
seen as two fields living in a tight symbiosis…. Fundamental research is, in fact, experimental
didactics and the theory of teaching mathematics is enriched by its results. On the contrary,
whendoing fundamental research, all present results from the theory andpractices of teaching
mathematics are used. (Vyšín, 1976, p. 582; authors’ emphasis)

Thus, research focused on the construction, implementation and evaluation of
curricula. Experimental textbooks were written and implemented at least three times
and their use was rigorously evaluated, in the spirit of the present idea of design
experiments.

For example, at the time of modernisation, new teaching texts were written for
Grades 1–3 and used in teaching at experimental schools established throughout
Czechoslovakia. Teachers were not only educated to master the new material but
also to acquire new teaching methods. Pupils were given tests to see what they
learned from the new texts and results were mostly elaborated in a quantitative
way (with some exceptions involving qualitative research through interviews with
pupils). A 100-page research report was written by researchers from the Department
of the Didactics of Mathematics of the Mathematical Institute of the Czechoslo-
vak Academy of Sciences (such as J. Kittler, M. Koman, F. Kuřina and M. Tichá),
depicting the theoretical background and course of the teaching experiments with
their results. A substantial part of the report consisted of conclusions highlighting
necessary changes in the teaching material and its implementation and recommen-
dations for further research. This report was reviewed by four reviewers and openly
defended before stakeholders (including teachers) in 1973. Similarly, a report which
concerned Grades 6–9 was defended in 1977 and a report for Grades 1–5 in 1987.
Alongside this more substantial research, small-scale experiments were carried out
that aimed at specific topics such as geometry, number sense and assessment (e.g.,
Vyšín, 1972).

It must be stressed, however, that therewere two branches of research before 1989.
The first was applied research realised by the Research Institute of Pedagogy and by
the Research Institute of Vocational Education: Its focus was on the change of the
curriculum. Fundamental research was realised by the Czechoslovak Academy of
Sciences (including the Mathematical Institute with its Department of the Didactics
of Mathematics11) and by some universities, and attempts were made to connect it

11It had a small number of its own researchers but cooperated with a number of researchers from
universities and with mathematics teachers.
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to applied research. The above-mentioned duality probably caused these efforts not
to be entirely successful. There was no adequate reaction to the results of NewMath
research abroad and of local fundamental research that pointed out weak points of
the New Math movement. Teaching based on set theory that influenced the West
in the 1960s was introduced to schools in Czechoslovakia in 1976. However, at the
same time, in schools connected to the Department of the Didactics of Mathematics,
new teaching texts were already being prepared based on results from experimental
teaching between 1965 and 1972 (as given in the reports mentioned above), and
teaching with a set as a central concept was gradually abandoned there.

In the next period of fundamental research, when a new model of mathematical
education was being sought, more attention was paid to psychological and peda-
gogical aspects. Its idea was that the experience pupils had before coming to school
should be used more and the style of work at school should be more active. Pupils
should be encouraged to work with both non-mathematical and mathematical mod-
els to acquire deep understanding of mathematical concepts. In school mathematics,
there was a shift from syntactic (structural) to semantic (genetic) conceptions. For
example, the ideas of assigning, dependence and variability became central when
teaching functions. Explicit connections were made between school mathematics,
the real world and other school subjects (Koman & Tichá, 1986, 1988).

A two-way connectionbetweenmathematics and real-world issueswas in the heart
of ‘task environments’ elaborated by J. Vyšín andM. Koman. Their focus was not on
the application of mathematics in pupils’ worlds only but also on impulses coming
from the pupils’ worlds for the building of mathematics. Vyšín (1973) emphasised
that we should not teach the application of mathematics but rather mathematics that
can be applied. Interestingly, Freudenthal (1991) says something similar: ‘Apply-
ing mathematics is not learned through teaching applications. The so-called applied
mathematics lacks mathematics’ greatest virtue, its flexibility. Ready-made applica-
tions are anti-didactical.’ (p. 85)

At the beginning of the 1980s, the main areas and characteristics of experimental
teaching and the conception of fundamental research for the period 1981–1990 were
formulated by themembers of theDepartment of theDidactics ofMathematics. These
consisted, among others, of lowering factual teaching, elaborating a psychological-
genetic approach, more focus on mathematical methods (problem-solving methods),
so-calledmathematical laboratories12 and problem teaching, and conducting research
on introducing calculators in teaching mathematics. On the state level, teams of
5–10 researchers from universities, the Mathematical Institute and schools were
formed, and each team suggested a research problem the team wanted to solve.
Some examples were a team led byM. Koman that studied functions (e.g., Koman &
Tichá, 1986), a team led by F. Kuřina that focused on geometry (e.g., Kuřina, 1976;

12Mathematical laboratories consisted of methods that helped pupils become active and in which a
teacher encouraged their discovery, experimenting etc. Nowadays, we would speak about inquiry
teaching as a constructivist approach to teaching. Mathematical laboratories remained mostly in
theory and existed in experimental schools affiliated with the Mathematical Institute.



196 J. Novotná et al.

Koman et al., 1986) and a team led by M. Hejný that developed the methodology of
research (Hejný et al., 1988).

Before 1989, important sources of new ideas in mathematics education were
dissertation theses in the above-mentioned theory of the teaching of mathematics.
An example is M. Tichá’s unpublished dissertation from 1982 called To Strategies of
Problem Solving in Teaching Pupils Mathematics at the Lower Secondary School. It
concerned the evaluation of the use of a pilot text of J. Vyšín (Propositional Forms):
Its goal was to find out whether, by a suitable organisation of learning conditions,
pupils were not only able to master problem-solving methods but were also able
to work creatively with these methods. The author used a mixed methodology of
research that combined a written test with interviews of 65 randomly selected pupils.
The work showed, among other things, that the graphic method helps pupils to solve
word problems on movement and that even though the teacher usually emphasises
a calculation method for these problems (a system of equations), pupils use insight
(common sense) first, experiments next and finally equations. Research on pupils
and their reasoning started to be a major focus.

A work unique in its size, character and impact was published by Slovak
researchers,M.Hejný and colleagues in 1988.13 It is a comprehensive book addressed
to teachers, teacher educators and researchers. It covers all parts of secondary school
mathematics in amathematics-didactic way. Not only are there suggestions for teach-
ing the appropriate subjectmatter, these suggestions are also documented by teaching
experiments and interviewswith pupils and teachers and augmented bymathematical
problems to solve (some of which are quite complex). The didactic elaboration of
topics is framed by a concept-development theory called later the theory of generic
models (see Sect. 7.3.2). The authors managed to connect the mathematical, method-
ical, pedagogical and psychological aspects of mathematics education in a way that
has inspired new researchers since. The book is still used for the education of future
mathematics teachers and Ph.D. students in mathematics education.

Until 1989, the tendency in CZ and SK research went through a series of changes
of focus: a one-sided emphasis on mathematical content, the contribution of mathe-
matical education to the education of pupils and teachers, the teachers’ and pupils’
role in the teaching-learning process, pupils’ mathematical culture, the professional-
ization of teachers’ work, and similar aspects. After the Revolution, the character of
researchworkhas changed in the samewayas opportunities have arisen such as access
to international literature and research communities or grant projects. However, the
experience from fundamental research realised before 1989 positively influenced
mathematics educators’ competence to carry out research. Unlike in most fields of
didactics in CZ and SK, in which research had to be established from scratch after
1989, research in mathematics education has never really been disrupted, regardless
of the difficulties researchers met under the communist regime.

13As the leading author had problems under the communist regime and could not publish freely,
the book was published as a second volume to show that it was a sequel to the existing book Teória
vyučovania matematiky 1 and thus must be published. But, in fact, it is a stand-alone book, not
connected to its namesake.
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To sum up, in this section we saw two more of the four features identified as
relevant for European didactic traditions (see Sects. 1.4 and 1.5). First, a key role of
design activities for learning and of teaching environments can already be seen in
the design and testing of materials for the New Math movement, and it remains so
until today. In our tradition, we can also distinguish an empirical turn similar to the
German one (see Sect. 5.2.3), from ‘Stoffdidaktik’ focusing strongly onmathematical
content for direct use in lessons to design activities done to study the effect of
didactic variables in classroom experiments. Again, the NewMathmovement greatly
contributed to this change. Second, another feature of the Czechoslovak tradition is
the basis in empirical researchusingvarious researchmethods.The research is usually
on a small scale, and before 1989 it was strongly connected to the experimental
primary schools mentioned above.

7.3 Mathematics Education Research in the Czech
Republic and in Slovakia After 1989

Since the political change in 1989, the field of mathematics education has developed
against a backgroundof big changes in education and teacher education brought about
by reform efforts. Theseweremostly promoted by educationalists, so naturally,many
of Comenius’s ideas can be found in their background in CZ. For example, the key
policy document, the National Programme for the Development of Education in the
Czech Republic, the so-called White Paper (2001), strives to revive Comenius’s plea
for universal education and brings forward principles that would ensure an access to
education to every single individual regardless of age, class, gender and nationality.
Even more profound was the (unvoiced) influence of Comenius’s ideas on the main
curricular documents, the Framework Educational Programmes, mainly in the con-
ception of key competences that the school should develop. For example, learning
competencies and problem-solving competencies are based on Comenius’s princi-
ple of systematicity, autonomy and activity (Smílková & Balvín, 2016). The other
competencies (communication, social and personal, civil andworking competencies)
are directly linked to Comenius’s principles. The same is true for cross-curricular
subjects that are introduced in the documents and that make an inseparable part of
basic education and represent its important formative element, namely, personal and
social education, democratic citizenship, education towards thinking in European
and global contexts, multicultural education and environmental education.

Comenius and his work are alive in CZ, not only in works of researchers from the
Department of Comenius Studies in the Czech Academy of Sciences. His ideas are
not only embedded in textbooks for university studies of future teachers but also in
disciplines such as social pedagogy, philosophy and religion. Comenius’s influence
in mathematics education can be traced as well even though it is not always stated;
his ideas are embodied in the milieu within which researchers work. Researchers
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often refer to Comenius’s work when promoting visualisation in teaching, learning
by doing and by using several senses, learning by playing, and the like, or life-long
learning.

7.3.1 Methodology

In the last 25 years or so, research in former Czechoslovakia has been rather diver-
sified. The common history of the Czech Republic and Slovakia was disconnected
in 1993 when Czechoslovakia was separated into two countries: the Czech Republic
and the Slovak Republic, who have had independent developments. Due to the same
roots, educational systems and teacher education in both countries are still close, and
naturally there is cooperation among researchers from both countries. Thus, we can
present research in both countries together.

Roughly, the research can be divided into three branches. The first one is orientated
towards the study of thinking processes of pupils and teachers, communication in
teaching and learning mathematics, climate of the classroom, and the whole socio-
cultural context. The second branch is on investigating curriculum, mathematical
content, textbooks and so on. Obviously, these two branches are closely connected,
even though sometimes the connection is not considered in CZ and SK research.
The third branch focuses on the history of mathematical ideas and strives to find
inspirations for mathematical education in it. This chapter mostly concentrates on
thefirst branch because its basis ismainly empirical research, and quality publications
in English are available. It will be divided into four streams, in which main research
studies will be briefly summarised and illustrated by representative examples of
publications. We have given priority to English or German publications originating
from a particular research study (if they exist at all) over Czech or Slovak ones even
when the latter are newer or more comprehensive so that an international audience
can have access to them. Naturally, some research sits at the border of our identified
streams; for example, sometimes pupils’ reasoning is studied in relation to teachers’
knowledge. Nevertheless, we decided to make these distinctions for the sake of
clarity.

When trying to distinguish main research topics and to find relevant publications
by CZ and SK authors, we scrutinised scientific journals, proceedings of interna-
tional conferences and books to which we had access. We searched the database of
prestigious research projects awarded by the Grant Agency of the Czech Republic
(GA ČR) and its Slovak counterpart, the Scientific Grant Agency of the Ministry
of Education of the Slovak Republic (VEGA). For the Czech part, we also used
results of a survey conducted in 2013 at all universities educating future mathemat-
ics teachers done by the former Accreditation Committee established by theMinistry
of Education, Youth and Sport. In this survey, the universities were asked to include
the most important publications on research in mathematics education written by
their employees. For the Slovak research, we contacted our research colleagues from
Slovakia to direct us to results of Slovak research that we were not familiar with.
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We do not present work done by Czech or Slovak researchers who have gone to
work abroad (such as J. Višňovská or J. Trgalová).

We realise that our description of the state of affairs must necessarily be incom-
plete. Research publications may result outside of awarded grant projects or outside
of universities educating mathematics teachers. Moreover, we base our consider-
ations on published results only and mostly on empirical research. There may be
on-going research without any publication known to us. Finally, we would like to
stress that the research described below should be understood as a continuation of
research up to the Velvet Revolution as described in previous sections.

7.3.2 Development of Theories

Another of the identified main features of European traditions (see Sect. 1.3) is the
key role of theory. Unlike the French tradition, in which research in mathematics
education has evolved around three basic theories (see Sect. 2.1.2), the situation in
CZ and SK is more diversified. However, we can say that most research is based on
the constructivist theory of learning, which has been elaborated in the local context
as didactic constructivism (Hejný & Kuřina, 2009). M. Hejný and F. Kuřina formu-
lated 10 principles of didactic constructivism that have influenced teaching, teacher
education and research in mathematics education in CZ and to a lesser extent in SK.
One of the principles is an emphasis on pupils’ mathematical activity consisting of
looking for things such as relationships, problem solving, generalising and argumen-
tation. Another is the creation of the kind of environment in a lesson that supports
creativity and is the basis of learning mathematics. The principles also stress the
importance of pupils’ mistakes and the way teachers can handle them to develop
pupils’ knowledge. This aspect has affected both research and teaching in CZ and
SK.

In terms of concept-development theories, by far the most influential one in CZ
and SK is the theory of generic models that was originally developed byM. Hejný in
Bratislava in the 1980s and later in Prague. Unfortunately, the theory is not described
in its entirety in English. The most comprehensive book about it is in Czech (Hejný,
2014). Elements of the theory are described in various publications such as Hejný
(2012), Hejný andKuřina (2009) and Stehlíková (2004). In brief, the theory describes
concept development in mathematics as consisting of several levels, beginning with
motivation, through the stage of isolatedmodels (concrete cases of future knowledge)
and the stage of generic models (which comprise all isolated models and can sub-
stitute for them) up to the abstract knowledge level.14 There are two shifts between
the stages: generalisation and abstraction. The latter is accompanied by a change in

14For example, when pupils solve a problem on generalising a pattern represented by several num-
bers, they first calculate several other elements of the sequence and thus work with isolated models.
Later, they can see a rule and are able to use it for the calculation of further elements: They have
found a processual generic model. Next, they are able to state in words how any element of the
sequence can be found without having to calculate the preceding elements: They have found a
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language (for example, the language of algebra is used). Crystallisation is the term
used for the process of connecting new concepts to old ones and using it to build new
knowledge in the future. Within this theory, insufficient understanding is captured by
the term mechanical understanding, which means knowledge that is not supported
by generic models and is mostly grasped by memory only.

This theory has been successfully used by researchers in CZ, SK and Poland for
the description of the construction of knowledge from different fields of mathematics
for pupils and students of different ages (e.g., Jirotková & Littler, 2002; Jirotková &
Slezáková, 2013; Krpec, 2016; Robová, 2012; Stehlíková, 2004; Vaníček, 2009).15

On the one hand, the theory has practical applications, the most prominent being a
new approach to teaching called scheme-based education (Hejný, 2012). On the other
hand, L. Kvasz embraced the theoretical foundations of the theory and the teaching
style based on it by formulating the principles of so-called genetic constructivism
(Kvasz, 2016) to show that it differs from radical constructivism with which it is
sometimes identified in the local context. L. Kvasz grounds his arguments in the
genetic approach to mathematics, which is based on a thorough understanding of the
history and epistemology of mathematics.

While the theory of generic models had to be described here, as it is mostly
rooted in CZ and SK, the other theories which are often used by Czech and Slo-
vak researchers do not require such a description. Very influential is the theory of
didactical situations developed by Brousseau (1997). The theory is mostly used by
J. Novotná and her collaborators in CZ and by I. Trenčanský, L. Rumanová and E.
Smiešková in SK. For the research aimed at future teachers, Shulman’s (1986) theory
is mostly used as well as Ball and colleagues’ practice-based theory of mathemati-
cal knowledge for teaching (Hill et al., 2008). Research focusing on a teacher’s use
of technology is carried out against the background of technological pedagogical
content knowledge (TPACK; Mishra & Koehler, 2006).

7.3.3 Knowledge and Education of Future Elementary
and Mathematics Teachers

Knowledge and education of future elementary and mathematics teachers have
attracted much attention in CZ and SK; however, much of it has been in the form
of theoretical studies or recommendations, which are not our focus here. In terms of
empirical research, one strand of research aims at mathematical knowledge for teach-
ing of future elementary teachers (Marcinek & Partová, 2011; Partová et al., 2013;
Samková & Hošpesová, 2015), for example, knowledge about geometric shapes,
which has been investigated within a VEGA project aimed at geometric conceptions

conceptual generic model. When they are able to write an algebraic expression for the nth term of
the sequence, they are at the abstract level.
15The theory has also been used in many dissertation and diploma theses.
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and misconceptions of both pre-school and school age children and future teachers
(Duatepe-Paksu et al., 2017; Žilková et al., 2015).

Another strand aims at pedagogical content knowledge of future teachers. First,
problem-posing competence of future teachers, understood as an educational, moti-
vational and diagnostic tool, has been studied in Tichá and Hošpesová (2013). Their
analysis of the problems posed by the students revealed, among other things, short-
comings in their conceptual understanding of some notions, especially fractions.
Classroom-based joint reflection became the means of re-education. Problem posing
of pre- and in-service teachers and the way they reflect on the posed problems has
been a focus of Hošpesová and Tichá (2015). They have confirmed, among other
things, that problem posing on its own is by no means a sufficient tool for the remedy
of teachers’ misconceptions. It works best in combinationwith reactions from others.
Some ways have been shown in which teacher educators can guide joint reflections
to achieve best results.

The second focus is on a professional vision of future teachers, both in terms of
their patterns of attention in general and attention to mathematics-specific phenom-
ena in particular (Vondrová & Žalská, 2015), and possibilities for the development
of a professional vision in a control versus experimental group intervention study
(Simpson, Vondrová & Žalská, 2018). While the latter study confirmed many results
of research on professional vision of future mathematics teachers in terms of their
pattern of attention (for example, more attention to the teacher than to the pupils,
more attention to pedagogical issues rather than to issues connected with the teach-
ing of mathematical content), it showed a markedly different development in student
teachers’ knowledge-based reasoning (unlike in related literature, there was no shift
towards interpretation of noticed events and issues).

The third focus is on future teachers’ TPACKor its aspects (Beňačka& Čeretková,
2015; Jančařík & Novotná, 2013; Kapounová et al., 2013). Finally, we will mention
skills and knowledge that future teachers should possess when teaching content
and language-integrated learning (CLIL), which refers to any learning context in
which content and language are integrated in order to fulfil specified educational
aims (Marsh & Langé, 1999). Moraová and Novotná’s (2005, 2017) research is an
example of examining ways of introducing this teaching strategy to future teachers.

Teachers’ teaching practices, beliefs and ideas are also topics of research. For
example, their views of what they consider critical parts of mathematics for their
pupils’ understanding and how they deal with them in their teaching were the centre
of attention in a GA ČR project (Rendl et al., 2013). According to teachers, pupils
tend to make more mistakes when more rules and procedures are learnt. When the
knowledge is needed for a task at a later time, there can be interference among the
variety of knowledge already learnt, and pupils have more tendency to fail if the
task does not include an explicit reference to the necessary knowledge and instead
the knowledge is only implied. The solution teachers have offered consists of further
revision and drill; however, it is not clear whether an intended goal of the revision and
drill is also to deepen conceptual understanding or whether there is an overreliance
on its spontaneous emergence.
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Teachers’ educational styles are investigated inHejný (2012) and Jirotková (2012).
The authors have developed (and applied) a diagnostic tool that can be used for the
characterisation of a teacher’s educational style. The tool consists of 20 parameters
divided into four areas: beliefs, experience, personality and abilities/competences.
The tool can be used for the development of the teacher’s teaching style as well.

Collective reflection has been studied as a means of influencing teachers’ beliefs.
The springboard of research on reflection was the cooperation with elementary
teachers that naturally led to action research and the study of its various concep-
tions, including its importance for collaborative continuing professional development
(Benke et al., 2008). Reflection is understood not only as one of the competences but
also as one of the ways of developing this competence. Tichá and Hošpesová (2006)
based their research on samples of teachers’ reflections and showed their gradual
development from merely being simple conversations based on intuitive perceptions
through searching for effective teaching approaches, to the deep assessment of math-
ematics teaching from the point of view of topics and their didactic elaboration, and
to suggestions for the teachers’ own experiments.

The cooperation between researchers and teachers is mainly focused on case stud-
ies (Jirotková, 2012; Tichá & Hošpesová, 2006), which document the developments
of teachers’ knowledge and beliefs. The question of teachers as researchers is inves-
tigated, for example, in Novotná et al. (2003) and in a broader context in Novotná
et al. (2013). The latter work focuses on teacher education and its development
and introduces, among other things, several categories of mathematics educators.
Observations are discussed as important means of learning in both teachers’ and
researchers’ practices.

7.3.4 Classroom Research

An interest in classroom research naturally stems from the need to understand sit-
uations that appear in the classroom and that enable the development of pupils’
mathematical knowledge.

First, we mention extensive classroom research within the Learner’s Perspective
Study project, whose goal has been to conduct international comparative studies
of teaching mathematics. Its characteristic feature is that 10 successive lessons are
video-recoded, described by artefacts and complemented by interviews with the
teacher and with some pupils. Results are published in a series of books in which
Czech researchers also have chapters (Binterová et al., 2006; Novotná & Hošpesová,
2010, 2013, 2014). The chapters include analyses of teaching situations from both
national and international perspectives. They bring insight into the outer and inner
stereotypes in lower-secondarymathematics lessons from the viewpoint of, for exam-
ple, classroom environment, algebraic competence and its development, coherence
between educational goals and school practice when teaching word problems, active
involvement of pupils in concept development and the like.
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Much research of processes in mathematical lessons has been conducted in CZ
in connection with doing trials of a specific way of teaching mathematics at the pri-
mary school level mentioned above, the so-called scheme-based education16 which
is developed in the research team around M. Hejný (Hejný, 2012, 2014; Jirotková
& Slezáková, 2013). This teaching is based on the above theory of generic mod-
els. Mathematical knowledge is built based on pupils’ active work within carefully
developed learning environments that permeate all grades of the primary school.
They meet the requirements of substantial learning environments as introduced by
Wittmann (1995). The teacher’s role in teaching mathematics is that of a facilitator.
The studies of scheme-based education are of an exploratory nature, bringing insight
into how pupils reason in mathematics during a lesson conducted in the frame of
scheme-based education (e.g., Jirotková & Slezáková, 2013; Krpec, 2016).

Classroom research also plays an important role in three research projects awarded
funding by GA ČR. The first investigated the development of mathematical literacy
at a primary school (Hošpesová et al., 2011). Among other things, the project pro-
vided reasons why we should emphasize links between and blending of a teacher’s
mathematical competences and didactic issues in that it justifies an emphasis on sys-
tematic practice in which pupils construct their ownmathematical world. The project
demonstrated the importance of the role that arithmetical, algebraic and geometric
models play in the development of notions of mathematical objects and relations
between them and in solving problems stemming from real-life situations.

The second project focused on the use of textbooks (not only in mathematics) at
lower-secondary schools (Sikorová, 2011). It showed, for example, that practising
mathematics teachers used the textbook mostly as ‘a source of the tasks’ and for
simple activities such as reading the text.

The third project aimed at the development of the culture of solving mathematical
problems in school practice. Its focus was pupils’ solving strategies, their reasoning,
mistakes and the use of research results in school practice (Eisenmann et al., 2015).
The research was longitudinal. Lower- and upper-secondary pupils were exposed to
the use of selected heuristic strategies inmathematical problem solving for a period of
16months.A toolwas developed that allows for the description of their ability to solve
problems and that consists of four components: intelligence, text comprehension,
creativity and the ability to use existing knowledge. After the experimental teaching,
the pupils appeared to considerably improve in the creativity component and there
was a positive change in their attitude to problem solving. The teaching style of the
teachers participating in the experiment showed a significant change towards a more
constructivist, inquiry-based approach and in their willingness to accept a pupil’s
non-standard approach to solving a problem.

Finally, we will mention intervention studies of an experimental versus control
group type,which are not frequent in publishedCZ and SK research17 (e.g., Sedláček,

16A scheme is understood in the sense of Gerrig (1991) as a memory structure that incorporates
clusters of information relevant to comprehension.Hejný’s conception of a schemebuilds onPiaget’s
conception and is close to Dubinský and McDonald’s (1999).
17Many studies only include an experimental group (e.g., Bero, 1993; Binterová & Fuchs, 2014).
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2009; Slavíčková, 2007). InCachová’s (2011) study, the experimental group ofGrade
1 pupils working with calculators performed the same as the control group working
without them in tasks and were more motivated than the control group. In Huclová
and Lombart’s study (2011), the experimental group of pupils working with software
only when learning about line symmetry picked up some unsuitable construction
steps based on the way the software made them perform these steps. Vankúš (2008)
investigated game-based learning mathematics and found that it improved pupils’
motivation and attitudes to mathematics but that there was no difference between the
experimental and control groups in terms of mathematics knowledge acquired.

7.3.5 Pupils’ Reasoning in Mathematics

Probably most attention in CZ and SK research has been devoted to pupils’ strate-
gies, reasoning,mistakes andmisconceptions in concrete parts ofmathematics. Some
examples of these areas of study are fractions (Tichá, 2000), geometric reasoning
and conceptions (Budínová, 2017; Kopáčová & Žilková, 2015; Pavlovičová & Bar-
cíková, 2013), non-sighted pupils’ perception of space and its objects (Kohanová,
2007), word problems ( Eisenmann et al., 2015; Hejný, 2006; Tichá&Koman, 1998),
solids (Jirotková & Littler, 2002), infinity (Cihlář et al., 2015; Jirotková, 1998), mea-
surement in geometry (Tůmová & Vondrová, 2017), representations of multiplica-
tion (Partová & Marcinek, 2015) and combinatorial problems strategies (Janáčková,
2006).

A GA ČR project (see Vondrová et al., 2015) focused on interviews with pupils
solving problems from critical areas of mathematics as identified by teachers (see
Sect. 7.3.3). Research revealed, among other things, a strong tendency of pupils
towards the use of formulas in geometry and preference to calculations over rea-
soning (which was not mentioned by the interviewed teachers). Deficiencies were
identified in the mental representation of a continuum of rational numbers, the con-
ceptual understanding of an algebraic expression as an object to be manipulated (as
opposed to procedural problems reported by the teachers), the breach of relation-
ships between theoretical and spatial-graphic spaces when interpreting and using a
picture in geometry, and the conceptual understanding of measure in geometry. A
serious problem was identified in word problems. There was no direct correspon-
dence between some language expressions and their mathematical descriptions in
numbers and variables. A relationship between language literacy and problem solv-
ing is currently being investigated within a new GA ČR project aimed at parameters
influencing the difficulty of word problems where only preliminary results have been
published (e.g., Vondrová, Novotná & Havlíčková, 2018).

On the one hand, research attention has been focused on pre-school children and
their reasoning. For example, problem solving and the diversity of pupils’ solutions
(Kaslová, 2017), geometric ideas (Kuřina, Tichá & Hošpesová, 1998), and chil-
dren discovering mathematical concepts and strategies in a learning environment
(Jirotková & Slezáková, 2013). On the other hand, the development of mathematical
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knowledge of university students has also been studied (Simpson&Stehlíková, 2006;
Stehlíková, 2004). For example, the former study documented that in the develop-
ment of an examples-to-generality pedagogy, an emphasis on the guidance of joint
attention is needed rather than the free-for-all of unguided discovery, that is, on
teachers and learners making sense of structures together, with the teacher able to
explicitly guide attention to those aspects of the structure that will be the basis of later
abstraction and to the links between the formal and general with specific examples.

A specific place in this stream of research is held bywork on the use of technology
in mathematics education. Many studies on this topic written by CZ and SK authors
have focused on a mathematical content and how it can be presented “better” or
“more easily” via technology. Mathematical problems have been suggested that can
be used in, for example, GeoGebra and sometimes given a trial with a small number
of participants. Such studies may function as springboards for empirical research and
are valuable in their own right for actual teaching. However, as they are not research
reports as such, we will not address them further here.

Two Czech comprehensive books on technology have influenced the field in CZ.
Vaníček (2009) presents ways dynamic geometry software can enhance the teach-
ing of mathematics and points to some perils of the software, using personal results
of teaching experiments and experience from teacher education. Against the back-
ground of pupils’ active learning of mathematics, Robová (2012) analysed results of
research on the use of ICT and presented a comprehensive account of the merits and
perils of ICT use in the teaching of mathematics. For the first time in CZ research,
she focuses on the use of internet material and forums in teaching. She argues that
the successful use of ICT must be accompanied by a change in a teacher’s teaching
styles, which is often not the case. Moreover, in Robová (2013), she presents skills
that pupils should develop to overcome the problems she identified in their use of ICT
tools. Examples are estimation skills, understanding dependence and congruence of
objects in a dynamic software, and zooming in and out.

7.4 Current Situation, Perspectives and Challenges

In this chapter, we strove to provide an international reader with a glimpse of the
current trends in research in mathematics education in the Czech Republic and in
Slovakia and the roots from which they stem. One of these can be found within
Comenius’s principles. Comenius’s influence can be traced not only in mathematics
education but in education in general. However, many of his ideas are taken for
granted by researchers in CZ and SK and often used without explicit reference to
their proponent. They are also well known among practising teachers, though more
often than not on the level of proclamation.

In CZ, research in mathematics education has mostly been concentrated around
faculties preparing teachers and in the Institute ofMathematics of theCzechAcademy
of Sciences. Nowadays, mathematics education is recognised as a scientific field.
There are doctoral studies in mathematics education and researchers can reach habil-
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itation or professorship in this field. Researchers have ample opportunities to present
their work at international conferences. There has been an effort to bring together
researchers from the didactics of different subjects to get new insights and develop a
common scientific language, with a view that fields with developed didactics such as
mathematics help the fields that have been newly established. One of the indicators
of this effort was the establishment of a scientific journal aimed at mathematics,
physics and sciences education: Scientia in educatione (www.scied.cz).

In addition, research in mathematics education must face old and new challenges.
The challenges include an insufficient number of grant projects to be awarded to
researchers in education (as opposed to researchers in sciences or medicine), a grow-
ing pressure on researchers to publish all the time (so that they put a lot of energy
into publishing partial results; prefer small-scale, short-term studies and do not have
enough time to devote to publishing studies aimed at using research results in prac-
tice), insufficient financialmeans for doctoral students, and a lack of career incentives
for them, which has had effects such as a decrease in the number of Ph.D. students,
and research in mathematics education not developing equally in all universities
educating teachers.

In termsofmathematics education research inCZandSK,we can see, for example,
the need to conduct long-termempirical research investigating the influence of certain
types of teaching (such as the above scheme-based teaching of mathematics, which
has been used by an increasing number of schools in CZ) on pupils’ mathematical
knowledge. More attention is needed on research on the upper-secondary school
level, as research of elementary and lower-secondary school levels prevails.

Muchwork inmathematics education inCZ andSKhas investigatedmathematical
content and its elaboration for teaching (especially in the context of teaching with the
help of technology) without taking into account pupils, teachers and the whole socio-
cultural context of the class and society. Proper methodology is needed. Moreover,
it seems to us that some studies do not build on existing research results in the
investigated topic, without which the field will not advance.

Another possibility for development can be seen in mutual cooperation among
researchers from different disciplines. While there has been enough contact with
mathematics, cooperation with pedagogy and psychology is needed. Teams of
researchers from these fields working on a common topic are not frequent in CZ
and SK.18

Finally, let us reiterate that even though we have tried to be as rigorous as possible
and ground the above account in publications available to us, the text naturally
represents our own personal perspective.
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18There have been some exceptions, for example, researchers from mathematics education, psy-
chology and linguistics cooperating within a GA ČR project on word problems, researchers from
linguistics and mathematics education working on CLIL issues and researchers from different fields
investigating professional vision of student teachers and possibilities for their development.
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Matematická gramotnost a vyučování matematice [Mathematical literacy and teaching mathe-
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Jackson, R. (2011). The origin of Camphill and the social pedagogic impulse. Educational Review,
63(1), 95–104. https://doi.org/10.1080/00131911.2010.510906.
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