Chapter 6 ®)
Didactics of Mathematics as a Research Geda
Field in Scandinavia

Frode Rgnning

Abstract This chapter presents an overview of the development of didactics of
mathematics as a research domain in the three Scandinavian countries, Denmark,
Norway and Sweden. This presentation is linked to the development of the school
system and teacher education. Some important trends that have been of particular
importance to each of the countries will be described and an account of the current
situation will be given. At the end there is a section about collaborative projects that
have taken place in the whole Nordic and Baltic area.
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6.1 Introduction

In this chapter I will present some important aspects of didactics of mathematics as
a research field in the three countries of Denmark, Norway and Sweden. The term
didactics of mathematics corresponds to the terms used in the national languages
about the research field: matematikdidaktik in Danish and Swedish and matem-
atikkdidaktikk in Norwegian. These terms correspond to mathematics education in
English. T will use the term mathematics education when I refer to the enterprise
where teaching and learning of mathematics takes place. It will not be possible to
cover the topic in full within the scope of the chapter, so what is presented will not
be an exhaustive account of all activity. I have based my presentation on available
literature, existing webpages, information that colleagues have kindly provided for
me upon request and my own knowledge of the situation.

I will refer to Denmark, Norway and Sweden as the Scandinavian countries. These
three countries share many similarities, both in the ways the societies are organised
and the values that are shared in areas such as democracy, equality and equity. In
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the way the school systems and teacher education are organised one can also find
many similarities between the three countries. Since didactics of mathematics is
linked closely to both school system and teacher education, it is natural that the
research field also shares many features across the countries. An aspect of some
relevance is also that the languages in the three countries are very similar and can
in general be used across the borders without major difficulties. Collaboration in the
region very often also includes Iceland and Finland, which, together with Norway,
Sweden and Denmark form the Nordic countries. In recent years, this collaboration
has increasingly also included the Baltic states (Estonia, Latvia and Lithuania). My
main presentation will not include Finland, Iceland and the Baltic states. However,
there are important events and institutions where it is obvious that they should be
included. The final section of the chapter is dedicated to an account of these.

After the Introduction (Sect. 6.1), I will present some historical background
(Sect. 6.2) and then give a presentation of the early development of didactics of
mathematics as a research field in Scandinavia (Sect. 6.3). Sections 6.4, 6.5 and 6.6
will present further development and more recent activity in the countries Denmark,
Norway and Sweden, respectively (presented in alphabetical order). Finally, Sect. 6.7
is devoted to common initiatives covering the whole Nordic and Baltic region.

Earlier attempts to give an overview of research in the Nordic region have been
made, for example, by Bjorkqvist (2003a), who made a list of research problems in
Nordic research on didactics of mathematics. The items from this list that are most
relevant for the Scandinavian countries are presented below.

— Research on realistic problem solving in mathematics

— Research on problem solving as an example of school mathematics as situated
practice

— Research on connecting the teaching of mathematics in elementary schools to
everyday experiences

— Research on the role of mathematics education in society and the political dimen-
sions of mathematics education

— Research on the effects of the hand-held calculators in mathematics education in
elementary school

— Research with a strong emphasis on understanding children with special difficulties
in mathematics

— Research in the phenomenographic paradigm

— Research on mathematical misconceptions and common errors in school mathe-
matics

— Research on strategies of students solving mathematical problems

— Research on mathematical operativity

— Research on women and mathematics (Bjorkqvist, 2003a).

In another report, where Bjorkqvist was commissioned to do a survey of research
in the field in Sweden (Bjorkqvist, 2003b), he mentions some areas that he finds
to be particularly prominent in Sweden. Two of these areas are phenomenographic
research and research on mathematics and democracy. Mathematics and democracy
is also an important field in the two other Scandinavian countries. I will discuss these
and some other areas in some detail later. Bjorkqvist’s reports may have presented a
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Table 6.1 Research paradigms

ESM | JRME NOMAD

Studies of learning and cognition, including problem-solving 10 6 5
strategies

Studies of outcomes of interventions, including teaching 5 8 2
approaches and experiments

Suggesting and implementing theoretical/analytic constructs or 7 1 3
frameworks

Uncovering beliefs, attitudes, affects or identities with teachers 6 0 4

and students

Table 6.2 Methodological approaches

ESM JRME NOMAD
Conceptual and theoretical | 10 1 3
investigations
Qualitative empirical 22 10 7
investigations
Quantitative empirical 6 6 7
investigations

fair description of the activity up to 2003, but, as will become clear later, the activity
has increased tremendously, so a similar list 15 years later would have become much
longer and more diverse. Also, some of the areas on Bjorkqvist’s list may not be so
important anymore.

It is hard to identify any dominating theories or paradigms in Scandinavian
research, although some commonalities can be seen. Mogens Niss attempted to do a
quantification of preferred research study paradigms and choices of methods in didac-
tics of mathematics to see whether the Nordic countries stood out in any way from
the rest of the world (Niss, 2013). He picked all papers published from April 2011 to
April 2012 from three journals, Educational Studies in Mathematics (ESM), Journal
for Research in Mathematics Education (JRME) and Nordic Studies in Mathematics
Education (NOMAD)," and classified each paper as belonging to one of 10 research
paradigms and using one of three methodological approaches. The total number of
papers came to 72: 38 in ESM and 17 each in JRME and NOMAD. In the ESM
and JRME papers, three Nordic authors were involved and in the NOMAD papers
one non-Nordic author was involved. The results from this classification might give
an idea about which paradigms or methods are particularly dominant in the Nordic
area.” Table 6.1 shows the results on research paradigms presented by Niss, includ-
ing only the four paradigms that were represented with 10 or more papers. Table 6.2
shows the identified methodological approaches.

A journal for the Nordic and Baltic region (see Sect. 6.7).
ZNiss did not distinguish between Scandinavia and the rest of the Nordic/Baltic region.
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That the number of papers in ESM was alittle more than twice the number of papers
in each of the two other journals indicates that, for example, the topic of beliefs and
attitudes is overrepresented in NOMAD compared to the two other journals and that
intervention studies is somewhat underrepresented. Also, conceptual and theoretical
investigations are clearly underrepresented. The overrepresentation in beliefs and
attitudes can be explained by the fact that NOMAD published a thematic issue on
belief research during this period (Vol. 16, No. 1-2, June 2011). This issue contained
five articles, four of which Niss categorised under this research paradigm. It is also
worth mentioning that belief research has for a long time had a particularly strong
position in Finland. Researchers from Finland have kept a close connection to the
Mathematical Views (MAVI) group (Pehkonen, 2012), and indeed there was another
thematic issue of NOMAD (Vol. 17, No. 3—4, December 2012) on this topic published
shortly after the period covered by Niss (2013) in his survey.

The results presented in Tables 6.1 and 6.2 come from a small set of data, so
one cannot draw strong conclusions from them, but they may give an indication of
what kind of research has been in focus in the chosen period. Regarding the issue
of nearness to mathematics, there is great variation, both between the countries and
within the countries. Some of the research has come out of departments of education,
where the subject may not be so much in focus and where the leading researchers have
their main background in general education (pedagogy). It may seem that nearness to
mathematics in the research has become stronger in recent years and that the activity
in didactics at departments of mathematics has been increasing. Most of the research
has been empirical and has had a close connection to the classroom and/or to teacher
education. This reflects the fact that most of the research on didactics of mathematics
has grown out of institutions where teacher education has been an important activity.
Some of the research has been based on design of learning environments but also
much of the research has had an ethnographic style, where the learning environments
have been investigated ‘as they are’, without intervention from the researchers.

6.2 Historical Background

Didactics of mathematics as an independent scientific discipline can be said to have
existed for a little more than 50 years. The late 1960s saw such events as the founding
of the journal Educational Studies in Mathematics in 1968 and the first ICME confer-
ence in 1969. Almost at the same time, research centres for didactics of mathematics
were established in several countries, such as the Institute for the Development of
Mathematical Education (later the Freudenthal Institute) in the Netherlands, the Shell
Centre in the UK and the Institut fiir Didaktik der Mathematik in Germany (Gjone,
2013, p. 183). However, it can be claimed that the field of study had already begun to
develop in the late 19th century. An important event was the establishing of the first
International Commission on the Teaching of Mathematics (ICMI) in 1908 at the
Fourth International Congress of Mathematicians in Rome, with Felix Klein as its
first president (Kilpatrick, 1992, p. 6). ICMI conducted its first survey in 1912 and,
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according to Kilpatrick, this survey ‘reported that university lectures on mathematics
education® (to supplement mathematics lectures) were being offered in the United
States, Great Britain, Germany and Belgium’ (1992, p. 5).

In the history of ICMI, Denmark plays a special role among the Scandinavian
countries. Poul Heegaard, who had studied with Klein in Géttingen, was a delegate
to the first ICMI in 1908 and also wrote the report from Denmark to be included in the
1912 survey. Heegaard became one of three Vice Presidents of ICMI in 1932. At that
time he had left Denmark for a professorship at the University of Oslo, which he held
from 1918 until his retirement in 1941 (Furinghetti & Giacardi, 2012). Later, Svend
Bundgaard and Bent Christiansen had important roles in ICMI. Bundgaard was a
member of the Executive Committee from 1963 to 1966 and Christiansen served
three terms (12 years) as Vice President from 1975. Also, in the years after Chris-
tiansen stepped down, the Danish representation in central bodies of ICMI continued
to be strong. Mogens Niss became member of the Executive Committee in 1987 and
later served as Secretary General for two terms, 1991-1998. Shortly afterwards, a
somewhat urgent situation came up in connection with the organising of the 10th
ICME conference. It had been assumed that ICME-10 in 2004 should be held in
Brazil, but this turned out not to be possible, so an alternative host country had to
be found. It was then decided that ICME-10 should be arranged as a collaboration
between Denmark, Sweden, Norway, Iceland and Finland. Copenhagen was chosen
as the venue, and Mogens Niss became Chair of the International Programme Com-
mittee for ICME-10 (Hodgson & Niss, 2018). Hosting ICME-10 may be seen as the
peak of a very long-standing connection between Denmark and ICMI.

In the Scandinavian countries in the early 20th century there was a rising interest
in issues concerning the teaching of mathematics* at school level, including some
empirical research. In 1919, K. G. Jonsson obtained his doctoral degree at Upp-
sala University, Sweden, with a study based on interviews with pupils where he
observed and categorised their ways of thinking when solving arithmetic problems
(see Johansson, 1986). Bergsten (2002, p. 35) also mentions Karl Petter Nordlund
as a pioneer from Sweden. He published his book A Guide for the First Teaching
of Arithmetic (Viigledning vid den forsta undervisningen i rdkning) in 1910. The
growing interest in educational issues in the early 1900s can be seen in connection
with the development of the school system. In the mid-1800s, a state school system
for all had been established as a principle in the Scandinavian countries, which led
to a need for educating teachers. Teacher education developed in similar ways in
all three countries, with a distinction between educating teachers for compulsory
school (known as folkeskole in Norwegian and Danish, folkskola in Swedish) and for
post-compulsory school (gymnas/ium in Norwegian/Danish, ldroverk in Swedish).
Institutions educating teachers for compulsory school (Grades 1-7) were referred to
as seminaries (seminar/ier in the national languages) and educated general teach-
ers who were expected to teach all school subjects. The system in Sweden differed

31t is not clear which terms were used to describe these lectures in the various countries and
languages.

4The term didaktik(k) was not yet in use in the Scandinavian languages.
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somewhat from the system in Norway and Denmark in the sense that in Sweden there
were special seminaries educating teachers for Grades 1 and 2. Later, when compul-
sory school was extended from seven to nine years, Sweden introduced differentiated
education for the lower, middle and upper grades (Linné, 2010). In Norway and Den-
mark, however, the idea of a teacher education covering all of compulsory school
was maintained much longer. In Norway, different study programmes for Grade 1-7
teachers and Grade 5-10 teachers® were introduced as late as in 2010.

Initially, becoming a teacher was an option only open to men, but gradually
women were also admitted. In Sweden this happened in 1859 (Linné, 2010), with
some seminaries exclusively for women then being established. Some of these female
teachers played important roles in communicating modern ideas in the teaching and
learning of mathematics, ideas that were far ahead of the common ways of thinking at
the time. One example is Anna Kruse from Sweden, who published her book Visual
mathematics (Askddningsmatematik) in 1910. This book was meant as a guidebook
for other teachers. In the preface to the first edition, she writes that

it is not only a question of giving the child knowledge in a school subject but it is a matter

of providing the child a means for acquiring one of the most important factors for the future

profession—whatever it may be—clear logical thinking, ability to make judgments, and a
practical view. (Kruse, 1910/2010, pp. 29-30, my translation)

It is a fundamental principle in the Scandinavian countries that schooling is part
of a democratic endeavour. In the Norwegian context, Telhaug and Mediaas (2003)
connect this feature of the school system to the emerging trend in the 19th century that
all citizens have a responsibility to take part in the development of the society. These
ideas can be traced in didactics of mathematics up to present day through the field
of mathematics and democracy, which I will return to later. All three Scandinavian
countries were at this time closely connected, as Norway had been part of Denmark
for several hundred years until 1814 and then became part of a joint kingdom with
Sweden until 1905.

In the first half of the 20th century, compulsory schooling lasted for seven years.
A big change in the school system came in the 1950s and early 1960s with an exten-
sion from seven to nine years. This also indicated some changes for the subject of
mathematics. In the old system, the subject in compulsory school was called regn-
ing/rdkning (arithmetic), but in the new system the term matematik/k (mathematics)
came into use, including in the lower grades. At the same time, also the so-called New
Math® started to appear on the international scene, and the ideas from New Math also
spread to the Scandinavian countries. A very important event in the introduction of
New Math ideas in the mathematics curriculum was the seminar held at Royaumont
in France in 1959 (OEEC, 1961). Here, arguments were advanced to let the ideas that
had been developed in mathematics as a science over the last 50 years, for instance,
through the work of the Bourbaki group, also permeate school mathematics. The
outcome of this was, as is well known, a school mathematics with strong emphasis
on logic and set theory.

3Since 1997, Norway has had 10 years of compulsory schooling, starting at the age of six.
SModerne matematikk in Norwegian. Ny matematik in Danish and Swedish.
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After the Royaumont seminar, a Nordic committee for the modernisation of math-
ematics education was established, with four members each from Denmark, Finland,
Norway and Sweden. This committee was active from 1960 to 1967. In the recom-
mendations from the committee (Nordisk udredningsserie, 1967) one can find the
ideas from the Royaumont seminar expressed in terms of specific topics that were
necessary to learn, for instance, set theory. The argument for this is that it will convey
to the pupils an understanding for basic concepts. ‘Elementary concepts and symbols
from set theory make it possible to present the material simpler and clearer’. How-
ever, one is also aware of the danger of introducing symbols: ‘On the other hand,
one has to be careful so that symbols are not experienced as abstract and difficult
to understand’ (Nordisk udredningsserie, 1967, p. 173, my translation). New Math
is often associated with logic and set theory, but it also introduced the concept of
function in school mathematics, a concept that has kept its place while many of the
formal structures from logic and set theory have been abandoned (Prytz & Karlberg,
2016).

The ideas of the New Math can be traced back to Felix Klein’s Erlanger Programm
(Klein, 1872). Through the connection between Felix Klein and Poul Heegaard,
Klein’s ideas had a strong influence in Denmark in the early 1900s. It seems that the
New Math movement became stronger in Denmark and Sweden than in Norway. In
Norway, New Math textbooks were used in some schools but they did not dominate
the school system to the same extent as in Sweden and Denmark. In the Norwegian
National Curriculum from 1974, concepts from set theory and logic are referred
to as ‘support concepts’ (hjelpebegreper) (Kirke- og undervisningsdepartementet,
1974, pp. 143-144). The development in Denmark can, in addition to the early
influence by Poul Heegaard, be explained by the work of Svend Bundgaard and
Bent Christiansen. Bundgaard, a professor of mathematics at Aarhus University
from 1954, was very influential regarding both university mathematics and school
mathematics in Denmark. Bent Christiansen had a strong influence on the National
Curriculum in Denmark, promoting New Math ideas, and he wrote several textbooks,
both for schools and for teacher education. At the upper secondary (gymnasium)
level, New Math ideas are clearly expressed in the textbook system Textbook for the
New Upper Secondary School (Leerebog for det nye gymnasium) by Erik Kristensen
and Ole Rindung that began in 1962. Rindung was also involved in writing the
National Curriculum in Denmark (OEEC, 1961; Rgnn, 1986). His central position in
Denmark is also shown by the fact that he participated at the Royaumont seminar and
that he was also a member of the Nordic Committee. Also Erik Kristensen and Bent
Christiansen, as well as Agnete Bundgaard, who wrote textbooks for primary school,
were members of the Nordic Committee (Nordisk udredningsserie, 1967, p. 220).
It is my impression that the members of the Nordic Committee from the other two
countries did not to the same extent influence the development of the subject in their
respective countries.
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6.3 Didactics of Mathematics Emerging as a Research
Discipline in Scandinavia

Despite some examples of educational research involving mathematics from the
early years of the 20th century, one cannot speak of didactics of mathematics as
an independent research discipline in the Scandinavian countries until the 1970s.
The early research was done by general educators (pedagogues), using mathematics
classrooms as a frame for their empirical studies, and this is still happening. Teachers
of mathematics at the teacher training colleges (lererhggskoler/seminarier) were not
expected to do research and usually neither did they have the qualifications to do it.
At the universities, teacher training (for lower and upper secondary school) involved
doing a short add-on after taking a degree based on studies in the subject itself. Each
university usually employed at most one person to take care of the actual teacher
training part of mathematics teacher education. There were mathematicians at the
universities with strong interest and engagement in educational matters, and some
of them played important roles in developing teacher education and mathematics as
a school subject although they did not do research in didactics of mathematics. The
content of the teacher training in the school subjects was mostly focused on technical
matters: how to carry out the teaching. The more theoretical parts were dealt with
in the subject of pedagogy. In the 1970s there was a turn towards including topics
about how learning takes place and such topics as motivation for learning in individual
subjects, with the subject of mathematics being quite far ahead in this development. It
was also around this time that the expression matematik(k)didaktik(k) came into use.
Earlier, at least in Norway, one had talked about metodikk (methods, i.e., methods for
teaching) instead of didaktikk. A book written by Solvang and Mellin-Olsen (1978)
for use in teacher education in Norway can serve as an example of the transition
from methods to didactics. The title of the book is Mathematics Subject Methods
(Matematikk fagmetodikk), which points to the aspect of methods, but the content
is wider and more modern in that it also contains learning theories and theories
about different rationales for learning mathematics. In Sweden, Christer Bergsten
pinpoints the use of the term didaktik to the mid-1980s and claims that the first
course with the title matematikdidaktik was given at Linkoping University in 1985
(Bergsten, 2002, p. 37). Personally, I remember that when I did my teacher training
in 1982, the title of the course was matematikkdidaktikk, and the main literature was
the book The Psychology of Learning Mathematics (Skemp, 1971), emphasising
constructivist/cognitivist learning theories.

In the early years, the most important institution for research in didactics of mathe-
matics in Denmark, perhaps in Scandinavia as a whole, was Danmarks Laererhgjskole
(The Royal Danish School of Educational Studies), an institution where teachers
could get continuing education. The institution later changed its name to Denmark
Pedagogical University and is today part of Aarhus University, but still located in
Copenhagen. In the 1970s, new universities were established in Denmark: Roskilde
University in 1972 and Aalborg University in 1974. These universities were meant
to be different from the ‘old’ Danish universities in Copenhagen and Aarhus, with a
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profile based on problem-based and project-organised work in groups. From around
1980, Roskilde University emerged to become a centre for didactics of mathemat-
ics in Denmark, and this university also engaged in educating mathematics teachers
with a strong didactical component for upper secondary school, which made it rather
exceptional in Denmark. Until recently, Roskilde has probably had the highest activ-
ity in didactics of mathematics in Denmark. At Aalborg, didactics of mathematics
also developed as aresearch field, with a strong profile towards socio-political aspects
of mathematics education. The result of the activity at Danmarks Larerhgjskole was
that Denmark was far ahead of the other two countries in the early years.

In Norway, teachers at the teacher training colleges (lererhggskoler) gradually
started to become acquainted with research literature in didactics of mathematics.
Some of them also started doing research, and a few went abroad to get a Ph.D.
in didactics of mathematics. Around 1970, a new type of higher education insti-
tution was developed in Norway known as regional colleges (distrikishggskoler),
and some of these developed into mini-universities, offering traditional university
subjects such as mathematics. This development is somewhat similar to the devel-
opment in Denmark that resulted in the universities in Roskilde and Aalborg. Some
of the regional colleges were established at places where there already was a teacher
training college nearby, in some cases even in the same town. In Kristiansand, Kris-
tiansand lererhggskole and Agder distriktshgskole coexisted until they merged into
Agder University College (Hggskolen i Agder), now University of Agder, in 1994.
This merger brought together a strong group of mathematicians and a strong group of
teacher educators in mathematics. In the same year as the merger took place, a two-
year master’s programme (hovedfag) in didactics of mathematics was established.
This developed further into a Ph.D. programme, starting in 2002. In the development
that took place at Agder, Trygve Breiteig, one of the senior teacher educators and
didacticians in Norway, played a very active role. The programme at Agder is still the
only Ph.D. programme in Norway dedicated specifically to didactics of mathematics,
although it is possible to do a Ph.D. in the field at other universities, either in a pro-
gramme based in pedagogy (education) or in mathematics. The Ph.D. programme
at Agder led to the appointment of professors from abroad, and this programme
has been instrumental in providing Norwegian universities with Ph.D. graduates in
didactics of mathematics. In Norway, all teacher education has recently been made
into five-year master’s programmes. This puts certain formal requirements on the
scientific qualifications of the staff, which has created a situation where the demand
is much higher than the supply. The development in teacher education over a number
of years has led to a strong increase in the activity in didactics of mathematics in
Norway.

Regarding the situation in Sweden, the activity has grown considerably from
1980 onwards. At least 20 dissertations concerning learning of and education in
mathematics were defended in the period 1981-1999 (e.g., Strisser, 2005). Most of
the dissertations have been submitted within educational sciences but with a focus on
mathematics, and among the Swedish universities, the Gothenburg University stands
out as being responsible for a large number of the dissertations.
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An important event influencing the situation in Sweden happened in March 2000,
when the board of the Bank of Sweden Tercentenary Foundation (Riksbankens
Jubileumsfond) offered to support didactics of mathematics in Sweden by setting up
a national graduate school in mathematics with a profile towards didactics of math-
ematics (matematik med dmnesdidaktisk inriktning). This will later be referred to as
the Swedish Graduate School. All mathematics and general education departments
in Sweden were invited to participate in the graduate school, with 10 departments
chosen and 20 students admitted when the activity started in 2001 (Leder, Brandell,
& Grevholm, 2004, p. 170). The Swedish Graduate School had the following effect:
In addition to increasing the research activity in didactics of mathematics in Sweden,
many departments of mathematics have become more engaged in didactical issues
and the activity has spread to more universities and university colleges (hogskolor).

The University of Umea holds a special position when it comes to didactics of
mathematics in Sweden. At Umead, plans for a Ph.D. programme in didactics of
mathematics were made in the mid-1990s, before the Swedish Graduate School
became a reality. The activity at Umea and the Swedish Graduate School helped
Sweden make a leap forward among the Scandinavian countries regarding research
in didactics of mathematics.

After this exposition of the early development, in the next three sections I will
go into more detail about the development in each of the three countries. In these
sections I will describe some of the areas that have been researched in each of the
countries up to the present time.

6.4 The Development in Denmark

I have shown that in the beginning Denmark was far ahead of the other Scandinavian
countries in establishing didactics of mathematics as a research area, starting at Dan-
marks Laererhgjskole and continuing in particular at the universities in Roskilde and
Aalborg. Today the situation has to a large extent turned around. In the period from
1988 to 2010, a number of external funding opportunities enabled Danish universi-
ties to educate Ph.D. candidates. However, when the funding ended, the activity was
greatly reduced and only a few of the Ph.D. candidates were able to find university
positions. The development in Sweden resulting from the Ph.D. programme at Umea
and the Swedish Graduate School and in Norway with the Ph.D. programme at Agder
seem to have had more lasting value. In addition, teacher education both in Sweden
and Norway has become increasingly more research based, contributing to a strong
demand for research-qualified staff. In Denmark, teacher education for compulsory
school is still to a large extent carried out by people without research qualifications,
and the didactical component of teacher education for upper secondary school is
rather small. Structural changes among and within the universities have also made
didactics of mathematics less visible. Danmarks Learerhgjskole, which had been an
independent university, is now reduced to a department within Aarhus University. At
Roskilde, the university has decided to close down both mathematics as an indepen-
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dent subject of study and the teacher education programme. This programme was
rather unique in the Danish context as the teachers it educated for upper secondary
school were given good backgrounds in didactics of mathematics. In recent years,
several senior researchers have retired and not been replaced or have moved to other
countries. There are currently some small research groups in didactics of mathemat-
ics at the universities and a few active researchers at the university colleges. I have
for some years been involved as an external evaluator of proposals for Ph.D. schol-
arships in Denmark. Based on experiences from the most recent evaluation process,
it seems that the recruitment of Ph.D. students in didactics of mathematics is slightly
improving. It is also clear that the activity in the field at Copenhagen University is
increasing. This I will also return to later. In the following sections I will go into
some detail about fields that are and have been of particular importance in Denmark.

6.4.1 Mathematical Modelling

From the beginning, the programme in mathematics at Roskilde University was based
on ideas from mathematical modelling, with Mogens Niss as the central researcher,
followed by Morten Blomhgj. One aspect of how Niss sees mathematical modelling
is ‘to perform active modelling in given contexts, i.e., mathematising and applying it
to situations beyond mathematics itself” (Niss & Hgjgaard, 2011, p. 58). Mathemat-
ical modelling in the Danish tradition is very much connected to handling problems
from real life. This leads to the formulation of a task and further to systematisation,
mathematisation, mathematical analysis, interpretation/evaluation and finally to val-
idation by going back to the real-life situation. This is illustrated in the modelling
cycle in Fig. 6.1.

Fig. 6.1 The modelling
cycle (Blomhgj & Kjeldsen, T

2006, p. 166, with reality
permission) = '\ ;
(f) Validation (a) Formulation of task
' \
(e) Interpretation/evaluation {h}&@e]ﬂﬂm
Data

(d) Mathematical analysis () Mathematization

S



164 F. Rgnning

In the literature, mathematical modelling is used with slightly different connota-
tions. Note that the Danish tradition is close to applications of mathematics to real
life problems, whereas modelling is used in a wider context, for example, in the
Dutch tradition, in the concept of emergent modelling (e.g., Gravemeijer, 2007).

6.4.2 Mathematical Competencies

In 2000, the Danish Ministry of Education established a group, led by Mogens Niss,
for the project Competencies and Mathematical Learning (Kompetencer og matem-
atiklering [KOM]). The idea behind the project was to develop an alternative to the
traditional idea of thinking about a subject in terms of the syllabus (pensumtenkning)
when designing content of and goals for school subjects. Mathematics was chosen
as the first subject for the new approach. This work led to the idea of describing cer-
tain competencies which, seen together, constitute what may be called mathematical
competence. The complete report from the group was published in Danish (Niss &
Jensen, 2002) and later translated into English (Niss & Hgjgaard, 2011). The group
identified eight competencies, divided into two groups: 1. The ability to ask and
answer questions in and with mathematics and 2. The ability to handle mathemat-
ical language and tools. The first group contains the following four competencies:
mathematical-thinking competency, problem-tackling competency, modelling com-
petency and reasoning competency. The second group is composed of representing
competency, symbol and formalism competency, communicating competency, and
aids and tools competency. The eight competencies are often presented in the ‘com-
petency flower’ shown in Fig. 6.2.

This work has had great impact on mathematics education, not only in Denmark
and the other Scandinavian countries but also more widely, for instance, in Germany
(see Blum, Driike-Noe, Hartung, & Koller, 2006).

Fig. 6.2 The competency
flower (Niss & Hgjgaard,
2011, p. 51, with permission)
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6.4.3 Political Aspects of Mathematics

Under this heading I have placed two important trends that have been particularly
strong in Denmark. One of these is critical mathematics education, represented by Ole
Skovsmose. This trend has also been important in Norway, which I will cover in that
section. Skovsmose (2010) describes how in the early 1970s he developed an interest
in critical education and then in particular in critical mathematics education. This
development was connected to the student movements that swept through Europe
from 1968. Out of this evolved a view that university studies should serve not only
academic but also political and social interests. The most comprehensive presentation
of his ideas can be found in the book Towards a Philosophy of Critical Mathematics
Education (Skovsmose, 1994).

Also Skovsmose’s concepts of landscape of investigation and exercise paradigm
(Skovsmose, 2001) connect to critical mathematics education. Skovsmose contrasts
the approach to teaching where the teacher and the textbook are the authorities in the
classroom with that of an investigative approach. The former he denotes the exercise
paradigm and the latter a landscape of investigation. In the exercise paradigm, the
relevance of the matter taught is not questioned, there is one and only one correct
answer and it is the role of the student to acquire the knowledge presented by the
textbook and the teacher. A landscape of investigation is linked to, for example,
project work, which he describes as being ‘located in a “landscape” which provides
resources for making investigations’ (Skovsmose, 2001, p. 123). Skovsmose links
this idea to critical mathematics education and the term mathemacy, which ‘refers
not only to mathematical skills, but also to a competence in interpreting and act-
ing in a social and political situation structured by mathematics’ (p. 123). In this
view, mathematics is not only a subject to be learnt but also a subject to be thought
about and reflected upon. Skovsmose takes the stance that there should be room
for critical voices in mathematics education and he sees no possibilities for that
within the exercise paradigm. In a later publication, Skovsmose (2003) recognises
that his concept of the exercise paradigm is very much akin to the concept of exer-
cise discourse (oppgavediskursen) that Stieg Mellin-Olsen had defined based on his
empirical work with Norwegian teachers several years earlier (Mellin-Olsen, 1991).
Mellin-Olsen describes the role of exercises in mathematics education as structuring
the lessons. The exercises have a beginning and an end, and the end is marked by
an answer that may be found in a list of solutions (fasit). The exercises follow in a
sequence, and when one is finished, the next exercise awaits. The final goal is the
exam (Mellin-Olsen, 2009, p. 2). Although there are clear similarities between the
work of Mellin-Olsen and the work of Skovsmose, there are also some clear dif-
ferences in the way they approach critical aspects of mathematics education. While
Mellin-Olsen certainly was critical of the ways mathematics was taught in school, it
can be said that Skovsmose to a larger extent also expressed critical views towards
mathematics itself (Skovsmose, 2002).
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The second trend that I will place under this heading is mathematics and democ-
racy. This goes back to an initiative in the late 1980s that turned out to have important
consequences for the whole Nordic area. Gunhild Nissen, a professor of education at
Roskilde University, got funding for a five-year project entitled Mathematics Educa-
tion and Democracy (Matematikundervisning og demokrati). This led to establishing
a network of mathematicians, didacticians, teachers and researchers from education
and psychology. The work soon led to an extension of the network outside of Denmark
to include the other Nordic countries, and the first Nordic symposium on research
in didactics of mathematics was held in Gilleleje, Denmark, in 1990. The project
was founded on a humanistic-democratic approach to mathematics and, given the
similarities between the Nordic countries, it was believed that there could be a com-
mon platform for collaboration. A central idea in the project was a desire to change
the common perception of mathematics as a formalistic subject and to challenge the
view that, besides basic arithmetic, people at large did not need to obtain substan-
tial knowledge of mathematics. Nissen claims that with the more widespread use
of mathematics, not only as a basis for technology, natural sciences and economy
but also for administrative systems and models forming the basis for political deci-
sions, it is necessary that everybody can take a well-informed and critical stance
to the use of mathematics in order to be able to participate in a democratic soci-
ety (Nissen, 1994, pp. 58-59). The project was later recognised as a Nordic project
under the auspices of the Nordic Academy for Advanced Study (Nordisk Forskerud-
dannelsesakademi), and funding became available to provide scholarships for Ph.D.
students (Nissen, 1993). One of the lasting outcomes of the work on the project is
the journal Nordic Studies in Mathematics Education (NOMAD). The Mathematics
Education and Democracy project gave financial support for the planning meetings
for NOMAD, which came out with its first issue in October 1993 (Johansson, 1993).
For more about NOMAD, see Sect. 6.7 of this chapter.

6.4.4 The French Tradition in Denmark

In the early years, there was not much activity in didactics of mathematics at Copen-
hagen University. However, this has changed in recent years. Now there is an active
research group around Carl Winslgw. His research is to a large extent directed to
research on the teaching and learning of mathematics in higher education (e.g.,
Gravesen, Grgnbaek, & Winslgw, 2017). Theoretically, Winslgw maintains a strong
connection to the French tradition, the Theory of Didactical Situations, commonly
known as TDS (Brousseau, 1997) and the Anthropological Theory of the Didac-
tic, commonly known as ATD (e.g., Bosch & Gascén, 2014). These theoretical
approaches have traditionally not been well known in the Scandinavian tradition, but
the work of Winslgw has contributed to a more widespread knowledge about them and
also led to them being used by other Scandinavian researchers (e.g., Masgval, 2011).
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6.5 The Development in Norway

When didactics of mathematics as a scientific discipline started to emerge in Nor-
way, the whole community of didacticians was very small, comprising around 20-25
persons in the whole country, mostly confined to teacher training colleges (leer-
erhggskoler). Until around 1990, mathematics at teacher training colleges was a
very small subject. Typically, each college would employ one or two mathematics
teachers, without research qualifications or research possibilities. It is questionable
whether all of these could be referred to as didacticians, but they certainly taught
mathematics to prospective teachers. There was also some activity at the universities,
in particular at the universities in Oslo and Bergen. Gunnar Gjone at the University
of Oslo wrote a Ph.D. thesis on the New Math movement in 1983 and later worked
on curriculum development and the use of ICT in mathematics, among other things.
I will limit my detailed description of the early research to two persons, Gard Brekke
and Stieg Mellin-Olsen. I have made this choice because these two had a strong
influence on the development of didactics of mathematics in Norway and because
they represent two different theoretical traditions: a constructivist tradition and a
socio-cultural tradition.

6.5.1 The Constructivist Tradition

Gard Brekke (1943-2009) obtained his Ph.D. from the University of Nottingham at
the Shell Centre for Mathematical Education in 1991. He played a very important
role in didactics of mathematics in Norway for several decades, both as a researcher,
a teacher educator (at Telemark University College) and by taking on tasks for the
national authorities. Brekke, together with Gunnar Gjone, took the initiative to create
the Quality in Mathematics Education (Kvalitet i matematikkundervisningen [KIM])
project in the early 1990s. This project, funded by the Norwegian Ministry of Edu-
cation, aimed at developing a library of diagnostic tasks in mathematics that covered
most areas of mathematics in all of compulsory school and parts of upper secondary
school. The project also aimed to survey beliefs and attitudes about mathematics
held by pupils in school (Brekke, 1994). The diagnostic material was intended to be
used by teachers, and Brekke wrote a leaflet meant to serve as a guide to teachers
for how to use the material (Brekke, 2002). Here Brekke gives his contribution to
characterising knowledge in mathematics by asking the question ‘what does it mean
to know mathematics?’ Brekke’s answer to this is that mathematical competency
consists of five components:

1. Factual knowledge, e.g., definitions, notation and conventions.

2. Skills, defined as well-established procedures, such as knowing how to compute the
product of multi-digit numbers.

3. Conceptual structures, exemplified by multiplicative structures.
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4. General strategies, defined as the ability to choose suitable skills to solve a problem from
an unknown situation.

5. Attitudes. (Brekke, 2002, pp. 4-9, my translation)

The fifth component is motivated by Brekke (2002) by saying that ‘our view (both
as a teacher and as a pupil) on mathematics, will decide how the teacher teaches the
subject, and how the pupil meets the subject matter’ (p. 9, my translation). Brekke’s
framework for mathematical competence precedes the competency framework devel-
oped by Mogens Niss (Niss & Jensen, 2002), but it is not as detailed as this. One
important difference is that unlike Niss, Brekke includes an affective component. In
this sense, Brekke is in line with the framework by Kilpatrick, who includes pro-
ductive disposition as one of five strands (Kilpatrick, Swafford, & Findell, 2001,
p. 116).

Diagnostic teaching is based in the constructivist/cognitivist tradition and a central
concept of this is the concept of a cognitive conflict. To create such a conflict, it is
necessary to design tasks in particular ways so that they can uncover misconceptions.
The tasks developed for the KIM project were inspired by a tradition that was very
strong in the UK from the 1970s onwards. Much work on diagnostic teaching was
done, in particular at the Shell Centre in Nottingham (e.g., Bell, 1993). Since Gard
Brekke spent several years at the Shell Centre in the late 1980s and obtained his Ph.D.
there in 1991, it is natural that this tradition influenced his work. Given Brekke’s
central position in the Norwegian community of teacher educators, it is also natural
that it influenced didactics of mathematics in Norway more widely.

6.5.2 The Socio-cultural Tradition

A different theoretical tradition in Norway can be identified when going into the
work of Stieg Mellin-Olsen (1939-1995) at the University of Bergen. In 1977 he
had already published his book Learning as a Social Process (Leering som sosial
prosess; Mellin-Olsen, 1977). In the first chapter of this book, Mellin-Olsen discusses
Piaget’s theory of knowledge. This discussion develops into a critique of Piaget, but
first he extracts what he sees as the main point in Piaget’s theory: ‘[K]nowledge is
connected to work. It is the way we work that decides what kind of knowledge we
develop’ (Mellin-Olsen, 1977, p. 18, my translation, emphasis in original). From
this he develops his concepts causal (or relational) understanding (drsaksforstdelse)
and instrumental understanding (instrumentell forstdelse) and links these concepts
to Piaget’s concepts of operational and figurative knowledge (p. 20). The concepts
relational understanding and instrumental understanding are usually attributed to
Richard R. Skemp and are widely known from his paper with the same title (Skemp,
1976). However, Skemp and Mellin-Olsen collaborated in the 1970s, and they refer
to each other’s work when they write about different forms of understanding. Thus
far, one may say that Mellin-Olsen is aligned with constructivism, but later in his
book he presents a critique of Piaget (Mellin-Olsen, 1977). This critique is rooted
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in an experiment that Mellin-Olsen was involved in at a lower secondary school
in Bergen that was set up with a test group using an alternative curriculum and a
control group using the traditional curriculum. The experiment lasted for two years
and, probably to the researchers’ disappointment, the result was that the test group did
not do any better than the control group. However, Mellin-Olsen and his colleagues
realised that when evaluating educational experiments, the traditional psychological
variables are insufficient to explain the outcome. Mellin-Olsen (1977) writes that it
turned out to be necessary to also take into account anthropological and sociological
considerations, such as pupils’ thoughts about the school and what they expect from
it (p. 22).

Mellin-Olsen brought ideas into the field of didactics of mathematics that pre-
sented an alternative to the constructivist/cognitivist tradition that was prevailing at
the time. In his book published in 1987 he makes clear references to Vygotsky and
his successors and he devotes the first chapter of this book to activity theory (Mellin-
Olsen, 1987). However, in Learning as a Social Process (Mellin-Olsen, 1977) there
are no references to Vygotsky. When writing the 1977 book he may not even have
been familiar with Vygotsky’s theories. At that time, Vygotsky’s writings were not
easily available outside of the Soviet Union and, if at all, only in Russian. Although
the first English version, not quite complete, of Thought and Language came out in
1962, it was not until the late 1970s that more of Vygotsky’s work became available
(Kozulin, 1985, pp. liv—Ivi). In his 1987 book, Mellin-Olsen writes that ‘still only
two modest books by Vygotsky are available in English’ (p. 29), and in this book
(e.g., p- 20) he elaborates on his critique of Piaget. Mellin-Olsen is clearly concerned
with the school’s and the subject of mathematics’ role as reproducers of social injus-
tice, and in this sense he can be seen as a public educator: in the terms of Ernest
(2000), as one whose mathematical aims are ‘[e]Jmpowerment of learners as critical
and mathematically literate citizens in society’ (p. 6).

6.5.3 Further Work Within the Socio-cultural Paradigm

In the more recent activity in Norway one can also see that socio-cultural theories
play an important role. At the University of Agder, much of the activity is generated
from a socio-cultural standpoint. This can be seen for example in the work on inquiry-
based learning initiated by Barbara Jaworski (e.g., Jaworski, 2006). Socio-cultural
traditions are also visible in the research using activity theory (e.g., Jaworski &
Goodchild, 2006). Also contributing to the socio-cultural tradition at Agder was
Maria Luiza Cestari. She collaborated closely with Roger Siljo from Gothenburg,
who held a visiting professorship at Agder for some years.

In Bergen, the tradition of Stieg Mellin-Olsen has mainly been continued at the
teacher education part of what now is Western Norway University College. For
many years, Marit Johnsen-Hgines was the leading person at this institution. She is
now retired and the group is now led by Tamsin Meaney. She has an international
reputation as a researcher on multicultural and multilingual mathematics classrooms.
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Since she took up the position in Bergen, this is now one of the research areas of the
group, in addition to critical perspectives on mathematics education and mathematics
for young children.

At the University of Tromsg, the northernmost university in Norway, there is a
research group with a particular interest in mathematics related to the Sami culture in
Norway. Anne Birgitte Fyhn has led or has been involved in several research projects
with connection to the Sami culture (e.g., Fyhn, 2010). In this respect, there are
similarities between the activity in Tromsg and Bergen, and these similarities have
also led to collaboration between the two groups (e.g., Fyhn, Meaney, Nystad, &
Nutti, 2017).

6.5.4 Research on University Didactics

Research in didactics of mathematics at higher education is a rapidly growing field
internationally. This is noticeable through the increasing number of publications in
the area, with new journals appearing, and also through centres in various countries
focusing on university mathematics. This area has also gained ground in Norway, to
a large extent due to the Centre for Excellence in Education, Centre for Research,
Innovation and Coordination of Mathematics Teaching (MatRIC),” hosted by the
University of Agder. MatRIC was established in 2014 and aims to support develop-
mental projects for mathematics at higher education but also to do research through
staff and Ph.D. students. There is also some activity on research on mathematics at
higher education at the Norwegian University of Science and Technology (NTNU),
mainly connected to projects for reforming the basic courses in mathematics and
statistics for engineering students (e.g., Rgnning, 2017).

6.5.5 Classroom Research and Research on Aspects
of Teacher Education

In addition to the University of Agder, the University of Stavanger is another of the
‘new’ universities (former university colleges) in Norway that has developed a strong
group of researchers in didactics of mathematics. The activity at Stavanger has been
dominated by work on mathematical knowledge for teaching (MKT), as developed
by Deborah Ball and colleagues (e.g., Ball, Thames, & Phelps, 2008). The group at
Stavanger has worked on translating the MKT test items from English to Norwegian
and testing them out on Norwegian teachers (e.g., Fauskanger, 2015). Another area
that has attracted interest at Stavanger is lesson study. Raymond Bjuland was the
leader of an interdisciplinary project, Teachers as Students, where lesson study as

7www.matric.no.
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a method was tried out in several subjects, including mathematics (e.g., Munthe,
Bjuland, & Helgevold, 2016).

NTNU, which after a recent merger now is the largest university in Norway,
includes a large Department of Teacher Education with some 25-30 persons working
mainly with mathematics in teacher education for compulsory school. The majority
of this group came to NTNU from Sgr-Trgndelag University College through the
merger. Many of these people are young, often with a Ph.D. in mathematics, and
are in a developing phase as researchers in didactics of mathematics. The group at
the Department of Teacher Education has a close connection to the small group at
the Department of Mathematical Sciences, for instance, through the collaborative
project Language Development in the Mathematics Classroom. This is a project
where researchers and teachers at two primary schools work together over several
years to study the importance of the learning environment for young learners’ devel-
opment of mathematical thinking and understanding (e.g., Dahl, Klemp, & Nilssen,
2017; Rgnning & Strgmskag, 2017). There is also on-going research regarding var-
ious aspects of pre-service teachers’ development into the teaching profession (e.g.,
Enge & Valenta, 2015).

6.5.6 Large-Scale Studies

Much of the research in Norway is of a qualitative character. However, Norway has
actively participated in the TIMSS and PISA studies, and this activity is confined
to the University of Oslo, where the research group in didactics of mathematics has
been responsible for the national reports from these studies (e.g., Bergem, Kaarstein,
& Nilsen, 2016; Kjernsli & Jensen, 2016).

6.6 The Development in Sweden

Presently, Sweden is the Scandinavian country with the by far largest activity in
didactics of mathematics and with the largest number of researchers in the field.
Several of the candidates from the Swedish Graduate School (see Leder et al., 2004)
now hold professorships at various universities in Sweden. Not only is the level of
activity high but the activity is also very diverse, so it will not be possible to cover all
areas in this chapter. I will start by presenting in some depth two of the ‘old’ areas
and then proceed to some of the more current activity. The presentation of the current
situation is strongly based on information that has been sent to me upon request from
colleagues in Sweden.
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6.6.1 Low Achievement

It seems natural in a presentation of Swedish work on didactics of mathematics to start
with the work on low achievement. In this area, Olof Magne was a pioneer (Magne,
1958). Typical for Magne’s studies is that they cover a large number of pupils and/or
are followed up over several years. His study in 1953 covered all 6000 pupils in three
random school districts of the compulsory school system in Gothenburg (Engstrom
& Magne, 2010, pp. 335-336). In the late 1970s, Magne initiated the large project
known as the Middletown Mathematics Project (Medelsta-matematik). Middletown,
a fictitious name for a municipality of 25,000 inhabitants, was selected to represent
an average municipality in Sweden. Its compulsory school (grundskola) had about
2000 pupils. In 1977, all pupils at the school from Grades 1 to 9 were tested using
assessment material developed as part of the project. The Middletown study was
repeated in 1986 and again in 2002 (see Engstrom & Magne, 2010 for more details).

6.6.2 Phenomenography and Variation Theory

In a paper from 1981, Ference Marton, at the Department of Education at the Uni-
versity of Gothenburg, presented a new approach to research which he denoted phe-
nomenography. In this paper he makes a distinction between making statements
about the world and making statements about people’s ideas about, or experiences
of, the world (Marton, 1981, p. 178). Initially, this research did not have anything
in particular to do with mathematics. However, it turned out that it would be used
in a number of research projects where mathematics played an important role. The
successful application of variation theory to the study of teaching and learning of
mathematics may explain the important and perhaps even dominating role of the
Department of Education at Gothenburg at a rather early stage of didactical research.

After a large number of empirical studies using the phenomenographic approach,
there emerged a more theoretical approach known as variation theory. Runesson and
Kullberg (2010) denote this as the theoretical turn of phenomenography. The main
idea here is that ‘learning takes place, knowledge is born, by a change in something
in the world as experienced by a person’ (Marton & Booth, 1997, p. 139). A basic
principle for variation theory is that if something varies and something else remains
constant, it is more likely that the thing that varies will be noticed, and further it
is assumed that the phenomenon that is noticed is more likely to be learned. In
collaboration with researchers from Hong Kong, an approach known as learning
study was developed (Runesson & Kullberg, 2010). This can be described as an
intervention model where teachers and researchers work together designing lessons
on a specific topic with specific learning goals.
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6.6.3 Learning by Imitative and Creative Reasoning

Johan Lithner at Umea University has developed a framework for reasoning. He
argues that although there are several frameworks for describing, for example, stages
of understanding (such as Hiebert & Lefevre, 1986; Sfard, 1991; Skemp, 1976),
‘there are not many that aim at characterising the reasoning itself” (Lithner, 2008,
pp- 255-256). In his work he has used several terms to characterise different types
of reasoning, for instance, plausible reasoning and reasoning based on established
experiences (Lithner, 2000). Later, he turns to the main categories, creative reason-
ing and imitative reasoning, with imitative reasoning split into the subcategories of
memorised reasoning and algorithmic reasoning (Lithner, 2008). A main point was
to characterise the key aspects of imitative reasoning, which was found to be the
dominating type of reasoning in the empirical data. The framework of creative and
imitative reasoning has also been used in a number of other studies and by other
authors, both within and outside of the Nordic community. Another example from
Umed is by Ewa Bergqvist who studied the type of reasoning required to solve exam
problems (Bergqvist, 2007). A synthesis of the research outcomes in this area can
be found in Lithner (2017).

6.6.4 Assessment

There is work on assessment taking place at many universities in Sweden. At Umea
University, formative assessment is an important field, and the work there is closely
connected to classroom practice and the results are meant to be used both by prac-
titioners and as a background for educational research and school development
projects, in collaboration between the university, schools and municipalities (e.g.,
Andersson & Palm, 2017a, b).

At Stockholm University, there is a research group known as the PRIM Group,
which is focusing in particular on various aspects of assessment. The PRIM Group
has a national responsibility for developing tests and various types of assessment
material for use in Swedish schools, and it is also responsible for the Swedish part of
the PISA project. The PRIM Group is led by Astrid Pettersson and has more than 20
people working with particular tasks, from designing tests to performing statistical
analyses of results (e.g., Pettersson & Boistrup, 2010).

6.6.5 Mathematics and Language

Mathematics and language is a research area with high international activity, such
as with topic groups at CERME and ICME. This area is also represented in
Swedish research. The overarching purpose of the research in this area is to increase
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the understanding of the role language and communication has for knowledge and
learning in mathematics by studying, for example, connections between types of
argumentation and students’ understanding of mathematical explanations. At Umea
University, Magnus Osterholm, Ewa Bergqvist and Anneli Dyrvold are working in
this field (e.g., Dyrvold, Bergqvist, & Osterholm, 2015; Osterholm & Bergqvist,
2013). Also at Uppsala University there is a research group working on mathematics
and language, specialising on text analysis using linguistic methods and collaborating
with researchers in linguistics (e.g., Bergvall, Folkeryd, & Liberg, 2016).

6.6.6 Early Learning of Mathematics

At Stockholm University there is a project entitled The Acquisition of Year One Stu-
dents’ Foundational Number Sense in Sweden and England (FoNS, i.e., foundational
number sense). This is a comparative study between Sweden and England with the
aim of investigating how teachers and parents in Sweden and England support year
one students to learn the skills defined as FONS. Furthermore, it is also the aim of
the project to help teachers and parents in their work supporting children’s learning
of FoNS. The project is built on the idea that children with poorly developed number
sense are likely to remain low achievers throughout their schooling. The project is led
by Paul Andrews and several researchers at the department contribute to the project
(e.g., Sayers, Andrews, & Boistrup, 2016).

At other universities there have also been researchers working with early learning,
in school and pre-school, such as Maria Johansson at Lulea who has also collaborated
with researchers from Malmo University (e.g., Johansson, Lange, Meaney, Riesbeck,
& Wernberg, 2014). Lovisa Sumpter at Stockholm University has also worked with
pre-school children (e.g., Sumpter & Hedefalk, 2015). Another example is Jorryt
van Bommel at Karlstad and Hanna Palmér at Linnaeus University who have been
working with young children’s exploration of probability (Van Bommel & Palmér,
2016).

6.6.7 Inclusive Mathematics Education

I have chosen this heading to cover a variety of activities, including research on
political issues in mathematics education, multilingualism and gender issues. I have
previously presented critical mathematics education as an area represented by Ole
Skovsmose in Denmark and Stieg Mellin-Olsen in Norway. Paola Valero contin-
ued the tradition of Skovsmose at Aalborg University in Denmark, but she is cur-
rently working at Stockholm University. Valero’s current research can be described
as exploring the significance of mathematics education as a field where power rela-
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tions are actualized in producing subjectivities and generating inclusion/exclusion
of different types of students. In Valero (2017) she shows an example of her recent
work.

Under this heading I will also put the work of Eva Norén, also at Stockholm
University. One of her main interests has been multilingual students’ opportuni-
ties to position themselves within discourses. In one paper, she studied a Grade 1
multilingual classroom to explore how students’ agency is expressed in the class-
room (Norén, 2015a). She has also investigated the positioning of girls and boys in
mathematics classrooms (Norén, 2015b). The theoretical basis of Norén’s work is
Foucault’s theory of discourse.

Some of the work of Lisa Bjorklund Boistrup (Stockholm) could also be placed
under the heading of inclusive mathematics education. In her Ph.D. thesis (Boistrup,
2010), she draws on Focault’s theory on discourses but her study is also based in
social semiotics. I find her work to have clear aspects of inclusion, as she states that
she addresses how assessment systems and processes act to benefit or disadvantage
individuals or groups (2010, p. 38).

6.6.8 Research on Particular Mathematical Topics

Bergsten (2010) has made a list of research topics in Sweden, and in this list there is
nothing about research on particular mathematical topics. This situation has changed
since 2010. Now there are several research groups working on particular mathemat-
ical topic areas, such as algebra. At Uppsala University there is an ongoing project
with the title Towards research-based teaching of algebra, which addresses various
aspects of school algebra through interviews with teachers and examination of text-
books (e.g., Brating, Hemmi, Madej, & Ro6j-Lindberg, 2016). This project also has a
strand on historical methods, which is a speciality of the Uppsala group (e.g., Prytz,
2018). The topic of algebra has attracted much attention in Sweden over the last
15 years or so, partly due to Swedish students’ poor performance on tests such as
PISA.

As mentioned earlier, there has been a long tradition of doing research in didactics
of mathematics at the Faculty of Education at Gothenburg University. This research
now also includes research on algebra. There is a project called VIDEOMAT, which
is a comparative study involving Sweden, Norway, Finland and the US. This project
is based on classroom studies and interviews with teachers and has a particular focus
on early algebra and use of variables (e.g., Rystedt, Kilhamn, & Helenius, 2016).

Much of the activity in the Swedish Graduate School, established in 2000, was
linked to departments of mathematics, and with mathematicians taking supervision
responsibility. It is reasonable to believe that this led to an increased interest in
research on specific mathematical topics. An example of a thesis coming out of the
Graduate School, focusing on a specific mathematical topic, in this case the concept
of function, is the work by Juter (2006) at Kristianstad University. She has continued
to be interested in the concept of function and related topics (e.g., Juter, 2017).
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6.6.9 Research on Teacher Education

Many of the researchers in didactics of mathematics in Sweden work at universities
where teacher education is an important part of the activity. Therefore, it is also
natural that this is an important area of research. One example of research on teacher
education is the work done by Jeppe Skott and colleagues at Linnaeus University.
Skott is Danish and worked for many years at the former Danmarks Larerhgjskole
before taking up a position at Linnaeus University in Vixjo. His research on and with
teachers is done under the heading The Makings of a Mathematics Teacher. This
is basically about professional identities of teachers in pre-school and compulsory
school. The work adopts a social perspective on learning and identity and has led
to development of a framework called Patterns of Participation (e.g., Palmér, 2013;
Skott, 2013, 2017).

There is also research on teacher education at Karlstad University, in particular
connected to professional development of teachers. Various approaches are taken,
such as focusing on pupils with special needs and developmental projects involving
digitalisation, such as using social media (Van Bommel & Liljekvist, 2016). Pre-
service teachers’ development is also studied in a project at Kristianstad University
by Kristina Juter and Catarina Wisterlid. Groups of pre-service teachers for school-
years 4—6 are participating in a longitudinal study about identity development in
becoming mathematics teachers. Kicki Skog at Stockholm University, taking a socio-
political theoretical perspective, studies how different cultures, contexts and politics
affect what is learnt, how it is learnt and what it is to become a mathematics teacher
(Skog, 2014).

6.7 Important Initiatives Across the Countries

There is a long tradition of collaboration between the Scandinavian countries, and
indeed between all Nordic countries. In more recent years this collaboration has also
come to include the Baltic states, most notably Estonia. In this section I will briefly
give an account of some of the most important arenas for collaboration in the region.

6.7.1 Nordic Studies in Mathematics Education (NOMAD)

Parallel to the development of didactics of mathematics as a research domain, a need
grew for an outlet to publish results from research and developmental work. The first
initiatives in this direction came with the establishing of journals for mathematics
teachers and teacher educators: Matematik in Denmark in 1973, Ndmnaren in Sweden
in 1974, and Tangenten in Norway in 1990. Along with the development of these
professional journals, the idea grew to also have a scientific journal for the Nordic



6 Didactics of Mathematics as a Research Field in Scandinavia 177

region. Mellin-Olsen (1993) reports on an initiative by Géran Emanuelsson (editor of
Ndimnaren) in 1988 that resulted in a meeting in April 1989 where a group consisting
of Gunnar Gjone and Stieg Mellin-Olsen from Norway and Géran Emanuelsson and
Bengt Johansson from Sweden was established to work on the idea of creating a new
journal. As a result of this work came the journal Nordic Studies in Mathematics
Education (NOMAD). The firstissue appeared in October 1993. As described in Sect.
6.4.3, the Mathematics Education and Democracy project was important for bringing
NOMAD into being as it provided financial support for the planning meetings.

It was decided that articles in NOMAD could be written in Danish, Norwegian,
Swedish or English. In the beginning, most articles were written in a Scandinavian
language, but, as Bengt Johansson writes in the first issue: ‘The aim is that the last
issue in each volume should be in English’ (Johansson, 1993, p. 6, my translation). It
turned out that English soon became the preferred language for publication although
there have always been articles in the Scandinavian languages. In the first two full
volumes (1994 and 1995), 8 out of 21 articles are in a Scandinavian language, and in
the last two volumes (2016 and 2017) only 3 out of 43 articles are in a Scandinavian
language. These figures also say something about the growth of the activity in didac-
tics of mathematics research in the Nordic area. The number of published articles
per volume in NOMAD has roughly doubled since the early years. In addition to the
general increase in didactical research, the increased publishing activity in NOMAD
is largely due to the increasing number of Ph.D. candidates, in particular in Sweden
and Norway. Each volume of NOMAD consists of four issues and for a number of
years now the last issue of each volume has been a thematic issue, related to one
particular topic of research. A recent thematic issue (No. 4, 2017) is on university
mathematics, reflecting also the growing interest in this particular field.

From the beginning, the responsibility for editing NOMAD shifted between the
Nordic countries. The first four volumes were edited in Sweden, with the editorship
then shifting to Norway and later to Finland and Denmark. With the growth of
electronic communication, the need for having the editors in one place diminished.
The country-specific editorship started to break up in 2009 when Johan Haggstrom
joined the Danish editors Morten Blomhgj and Paola Valero, and it continued in
2010 when I replaced Paola Valero in the team. I served on the team of editors from
2010 to 2017. Johan Higgstrom had been managing editor since 2004, when the
National Center for Mathematics Education (NCM) in Gothenburg took over the
responsibility for publishing NOMAD. In 2012 the group of editors was extended to
five to meet the increasing inflow of papers, with Kristina Juter (Sweden), Markku
Hannula (Finland) and Uffe T. Jankvist (Denmark) joining the team. The current
editorial team consists of Ewa Bergqvist (Sweden), Janne Fauskanger (Norway),
Markus Hihkioniemi (Finland), Tomas Hgjgaard (Denmark) and Johan Higgstrom
at NCM, who is also one of two managing editors.
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6.7.2 The NORMA Conferences

Around the same time that NOMAD was established came the idea to organise a
Nordic conference in mathematics education. Winslgw (2009, p. 1) attributes the
idea of a Nordic conference mainly to Erkki Pehkonen from Finland, and the First
Nordic Conference on Mathematics Education (NORMA 94) was held in Lahti,
Finland, in 1994. This first conference attracted many researchers from Finland and
the Baltic states but not as many from the Scandinavian countries. Going through
the proceedings (Pehkonen, 1995), I can identify three papers from Sweden, two
from Norway and one from Denmark. The NORMA conferences have been held
regularly since, with participants both from inside and outside of the Nordic region.
In particular, it has been an aim to invite plenary speakers from outside of the Nordic
region in addition to speakers from within the region. In Table 6.3 I have listed the
NORMA conferences held so far and the names of the plenary speakers at each
conference who at the time of the conference were not affiliated with a Nordic
university.

Table 6.3 List of NORMA conferences

Year City Country Plenary speakers

1994 Lahti Finland Joop van Dormolen (NL)
Barbara Jaworski (UK)
Thomas J. Cooney (USA)

1998 Kristiansand Norway Konrad Krainer (A)

Marja van den Heuvel-Panhuizen (NL)
Michal Yerushalmy (IL)

2001 Kristianstad Sweden Maria Alessandra Mariotti (I)
John Mason (UK)
Heinz Steinbring (D)
2005 Trondheim Norway Simon Goodchild (UK)
Birgit Pepin (UK)
2008 Copenhagen Denmark Michele Artigue (F)
Paul Drijvers (NL)
2011 Reykjavik Iceland Niria Planas (E)
Bharath Sriraman (USA)
2014 Turku Finland Helen M. Doerr (USA)

2017 Stockholm Sweden ‘Wim Van Dooren (B)
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6.7.3 The Nordic Graduate School for Mathematics
Education (NoGSME)

Based on a grant from the Nordic Academy for Advanced Study, a Nordic Graduate
School in Mathematics Education was established for the period 2004-2008 with
Barbro Grevholm at Agder University College (now University of Agder) as chair.
This came to be known as NoGSME. NoGSME played an important role in devel-
oping didactics of mathematics as a research area in the Nordic countries. From the
start, about 45 supervisors and 80 doctoral students were connected to NoGSME
(Grevholm, 2005, p. 61). An important activity in NoGSME was to arrange summer
or winter schools for Ph.D. students, with a range of invited international experts.
In addition, NoGSME supported doctoral courses held at specific universities. For-
malised education of researchers in didactics of mathematics was still in an early
phase in the region and there was a need for developing supervisor competence.
NoGSME recognised this need and organised a range of seminars for supervisors
with invited international experts. NoOGSME kept close contact with NOMAD and
the NORMA conferences. The chair of NoGSME reported extensively on the activ-
ity in every issue of NOMAD, and at NORMA 05 in Trondheim a special NoGSME
session was held. Editors of NOMAD also participated at NoGSME seminars to offer
help in writing papers for a research journal.

In one of her reports in NOMAD Grevholm (2007) starts to discuss what she
refers to as the life after NoGSME. This discussion is based on comments from
the evaluation panel that conducted the mid-term evaluation of NoGSME. The main
concern of the evaluation panel was how to maintain the activity for doctoral students
when the funding for NoGSME ended. A need for an organisation that could take
responsibility for securing funding for events such as summer schools and also take
responsibility for the continuation of the NORMA conferences was identified. This
led to the founding of The Nordic Society for Research in Mathematics Education
(NoRME)? in 2008 during the NORMA conference in Copenhagen (see Grevholm,
2008), with the author as the first chair. NoRME is an umbrella organisation where
the national associations for mathematics education research in the Nordic and Baltic
states and NOMAD are the members. As could be expected, it was not possible to
maintain the high activity level from NoGSME after the funding ended. However, a
few summer schools have been arranged under the auspices of NoRME. In addition,
NOMAD has arranged a seminar for Ph.D. students every year since 2012. NoRME
is recognised as an international organisation in mathematics education and is given
an account in Hodgson, Rogers, Lerman, and Lim-Teo (2013). The present chair of
NoRME is Eva Norén at Stockholm University.
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